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Abstract

We consider Sinai’s random walk in a random environment. We prove that for an interval of time [1, n]
Sinai’s walk sojourns in a small neighborhood of the point of localization for the quasi-totality of this
amount of time. Moreover the local time at the point of localization normalized by n converges in probability
to a well defined random variable of the environment. From these results we get applications to the favorite
sites of the walk and to the maximum of the local time.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Random Walks in a Random Environment (R.W.R.E.) are basic processes in random media.
The one dimensional case with nearest neighbor jumps, introduced by Solomon [1], was first
studied by Kesten et al. [2], Sinai [3], Golosov [4,6] and Kesten [6]; all these works show the
diversity of the possible behaviors of such walks depending on the hypothesis assumed for the
environment. At the end of the 1980s Deheuvels and Révész [7] and Révész [8] gave the first
almost sure behavior of the R.-W.R.E. in the recurrent case. Then we had to wait until the middle
of the 1990s to see new results. An important part of these new results concerns the problem of
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large deviations first studied by Greven and Hollander [9] and then by Zeitouni and Gantert [10],
Pisztora and Povel [11], Zeitouni et al. [12] and Comets et al. [13] (see [14] for a review). In
the same period using the stochastic calculus for the recurrent case Shi [15], Hu and Shi [16],
Hu and Shi [17], Hu [18], Hu [19] and Hu and Shi [20] followed the works of Schumacher [21]
and Brox [22] to give very precise results on the random walk and its local time (see [23] for an
introduction). Moreover recent results on the problem of aging are given in [24], on the moderate
deviations in [25] for the recurrent case, and on the local time in [26] for the transient case. In
parallel to all these results a continuous time model has been studied, see for example [21,22],
the works of Tanaka [27], Mathieu [28], Tanaka [29], Tanaka and Kawazu [30], Mathieu [31]
and Taleb [32].

Since the beginning of the 1980s the delicate case of R.-W.R.E. in dimension larger than 2 has
been studied a lot. For recent reviews (before 2002) on this topic see the papers of Sznitman [33]
and Zeitouni [14]. See also [34-37].

In this paper we are interested in Sinai’s walk, i.e., the one dimensional random walk
in a random environment with three conditions on the random environment: two hypotheses
necessary for getting a recurrent process (see [1]) which is not a simple random walk and a
hypothesis of regularity which allows us to have a good control of the fluctuations of the random
environment.

The asymptotic behavior of such a walk was discovered by Sinai [3], who showed that this
process is sub-diffusive and that at time # it is localized in the neighborhood of a well defined
point of the lattice. This point of localization is a random variable depending only on the random
environment and n, its explicit limit distribution was given, independently, by Kesten [6] and
Golosov [5].

We prove, with a probability very near one, that this process is concentrated in a small
neighborhood of the point of localization, this means that for an interval of time [1, n] Sinai’s
walk spends the quasi-totality of this amount of time in the neighborhood of the point of
localization. The size of this neighborhood ~(loglogn)? is negligible compared to the typical
range (logn)? of Sinai’s walk. Extending this result to a neighborhood of arbitrary size we get
that, with a strong probability, the size of the interval where the walk spends more than a half of
its time is smaller than every positive strictly increasing sequence. We also prove that the local
time of this random walk at the point of localization normalized by n converges in probability to
a random variable depending only on n and on the random environment. This random variable is
the inverse of the mean of the local time at the valley where the walk is trapped within a time of
return to the point of localization, we prove that the mean with respect to the environment of this
mean is bounded. We generalize this result for neighboring points of the point of localization.
All our results are “quenched” results, this means that we work with a fixed environment that
belongs to a probability subset of the random environment that has a probability that goes to one
as n diverges. We give some consequences for the maximum of the local time and the favorite
sites of Sinai’s walk.

This paper is organized as follows. In Section 2 we describe the model and recall Sinai’s results.
In Section 2 we present our main results. In Sections 4 and 5 we give the proof of these results.

2. Description of the model and Sinai’s results
2.1. Sinai’s random walk definition

Leta = (v;,i € Z) be a sequence of i.i.d. random variables taking values in (0, 1) defined on
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the probability space ({21, Fi, Q), this sequence will be called a random environment. A random
walk in a random environment (denoted as RW.R.E.) (X,,,n € N) is a sequence of random
variables taking values in Z, defined on ({2, F, IP) such that

e for every fixed environment ¢, (X,, n € N) is a Markov chain with the following transition
probabilities, foralln > 1 andi € Z
PUXy =i+ 1|Xp—1 = i] = &, 2.1
PN X, =i—1|X,_1=il=1—0o; = 8.
We denote as ({2, F,, P*) the probability space associated with this Markov chain.
o 2= x 0, VA| € FiandVA; € Fa, P[A] x Az] = [, Q(dwy) [, P*0V (dwy).

The probability measure P*[.|X¢ = a] will be denoted as PJ[.], the expectation associated
with P7: EY, and the expectation associated with Q: Eg.

Now we introduce the hypothesis we will use throughout this work. The following two
hypotheses are the necessary hypotheses

1 _
Eo [log ao‘xo} =0, 2.2)

o 5
Varg [log :| =o0°>0. 2.3)

Solomon [1] shows that under (2.2) the process (X,,n € N) is P almost surely recurrent and
(2.3) implies that the model is not reduced to the simple random walk. In addition to (2.2) and
(2.3) we will consider the following hypothesis of regularity, there exists 0 < 1o < 1/2 such that

sup{x, Qlap > x] = 1} = sup{x, Qlag < 1 —x] =1} > . 2.4)

We call the random walk in a random environment previously defined with the three hypotheses
(2.2)—(2.4) Sinai’s random walk.

2.2. The random potential and the valleys
Let

ci=log——, iel, 2.5)

define:

Definition 2.1. The random potential (S,,, m € Z) associated with the random environment « is
defined in the following way: for all k and j, if k > j

> & k#0.

1<i<k

Sk—Sj= JtHl<i<
- ) & k=0,
jsi=-1

So =0,

and symmetrically if k£ < j.



1380 P. Andreoletti / Stochastic Processes and their Applications 116 (2006) 1377-1408

(S, k)

Fig. 1. Trajectory of the random potential.
Remark 2.2. Using Definition 2.1 we have:
Z e, k=1,2,...,
I1<i<k
S =1 == (2.6)
Y e k=-1.-2....,
k<i<—1

however, if we use (2.6) for the definition of (Sg, k), €9 does not appear in this definition and
moreover it is not clear, when j < 0 < k, what the difference S; — §; means (see Fig. 1).

Definition 2.3. We will say that the triplet {M’, m, M"} is a valley if

Sy = max S, 2.7
M'<t<m

Syr = max S, (2.8)
m<t<M"

S, = min S;. (2.9)
M/StsM//

If m is not unique we choose the one with the smallest absolute value.
Definition 2.4. We will define as the depth of the valley {M’',m, M"}, denoting it by
d([M', M"]), the quantity

min(Sy — Sy, Sy — Sm)- (2.10)

Now we define the operation of refinement.

Definition 2.5. Let {M', m, M"} be a valley and let M and m be such that m < M| < m; <
M" and
Sty — Swy = max  (Sy — Sp). @2.11)
mft’ft”SM”
We say that the couple (m1, M1) is obtained by a right refinement of {M’, m, M"}. If the couple
(my, My) is not unique, we will take the one such that m; and M| have the smallest absolute
value. In a similar way we define the left refinement operation (see Fig. 2).

We denote the p iterated logarithm as log , with p > 2. Throughout this work we will suppose
that n is large enough that log , n is positive.
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ASe k)

/\ /\ i ' (LE Z)
: M, : M "
: M i, M 1)= Sy — Su

=
ol

Fig. 2. Depth of a valley and refinement operation.

f(Sx.k)

I =y log, n

d([M, , my , M,]) 2T,

Fig. 3. Basic valley, case my > 0.

Definition 2.6. For y > 0, n > 3 and I, = logn + y log, n, we say that a valley {M', m, M"'}
contains 0 and is of depth larger than [, if and only if

1.0e M, M"],

2.d(M',M")) > I,

3.ifm <0, Sy — maxy<<0(Sy) > y log, n,
ifm >0, Sy — maxo<;<m(S;) > y logyn.

y is a free parameter.
2.3. The basic valley {M,,/, m,, M,}

We recall the notion of the basic valley introduced by Sinai and denoted here as
{M,’, m,, M,}. The definition we give is inspired by the work of Kesten [6]. First let
{M', m,,, M"} be the smallest valley that contains 0 and of depth larger than I',. Here smallest
means that if we construct, with the operation of refinement, other valleys in {M’, m,,, M"} such
valleys will not satisfy one of the properties of Definition 2.6 (see Fig. 3). M,,” and M,, are defined
from m,, in the following way: if m, > 0

M, = sup {l €Z_, 1l <my, S§—Su, >y, S — max Sg > ylogzn}, (2.12)

0<k=<mpy
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M, =inf{l e Zy, | > my, S; — Spm, = Iy} (2.13)
ifm, <0

M, =sup{ll € Z_, | <my, S — Sm, > In}, (2.14)

M, = inf{l €Ly, Il >my, S —Sm, =10 S —m?;z}cxioSk > ylog2n} (2.15)
ifm, =0

M, =sup{ll € Z_,1 < 0,8 — Sy, > I}, (2.16)

M, =inf{l e Z;,1 > 0,8 — Sy, = I} (2.17)

{M,, m,, M} exists with a Q probability as close to one as we need. In fact it is not difficult to
prove the following lemma (see Section 5.2 for the ideas of the proof).

Lemma 2.7. There exists ¢ > 0 such that if (2.2)—-(2.4) hold, for all y > 0 there exists
no = no(y, Q) such that for all n > nyg

cy logyn

0[{My' my, My} # 2] > 1 — (2.18)

logn

Throughout this paper we use the same notation n¢ for an integer that could change from line
to line. Moreover in the rest of the paper we do not always make explicit the dependence on the
free parameter y and on the distribution Q of all those ng even if Lemma 2.7 is constantly used.

2.4. Localization phenomena [3]

Theorem 2.8. Assume (2.2)—(2.4) hold. Forall y > 6, € > 0 and § > 0 there exists ng such that
Sfor all n > ny, there exists G, C {1 with Q[G,] > 1 — € such that
lim  sup P&[|X, —m,| > 8(logn)*] = 0. (2.19)

n——+00 @eGy

This result shows that with a Q and P* probability as close to 1 as we want, at time n the
R.W.R.E. is localized in a small neighborhood of m,,. The parameter y comes from the definition
of m, = m,(y). Ya. G. Sinai shows also that, with a probability close to one, for a given time
interval [0, n], the R W.R.E. is trapped in the basic valley and therefore is sub-diffusive. In fact
if we define

Wn:{Mn/a Mn/+1s~'-7mns~--7Mn_17 M,}, (2.20)
we have

Proposition 2.9. Assume (2.2)—(2.4) hold. For all y > 6, ¢ > 0 there exists E = E(¢) and ng
such that for all n > ny, there exists G, C {21 with Q[G,] > 1 — € such that

M n
lim inf P® X, e W =1 221
,Jim_ inf P ,,Do{ m € n}} 2.21)

moreover

M n
li inf P% X, €[-E(@™ "1 2 Ec "1 N =1. 2.22
Jim | inf P moo{ m € [—E(o " logn)*, E(o~" logn)*]} (2.22)
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See for example [14] or [38] for alternative proofs of these results.
3. Main results: Concentration phenomena

Let us define the local time at k (k € 7Z) within the interval of time [1, T] (T € N¥) of
(X,,n e N)

T
L. T) = Tix=k)- (3.1
i=1

I is the indicator function (k and T can be deterministic or random variables). Let V C Z, we
define

T
LOV.TY=) L3G.T) =YY Iix=j- (3.2)

jev i=1jev

3.1. Local time in a neighborhood of my,

Let us define the following sequences, let p > 2 and n be large enough, define:

fp(n) =[(logyn log[, n)z]([—] is the integer part of —), 3.3)

R,(n) = (log,,; n)'*(log, n)~"/%. (3.4)
For all n > 1 define the set:

Fpn) ={m, — fp(n),my, — fom)+1,....my,m,+1,....ms+ fp(n)}. (3.5)

Theorem 3.1. There exists ¢ > 0 such that if (2.2)—(2.4) hold, forall p > 2,0 < p < 2 and
y > 11, there exists c; = ¢1(Q, y) > 0 and ng such that for all n > ng there exists G, C (2
with Q[G,]1> 1 —cR,(n) and

. N L(Fp(n),n) 1 c1
o<, {E”o [— = (- W)“ = G oo

Remark 3.2. The set G/, called the set of good environments and will be defined in Section 4.1.

In fact ng and c¢; depend only on Q through I, = log[(1 — no)/(no)l, Qleo > Ip,/21,
QOleo < —1y,/2], o and EQ[|60|3], however to simplify the exposition we do not make this
explicit. Throughout this work we denote as ¢ a strictly positive numerical constant that can
grow from line to line if needed.

If we choose p = 2 in Theorem 3.1 we get better rates for the convergence of the probabilities,
however using (3.5) we get that |F,(n)| = (log, n)* (JA| denotes the cardinal of A C 7Z), whereas
for p > 2, |[F,(n)| = (log, n)z(log » n)?. Recall that y comes from the definition of the point
my, = myu(y), the condition y > 11 will become clear in Section 4.3 when we prove this theorem.

In addition to Sinai’s results on localization, with a P* and Q probability very near one, in a
time interval [0, n] the R.W.R.E. does not spend a finite proportion of this time interval outside
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IF,,(n). In fact the time spent outside IF, (n) does not exceed n/(log, n log » n)”. Moreover, notice
that |F,(n)|/|Wy| ~ (logyn logp n)2(log n)~2 ¢ 0, that is the subset F,(n) of W,, where the
R.WR.E. stays a time greater than n(1 — 1/(log, nlog, n)”) has no density inside W, in the
limit when n goes to infinity.

Remark 3.3. Notice that if we look for an annealed result, that means a result in IP probability,
with the same condition as for Theorem 3.1 we get

P[ﬁ(Fp(”)’”_) > (1 o )} >l —— 1 _(R,(n) G.7
o U T Gane) [T Gyt T |

By definition L(F,(n), n) < 1, therefore we also have

. Hmmm . e

| = ) 21 Gy R .

To prove this theorem we will prove the following key result on the environment, define

3.9)

T — inf{k € N*, X; = x}
* 7 ] 400, ifsuch k does not exist.

Proposition 3.4. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all p > 2 there exists ngy
such that for all n > ny

_ 2
0 [E‘}nn [LF,(n), Tn,)] >

0 Fym + i) =R e

where I_Fp (n) is the complementary of F,(n) in W,,.

This implies that with a Q probability going to one when n goes to infinity, in E® mean, the
R.W.R.E. will never reach a point k € F p(n) in a time of return to m, in spite of the fact that
|F p(n)|/|Wy| =~ 1. The proof of this proposition is given in Section 5.4.

If we want to replace in Theorem 3.1 the neighborhood F,(n) by an arbitrary small
neighborhood (6, n) but such that £(6,, n)/n converges in probability to one, we get with
a similar method the following result:

Theorem 3.5. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all 0 < p < 1/4, all strictly
positive increasing sequences (0(n),n > 1) and y > 11, there exists ¢c1 = ¢1(Q, y) and ng such
that for all n > ng there exists G, C 2y with Q[G] > 1 — c(6(n))~" and

st {P‘) [C(@(”)’”) =" (1 } (9(n>)p)“ =1 Gy 1D

n

where O(n) = {m,, —0(n),m, —60(n) +1,...,my, mysq,...,my, +6(n)}.

The key result on the environment for the proof of this result is the following, assume that
(6(n), n) is a strictly positive increasing sequence.



P. Andpreoletti / Stochastic Processes and their Applications 116 (2006) 1377-1408 1385
Proposition 3.6. Assume (2.2)—(2.4) hold, for all 0 < p < 1/2 there exists c; = ¢1(Q) and ng
such that for all n > ng

1 cl
<
O/, | = (B(n))*
where ©(n) is the complementary of ©(n) in W.

0 [E%n [L(O™), Tn,)] > (3.12)

We call these (Theorems 3.1 and 3.5) concentrations, even if it could be more appropriate to
define the concentration in terms of the random variable

Y, = in%min{k >0:L(x —k,x+k],n) >n/2}. (3.13)
xXe
In fact Theorem 3.5 implies the following result.

Theorem 3.7. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all strictly positive increasing
sequences (0(n), n), there exists ¢y = c1(Q) > 0 and ng such that for all n > ng there exists
G, C 2y with Q[G,]1 > 1 — c(8(n))~/* and

C1

inf {P3[Y, <6 >1— —. 3.14
Notice that the annealed result is given by
&)
Py, <0 >1— —FF, 3.15

with ¢c; = c2(Q) = c+¢y.
It would now be interesting to study the [P almost sure behavior of Y,,, these questions are
beyond the scope of this paper, see [39] for a first approach.

3.2. Local time on my,, and on its neighboring points

The following theorem is a result of weak law of large number type for the local time of the
R.W.R.E. at m,,. We obtain the convergence of the local time at m, normalized by n to a Q
random variable as Ya. Sinai obtained the convergence of X,, to m,, which is also a Q random
variable.

Theorem 3.8. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all y > 11, there exists c; =
c1(Q, y) and ng such that for all n > ng there exists G, C 2y with Q[G,] > 1 — cR2(n) and

sup Pg
aeG),

We can easily give an intuitive idea of this result. From Proposition 2.9 we know that the
R.WR.E., within an interval of time [1,n], spends all its time in the valley {M,’, m,, M,}
with a probability very near one. So, in spite of the fact that E%n[Tmn] = 400 Q. a.s. as
is easy to check, until the instant n, the mean of the time of return to m, is, heuristically,
of order E%n [L(W,, Tn,)]. So we can chop the interval [1, n] into L£(m,, n) pieces of length
]E%n [L(W,, Ty,)], therefore

ﬁ(mn’ n) ! 1 Cl
n - E%n [‘C(an Tm,,)]| ~ (Ing n)2:|} = (10g2 n)2 . (316)

E(ml’ls n)
n

n & LGmg, ES (LW, T,)] & ~ (ES [L(Wa, T)D ™"
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Now let us give some precision on the random variable E}, [L(W,, Tin,,)], first for all fixed
environments we have the following explicit formula:

Proposition 3.9. For all fixed o and n, we have
k—1
My Z exp(S] - Sk)
o j=mpy+1
Ey [LWy, Tu)]l=1+ Z Oy, j=m
’ ﬂk k—1
k=m,+1 Z 6Xp(Sj _ Smn)
]=mn+1

my+1

Remark 3.10. Trivially we have E, [L(W,, Tn,)] = 1 because m, € W, and L(mp, Tp,) = 1.

We see that E%" [L(W,, T,,,)] depends on the random environment in a complicated way,
however using the hypothesis (2.4) we easily prove the following result:

Proposition 3.11. With a Q probability equal to one, for all n we have:

70

1 = E(yxnn [‘C(an Tm,,)] -1

— 1o kEWn,k;émn eXp(Sk - Smn) -
1 1

< — -
- no keW,,,k;ém,, eXP(Sk - Smn)

So we can have a good idea of the fluctuations of Ej, [L(Wy, Ty,)] only by studying the random
variable

1
) (3.17)
keWy kot SXPSk = Sm,)
The following result is a key result for the random environment:
Proposition 3.12. There exists c; = c1(Q) > 0 such that for alln > 1
1 <EolEy, [L(Wn, Tn,)1] < c1. (3.18)

In particular, using the Markov inequality, we get that for all positive increasing sequences
O(n), n):
C1

QIE,, [L(Wy, Ty, )] > 0(n)] < IR (3.19)

Remark 3.13. ¢; depends only on Q through no and Q[ey < —1I;,/2] but for simplicity we do
not make this dependence explicit, see Section 5.3 for the proof of Proposition 3.12.

One can ask oneself about the convergence in law of Efnn [L(W,, Ty, )]; this problem is not
an easy consequence of our computations and can be by itself an independent work.
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One can notice the specificity of (3.16), however easy modifications of our method give the
following generalization.

Theorem 3.14. There exists ¢ > 0 such that if (2.2)—-(2.4) hold, for all y > 11, there exists
c1 = c1(Q, y) and ng such that for all n > ng there exists G|, C {21 with Q[G},] > 1 — cRa(n)
and

sup | e U Hﬁ(k,n) S 1 ‘ - 1 2} - cilogzn (320)
«eG), keLon n EX [L(Wy, Ti)] (log, n) log, n
where L(n) = {m,, —Il(n),m, —I(n) +1,...,my,muqq,...,my +1(n)}, I(n) =logz(n)/I,

and I, is given by Remark 3.2.

Remark 3.15. We deduce this result from the computations we made to prove Theorem 3.8, the
point is that, under the hypothesis of Propositions 3.4 and 3.12, we have the following results,
for all k € L(n):

o 3 logy n
Q[ i [LLEp(n), Ti)] > o o +1 1} < cRp(n), (3.21)
QIEF[L(F y(n), Te)] > ci(logy n)log .y nl < cRp(n). (3.22)

However we think that Theorem 3.14 is certainly true for a neighborhood V, of m,, (F,(n) C V,)
of size larger than (loglogn)“ for some a > 0, but it does not seem to be a simple extension of
our computations.

The following corollary is a simple consequence of (3.19) and Theorem 3.8.

Corollary 3.16. There exists ¢ > 0 such if (2.2)—(2.4) hold, for all p > 2, vy > 11, there exists
c1 = ¢1(Q) and ng such that for all n > ng there exists c; = ¢2(Q) > 0.and G, C 21 with
Q0[G,1 =1 —cRp(n) and

inf {P¢ | Lonpn) > — |V 51— (3.23)
aeG), 2cplog, 0 log, nlog, n

n Cl

inf {P¥| () (£
n ke, (n)

(k,n)} = >1- . (3.24)
2¢cy(logyn) log,, 1 n log, n

All these results show that in addition to being localized the R W.R.E. is concentrated and the
region of concentration and localization are extremely linked together.

In the following subsection we give some simple consequences for the maximum of the local
time and for the favorite sites of Sinai’s walk.

3.3. Simple consequences for the maximum of the local time and for the favorite site of the
R.WR.E.

Let us introduce the following random variables

L*(n) = r]?aZx([,(k, n)), F(n) = {k € Z, Lk, n) = L*(n)}. (3.25)
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F(n) is the set of all the favorite sites and L£*(n) is the maximum of the local times (for a
given instant n). The following corollary is a simple consequence (just by inspection) of (3.19),
Theorems 3.1 and 3.8.

Corollary 3.17. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all p > 2, and y > 11,
there exists ci = ¢1(Q, y) and nqg such that for all n > ng there exists ¢c; = c3(Q) > 0 and
G, C {2y with Q[G)1 > 1 — cR,(n) and

inf AP¢ |y > ——— |1 >1- — L (3.26)
aeG), 2cplog, 0 log, nlog, n

inf [P [Fon cFp]} 21 - ——

’
aeG),

_—. (3.27)
log, nlog, n

To finish we give an interesting application (just by inspection) of (3.26), Theorems 3.5 and 3.14:

Corollary 3.18. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all y > 11, and all strictly
positive increasing sequences (0(n), n) there exists ny and c¢1 = ¢1(Q) such that for all n > ny
there exists G, C £ with Q[G)] > 1 — c(0(n))"V* and

L) 1 1 c16(n)
P — < , 3.28
aseuCl;);{ 0 U n kgg‘g;){Eg [ﬁ(wn,Tk)]H ~ (1og2n)2]} S Togn O

recalling that ©(n) = {m, —0(n),m, —60(m) +1,...,my, my41,...,my, +60(n)}.

Notice that if we are interested in an annealed result Corollary 3.18 implies:

L*(n) 1 1 c16(n) c

The delicate problem of the limit distribution of £*(n)/n considered by Révész [8] cannot
be directly deduced from these results, however they are a good starting point for further
investigations on this topic. We think that this limit distribution is very much linked to the Q
limit distribution of the random variable Effl,, [L(W,, Ty, )], recall moreover that we have good
knowledge of W,, thanks to the works of Kesten [6] and Golosov [5].

4. Proof of the main results
First we define what we call a good environment and the set of good environments.

4.1. Good properties and the set of good environments

Definition 4.1. Let p > 2,y > 0,¢; > 0 and w € {21, we will say that « = a(w) is a good
environment if there exists ng such that for all n > ng the sequence (¢;,i € Z) = (v (w),i € Z)
satisfies the properties (4.1)—(4.13).

o The valley {M,’, m,, M,} exists, in particular: “.1)
O € [Mn/’ Mn]s (42)
Itmy, >0, Sy, — max (S,) = ylog,n, 4.3)

0<m=<my,
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ifm, <0, Sy, — mgngO(Sm) > y log, n, “4.4)
Sm;, — Sm, = logn +y log,n, 4.5)
Sm, — Sm, = logn 4 y log, n. (4.6)
o M,' > (6~ logn)*log,n, M, < (o~ "logn)*log,n. 4.7

Define M| and m/, respectively, as the maximizer and minimizer obtained by the first left
refinement of the valley {M,’, m,, M,} and in the same way M; and m1, respectively, as the
maximizer and minimizer obtained by the first right refinement of the valley {M,’, m,, M, }.

o Sy — S <logn —ylogyn, (4.8)
Spmy, — Sm, <logn — y logyn. 4.9)

Define F[",'(n) ={m,+1,....,my + fp(n)}, F;(n) = {m, — fp(n), ..., m, — 1} where f,(n)
is given by (3.3).

* min (BBE(T > T, D) 2 (1) (4.10)

kdr;;ig)_(oszzH[Tk > T, D) = (g10) ", (4.11)
where g1(n) = exp(((4+/30 f, (n))* log3 (n))"/?).

o £y [L(F,(n), Ty,)] < c1log, n. (4.12)

o B, [L(F,(n). Tn,)] < 2(00(fp(m) + 1) 7" (4.13)

See (3.5) for the definition of I, (n), and we recall that F p(n) is the complementary of IF,(n) in
W,.

Define the set of good environments
G; = {w € 21, a(w) is a good environment}. 4.14)

G, depends on p, y, ¢; and n, however we do not make explicit its p, y and ¢; dependence.

Proposition 4.2. There exists ¢ > 0 such that if (2.2)—(2.4) hold, there exists ¢c1 > 0 such that
forall p > 2 and y > 0, there exists no = no(y) such that for all n > ny

Q[G,]1=1—=cRpy(n). (4.15)

Proof. The main ideas of the proof are the subject of Section 5. [J
For completeness, we recall some results of Chung [40] and Révész [8] on inhomogeneous
discrete time birth and death processes.

4.2. Basic results on the random walk in a fixed environment

We will always assume that « is fixed (denoted as o € (2| in this work). Let x € Z, assume
a < x < b, the two following lemmata can be found in [40] (pages 73-76), the proof follows
from the method of difference equations.
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Lemma 4.3. Recalling (3.9), we have

x—1
> exp(Si — Sq) + 1
PT, > Tyl =~ , (4.16)
Z eXP(Si - Sa) + 1
i=a+1
b—1
> exp(Si — Sp) + 1
PIT, < Tp] = ’zjl . 4.17)
> exp(Si — Sp) + 1
i=a+1
Let T, A Tp be the minimum between T, and 7.
Lemma 4.4. We have
b—1 b—1
Y GG
I=a+1 j=
ES ([Ta ATp] = P , 4.18)
Y. F(,a)+1
j=a+1
x—1 x—1 x—1
BT, A Tyl = B [Ty A Tyl (1 + Y F(. a)) > Z “F (.. (4.19)
Jj=a+1 I=a+1 /—l

where F(j,1) = exp(S; — Sp).
Now we give some explicit expressions for the local times that can be found in [8] (page 279).
Lemma 4.5. Under P, L(x, T, A T,) is a geometric random variable with parameter

p = o PL [T < Tpl + B PY_ [T < Tol, (4.20)
thatis foralll > 0, PY[L(x, Ty AT,) =1]1=p La—p.

Lemma 4.6. Foralli € 7Z, we have, if x > i

EY[L(x, T})] = M 4.21)
P I B (T > T '
ifx<i
o N Bi ? I[Tx < Tl
Ei [ﬂ(X, )] = W. 4.22)

4.3. Proof of Theorems 3.1, 3.5 and 3.7

First we recall the following two elementary results.
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Proposition 4.7. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all p > 2 and y > 2 there
exists ng = no(y) such that for all n > ng, Q[G)1 > 1 — cRp(n) and for all « € G,

2log, n

PG [ {Xm & Wn}] =< (4.23)

= ~ o2(logn)r—2’

Proof. We use the properties (4.7)—(4.9) and make computations similar from those done by
Sinai [3]. The constraint y > 2 is here to get a useful result. O

Lemma 4.8. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all p > 2 and y > 11, there
exists ng = no(y) such that for all n > no, Q[G,1 > 1 — cRp(n) and for all « € G,

n 2(log, n)?
> < .
(logn)* | = noab(logn)r =10

Py |:Tm,1 (4.24)

Remark 4.9. The constraint y > 11 that appears in the Theorems 3.1, 3.5, 3.8 and 3.14 and in
their corollaries comes from (4.24).

Proof. Assume m,, > 0, first we remark that

n
i |:Tmn > (10gn)4] < P[T, > Toy 1]+ P [Tmn ATy -1 > ] (4.25)

n
(logn)*
Using (4.7) and (4.8) and making computations similar from those done by Sinai [3] we get that,
for all y > 0, there exists ng = ng (y) such that for all n > ng and @ € G,

log, n

PoLTm, > Tiy—11 < (4.26)

o2(logn)?’

Using the Markov inequality, Lemma 4.4, the properties (4.7) and (4.8) we obtain for all y > 11,
n>npanda € G,

4.27)

n (log,, n)?
< .
(logn)* | = noo(logn)r—10
Collecting (4.27), (4.26) and (4.25) ends the proof of the lemma. O

Pg |:Tm,, A\ TM,’,—I >

Proof of Theorem 3.1. Let y > 11 and p > 2, using Proposition 4.2 we take ¢ > 0 and n such
that for all n > ny, Q[G,] > 1 — cR,(n). Let 0 < p < 2, define §, = (f,(n))~*/2, to prove
Theorem 3.1 we need to give an upper bound of the probability g [L(F}(n), n) = 8,n] where
IE‘?7 (n) is the complementary of IF, (n) in Z.

First we use Proposition 4.7 to reduce the set IF; (n): there exists ny such that for all n > ny
and o € G,

2log,n

PELL(ES (1), n) > 4] < PAL(F,(n), n) > 8,n] + o2(logn)r—2

(4.28)

recalling that F p(n) is the complementary of F,(n) in W,,. By Lemma 4.8, there exists n3 such
that for all n > n3 and @ € G,

3 ~ _ n
PEIL(F,(n), n) > 8,n] < P [ﬁﬂl‘?p("% n) 2 Oatt, T, < (l_ogn_)4:|
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2(log,, n)®

v 4.29
noo 8 (log )y —10 (+:29)

Let us define Ng = [n(logn)~*] + 1 and 8) = 8n — No/n. By the Markov property and the
homogeneity of the Markov chain we get

B | L@ = T, = | < [Z ey = B } (430)

Let j > 2, define the following return times

T = inf{k > Ty, j—1, Xp = my},
") = ) 400, if such k does not exist.

Tn,.1 = Ty, (see (3.9)).

Since by definition 75, , > n, we have

n Tmn,n
P, [Z LixpeF ) = 5;”} <P, [Z LixpeF, ) 2 ‘3;«”} : (4.31)
k=1 k=1

By definition of the local time and the Markov inequality we get

Ty n
L% [Z Lixee,my = 5;”}
k=1

M, mp— fpn)—1
< > ER LG T+ Y B LG, T, )l | (8m) 7' (432)
sl:m)1+f}.?(n)+1 =M’

Now we use the fact that, by the strong Markov property, the random variables L(s, Tp,,, i+1 —
Tm,,i)(0 <i <n—1) areii.d., therefore the right hand side of (4.32) is equal to

E;, LLE, (), T, )16)) 7" (4.33)
Using the property (4.13), forall n > n; and all @ € G,

" _ 2 1
E, [£(Fpn), T,)] < o F 1 (4.34)

recalling f,(n) = [(log, n logp n)?]. Collecting what we did above, we obtain for all n > n;
VnyVns(aVb=max(a,b))

PSILES (1), n) > dun] < — 1 T
b = no (logy nlog, n)?s), = o*(logn)r =2

2(log,, n)3

—_— 4.35
noo®(log n)7 ~10 (*3%)

Taking y > 11 and choosing ng > n1 V ny V n3 ends the proof of the theorem. [

In a similar way, we can prove the following proposition that will be used in the next section.
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Proposition 4.10. There exists ¢ > 0 such that if (2.2)—(2.4) hold, forall p > 2,0 < p < 1 and
0 < &' <1, there exists nq such that for all n > ng, Q[G),] > 1 —cR,(n) and forall @ € G,

P2 [L(Fp(n), [E'n]) > [nE'1(1 — (log; n(log, n)* ")~ H]
2 1
>l-—— (4.36)
no (logy n)(log, n)?

Proof of Theorems 3.5 and 3.7. First, to prove Theorem 3.5 we use exactly the same method as
in the proof of Theorem 3.1 but instead of using Proposition 3.4 we use Proposition 3.6. Now,
to get Theorem 3.7 it is enough to find a point x such that L([x — 6(n), x + 6(n)],n) > n/2in
probability, so choosing x = m,, and using Theorem 3.5 we get the result. [

4.4. Proof of Theorem 3.8

Let p > 2, y > 11, throughout this proof we take ¢ > 0, c¢; and n; = n1(y) such that
forall n > ny, Q[G,] = 1 — cRp(n). Let 0 < p < 1, define v, = (logzn)_l(logpn)_p,
x; = Ej [L(F,(n), Tin,)]and xo = EF [/.Z(I_Fp(n), Tin,)], by definition we have

En [L(Wy, Tn,)] = x1 + x2. (4.37)

Notice that m, € F,(n) so x; > 1. Moreover the property (4.13) implies that for all o €
Gl x2 < 2(o(fp(n) + 1) ™' We have (x; +x2) 7! = (x1) ™! — x2(x1 (x1 +x2))~! and one can
choose ny such that for all n > ny, xo(x1(x1 + xz))_1 < v, /2. Therefore, for all n > n; VvV ny

and all « € G, we get
> vn:| <P [

We are left to estimate the right hand side of (4.38), we have

[| L(m,,, n) 1
n X1+ x2

L(my,n) 1
n X1

Vn

> —:| . (4.38)

2

(| L(my, n) 1
P§ -V
n X1

> vn/Z] < PGIL(mp, n) < nni]+PyLL(M,, n) > nna] (4.39)

where 71 = 11(p) = (x1) ™' = vu/2,m = m(p) = (1) 4+ v,/2.
We give an estimate for each of the terms in the right hand side of (4.39) in the following
proposition.

Proposition 4.11. There exists n'| such that for alln > n| and a € G,

4 1
P - 4.4
o [L(my, n) < nin] < 70 log, n(log, vy (4.40)
32(1. 3
Py [L(my, n) > man] < (log, ) (4.41)

nZoS(logn)?
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Proof. We will only prove (4.40), the proof of (4.41) is easier, one can check it with a similar
method. By Lemma 4.8, there exists n such that for all n > np and @ € G,

PyLL(mp, n) < mn] < P [ﬁ(mn,n) <mn, Ty, < - ]

(logn)*
2(log,, ())?
_—. (4.42)
noo 8 (log )y =10
Using the strong Markov property and the fact that Z;’Z’l Ix;=m, = 1 we get that
n
PG | Lmn,n) <min, T, < ——— | <P [L0mn, (1 = &n) < mnl, (4.43)
(logn) "

where ¢, = No/n, with Ng = [n(log n) "4+ 1. Using Proposition 4.10 with &' = 1 — &,, there
exists n3 such that for alln > n3 and all @ € G/,
P, [L(mu, (1= &)n) < mn]
< Py, [L(mp, (1 = &o)n) < min, LE (1), (1 = &n) = (1 =8)(1 = &)n]

2(no) !

_—. (4.44)
(log, n)(log ), n)*

where 8] = (log, n logp+1)’1. Let us define 7] = n1((1 —8,)(1 — Zn) L, we have

{L(mn,n(l —¢n)) <mn, and = Ll (1 = 60)) < 1, L), 11— &),

L(Fpn), n(l =) = (1= 8)(1 — &)

(4.45)
therefore
Py, [L(my, n(1 = &) < min, LE (), (1 = &n) = (1 = 8)(1 = &y)n]
< Py, [L(my, n(1 = &) < n L(Fp(n), (1 = &)m)]. (4.46)

To estimate the right hand side of (4.46), first we prove the following lemma.

Lemma 4.12. For all 0 < & < 1 there exists n4 > ny such that for alln > n4 and o« € G,

16(1 3
]21_ (Og,[,n)l '
n¢o®(logn)2€

n

P | L(my, >
" [ () = o
Proof. Let us define the two points M € [M,’, m,] and M- € [m,, M,] by

M. =sup{t,0 >t > M,', S — S, > logn — (6 + 1/2) log, n}, (4.47)
M. =inf{t, 0 <t < My, S; — Sy, = logn — (6 4+ 1/2) log, n}. (4.48)

Using (2.4), (4.5) and (4.0) it is easy to show that for all n > n; and all « € G, these two points
exist. By the Markov inequality and using (4.19), we obtain that

PY [Ty—1 AT+t > &n] < Mo — M > expl(Sa. — Sm,) ¥ (Sar. — Sw,)(Em) ™.
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Using (4.47) and (4.48) and the property (4.7) we get that for all n > nj and all « € G,
8(log, n)?

P [T —1 ATy 41 > En] < L)l
ngo(logn)2€

Therefore, for all n > nj and all « € G,

n n
Py | L(my, En) > >PY | L(ny, Tayg.—1 AT, >
mn|: (my, &En) > (logn)7] > mn[ (my, Tp_—1 Mo t1) = (logn)7:|
8(log, )3
e (4.49)
ngoS(logn)?&
By Lemma 4.5
n
IP","nn [E(mn, Tyo—1 ATy 41) > (10gn)7:|

= (1=, P [T, = T 1] = B, P ([T, = T DR (4.50)
Using (4.16), (4.17) and the definition of M- and M_ we have

1
(logn)®*2
1 - amnpin_;_l[nnn > Ty, 11— ,anP;Xnn_l[Tm,, >Ty 1= 1 - T 4.51)

Now replacing (4.51) in (4.50) and noticing that (1 —x)" > 1 —mx forall0 <x < landm > 1
we have

n 1
P* | L (mp, T, T _— l— ———:, 4.52
my |: (m Mo N M>) = (10gn)7:| = (logn)!/2 ( )

and inserting (4.52) in (4.49) we get the lemma. O
Coming back to (4.46), using Lemma 4.12 with & = 1 — ¢, foralln > ng and all @ € G;l
Pr, [L(mu, n(1 = &) < ) L, (n), (1 = &a)n)]

< P2 |:£(mn, n(l=6)) < 0 LEHm), (1= &n), L, n(1 = 5,)) = (1ogn>7]

16(1 3
(Og”. A (4.53)
ngoS(logn)z (1 — &)
Let us define N; = [n(logn)~'] + 1, we have
P, [L‘(mn,n(l — &) <N LEFp(n), (1 = &)n), Ly, n(l — &) = _ 7}
(logn)

Z !
<> P [E(Fp(n), T, i1) > —,] (4.54)

l:N] )71

recalling Ty, 1+1 = inf{k > T, 1, Xy = my} foralll > 1 and T,,,,1 = Tm, (see (3.9)).
To estimate the probability in (4.54) we want to use the exponential Markov inequality. We
need the following lemma which is easy to prove by elementary computations.
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Lemma 4.13. Let (p,,, n € N) be a positive decreasing sequence such that limy,_, 4 o pn (log, n)2 =
0, there exists ns > ny such that for all n > ns and all « € G/,
1 2
0 — X1 = pn = (px7)/4 >0
1

where 1| is defined just before (4.45), x| and v, just before (4.37).
Coming back to (4.54), we have

; !
Z ]P)gln I:'C(]Fp(n)v Tmn,l+1) > r)_/]

[=N, 1
n 1 1
=P |:£(Fp(n), T 141) — (L + Dxy > 1 <—, % <1 + —))} . @459
I=N,; m Nl

Using Lemma 4.13, with p, = 1):/_11 = and property (4.12), foralln > ns and ¢ € G/,

X1
[n/(ogn)~"]

: <1+1> 1 s )4 > 0
— —x — ) == —x;1 — — > (vx > 0.
n N n N i

So for all n > ns5 and all @ € G, we use the exponential Markov inequality to estimate the
probability in the right hand side of (4.55). Let A > O foralln > ns and all« € G),

. 1 1
PY [L(Fp(n), Toyi41) — (L + Dxy > 1 <n_’1 —xi (1 + E))}

< Ep [exp{AM(LEFp(n), Ty, .141) — (L + Dx1)}]

1 1
X exp [—Al <Tl_/1 — X1 (1 + V}))} . (4.56)

By the strong Markov property we have
Ep, [exp{A(L(EFp (), T, i+1) — ( + Dx1)}]
= (B, [exp{A(LEF (1), Tn,) — x)}D. (4.57)

To estimate the Laplace transform on the right hand side of (4.57) we use the Holder inequality
and the results of M. Csorgd L. Horvéth and P. Révész (see [8] pages 279-280): choosing

+ —\2
A= NR) (4.58)
(IFp (m)| + 1Fp (m)])
where
wi = min (BB [T, > T, D),
geFym 1
u, = min (;P% [T, > Tp,)),
n 4eF (n) g5 g+1liq m
]F; (n) and IF;; (n) have been defined just before (4.10) and a A b = min(a, b), we get
A
Ey,, [exp{MLE (1), Tn,) — Ep, [L(F (1), Tn, )} < exp [IFp(n)l} : (4.59)
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Now using (4.56), for all n > ns, alla € G}, and alll > N;

1 1
IP,‘;‘M |:£(IFp(n), Tin,1) — (4 Dxp > 1 (77_/1 — X (1 + V]))]

feq{—ﬂ{%n—(n+ 2 )(1+_L>”. (4.60)
, ERGIANST

Inserting (4.60) in (4.55) and using (4.54), we deduce that for alln > ns and ¢ € G/,

P [c(’”"’ n(l =) < mEE ), (= L)), Lomn, n(1 = &) 2 ‘(10;1)‘7}

exp[~Nix (= (11 + ) 1+ 1/8) ]

Sp—— [_x (nll - <x1 + m) 1+ 1/N1))].

Using Lemma 4.13 with p, = x1/N1 + (2/|F,(n)])(1 + 1/Ny) we have for all n > ns and all
o€ G,

(4.61)

1 2
o xi —=2 ) A+ 1N = (vpxD) /4 (4.62)
m ( 1 |Fp<n>|> [ = ]
Using (4.62) and (4.61) we obtain, after an easy computation, that for all n > ns and all « € G,
n
P, [»C(mn,n(l = &) < mMLE @), (1= &In)., Loy (1= £)) 2 aogn)?}
8 exp(—(N1Av,x?)/4
_ Bex( (N1Avax()/4) (4.63)

)»vnxlz

Now we need a lower and an upper bound for A, using (4.58) and the properties (4.10) and (4.11)
we deduce that for all n > n; and all @ € G/, we have

(g1(n))*(logy n log, n) (log, nlog, n)

(4.64)

with g1(n) = exp[((4«/§(rfp(n))2 log, (n))'/2]. We deduce that there exists ng > ns such that
foralln > ng and all @ € G,

P, [amn, n(l = &) < ML), (1= G, Lomn,n(l = &) = 4o gnn‘ﬂ}

< exp(—nl/z). (4.65)
Collecting (4.65), (4.53), (4.46), (4.44) and (4.42) and taking p = 2,n| =na Vn3 vV ngVng we
get (4.40). O
4.5. Proof of Theorem 3.14

Clearly the probability in (3.28) is bounded from above by:

Lk, n) B 1 ‘ 1 “
n B [LW, Tol|  (ogym)+e ||

|L(n)| max {]P‘(’)‘ H
keL(n)
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We are left to give an upper bound of the probability into the bracket, uniformly in k € F,(n).
Since the method we use is exactly the same as the one of the proof of Theorem 3.1, we only
sketch it. First replace all the m,, by k except in “IF,(n)”, “IF;; (n)”, “]F;7 (n)” and “W,,” that do
not change. This will change of course the definitions of x1, x> and A.

Then the only modifications needed are based on the following fact, let k € IF,(n) and
l € Wy, 1 # k, with Q probability 1 we have

exp(S; — Si) = exp(Sk — Sm,,) exp(S; — Sm,,)

IA

1— |ke—m |
<log 770) exp(S; — Sm,) < (logy n) exp(S; — Sim,,)- (4.66)
1o
As we will see in Section 5.5, it is from (4.66) and (4.13) (respectively (4.12)) that we get (3.21)
(respectively (3.22)).
The main steps of the proof of Theorem 3.8 have to be modified as follows:
First remark that, using (3.21), (4.38) remains true. In Proposition 4.11, (4.40) becomes:

4 1
PY[L(k,n) <nn] < ———m—.
¢ M= 000 Gog, my?

Notice that, comparing with (4.40) the log, n disappears, this comes from the fact that we use
(3.21) (instead of (3.10)) to prove the equivalent of (4.36) (replacing P}, by P¥). Moreover it is
important to notice that Lemma 4.13 remains true and X still verifies (4.64).

Moreover (4.41) becomes

32(log,, n)3 log, n

PYIL(k, n) > mon] < i
ngo®(logn)?

since we use (4.66) for the proof of the equivalent of Lemma 4.12 (replacing, as always, m, by
k. O

5. Proof of the good properties for the environment

Here we give the main ideas for the proof of Propositions 3.4, 3.6, 3.11, 3.12 and 4.2.
This section is organized as follows. In Section 5.1 we recall elementary results on sums of
independent random variables, in Section 5.2 we prove Lemma 2.7 and give standard results on
the basic valley, in Section 5.3 (respectively Section 5.4) we give some details of the proof of
Proposition 3.12 (respectively Proposition 3.4). Collecting the results of Section 5.2, Lemma 2.7,
Propositions 3.4 and 3.12 we get Proposition 4.2. In Section 5.5 we sketch the proof of (3.21) and
(3.22). Throughout this section we assume that the parameter y (see Definition 2.6) is strictly
positive.

5.1. Elementary results

We will always work on the right hand side of the origin, that means with (S,,, m € N), by
symmetry we obtain the same result form € Z_.
We introduce the following stopping times, for a > 0,

inf{m € N*, S,, > a},

+o00, if such a m does not exist. G.D

Vi=VHiS,jeN) = {
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e __ |inf{m € N*, §,, < —a},
Va =Va (Sj.j eN) = {—{-oo, if such a m does not exist. 52)
The following lemma is an immediate consequence of the Wald equality (see [41]).
Lemma 5.1. Assume (2.2)-(2.4), let a > 0, d > 0; we have
d+1
oIV, < Vi< (5.3)
d+a+ I,,0
a+1
Vo> Vi1s —1 5.4
Q[“>d]_d+a+1,,0 (5.4)

recalling I, = log((1 — 1o)(10) ™).

The following lemma is easy to prove when the ¢; = =1 with a probability 1/2 and is a simple
extension in our more general case.
Lemma 5.2. Assume (2.2)—(2.4) hold, there exists co = Co(Q) > 0 and nyg = no(Q) such that

foralln > ng

o
r(n)’

(r(n), n) is a strictly positive increasing sequence.

OlVy >r(m)] = (5.5

5.2. Standard results on the basic valley {M,,, m,, M}

First let us give the main ideas of the proof of Lemma 2.7.

Proof of Lemma 2.7. To prove that {M),, m,, M,} # @ in probability, it is enough to find a
valley {M/ ,m, M} that satisfies the three properties of Definition 2.6. It is easy to show that
M = v+ m=mM= V+}withV+ = sup{k < 0, Sy > I,} and m = inf{|k| > 0, Sy =
mln{V+ <m=V} ) S} satisfies these properties in probability. Indeed by definition {VF ,m, VF }

satisfies the ﬁrst two properties of Definition 2.6. For the third one, assume for simplicity that
m > 0, by definition of VJr and hypothesis (2.4) we have I}, < SV+ < Iy + I, with probability

1. So we are left to prove that there exists ¢g > 0 and ng = no(Q) such that for all n > ng

Q [Sv;n ~ max (5)) =y log, n] 0 [Fn —ylogyn = max () = I+ In0:|
< Coylogyn

(5.6)
logn

To get this upper bound we make the following remark, the event {I,, — ylog,n <
maxo<;<m(S;) < Iy + Iy} asks for the walk to reach a point larger than I}, — ylog,n
and then to touch a point S5 < 0 before a point larger than or equal to I}, + Iy,. So the
probability on the right hand side of (5.6) can be bounded from above by a constant times the
probability Qpn_ylogzn[V(; < VFano] (where Qy[---] = Q[---1So = y]) which gives (5.6)
by Lemma 5.1. For more details of this computation see for example [42] pages 56-58. O
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Lemma 5.3. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all p > 2 there exists
no = no(ly,, o, EQ[|60|3]) such that for all n > ny

Q[M, < (6" logn)*log,n, M,' > —(c~ " logn)*log,n] > 1 — cR,(n), (5.7)

O[My > my + fp(n)] = 1 —cRp(n), (5.8)

0 [SM1 — Sm, <logn — ylog,n, SM{ — Sm/l <logn — y log, n] >1—=cRy(n). (5.9)
See just before (4.8) for the definitions of My, my, M| and m, f,(n) is given by (3.3).

Proof. The proof of this lemma is easy and is omitted. O

Lemma 5.4. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all p > 2 there exists
no = no(Q) such that for all n > ny

1
g1(n)

1
g1(n)

0 [ min (g |14 = 1) = L my > o} < cR,(n),

keF} (n)

(0] |: min (akIF’g_H [Tkk'H > T,ﬁ:‘l]) <

, my >0 <cR,(n), (5.10)
keF, (n)

with g1(n) = exp[((2«/§afp (n))? log; (n))'/2, recall that IF; (n) and F; (n) have been defined
just before (4.10).

Proof. The proof is omitted it makes use of Lemma 5.8 and elementary facts on sums of
ii.d. random variables. [J

5.3. Proof of Propositions 3.6, 3.9, 3.11 and 3.12

5.3.1. Preliminaries
By linearity of the expectation we have:

my—1

Mp
Eg [LOWo, Tu)l = Y Ex [LG Tu )1+ Y ES LG, T+ 1, (5.11)
j=mu+1 Jj=M],

so using Lemma 4.3 we get Proposition 3.9. Now using Lemma 4.3 and hypothesis (2.4) we
easily get the following lemma.

Lemma 5.5. Assume (2.4), forall M,,’ <k < M, k # m,

1o 1 o 1 1
1_—%m <K, [Lk, Tn,)] < %m,

(5.12)
with a Q probability equal to one.

Proposition 3.11 is a trivial consequence of Lemma 5.5 and (5.11). The following lemma is
easy to prove:
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Lemma 5.6. Forall @ € {2y and n > 3, with a Q probability equal to one we have

My 1 Ny+1 1 My

Z 5 Sm = Z T Z L§;— Sy lati—1),ails (5.13)
JE—— i=1 JE——
my,—1 1 Np+1 1 my—1

Z eSj——Smn < Z m Z ]ISj—SmnE[a(l'—l),ai[s (5.14)
J=M, i=1 =M,

where a = I'ZTO, N, = [T} + Iy,)/al, we recall that I, = log((1 — 10)(n0)~") and 1 is the
indicator function.

Using Proposition 3.11 and Lemma 5.6, we have for all n > 3

Ny+1 M,
n 1 n
EQ[E%,, ['C(Wna Tmn)]] <1+ E ea(ifl)EQ |: 2 HSj—Sm,, E[a(i—l),ai[:|
i=1

.j:mn+1
Np+1 1 my—1
+ > a0 > T, clati—1).ail | - (5.15)
i=1 j=M,

The next step for the proof of Proposition 3.12 is to show that the two expectations Egl. . .]
on the right hand side of (5.15) are bounded by a constant depending only on the distribution Q
times a polynomial in i. This result is given by Lemma 5.9.

5.3.2. Proof of Proposition 3.12

Remark 5.7. We give some details of the proof of Proposition 5.11 mainly because it is based
on a very nice cancellation that occurs between two I, = logn + y log, n, see formulas (5.23)
and (5.24). Similar cancellation is already present in [6].

Let us define the following stopping times, leti > 1:

up =0,
up =V, = inf{m > 0, §,, <0},

u; =inf{m > w;_1, Spm < Su;_,}-

The following lemma gives a way to characterize the point m,, it is inspired by the work of [6]
and is just from inspection.

Lemma 5.8. Letn > 3 and y > 0O, recall I;, =logn + y log, n, assume m, > 0, for all | € N*
we have

-1
m{ max (S;) — S, <I,} and
i—0 Ui <j=<ujt|

Mo =UL= 0 max (S) — Sy, = I and (5-16)

up<j<uji
_ vyt
M, = VFn,l
where

V5 = VS, j =) =inf(n > up, Sy — Sy = 2). (5.17)

ol =
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A similar characterization of m,, if m,, < 0 can be done (the case m,, = 0 is trivial).

Lemma 5.9. There exists co = co(Q) such that for alli > 1 and all n:

-

Eo Z HSj—Smne[a(i—l),ai[:| <co x i’ (5.18)
_j:mn+1
_mn—l

Eo | Y. Is;—s,, clat-1.ail | <o x i, (5.19)
=,

Proof. We will only prove (5.18), we get (5.19) symmetrically; moreover we assume that
my, > 0, computations are similar for the case m, < 0. Thinking of the basic definition of
the expectation, we need an upper bound for the probability:

Mﬂ
O Y Is s, clat—1.ail = k] :

Lj=mu+1

First we make a partition over the values of m,, and then we use Lemma 5.8, we get:

B MM Mn
0 Z L§;— S, elati—1).ail = k:| Z o [ Z Is;— 8, etati—1).ait =k, mp = uz}

Lj=m,+1 >0 j=mu+1

§ZQ[.A,+, max (sj)—smzrn,A,] (5.20)

=0 W <j<ujii
where
"
Vi
+
Al = Z ]I{Sj*Su,E[a(ifl)’ail}Zk7
s=u;+1

-1
Al‘:ﬂ{ max (S,)—sur<r,,}, Ay =0

ur<j<u
=0 r=J=Ur41

for all I > 0. By the strong Markov property we have:

W <j<ujyi

0 [Al*, max  (S;) — Sy, > F,,,Al_} < QLA Vg > VA 104/ ] (5.21)

The strong Markov property gives also that the sequence (maxy, <j<u, (S/) = Su, < I, 7 > 1)
is independent and identically distributed, therefore:

QLA 1 < (QIVy < ViDL (5.22)
‘We notice that Q[Aar , Vo > VIJ{’ ] does not depend on /, therefore, using (5.20)—(5.22) we get:

M,
0 |: Z Is;—s,, elati—1),ail = k.:| =1+ @lv, = V]J{l])_l)

Jj=mu+1
x QLA], Vg > Vi 1. (5.23)
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To get an upper bound for Q[ A, Vo > V;In ], first we introduce the following sequence of
stopping times, let s > 0:
Hiq0 =0,
Hiqs =inf{m > Hiy 5, Sy € [ — Da, ial}.
Making a partition over the values of Hj, i, by the Markov property we get:
QLAY Vy >V} ]
inf{l>w,S;>1,}

< Z/m 0 |:H,'a,k =w, Sy € dx, (w]{ss >0, () (85> 0}}
( s=0

w>07 (—Da s=w+1

< OlHiak < Vg 1 max_ {O[V} <V}

(i—1)a<x<ia
= O[Hiak < V5 1Qial Vi iy < Vigl. (5.24)
To finish we need an upper bound for Q[Hj,x < V, ], we do not want to give details of the

computations for this because it is not difficult, however the reader can find these details in [42]
pages 142—-145. We have for all i > 1:

_ _ I
OlHiax <Vy1 =0 [Vo > V(—;_—l)a] <1 -0 |:€0 < _%:| Q(ifl)afl%

k—1
x (Vi1 VO_]) : (5.25)

k—1
OlHy i < Vi1 < Qleo > 0] (1 —0 [60 < —%D . (5.26)

So using (5.23)—(5.26) and Lemma 5.1 one can find a constant ¢ that depends only on the
distribution Q such that for all i > 0:

M, +inf M,
Eo| Y Is-syeclat-nait |= D KO | Y Is;_s, elat-1y.ail =k | < cox i,
=1

Jj=mp+1 Jj=mn+1
which provides (5.18) O

5.3.3. Proof of Proposition 3.6
To show Proposition 3.6 we use the same method as was previously used to prove
Proposition 3.12, the key point is to show the following lemma:

Lemma 5.10. There exists a constant co = co(Q) such that for all strictly positive increasing
sequences (0(n),n), i > 1 and all n:

B M, .0
co X i
Eo| > HS-—Smne[a(i—l),ai[] < , (5.27)
[ jmmn o) VO (n)
E _mn_g(mu _xi’ (5.28)
Q = Sj—Smy €lai—=1),ail | = W . .




1404 P. Andreoletti / Stochastic Processes and their Applications 116 (2006) 1377-1408

We will not give the details of this proof because it is very similar to the proof of Proposition 3.4.

Just notice that /6 (n) comes from the fact that the probability Q[ﬂf"z {Ss > 0} = O[Vo >

0(n)] appears when we give an upper bound of Q[Z[/@mﬁ@(n) ]Isj,sm”e[a(,-,l)’ai[ = k]. This

comes from the fact that the event ﬂl@i"l){Smn +1 — Sm, > 0} is hidden in the definition of m,. A
last remark, the upper bound we get here is good for sequences (6 (n), n) that grow very slowly.
In the next section we use another more powerful method for sequences that grow more rapidly.

5.4. Proof of Proposition 3.4

5.4.1. Preliminaries
It is here that the explicit form of f),(n) given by (3.3) will become clear. Using (5.11) and
Lemma 5.5 we only need to find an upper bound for

M, 1 mn_.fp(n)_l 1
> mmsot X s (5.29)
I=mu+fp(n)+1 =M}

Assume for the moment that

Sk = Sm, = 2log(lk —myl), Vk € {My, ... ,my — fp(n), my+ fp(n), ..., My'},
(5.30)

with a Q probability larger than 1 — c¢R,(n) with ¢ > 0. Then for all k € {M,/,...,
my — fp(n),my, + fp(n),..., M,'}, we have
1 1
=< .
eSk=Smn — (k —my)?
This implies the convergence of the two partial sums in (5.29) and therefore with a Q probability
close to 1

o . o - 1 M, 1 mn_fp(n)_l 1
m eV T )V < 20 ) S=sm T )3 &Si= S
I=mu+fpn)+1 =M,

1 2
S _—’
1o fp(n) +1

this entails (3.10). (5.30) is a consequence of Proposition 5.11 proved in the following section.

5.4.2. Study of the potential (S,,, m € Z) in IF‘,, (n)
We will assume m,, > 0, the case m,, < 0 is similar.

Proposition 5.11. There exists ¢ > 0 such that if (2.2)—(2.4) hold, for all p > 2 there exists
co = co(Q) and ng = no(Q) such that for all n > ng

My

0 U (k= Sm, <2logtk —mp)},my >0 | <cR,y(n) + © (5.31)

. log, n

L *mn"l‘fp(”) p

—mn+fp(n)

€0
o U (S Sm, =2logimy, —k)}.my > 0| <cRp(m) +-——. (5.32)
k=M, log,, n
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Proof of Proposition 5.11. We will only prove (5.31); we get (5.32) with the same arguments.
Letn > 3, we define L(n) = (cr’1 log n)? logp n and [L(n)] is the integer part of L(n). By (5.7)
and (5.8), there exists n; = n(Iy,, o, EQ[|60|3]) such that for all n > n

M}l
ol U (= Sw, =2logk —my)}, m, > 0| < cR,(n) + QLA (5.33)
k:mn+f]7(n)
where
M,
A= U (S = Sm, <2logtk —my)} . my + fr(n) < My < L(n)
k:mn+fp(”)

Using the same method details as for the proof of Lemma 5.9 (from lines (5.20)-(5.23)), we get:

QLA < (1+ (Q[Vy = Vi D HOLA]T (5.34)
where
VE,
Ar =1 U 185 =210e}, frm) <V} < L)
J=fpm)
N

1%
Let us define C, = | jinf,, (n){S./ < 2log j}, to estimate Q[.Aa' ] we make a partition over the
values of S Fo(n)>

QLAJ] = QICu, Vg > Vi, f,(n) < Vi < L(n), Sg,m) < 2log f,(n)] (5.35)
+QICu, Vg > Vi, fpn) < V[ < L(n), Sy, > 2log fn)]. (5.36)

First let us estimate (5.35), we remark that {V;” > VIJ“:’ fr(n) < V]i; <L} = Sp,m =0,
so by the Markov property

QICa, Vy > VI, fpn) < Vi < L(n), Sy, < 2log fp(n)]
2log f,(n) I .
5](; Q[V() > VFn’ fr(n) < Vpn < L(n), Sfp(n) € dy]
2log fp(n) Jp)
2/0 0 ﬂ {Sk =0} Spmy edy | O)[Vy > V;;_y] (5.37)

k=1

where Qy[.] = Q[.|So = y]. Since Q,[V,, > V}fﬁy] is increasing on y, the term in the right
hand side of (5.37) is bounded by

N 2log fp(n) fp(m)
QZlogfp(n) [VO > VI’,l—Zlog(fp(n))]/(; Q m {Sk > O} s Sfp(n) S dy
k=1

= 01V > £o102108 1,0 [ Vo > Vi atog 10| (538)
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To estimate (5.36), let us define the stopping time Uy, (ny = inf{m > fp(n), Su < logm}. We
remark that

{Cns Sf,my = 210g ()} = {fp(n) < Up,) <V} RE
Defining

AW ={Co, Vg > V], fp) <V Spm = 210g fp(n), U,y =1,
we have

[L(m)]
QICw. Vg > Vi fo(n) < V. Sy = 2log fym] = Y. QLA D). (5.39)
l:fp(n)
Since by hypothesis Q[—1;;, < €p < I,] = 1, we have Ufp(,,) =l=logl—1I;,, <8 <logl Q.
a.s., so
[L(n)]
> QIA0]
l:fp(n)

[L(n) log!
= Z / Q[Cl’h Voi > Vlfn’ fp(n) < Vlfn’ Sf,,(n) 2 210g fp(n), Dl,y]
I=fp(n) loglfl,m

with Dy, = {ﬂ] =5 m{Sj <logj}, 8 € dy}. By the Markov property, we get

[L(m)] [L(m)] log!

> oAM= Y v >V ]
, , logl—1I R
l—fp(n) l—fp(n) g o

1
xQ [Sfpm) > 2log fp(n), ﬂ{S, 0}, Dlyj|

j=0

Using that Q,[V,” > Vl‘l; _y] is increasing in y, we obtain

[L(n)] [L(n)] logl [
> 0D Y et [Vi > Vi o] /1 0 [ﬂ{si > 0},%}

A

1= fp(n) 1=fp(n) ogl=lpy | =1
= Qlog((L(m) [VO_ > VIJi—log([L(n)D]
[L(n)] fp@)
x ) 0 (1S >0} Upy =1
I=fpn) i=1
= Qlog(L(m)]) [Vof > V;:,*]Og([ll(n)])] OlVy > fp(m]. (5.40)

Using (5.40), (5.39), (5.38) and (5.37) we get
OLATT = 1Yy > o1 (Q2iog 1o [ V6™ = Vi 3108 pyco ]

+ Qlog([L(n)]) [VO_ > Vl—l;l—log([L(n)])iI) . (541)
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Now using Lemmata 5.1 and 5.2, there exists ny = n3(Q) and cg = co(Q) > 0 such that for all
n > ny:
co log, (n)
I/ f, p (n)

Using (5.42), (5.34), once again Lemma 5.1, (5.33) and finally taking nj, = n; V nj ends the
proof of (5.31). O

O[AJ] < (5.42)

5.5. Proof of (3.21) and (3.22)

For (3.21), we use the fact that Lemma 5.5 remains true if we replace m,, by some l € F,(n).
Then we use (4.66) and finally we follow the method used in Section 5.4. (3.22) is obtained in a
similar way.
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