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Abstract

In this paper, we study the following extremal problem and its relevance to the sum of the so-called
superoptimal singular values of a matrix function: Given an m x n matrix function @, when is there a
matrix function ¥ in the set AZ’m such that

/trace(q§(§)lll*(§)) dm(¢)= sup /trace(q§({)lp(§))dm(§') ?
T veA™ T

The set AZ’m is defined by

def
AP S € HY My, m): ¥l 1, ) < 1 rank® (@) <kae.¢ €T}

To address this extremal problem, we introduce Hankel-type operators on spaces of matrix functions and
prove that this problem has a solution if and only if the corresponding Hankel-type operator has a maximiz-
ing vector. The main result of this paper is a characterization of the smallest number k for which

/trace(q>(;)¢/(;))dm(§)
T

equals the sum of all the superoptimal singular values of an admissible matrix function @ (e.g. a contin-
uous matrix function) for some function ¥ € AZ‘m. Moreover, we provide a representation of any such
function ¥ when @ is an admissible very badly approximable unitary-valued n x n matrix function.
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1. Introduction

The problem of best analytic approximation for a given m x n matrix-valued bounded func-
tion @ on the unit circle T is to find a bounded analytic function Q such that

@ — QL) =inf{|® — Fll Lo, F € H®Mpn)}

Throughout,
def
19 0200 ) = e555UP [ & () |y, -
¢eT !

Mn,n denotes the space of m x n matrices equipped with the operator norm || - ||, , (of the
space of linear operators from C” to C™), and H*> (M, ,) denotes the space of bounded analytic
m X n matrix-valued functions on T.

It is well known that, unlike scalar-valued functions, a polynomial matrix function @ may
have many best analytic approximants. Therefore it is natural to impose additional conditions in
order to distinguish a “very best” analytic approximant among all best analytic approximants.
To do so here, we use the notion of superoptimal approximation by bounded analytic matrix
functions.

1.1. Superoptimal approximation and very badly approximable matrix functions

Recall that for an m x n matrix A, the jth-singular value s;(A), j > 0, is defined to be the
distance from A to the set of matrices of rank at most j under the operator norm. More precisely,

5;(A) =inf{||A — Blm,,,: B € M, , such that rank B < j}-
Clearly, so(A) = || Allm,,,, -

Definition 1.1. Let & € L°°(M,, ). For k > 0, we define the sets 2 = 2x(P) by
R0(P) = HF € H*®(M,, ,): F minimizes esssup”@({) — F({)HM } and
ZET m,n
2i(®) = {F € £2;_1: F minimizes esssuij(<D(§) — F(C))} for j > 0.
ceT

Any function F € ﬂk>0 2k = Lmingm,n)—1 1s called a superoptimal approximation to @ by
bounded analytic matrix functions. In this case, the superoptimal singular values of ® are defined
by

tj=1;(@)=esssups;((® — F)()) forj=0.
¢eT
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Moreover, if the zero matrix function Q@ belongs to 2minfm,n)—1, We say that @ is very badly
approximable.

Notice that any function F € §2 is a best analytic approximation to @. Also, any very badly
approximable matrix function is the difference between a bounded matrix function and its super-
optimal approximant.

It turns out that Hankel operators on Hardy spaces play an important role in the study of
superoptimal approximation. For a matrix function @ € L°°(M,, ,), we define the Hankel oper-
ator Hp by

Hof=P_o&f for fe H*(C"),

where P_ denotes the orthogonal projection from L2(C™) onto HZ(C™) &ef L3(C™y o HE(C™).

When studying superoptimal approximation, we only consider bounded matrix functions that
are admissible. A matrix function @ € L>*(M,, ,) is said to be admissible if the essential norm
|Hg || of the Hankel operator Hg is strictly less than the smallest non-zero superoptimal sin-
gular value of @. As usual, the essential norm of a bounded linear operator 7 between Hilbert
spaces is defined by

ITle € {IT = K|: K is compact}.

Note that any continuous matrix function @ is admissible, as the essential norm of Hgp equals
zero in this case. Moreover, in the case of scalar-valued functions, to say that a function ¢ is
admissible simply means that || Hylle < || Hy|l.

It is known that if @ is an admissible matrix function, then @ has a unique super-
optimal approximation Q by bounded analytic matrix functions. Moreover, the functions
(> 5;((D — 0)(¢)) equal £;(P) a.e. on T for each j > 0. These results were first proved in [6]
for the special case @ € (H*® + C)(M,, ) (i.e. matrix functions which are a sum of a bounded
analytic matrix function and a continuous matrix function), and shortly after proved for the class
of admissible matrix functions in [5].

While it is possible to compute the superoptimal singular values of a given matrix function in
concrete examples, it is not known how to verify if a matrix function that is not continuous is ad-
missible or not. Thus a complete characterization of the smallest non-zero superoptimal singular
value of a given matrix function is an important problem for superoptimal approximation. This
remains an open problem.

We refer the reader to Chapter 14 of [2] which contains proofs to all of the previously men-
tioned results and many other interesting results concerning superoptimal approximation.

1.2. An extremal problem

Throughout this note, m denotes normalized Lebesgue measure on T so that m(T) = 1. For
1 < p<oo, LP(My, ») denotes the space of m x n matrix-valued functions on T whose entries
belong to L. We equip L” (M, ,) with the norm || - ||.r v, ), Where
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p
||F||§p(Mm1n) = / 17 @) ||Mm,n dm(¢) forl1<p<oo, and
T
IFllze v, ) = esssup | F(E) |
¢eT ’

HP (M, ») and Hé7 (M) consist of matrix-valued functions in L? (M, ,) whose entries be-
long to the Hardy space H” and H!, respectively. (Recall that H” and H(f denote the spaces of
L? functions on T whose Fourier coefficients of negative and non-positive index vanish, respec-
tively.)

Definition 1.2. Let m,n > 1 and 1 < k < min{m, n}. For @ € L®°(M,, ,), we define ox(®) by

(@)Y sup /trace(qx;)qf(g))dm(;), (1.1)

wearnl)

where

A" =¥ € HyMum): ¥l L1y, ,,) < 1 and rank ¥ (0) <k ae. ¢ € T}.

. def
Whenever n = m, we use the notation A} = AZ‘m.

We are interested in the following extremal problem:

Extremal problem 1.1. For a matrix function @ € L>*(M,, ,), when is there a matrix function
¥ e A™ such that

[ wace(@ o ©) dmie) =@y
T

The importance of this problem arose from the following observation due to Peller [3].
Theorem 1.3. Let 1 < k < min{m, n}. If & € LM, ) is admissible, then
o) (P) <10(P) + -+ + tx—1(P). (1.2)

Proof. Let ¥ € AZ’m. We may assume, without loss of generality, that @ is very badly approx-
imable. Indeed,

/ trace(® ()W (£)) dm (&) = / trace((® — Q)(O)¥ () dm(¢)

T T

holds for any Q € H*° (M, ,,), and so we may replace @ with @ — Q if necessary, where Q is
the superoptimal approximation to @ in H° (M, ,,).
Let S denote the collection of m x m matrices equipped with the trace norm ||Al| s =

trace(A*A)1/2 =37 i~ 5 (A).
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It follows from the well-known inequality |trace(A)| < ||A]| s that the inequalities

k—1
[trace(@ ()% (D)) < [@(@¥ ()| gn < (Zsj(m))) @]y,
Jj=0

hold for a.e. { € T. Thus,

k—1
Vtrace(qm)w;)) dm(;“)’ </(Zsj(qb(o))uw;)nwm dm ()
T T /=0

k—1
<f(er(a>)> [, dm()
T N/=0 '

k—1
< (Zz,»@)) N 21 v

j=0
k—1
<D 1(@), (1.3)
=0
because the singular values of @ satisfy s;(®(¢)) =1;(P) for a.e. { € T since @ is very badly
approximable. O

Before proceeding, let us observe that equality holds in (1.2) for some simple cases. Let r be
a positive integer and fo, 1, ..., #,—1 be positive numbers satisfying

102112 2tr—1.

Suppose @ is an n x n matrix function of the form

uy O O O

O tHug O O

def . . . .
=\ : : : 3 B (1.4)

0) 0) e t_qur—1 O

(0) o ... O Dy

where || @4|| L < t,—1 and u; is a unimodular function of the form u; = 704/ h with 6; an inner
function for 0 < j <r — 1 and & an outer function in H2. Without loss of generality, we may
assume that ||z]| ;2 = 1. It can be seen that if

2600k O 0 )
O  z6/h? 0 0)
e R P (1)
o) O ... z6,_1h* O
) o ... (0) 0)
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then ¥ € H()I(Mn), rank¥ () =rae.onT, [¥] 1y, =1, and

/trace(mow(c))dm(c)=ro+.--+zr_1.
T

Thus we obtain that
o (@) =1o(P) + -+ - + 1,1 (D).

On the other hand, one cannot expect the inequality (1.2) to hold with equality in general.
After all, by the Hahn—Banach theorem,

diStLOO(Sill)(Q, HOO(Mn)) =O’n(¢), (16)

and there are admissible very badly approximable 2 x 2 matrix functions @ for which the strict
inequality

distLoo(s%)(@, H®My)) < 10(@) + 11 (D)

holds. For instance, consider the matrix function

(3 95(L D506 D)

Clearly, @ has superoptimal singular values tp(®) =#1(®) = 1. Let

=75 o)

It is not difficult to verify that

1 1
so((@ — F)(©)) = SV3+ V5 and si((@ — F)(©)) = 5\/3 -5
for all ¢ € T. Therefore

distLoc(S%)(Q H®Mp)) < |@ — Fllpoo(s2) < 2=10(®) +11(®). (1.7
1.3. What is done in this paper?

In virtue of Theorem 1.3 and the remarks following it, one may ask whether it is possible
to characterize the matrix functions @ for which (1.2) becomes an equality. So let @ be an
admissible n x n matrix function with a superoptimal approximant Q in H°(M],) for which
equality in Theorem 1.3 holds with k = n. In this case, it must be that

n—1 n—1

distzoo(sn (@, HO(M,)) =Y tj(@) =Y s, (@ = Q)(0)) =@ — QllL~(s)

j=0 J=0



A.A. Condori / Journal of Functional Analysis 257 (2009) 659—-682 665

by (1.6) and thus the superoptimal approximant Q must be a best approximant to @ under the
L% (S") norm as well. Hence, we are led to investigate the following problems:

1. For which matrix functions @ does Extremal problem 1.1 have a solution?

2. If Qg is a best approximant to @ under the L°(S7)-norm, when does it follow that Qg is
the superoptimal approximant to @ in L (M,)?

3. Can we find necessary and sufficient conditions on @ to obtain equality in (1.2) of Theo-
rem 1.3?

Before addressing these problems, we recall certain standard principles of functional analysis
in Section 2 that are used throughout the paper. In particular, we give their explicit formulation
for the spaces L"’(SZ"").

In Section 3, we introduce the Hankel-type operators H({bk}

on spaces of matrix functions and
k-extremal functions, and prove that the number o} () equals the operator norm of Hg{}. We

also show that Extremal problem 1.1 has a solution if and only if the Hankel-type operator Hék}
has a maximizing vector, and thus answer question 1 in terms Hankel-type operators.

In Section 4, we establish the main results of this paper concerning best approximation under
the L°°(S7"") norm (Theorem 4.7) and the sum of superoptimal singular values (Theorem 4.13).
The latter result characterizes the smallest number k for which

/ trace(<1§ ({)lI/(C)) dm(Z)

T

equals the sum of all non-zero superoptimal singular values for some function ¥ € .AZ"". These
results serve as partial solutions to problems 2 and 3.

Lastly, in Section 5, we restrict our attention to unitary-valued very badly approximable matrix
functions. For any such matrix function U, we provide a representation of any function ¥ for
which the formula

/trace(U({)II/({)) dm()=n

T
holds.
2. Best approximation and dual extremal problems
We now provide explicit formulation of some basic results concerning best approximation
in H ‘I(S'I’,"”) for functions in L4 (S’I'}’") and the corresponding dual extremal problem. We first
consider the general setting.

2.1. Best approximation

Definition 2.1. Let X be a normed space, M be a closed subspace of X, and xg € X. We say that
mo is a best approximant to xqy in M if my € M and

. def .
llxo — mollx = dist(xo, M) = inf{[|lxg — ml||x: m € M}.
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It is known that if X is a reflexive Banach space and M is a closed subspace of X, then each
x0 € X \ M has a best approximant mq in M.

Two standard principles from functional analysis are used throughout this note. Namely, if X
is a normed space with a linear subspace M, then for any Ag € X* and xo € X

sup ’Ao(m)}zmin{HAo—AH: AGMJ‘} and
meM, |lm| <1

max ‘A(xo)} =dist(xg, M) whenever M is closed.
AeML |11

We now discuss these results in the case of the spaces L¢ (S’IZ"”).
2.2. The spaces L1 (S;’}’")

Let 1 <g <ooand 1 < p < 0. Let p' denote the conjugate exponent to p, ie. p' =

p/(p—1D.
Let S’;"” denote the space of m x n matrices equipped with the Schatten—von Neumann norm
I g ie. for A € My,

def def » lp
1Algmr = AL, and  [|Allgnn = Zsj (A) for 1 < p < oo.

j>0

. £
We also use the notation S” def S,
If X is a normed space of functions on T with norm || - ||x, then X (S’;,”’) denotes the space
of m x n matrix functions whose entries belong to X. For @ € X (S’I’}’”), we define

def def
1@ 1lx sy = lollx.  where p(0) = [ @) g for ¢ € T.

It is known that the dual space of L‘f(SZ””) is isometrically isomorphic to Lq/(S';’,m) via the

mapping @ > Ag, where & € L‘f/(S';’,m) and
Ap (W) = /trace((b({)lll(g)) dm(;) for¥ e Lq(SZ"”).
T

In particular, it follows that the annihilator of H¢ (SZ"”) in LY (S’;,"”) is given by Hg ,(S;",m), and
SO

diStLq(SIIT]l,n)(¢’ H4 (S’;;‘vn)) = 1l max

- /trace(GD(C)W(C))dm({),
Hg/(SZ}m)\

by our remarks in Section 2.1. Moreover, if 1 < g < 0o, then @ € L7(S',"") has a best approxi-
mant Q in HY (SZ"”) (as LY (SZ"”) is reflexive); that is,

1P~ OllLacsrny = distLq(SYﬂn)(q;, HY (S’;}”))
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The situation is similar in the case of L°°(S;';’"). Indeed, L°°(S’[’,"") is a dual space, and so
thereisa Q € H°°(S’[’,”") such that

”(p —_ Q”LO"(S’,,"'H) = diStLoo(Sz*”)(djs HOO(S”;J?))

Again, it also follows from our remarks in Section 2.1 that

diStLOO(S'g’")(@, HOO(S:';’")) — sup

ftrace(@(;)W(;)) dm()|.

111 gnmy <1
Hy " STT

However, an extremal function may fail to exist in this case even if @ is a scalar-valued function.
An example can be deduced from Section 1 of Chapter 1 in [2].

3. ox(®) as the norm of a Hankel-type operator and k-extremal functions

We now introduce the Hankel-type operators Hg(} which act on spaces of matrix functions.

We prove that the number o} (@) equals the operator norm of H, ;)k} and characterize when Hg(}
has a maximizing vector. Recall that for an operator T : X — Y between normed spaces X and ¥,
a vector x € X is called a maximizing vector of T if x is non-zero and

ITxlly =71 - llxllx-
We begin by establishing the following lemma.

Lemma 3.1. Let 1 <k < min{m, n}. [f¥ € H' (M) is such that rank ¥ (¢) =k fora.e. £ €T,
then there are functions R € Hz(Mn’k) and Q € HZ(Mk,m) such that R(¢) has rank equal to k
for almost every ¢ € T,

w=RQ and [ROy =105y, =1¥®l,,  foraeceT
Proof. Consider the set
o =clospicm{f € H'(C"): f(¢) e Range W (¢) a.e.on T}.

Since .7 is a non-trivial invariant subspace of H'(C") under multiplication by z, there is an
n x r inner function @ such that o7 = ® H'(C"). We first show that r = k. Let {ej};.=1 be an
orthonormal basis for C". Then for almost every ¢ € T, we have that {© ({)e; };'=1 is a linearly in-
dependent set, since ® is inner. Moreover, {© ({)e; };.:1 is a basis for Range ® (¢) = Range ¥ (¢)
for a.e. ¢ € T. Since dimRangeW¥ (¢) = k a.e. on T, it follows that r = dimRange ®(¢) =
dimRange ¥ (¢) = k. In particular, we obtain that

o =0 H'(CY).

Therefore, ¥ = © F for some k x m matrix function F € H! (M, m), because the columns of ¥
belong to 7.
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Let & be an outer function in H? such that |1(¢)| = ||¥ (¢) ”MZ fora.e. { € T. (The existence

of h is a consequence of the fact that log |¥ (¢) M, ,, € L'asw e H' (M, ,,).) Thus, the matrix
functions

R=h® and Q=h"'F
have the desired properties. O

Definition 3.2. Let & € L®(M,, ), | <k <min{m, n},and p: L2(ST*) — L2(ST%)/H?(S")

denote the natural quotient map. We define the Hankel-type operator Hq{bk} CH2 (M, 1) —

L2(S%)/H2(ST"F) by setting
HOFE p@F) for F e HX(M,,).

The norm in the quotient space L2(ST’k) /H 2(S'I"’k) is the natural one; that is, the norm of a
coset equals the infimum of the L2(S’1"’k)-norms of its elements.

Theorem 3.3. Let | < k < min{m, n}. If ® € L°(M,y, ,,), then
_ {k}
ou(®) = | Hg ”H2(Mn,k)»L2<S’;’~">/H2<S'{’*>'
Proof. Consider the collection

B = (RO: IR, < 1. 1Ql 2, ) < 1)-

We claim that BZ‘m = AZ’m. Indeed if ¥ € A satisfies rank ¥ (¢) = j for ¢ € T, where 1 <

J <k, then by Lemma 3.1 there are functions R € HZ(M,,J) and Q € Hg(Mj,m) such that R(¢)
has rank equal to j for almost every ¢ € T,

2 2
W=RQ and [R@)y, =[2®]y,, =[¥©®l,,, foraeceT
We may now add zeros, if necessary, to obtain n x k and k x m matrix functions
_ _(Q
Ry=(R 0O) and Qs= o)
respectively, from which it follows that ¥ = Ry Q4 € B;"™ . Therefore A;"™ C B;"". The reverse
inclusion is trivial and so these sets are equal.

Hence

ok (D) = sup sup

/ trace(® (()R(£)Q(0)) dm(¢)

HRHHz(Mn’k)Sl HQHH&(Mk’m)Sl T

= sup diSth(S;ln,k)(¢R, H2(Mm,k))
IRl 20, <1

_ {k}

= “qu HHZ(M,,,k)—>LZ(S',""‘)/HZ(S’{’*")' =



A.A. Condori / Journal of Functional Analysis 257 (2009) 659—-682 669

Definition 3.4. Let @ € L*°(M,, ,) and 1 < k < min{m, n}. We say that ¥ is a k-extremal
function for @ if ¥ € A" and

(@) = [ trace(@ () (©)) dm).

T

Thus a matrix function @ has a k-extremal function if and only if Extremal problem 1.1 has a
positive solution.

We can now describe matrix functions that have a k-extremal function in terms of Hankel-type
operators.

Theorem 3.5. Let @ € L®° (M, ). The matrix function @ has a k-extremal function if and only
if the Hankel-type operator Hék} has a maximizing vector.

Proof. To simplify notation, let
(k) || def )y (k)
|He' | = [ He ”H2(M,Lk)—>L2(S’|"‘k)/H2(S'l"’k)'
Suppose V¥ is a k-extremal function for @. Let j € N be such that j < k and

rankW (¢)=j forae.¢eT.

By Lemma 3.1, there is an R € H*(M, ;) and a Q € HZ (M ,,) such that
w=RQ and [ROy, =[C©]5y,, =[¥®l,,, foracceT.
As before, adding zeros if necessary, we obtain 7 x k and k x m matrix functions
Re=(R 0) and Q4= <g),
respectively, so that ¥ = Ry Oy and
[0+@) 5, =105, = #@ly,, foracceT.

Let us show that Ry is a maximizing vector for Hék}. Since O belongs to HO2 (Mk.,m), we have
that for any F € H2(S'1"’k)

0k(¢)=/trace(¢(§)‘1/(é))dm(§)=/trace(¢(§)R#(§)Q#(§))dm(é“)

T T
= [ wace((@ Re — F©)04(©)) dm(o)
T

and so
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ou(®) = ‘ f trace(( Ry — F)(©) Q4(0)) dm(Z)
T
< [ fsace((@ Ra ~ )€ 04(6))] dm)
T
</|}(¢R#—F)(§)Q#(;“)||Srln dm(?)
T

< [l@re~ PO 1105 ], me
T

<||PRy — F”Lz(silnvk) I Q#||L2(Mk,m)
= PRy — FIILz(ST,k) 1Lt )
< ||¢R# - F||L2(S,1n‘k)'

By Theorem 3.3, we obtain that

ok (@) < | Hy R, < | HG | = @),

(ST HA(S
and therefore

150 = 1o Rl sty s

Thus, Ry is a maximizing vector of Hg.
Conversely, suppose the Hankel-type operator ch} has a maximizing vector R € H 2(I\/JI,L;C).
Without loss of generality, we may assume that || R|| 2y, ) = 1. Then

dist 5 gni, (PR, H2(ST*)) = | Hy|.

k
L2(S}

By the remarks in Section 2.2, there is a function G € Hg (M, m) such that |Gl 2y, ) < 1
and

/trace((@R)(;)G(;)) dm(¢) = diSth(Srln,k)(<pR, HZ(ST’k)).
T

On the other hand, since R is a maximizing vector of H, {k}, it follows from Theorem 3.3 that

/ trace(® ({)(RG) () dm(y) = | Hy | = o(&).
T

def . .
Hence ¥ = RG is a k-extremal function for @. 0O
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Before stating the next result, let us recall that the Hankel operator Hg : H>(C") — HZ(C™)
is defined by Hp f = P_®f for f € H>(C"). The following is an immediate consequence of the
previous theorem when k = 1.

Corollary 3.6. Let @ € L°*°(M,, ). The Hankel operator Hp has a maximizing vector if and
only if @ has a 1-extremal function.

Proof. By Theorem 3.5, @ has a 1-extremal function if and only if the Hankel-type opera-

tor Hq{bl} s H3(C") — L%(C™) /H 2(C™) has a maximizing vector. The conclusion now follows
by considering the “natural” isometric isomorphism between the spaces H>(C™) = L>(C™) &
H?(C™) and L>(C™)/H*(C™). DO

Remark 3.7. It is worth mentioning that if a matrix function @ is such that the Hankel operator
Hg has a maximizing vector (e.g. @ € (H*® + C)(M,,)), then any 1-extremal function ¥ of @
satisfies

/tra06(¢(§)l1/(§))dm(;°) = [|Ha || = 100(P).
T

This is a consequence of Corollary 3.6 and Theorem 3.3.

Remark 3.8. There are other characterizations of the class of bounded matrix functions @ such
that the Hankel operator Hy has a maximizing vector. These involve “dual” extremal functions
and “thematic” factorizations. We refer the interested reader to [4] for details.

Corollary 3.9. Let 1 <k <€ <nand ® € L®(M,). Suppose that o1.(®) = o¢(P). IfH({bk} has
a maximizing vector, then Hg} also has a maximizing vector.

Proof. This is an immediate consequence of Theorem 3.5. O
4. How about the sum of superoptimal singular values?

In this section, we prove in Theorem 4.7 that equality is obtained in (1.2) under some natural
conditions.

For the rest of this note, we assume that m = n.

Consider the non-decreasing sequence o1(®), ..., 0,(®). Recall that

o (D) = diStLoc(S'l') (@, Hoo(Mn))

and the distance on the right-hand side is in fact always attained, i.e. a best approximant Q to @
under the L°°(S) norm always exists as explained in Section 2.2.

Theorem 4.1. Let @ € L°M,) and 1 < k < n. Suppose Q is a best approximant to @ in
H®° (M) under the L (S'})-norm. If the Hankel-type operator H g(} has a maximizing vector F
in H*(M,, 1) and o1(®) = 0,,(®), then
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1. QF is a best approximant to @ F in H? under the L2(Srf’k)—n0rm,
2. foreach j >0,

5i((@ = OOF©) =5 (@ - D) |[F©y,, foraeteT,

3. Y5208 (@ — 0)(©)) = 0u(®) holds for a.e. ¢ €T, and
4. 5;((P — 0)(&)) =0 holds for a.e. ¢ € T whenever j > k.

Proof. By our assumptions,
2 2 2
H Hék}H ”FH%Z(MH,,C) = “ H;k}f||L2(S’l"k)/H2(S’l”k) = Hp(@f) ”
=lo(@ - 07|’
<@ - Q)f||§z(57.k) = / l(@—)(O)F©)
T

gt dm (@)

s [F @I, , dm@

< /U(cp —0)©)
T

<P = Ol sy 1 F 20, ) = oK@V F 2y, )

It follows from Theorem 3.3 that all inequalities are equalities. In particular, we obtain that QF

is a best approximant to @ Q under the L2(S’11 ’k)—norm since the first inequality is actually an

equality. For almost every ¢ € T,

@ - 2@)F©)
(@ -0)©)

o=@ - 0©|g|F@l,,, and

st = @ — Qllpesty = ok(P), 4.1)

because the second and third inequalities are equalities as well. It follows from (4.1) that for each
j 2 O,

5i (@ = DO F©) =5;((@ = Q)| F©)yy,, foraeseT.

We claim that if j > k, then s;((® — Q)(¢)) =0 for a.e. { € T. By Theorem 3.5, we can
choose a k-extremal function, say ¥, for @. Since ¥ belongs to H(} M,),

o1 (@) = / trace(® ()W () dm(¢) = / trace((® — Q)W (©)) dm(Z)

T T

</||(<15—Q)(§)k”(§) S7dm(§)</||(¢—Q)(§)
T

T
SNP = Pl liigu,) S 1P = Qllpeosty = ok (P),

st ¥ @Oy, dm@)
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and so all inequalities are equalities. It follows that

|trace (@ — Q)W ()| = [ (@ — O)(©)

s (@), forae.ceT. (4.2)

In order to complete the proof, we need the following lemma.
Lemma 4.2. Let A € M, and B € M,,. Suppose that A and B satisfy
|trace(AB)| = [|Allu, I Bll ;-
Ifrank A < k, then rank B < k as well.

We first finish the proof of Theorem 4.1 before proving Lemma 4.2.
It follows from (4.2) and Lemma 4.2 that

rank((® — 0)(¢)) <k forae. ¢ eT.
In particular, if j > k, then

sj((cb — Q)({)) =0 forae. ¢ €T,

and so

k—1

Zsj((‘p - O)(©)=|(® - Q)(é“)”s,ll =ox(®) forae. ¢ eT.

j=0
This completes the proof. O

Remark 4.3. Lemma 4.2 is a slight modification of Lemma 4.6 in [1]. Although the proof of
Lemma 4.2 given below is almost the same as that given in [1] for Lemma 4.6, we include it for
the convenience of the reader.

Proof of Lemma 4.2. Let B have polar decomposition B = U P and set C = AU, where P =
(B*B)!/2. Let ey, ..., e, be an orthonormal basis of eigenvectors for P and Pe; = A je;. It is
easy to see that the following inequalities hold:

n

Z(Pej,C*ej)

j=1

n
> 1j(Cej.ep)
j=1

n

> jlej. Cey)

j=1

]trace(AB)’ = ]trace(CP)‘ =

n n
<) 4j|(Cejie)| <D AjliCe |
j=1 Jj=1

n
<IClina, YA
j=1
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On the other hand,
n
1Allng, IBllsr = 1C b, I Pllsy = ICllna, D 2
j=1

and so, by the assumption |trace(AB)| = || Allm, ||B||Sflz, it follows that

n n
Y o njlCe = 1C I, Y 2j-
j=1 Jj=1

Therefore A ;[|Ce;|| = |Cllm, A for each j. However, if rank A < k, then rank C < k. Thus there
are at most k vectors e; such that ||Ce;|| = ||C||m, . In particular, there are at least n — k vectors
e;j such that ||Ce;|| < [|Cllm,. Thus, A; = 0 for those n — k vectors e;, rank P < k, and so
rank B <k. O

Remark 4.4. Note that the distance function d¢ defined on T by

def

do(0) = (@ — 0)(©)

s
equals oy (@) for almost every ¢ € T and is therefore independent of the choice of the best ap-

proximant Q. This is an immediate consequence of Theorem 4.1. A similar phenomenon occurs
in the case of matrix functions @ € L? (M),) for 2 < p < co. We refer the reader to [1] for details.

Corollary 4.5. Let @ € L°°(M),,) be an admissible matrix function and 1 < k < n. If the Hankel-
type operator Hg(} has a maximizing vector and oy (P) = 0,(P), then

k—1 k—1

D si((@ = O)@) <D i)

j=0 j=0

for any best approximation Q of @ in H*(M,) under the L*°(S})-norm.

Proof. This is an immediate consequence of Theorems 1.3 and 4.1. O

Definition 4.6. A matrix function @ € L*°(M,) is said to have order £ if £ is the smallest number
such that Hg ' hasa maximizing vector and

o () = disth(sz]l)(@, H*(M,)).
If no such number £ exists, we say that @ is inaccessible.
The interested reader should compare this definition of “order” with the one made in [1]

for matrix functions in L?(M,) for 2 < p < co. Also, due to Corollary 3.9, it is clear that if
@ € L°°(M,,) has order ¢, then the Hankel-type operator Hg(} has a maximizing vector and
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O'k(@) = diStLOO(S'll)(Q, HOO(Mn))
holds for each k£ > ¢£.

Theorem 4.7. Let @ € L°*°(M,)) be an admissible matrix function of order k. The following
statements are equivalent.

(1) Q € H* is a best approximant to ® under the L (S")-norm and the functions
s ((@—0)©), 0<j<k—1,

are constant almost everywhere on T.
(2) Q is the superoptimal approximant to @, t;(®) =0 for j > k, and

ok () =1o(P) + -+ - + tx—1 (D).

Proof. We first prove that (1) implies (2). By Corollary 4.5, we have that, for almostevery ¢ € T,

k—1 k—1 k—1 k—1
D si((@—Q)0) <D 1j(P) < Zesssups, (@ —Q)0) =) _s5i((®—0)Q)).
j=0 j=0 j=0 j=0

This implies that

(@) =esssups; (@ — 0)(©)) =5, (@ — 0)(©)) for0<j<k—1,

¢eT
Qe 2;_1(P),and
k—1 k—1
D@ =) s5i((@ - Q) =0k (®).
j=0 j=0

Moreover, Theorem 4.1 gives that s; (@ — Q)(¢)) =0a.e.on T for j > k, and so ¢;(®) =0 for
Jj=k,as QO € £24_1(P). Hence, Q is the superoptimal approximant to @.

Let us show that (2) implies (1). Clearly, it suffices to show that if (2) holds, then Q is a best
approximant to @ under the L°°(S§)-norm. Suppose (2) holds. In this case, we must have that

k—1 k—1
(@) =) ;@) =) _5;(®—0)Q) =P — QliL~(sy)-
Jj=0 j=0

Since @ has order k, it follows that
on(P) =P = Qllrosn

and so the proof is complete. O
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For the rest of this section, we restrict ourselves to admissible matrix functions @ which are
also very badly approximable. Recall that, in this case, the function ¢ > s; (@ (¢)) equals ¢;(P)
a.e.on T for 0 < j <n — 1, as mentioned in Section 1.1. The next result follows at once from
Theorem 4.7.

Corollary 4.8. Let @ be an admissible very badly approximable n x n matrix function of order k.
The zero matrix function is a best approximant to @ under the L™ (S")-norm if and only if
tj(®)=0for j >k and

ok (@) =1o(P) + - + tx—1 (D).

It is natural to question at this point whether or not the collection of admissible very badly
approximable matrix functions of order k is non-empty. It turns out that one can easily construct
examples of admissible very badly approximable matrix functions of order k (see Examples 4.14
and 4.15). Theorem 4.10 below gives a simple sufficient condition for determining when a very
badly approximable matrix function has order k. We first need the following lemma.

Lemma 4.9. Let & € L°°(M,,). Suppose there is ¥ € A} such that
[ wace(@©w @) dme) = 19157
T

Then ¥ is a k-extremal function for @, oy (P) = 0,(P), and the zero matrix function is a best
approximant to @ under the L™ (S")-norm.

Proof. By the assumptions on ¥, we have
1 | oo sty = / trace(® ()W (¢)) dm (&) < ok ().
T

On the other hand,
ok (®) < distLoo(ST)(db, H™) < 1@l oo sy

always holds. Since all the previously mentioned inequalities are equalities, the conclusion fol-
lows. O

Theorem 4.10. Let @ € L°(M,,) be an admissible very badly approximable matrix function.
Suppose there is W € A} such that

/trace@(é)q’({))dm(f)=f0(¢)+~'~+ln—1(¢)-
T

If tr—1(®@) > 0, then @ has order k and the zero matrix function is a best approximant to @ under
the L™ (S")-norm.
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Proof. By the remarks preceding Corollary 4.8, it is easy to see that
@1 Loo(sny =10(P) + - -+ + 12 (D).
It follows from Lemma 4.9 that ¥ is a k-extremal function for @, o} (®) = 0,(®), and the zero

matrix function is a best approximant to @ under the L (S")-norm. Thus [|® || 7.0 s = o (D).
Moreover, by Theorem 1.3,

0k—1(P) <10(P) + -+ 1r2(P) <10(P) + -+ + 1r—1(P) < | Pl poocsy-
Therefore oy _1(®) < ox(®). O
Remark 4.11. Notice that under the hypotheses of Theorem 4.10, one also obtains that ;1 (D)

is the smallest non-zero superoptimal singular value of @. This is an immediate consequence of
Corollary 4.8.

We now formulate the corresponding result for admissible very badly approximable unitary-
valued matrix functions. These functions are considered in greater detail in Section 5.

Corollary 4.12. Let U € L®°(M),) be an admissible very badly approximable unitary-valued
matrix function. If there is W € A} such that

/trace(U(;)W(g))dm(z) =n,

T

then U has order n and the zero matrix function is a best approximant to U under the L*°(S)-
norm.

Proof. This is a trivial consequence of Theorem 4.10 and the fact that
tj(U)y=1 for0<j<n—1. O
We are now ready to state the main result of this section.

Theorem 4.13. Let @ be an admissible very badly approximable n x n matrix function. The
following statements are equivalent:

(1) k is the smallest number for which there exists ¥ € A} such that

/trace(dﬁ(g)lll({))dm(g)=t0(¢)+-..+t,,_1(<;b);
T

(2) @ has orderk, tj(®) =0 for j >k and

ok (@) =1o(P) + -+ - + tx—1 (D).
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Proof. Let

k(D) &ef inf{j > 0: there exists a ¥ € A’; such that

/trace(qn(;)wm)dm(;) = 10(®) + - - +zn1<<b)}.
T

Clearly, « (@) may be infinite for arbitrary @.

Suppose k = «k(P) is finite. Then Lemma 4.9 implies that @ has a «-extremal function,
0, (P) = 0,(P), and the zero matrix function is a best approximant to @ under the L°°(S7)-
norm. In particular, @ has order k < k(®), t;(®) =0 for j > k, and

0k (@) =10(P) + - + t5—1(P),

by Corollary 4.8.
On the other hand, if @ has order k, 1;(®) =0 for j > k, and

or(P) =10(P) + -+ - + txi—1(P),
then @ has a k-extremal function ¥ € A} such that

[trace@(;“)‘l’(i))dm({)=0k(¢')=l0(<15)+--~+tk—1(¢)-
T

Since t;(P) =0 for j > k, it follows that

/trace(m)vf(o)dm(c) (@)t 1y (D).
T

Thus « (D) < k.
Hence, if either « (@) is finite or @ satisfies (2), then k =« (®P). O

We end this section by illustrating existence of very badly approximable matrix functions of
order k by giving two simple examples; a 2 x 2 matrix function of order 2 and a 3 x 3 matrix
function of order 2.

Example 4.14. Let

o L(1 ~1\(Z O
2\ 0o z)°
It is easy to see that @ is a continuous (and hence admissible) unitary-valued very badly approx-

imable matrix function with superoptimal singular values 7p(®) = #;(®) = 1. We claim that ¢
has order 2. Indeed, the matrix function
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2 0o\ 1l /(1 1
ve=(5 2)m(40)
satisfies
/ trace(® (¥ (5)) dm(¢) =2,

T

and so @ has order 2 by Corollary 4.12.
Example 4.15. Let ¢y and #; be two positive numbers satisfying 7y > #1. Let
toz% (0) 0)
@ = ( 0 nz* @) :
@) 0O O

where a and b are positive integers. It is easy to see that @ is a continuous (and hence admis-
sible) very badly approximable matrix function with superoptimal singular values 7y(®) = tg,
11(®@) =11, and 1 (P) = 0. Again, we have that @ has order 2. After all, the matrix function

¢ 0O O
v = <© zb @)
0O 0 0
satisfies
/trace(®(§)W(C))dm(§) =10+t =10(P) +11(P) + 12(P),
T
and so @ has order 2 by Theorem 4.10, since #1(®) =#; > 0.
5. Unitary-valued very badly approximable matrix functions
We lastly consider the class U, of admissible very badly approximable unitary-valued matrix

functions of size n x n and provide a representation of any n-extremal function ¥ for a function
U € U, such that

/trace(U(;)W(g))dm(;) =10U) 4+ + ty_1 (U) (5.1)
T

holds. Note that for any such U we have that#;(U) =1for0< j<n—1.
For a matrix function @ € L*°(M,, ,), we define the Toeplitz operator Tep by

Tof=Pi®f for feH*(C"),

where P denotes the orthogonal projection from L?(C") onto H>(C™).



680 A.A. Condori / Journal of Functional Analysis 257 (2009) 659-682

It is well known that, for any function U € U,,, the Toeplitz operator 7y is Fredholm and
ind Ty > 0. (As usual, for a Fredholm operator 7, its index, ind 7', is defined by dimker 7T —
dimker 7*.) In particular,

ind Tdet U= ind TU .
We refer the reader to Chapter 14 in [2] for more information concerning functions in U,.

Theorem 5.1. Suppose U € U, has an n-extremal function ¥ such that (5.1) holds. Then ¥
admits a representation of the form

U =zh%0,

where h € H? is an outer function such that ||| 12 = 1l and O is a finite Blaschke—Potapov prod-
uct. Moreover, the scalar functions det(U ®) and trace(U @) are admissible badly approximable
functions that admit the factorizations

Ln

h
det(U®) = Z"h—n and trace(U®) =nZ

S| S

We refer the reader to Section 5 of Chapter 2 in [2] for the definition and other results con-
cerning Blaschke—Potapov products.

Proof. It follows from (5.1) that all inequalities in (1.3) are equalities and so

trace(U (¥ (©) = [UQOW @) gy =n[¥ ()], (5.2)
holds for a.e. ¢ € T. Since U is unitary-valued, then

and so
[¥ @l g =nl¥@ly,
must hold for a.e. ¢ € T. Therefore we must have
U() = ||lI/(;“)||MnV(§) forae. ¢ €T, (5.3)
for some unitary-valued matrix function V, because
siW@)=[¥©)|,, foraeseT, 0<j<n—1.
Let i1 € H? be an outer function such that

@)= ¥ @)y onT.
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Consider also the matrix function & e h=2@ . It follows from (5.3) that

(E*E) () = (v*w)(¢)=1, forae ¢€T,

1
|h(¢)|*
and so Z is an inner function. Thus ¥ admits the factorization

¥ =zh%0
for some n x n unitary-valued inner function @ and an outer function & € H? such that
IAll2 =1
. oL . def i .
Note that the first equality in (5.2) indicates that the scalar function ¢ = trace(U ®) satisfies

h*¢=nlh)* onT,

or equivalently

S S

p=nz
Moreover, [|[Hyolle < [[Hylle < 1, hence ||Hylle <n = ||Hy| implying that ¢ is an admissible
badly approximable scalar function on T. We conclude that the Toeplitz operator T;, is Fredholm
and ind Ty, > O (cf. Theorem 7.5.5 in [2]).

Returning to (5.2), it also follows that each eigenvalue of U(¢)¥ (¢) equals [|¥ (¢)llm, =
|h(¢)|? forae. £ €T.In particular,

|h(C)|2" =detU ()W () = ("h*") () - detU(Z) - det O (¢)
holds a.e. ¢ € T. By setting

6 d:efdet@ and u d:efdetU,

we have that u admits the factorization

where w & zh/h = ¢/n. Since the Toeplitz operator T, is Fredholm with positive index, T, is
Fredholm as well. We conclude now that

dim(H? © 0 H?) = dimker T, = dimker T; = ind T; < 00

because ker Ty = {O} and u@" = 6. Therefore O is a Blaschke—Potapov product, because @ is a
unitary-valued inner function and det @ is a finite Blaschke product. O
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