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1. Hyperterminants

In the last two decades hyperasymptotic expansions were constructed for solutions of differential equations and
difference equations, and for integrals with saddles. See [1-12]. In this way exponentially small phenomena were
incorporated in the expansions, and it gave a powerful method to compute the so-called Stokes multipliers, or connection
coefficients, to arbitrary precision [8]. Hyperasymptotic expansions also incorporate the higher-order Stokes phenomenon,
which seems to play an important role in some partial differential equations, [13,6].

Hyperasymptotic expansions are in terms of hyperterminants. In [ 14] the hyperterminants are defined and a new integral
representation is used to obtain convergent expansions for the hyperterminants in series of confluent hypergeometric
functions. For the coefficients in these expansions a recursive scheme is given. These expansions can be used to compute
the hyperterminants to any given accuracy.

In the papers mentioned above, the asymptotic approximations are of the form w;(z) ~ eM?zM j=1,...,nas|z| - oo.
It is usually assumed that A; # Ay, whenever j # k. In the case that there are j, k such that j # k, A; = Ay and p; — ¢ is an
integer, extra logarithmic factors, In z, appear in the expansions, and new methods are needed to compute the corresponding
hyperterminants. For examples see [1,3] and the main application in this paper. Note that %z" = In(z)z*. Hence, the new
logarithmic factor can be seen as the result of a u-derivative of the original expansion.

In this paper we construct an alternative method based on recurrence relations for the computation of the
hyperterminants. As is shown in [15], the computation of parameter derivatives of solutions of recurrence relations is not
a big problem. Taking a parameter derivative of a linear recurrence relation does not change the shape of the recurrence
relation itself. Hence, if it is possible to use the recurrence relation to compute its solutions numerically, then it is also
possible to use the recurrence relation to compute the parameter derivatives of its solutions.
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The definition of the hyperterminants is

FO @) =1

o Mo [r—6o] eﬂofotg/lo_l
F z; = ——— by
0o 0 z—1p (1.1)

Mo,.... M [ —6o] [m—6e]  gooto+-topteMo—1 (Me—1
FU+D (Z; 0 ﬂ):/ / 0 ¢ de, - - - dip,
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. in . Lo .
where we use the notation 6; = pho; and f bl f €7 In [14] we also give an alternative integral representation. From

integral representation (1.1) it is obvious that the hyperterminants are multi-valued functions with respect to z, but also
with respect to oj. Connection relations with respect to all these variables are given in [14].

In exceptional cases (see for example [1] and [3]) extra factors (ln tj)" appear in the integrand, and these new functions
can be seen as parameter derivatives of the original hyperterminants:

an Mo, ..., M [ —bo] (=00 gootort-—orte o= (e~ (In )"
F+D (z; 0 ‘Z) :f / 0 ¢ ( ]) dt, - - - dto. (1.2)
0 0

M’ 00, ...,0¢ (z —to)(to — t1) - - - (tg—1 — t¢)

We could construct recurrence relations with respect to each of the M; parameters, but in applications one mainly needs
recurrence relations with respect to the final M; parameter. In this paper we will use linear first-order recurrence relations
with respect to the M, parameter. Our method requires that this parameter is not an integer. Since it is always possible to
interchange the M; parameters, the method that we give in this paper will always work, except when all the M; are integers.

Insection £ + 1, £ = 1, 2, 3, we discuss the computation of the level £ hyperterminant. Each of these sections is split in
two parts: First we deal with the case that the variable z = 0, and then we use these results and deal with the case z # 0.
In applications |z| is large, but for the computation of the Stokes multipliers we will need hyperterminants with z = 0. In
Section 3 we also give a numerical illustration.

Finally, in Section 5 we apply these results and discuss the hyperasymptotics of a linear third-order differential equation
in which logarithmic factors appear.

2. Level 1

We will assume that M is not an integer and z # 0. The definition of the first hyperterminant reads

[r—0] sot+M—1
FO (2 :/ S
o 0 z—t

. 00 e—rrM—l )

= eM”'al_M/ - dr = MM PO (1 — M, 02), (2.1)
0 zo+ 1

when |ph (0z)| < 7, where I'(a, z) is the incomplete gamma function (see Section 11.2 in [16]). The integrals in (2.1)

converge for RM > 0. We use analytical continuation via the recurrence relation below to define this function for "M < 0.

It follows that

F® (0; ’Z’) = Mg M (v — 7). (2.2)
Hence,
aiMFm (o; ’Z’) = (i —1In(o) + Yy M — 1)) FV (o; IZI) , (2.3)

where ¥/ (z) is the logarithmic derivative of the gamma function (see Section 3.4 in [16]).
Forr=0,1,2,...,let

M+r ayr
=FD [z and y. = , 2.4

Vr o Y=y (2.4)

then we have the recurrence relation
M+r+1

Yrp1 —2yr = FY (0; . ) : (2.5)

with normalising condition
> (—o0)" M , reMrigM—1
Z (—=0) yr —F® (Z; ) = MM MY (1 — M) = i ., AM < 1. (2.6)
pr r! ()]0 sin M

These two results follow from the first integral representation in (2.1), where we need 0 < RM < 1 for the proof of
(2.6), and use analytic continuation to extend the result to RM < 1. Note that in the definitions (1.1) the phase of the
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o -variables determines the direction of integration. Since the hyperterminants are multi-valued functions with respect to
the o -variables we write Oc in (2.6) to indicate the direction of integration.

From the second integral representation in (2.1) it follows thaty, = ¢ " I"(M + r)@(1) as r — oo. The complementary
solutions of recurrence relation (2.5) are Cz". Hence, the y, are dominant solutions and the use of (2.5) to evaluate the y, in
the forward direction is numerically stable.

The computation of the yg is no problem at all and using (2.5) is useful when many y, are needed. However, we can
compute the y; also directly from (2.5) and (2.6) without the correct initial value y, as follows: Let y, satisfy (2.5) with initial
value yo = 0. Then there exists a constant C such that y, = ¥, + Cz". Combining this relation with (2.6) we obtain that

() eMriM—1
Z (=)' yr yceor = & _ (2.7)
ot r! sin M

Hence,

Mri M—1 e s
_ Te m+azz _eazz (—O’) Vr

_ 2.8
sinMn r! (28)

r=0
By decreasing "M the convergence speed of the infinite series in (2.8) can be increased substantially. In practice, one
probably wants SRM < —5. Note that since we have (2.5) we can replace M by M =M — 7, where 7 is a positive integer, use
the methods described above to compute the y, corresponding to M, and then use (2.5) to compute y;.
Combining (2.3) with the M-derivatives of (2.5) and (2.6) we obtain that

. M+r+1
Yipr — 2y, = (wi—In(0) + (M + 1)) F (0; N ) : (2.9)
with normalising condition
X (—a)y. ) 7 cosMm \ weMrizM-1
Y o — = (mitnz—— : , MM < 1. (2.10)
o r! sin M sin M

As in the case of the y, the parameter derivatives y, can be computed directly from these two results.
Note that the restriction that M is not an integer is critical here, and that when we let M approach an integer, the results
will become useless.

3. Level 2

We will assume that M is not an integer. First we will deal with the special values at z = 0, which will be needed when
we create the recurrence relation for the case z # 0. In integral representation (1.1) with £ = 1 take t; = toT

_ _ Mo+M1—2 _
@ (o Mo + 1, My /[ﬂ 0ol /[90 01] eto(00+011)t00 174 Mi—1
0o, 01 0 0 T—1

dr dto

Mi—1

) [60—01]
— e(Mo+M171)n11-(M0 + M, — 1)/ T. (3.1)
0 (00 + o017

)M0+M1—1 (7_' _ 1) d
In this section and in applications it is more natural to add 1 to the My parameter in the case z = 0. The final integral in (3.1)
is of hypergeometric type and can be identified (via 3.6(2) in [17]) as

Mo+ 1, M eMotMOTI P (Vo) (M 1,M o
F(2)<O; 0 1>= o (0) (1)21:,1 1 ’1+70 ]
op" o] '(Mo+M;—1) Mo + My o1
Although this identification could be used to evaluate the left-hand side and its parameter derivatives, we will also give a
method that is based on recurrence relations which can be generalised to higher levels.

Use the first line of (3.1) and let

(3.2)
0o, o1

Using integration by part; we obtain the recurrence relation

(00 4+ 01) Vrp1 + (Mo + My +1 — 1) v, = 0ogF P (0; Moa: ]> F (0; M _;: + 1) , (3.4)
with the complementary solution

(Mo +M; — 1)r’ (3.5)

(=00 — 1)’
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and normalising condition
N (61 —op) v Mo+ 1, M
Z (01 1) Vr —F® (O; 0 ~1> ) (3.6)
=0 r! op, o1

Note that in the case that o; = 0 the double integral in (3.1) de-couples and we obtain as a special case the normalising
condition

N (—op) v Mo + M [6o=b1] 7M1 —1
2:5441141::F“>(0; 0 1>‘/ de
r=0 r! 0 1-1

0o
FMyri
— F(® 0; Mo + M 71.6 , B s 6, (3.7)
o) sin M

where we take the — sign when 6y < 6; and + sign when 6y > 6;. For the intermediate resultin (3.7) we need the restriction
0 < MM; < 1 and the final result holds for ®*M; < 1.

Now let us discuss the convergence of the infinite series in (3.6) and (3.7). From, for example, (3.2) it follows that
v = o I'(My +1 — 1)O(1) asr — oo. Assuming that RM; < 1 it follows that the infinite series (3.6) is absolutely
convergent as long as |67 — 01| < |o1| and infinite series (3.7) is absolutely convergent.

Comparing the asymptotic behaviour of v, with the complementary solution in (3.5) it follows that in the case that
|o1| < |og + o] our function v, is a dominant solution of recurrence relation (3.4) and in the case that |o| > |og + 01| it is
the recessive solution. There are three cases that we should consider: (1) |1+ (0g/01)| < 1 —¢,(2) |1+ (60/01)| > 1+ ¢,
and (3) ||1 + (oo/01)| — 1] < &. In practice, this ¢ is positive, but not very small, say ¢ = 0.3.

In case (1) v, is the recessive solution. Take N large, vy = 0, and compute the other v, via backward recursion in (3.4).
Then there is a constant C such that

- Mo+ M; — 1
v =y + c(o—‘,)’, (3.8)
(=00 —01)

forr = 0, ..., N. Since v, is the recessive solution and vy = 0 it follows that C is approximately zero, and v, ~ v, for
r < N.

In case (2) v, is a dominant solution, and we can copy the method of Section 2: Let v, satisfy (3.4) with initial value vy = 0.
Then there exists a constant C such that (3.8) holds for all r. We compute the constant C via the normalising condition (3.7),
that is, via the identity

1-Myp—M; oo r~ Mqri
o —o1)' v My + M;\ weT™
C 0 + Z (—o1) ¥ =F® 0; 0 1 : B0, (39)
oo + o1 — r! o) sin M
r=0

Finally, in case (3) we ‘walk’ in the o1-space, to end up with one of the other two cases. There is some freedom in this
case. We choose 7 relatively close to o7 such that |1 4 (0p/67)| is either larger or smaller than |1 + (op/07)|. The v, are
computed in the backward or forward direction, depending on whether |1+ (o¢/01)| < 1. The corresponding constant C in
(3.8) follows from normalising condition (3.6), thus

c (”°+51>1_M0_M1 n i @1 =)0 _ o (0. Mo + 1, Ml) (3.10)
09 + 01 e r! " oo, 61/ '

Note that the right-hand side of (3.10) is similar to vg. The right-hand side of (3.10) should be easier to compute than v.
Ideally, it is already of case (1) or (2) and we can use the methods given above to evaluate it. It might take several steps in
the o-space, but we will end up with a &7 such that we are in case (1) or (2), that is, such that ||1 + (09/61)| — 1| > e.

In implementations of this method one should, of course, use recursive procedures. In the o;-space one should ‘walk’ in
the direction of either 67 = —oy, such that 1 + (op/67) = 0, or, say, 61 = oy, such that 1+ (op/6¢1) = 2. Some care has to
be taken: the hyperterminants are multi-valued functions with respect to o1, and in the o-space they have the branch-cut
{xog | x > 0}. Hence, it is better not to cross this half-line.

The method described above is, again, ideal for the computation of the parameter derivatives. When we take v, =
dv,/dMy then we obtain from (3.4) for v, the recurrence relation

ad My + 1 My +r+1
(004 01) v}y + Mo + My +1 — D) v = —v, + 0o—F" ( 0; ° FO (o, ™ , (3.11)
aMo (o) [e5]
with as normalising conditions the My-derivatives of (3.6) and (3.7). Note that the left-hand sides of (3.4) and (3.11) are the
same. Hence, the method given above can also be used to compute the v/, assuming that we already know the v,. Similarly
for the M;-derivative of the v,.
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One identity that might be useful in implementing this method is
Mo+ 1, M M; + 1, M
F® (o; ot 1) +F® (0; it °> =0. (3.12)
Op, O1 o1, Op

Now we are able to compute the level 2 hyperterminants with z = 0, we will use these results to compute the level 2
hyperterminants with z # 0. Let

Mo, My +1
y = F® (Z; 0, My > _ (3.13)
0p, 01
Substituting t; = z — (z — tg) — (tg — t1) into definition (1.1) we obtain the recurrence relation
M, Mi+r+1
Yr1 — 20 = vy + FO (z; 0) FO (0; ! ) , (3.14)
0o 01

with normalising condition
i (=o' yr — F (. Mo, M1\ _ FO (5 Mo+ M; — 1 /‘“’0“’” M1 i
r! ’ 0y, OU] ’ fof} 0 1—1

r=0

Mo + My — 1\ meFMimi

=F® (z; o >7 6o < 01, (3.15)
o) sin My

where in the integral representation (1.1) with £ = 1 of the F® function we have used the substitution t; = ty7. The final
result is valid for RM; < 1.

As in Section 2 we can use these results to compute the dominant solution y, of recurrence relation (3.14): Let y, satisfy
(3.14) with initial value yo = 0. Then there exists a constant C such that y, = y, 4+ Cz". Combining this relation with (3.15)
we can compute C via the identity

0 r~ M M, — 1 e?:M]ﬂi
GOV ooz = 0 (g Mo P M m Y 7Ty g (3.16)
=
— ! 0p sin M7

By decreasing SRM; the convergence speed of the infinite series in (3.16) can be increased substantially.

The results above can be used to compute the M;-derivative of y,. We omit the details since they are obvious.

Note, again, that the restriction that M; is not an integer is critical here, and that when we let M; approach an integer,
the results will become useless. Identity (3.12) and

Mo, M My, M M, M
F® (z; ° 1) +F® (z; ! 0) =F® (z; 0) F <z; 1) : (3.17)
0p, 01 01, Op o) oz}

might be useful when M, is an integer and M is not, and when the computation of the right-hand side of (3.17) is no problem.
Identity (3.17) follows from the observation that

1 1 1
-t 6 -t) C-e-t)

Example. We will use the methods above with My = 11/2 and M; = —17/4. The ‘exact’ values are computed via (3.2), in
the case z = 0, and via the alternative methods in [ 14] in the case z # 0.

Whenoy = 1+4+i/10and oy = —1+41i/2 then |1+ (0g/01)| = 4/36/125. Hence, we deal with case (1). Take N = 10 and
vy = 0. Compute the other v, via (3.4). Then

Mo+ 1, My

U = 10.355613 + 18.676504i and F® <0
0o, 01

) = 10.355606 + 18.676501i. (3.18)

Hence, even with this relatively small N we already obtain 6 correct digits.
Next take oy = 1+1i/10and oy = (1 +1i)/2 then |1+ (0p/01)| = +/261/50. Hence, we deal with case (2). Take N = 15
and vy = 0. Compute the other v, via (3.4). Then

Mo+M;—1 —My7i N ~
() (o (oM e ) o

0o + 01 0o sinMyr - 4= r!

The result is
Mo+ 1, My

C = 1.282848 + 14.116590i and F® (o
0o, o1

) = 1.282848 4 14.116594i. (3.20)

The first 7 digits are correct.
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Finally oy = 1+ i/10and o7 = —11/20 4 i/2 then |1 + (0p/01)| = +/225/221. Hence, we deal with case (3). Take
61 = —1+ /2 (see the first example), N = 10 and vy = 0. Compute the other v, via (3.4). Then

~ \ Mo+M;—1 N - r-
M 1, M - v
C~ (M) F® (0; o+ g) _y o)) (321)
oo + 01 oy, o1 —o r!
where we know from the first example that F® (0; ...) & 10.355613 + 18.676504i. The result is
~ . 2) MO + 1a M] .
C 4+ vo = 4.289404 + 16.706475i and F 0; = 4.289397 4+ 16.706471i. (3.22)
0o, O1

Again, the first 6 digits are correct.

We return to the first example and take z = 5/2,09 = 1+ i/10and oy = —1+i/2.Let N = 15, vy = O and yy = 0.
Compute the other v, via (3.4) and use these results in (3.14) to compute the other y,. Then

Mo +M; — 1\ e M
C ~ o7 (F(l) (z; o + M ) b4 B Z (—o)" }’r> ' (323)
sin M

[ef0]

The result is
Mo, M,

C = —2.2796687 — 7.0256327i and F® (
0p, 01

) = —2.2796691 — 7.0256332i. (3.24)
The first 7 digits are correct.
4. Level 3

As in the previous section we will assume that the final M;-parameter, in this case M», is not an integer, and we will deal
first with the special values at z = 0. In integral representation (1.1) with £ = 2 take t; = tgt; and t; = to1

Mo+ 1, M;, M [r=60] prl60—61]1 ,lOo—02] Eo(00+f7111+t’fzfz)l-MU'*'Ml‘HVIZ_3-L-’V11’1-L-MZ’1
F® (0 0 ! 2) / 0 L2 dgdnd. (4.1)
oo, 01, (t1— D(t1 —72)

Integration by parts will give us a recurrence relatlon w1th respect to the My-parameter. Combining that result with the
identity

My + 1, M1, M. M, + 1, My, M,
F® (0; 0 ! 2) = F® <o; 2 ! "), (4.2)
00, 01,02 02, 01, Op

leads to the recurrence relation
(00 +01+02) Vg1 + (Mo + My + My +1 —2) vy

Mo+ 1, M My +r1+1 Mo + 1 My +1, My +r
= (00 + 01)F? (o; o 1) F (0; 2 ¥ ) + opF ™M (o; ot ) F® (0; 1L ) , (4.3)
0o, o1 02 (o)) o1, lop)

where
Mo+ 1, My, My +r1
v, = F® (o; 0 b ) . (4.4)
0p, 01, 02
The normalising condition

* (59 — 09)" Mo + 1, My, M.
Z(oz 02) Ur:F(?,)(O o+ 1 2>’ (45)

pard r! oo, 01, Oy

has the special case

i o)'u _ o (O. Mo+ 1, My + M, — 1) meTer

, 016, 4.6
r! sin My 1= (4.6)

— 0o, 01
r=0
The proof of this result is almost a copy of the proof of (3.7).

Let v, be another solution of recurrence relation (4.3) then there exists a constant C such that

- Mo+ M;+ M, -2
oy = 7, + ¢ Mo+ M + M r)r. (4.7)
(=00 — 01— 02)

As in Section 3, we have the estimate v, = oz’rF(Mz +r—10()asr — oc.

There are again three cases that we should consider: (1) |1+ (o9 + 01) /02| < 1—¢,(2) |1+ (69 +01) /02| > 1+ ¢,and
(3) |11+ (o9 + 1) /02| — 1] < €. The following details are very similar to the ones in Section 3 and we give the main results.
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In case (1) v, is the recessive solution. Take N large, vy = 0, and compute the other v, via backward recursion in (4.3).
Then v, ~ v, forr <« N.

In case (2) v, is a dominant solution. Let v, satisfy (4.3) with initial value vy = 0. Then there exists a constant C such that
(4.7) holds for all r. We compute the constant C via the normalising condition (4.6), that is, via the identity

2—Mo—M1—M: o0 r M>omi
C( oo + o4 ) o 2+ (—02) UrZF(z)(O;M0+1,M1+M2—1>ﬂe¥ 27!

, 016, 4.8
oo+ 01+ 0y r sin Myt 156, (4.8)

—o 0o, o1

Finally, in case (3) we ‘walk’ in the o,-space, to end up with one of the other two cases. We choose &, relatively close to
0, such that |1 4 (og + 01) /0| is either larger or smaller than |1 + (o9 + 01)/02|. The v, are computed in the backward
or forward direction, depending on whether |1 4 (o9 4+ 01) /03| < 1. The corresponding constant C in (4.7) follows from
normalising condition (4.5), thus

c (00 +o1+ 52)2_M0_M1_M2 + i (62 —02)" Uy FO (0. Mo + 1, My, Mz) (4.9)
0o + 01+ 02 - r! " o0, 01, G)° ‘

It might take several steps in the o,-space, but we will end up with a 6, such that we are in case (1) or (2).

Some care has to be taken: the hyperterminants are multi-valued functions with respect to o,, and in the o,-space they
have the branch-cut {xo; | x > 0}. In the case that one wants to cross this line, one has to use the connection formulae (2.7)
in[14].

Now we are able to compute the level 3 hyperterminants with z = 0, we will use these results to compute the level 3
hyperterminants with z # 0. Let

My, My, My +1
y, = FO (z; 0, My, My ) (4.10)
Op, 01, 02

These functions are solutions of the recurrence relation (see (2.8) in [ 14])

Vet — 2y = v+ FO (2 M0 Y por (o M E LM AT oy (Mo MY pay (g Mo AT (4.11)
700 ’ 01, 02 ’ 00, 01 ' 02 '
with normalising condition
X (—0)" Mo, M;, M Mo, My + M, — 1) meFM27i
Z (—02) yr —F® (z; 0, M1 2) —F® (z; 0, M1 2 > . , (4.12)
—o r! 0p, 01, 00'2 0y, [oa] SlnM27T

91 s 92, where RM, < 1.
Let y, satisfy (4.11) with initial value yo = 0. Then there exists a constant C such that y, = y, + Cz". Combining this
relation with (4.12) we can compute C via the identity

IRy Moy, My + M, — 1\ meTMeri
S EDI ez g (Mo MM Y TE T ) (4.13)
o r! o9, o1 sin My

By decreasing SRM, the convergence speed of the infinite series in (4.13) can be increased substantially.

The results in this section can be used to compute the M;-derivative of v, and y,. We omit the details since they are
obvious.

Note, again, that the restriction that M, is not an integer is critical here, and that when we let M, approach an integer,
the results will become useless. Identities like (4.2) and

F(3) 2 MO, Mh MZ _ F(3) 2 MZs Mh MO _ F(l) 7 MZ F(z) 7 M07 M]
00, 01, 02 02,01, 09 oy " 00, 01
M My, M
O (Z; o) F® (Z; 2 1) ’ (4.14)
(o] 02,01

might be useful when M, is an integer. Many of these identities exist, but for the case in which all M; are integers other
methods have to be constructed.

5. An application

Hyperasymptotic expansions and the computation of Stokes multipliers for linear differential equations are discussed
in [8]. We will use these results in this section. The asymptotic approximations in that paper are of the form w;(z) ~ e ™*#z4,
j=1,...,n.In[8]itis assumed that A; # A, whenever j # k.In the case that, say, A, = A3 and u, — jt3 is not an integer, the
results in [8] are still valid, and the Stokes multipliers K;3 = 0. When A, = A3 and p; — w3 is an integer an extra factor Inz

appears. See (5.2). Since dﬂg z"3 = In(z)z"3 we can still use the results in [8], but we have to take parametric derivatives in
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the hyperterminants whenever i3 appears. However, this does not change the shape of the expansions, the optimal number
of terms, and the error estimates. For these details the reader is referred to [8].
As an example we will study the solutions of the third-order linear differential equation

'@+ (144 ) 0@ - (= + = ) w'@) - ——wi) = (5.1)
4z 2z ' 1622 1622 '
which has as formal series solutions
s 3
wi(z) =e? Zasz’s’ﬁ,
s=0
>0 1
ay(z) = Y bz™73, (5.2)
s=0
ol 1
b3(2) = W2(2) In@) + Y ¢z 3,
s=-2

where we take ap = by = 1and ¢o = 0. It follows that c_; = —128, ¢_, = 2122 and for the other coefficients we have the
recurrence relations

sa 1(1 4s%) a 52—1—15 15 s > a

s — 2 s—1 4 16 4 s—2
5 9 3
s(s+2)bs=|s s—— ) {s— - bs_1, 53
srom= (430 2) (s 2o 5
5 9 3 5 3

s+ 2 = [+ fs— 6 s— 1 Ci_1+2(s+ 1)by — | 35 +5s— 3 bs_1,

s = 1,2, 3,.... By specifying sectors of validity we define unique solutions w;j(z): Let w;(z) ~ W1(z) as |z| — oo in the

sector |ph (2)| < %n, and w;(2) ~ W2 (z), w3(z) ~ W3(z) as |z] — oo in the sector —%n <ph(z) < %n. We also have the
connection relation
w1(2) = iwy (e7'2) + Kaqw2 (2) + K31w3(2), (5.4)
where the constants K31 and K37 are the Stokes multipliers.
In the case that W5(z) = zMod,(z) + Yo, csz’s’% we can obtain via the results in [8] asymptotic expansions for the
late coefficients a,, as n — oo, and hyperasymptotic expansions for w;(z). Taking the My-derivative of these results and

then My = 0 we obtain the following results.
The Stokes multipliers in (5.4) can be computed via the asymptotics of the late coefficients:

K21 —S+§ K3] Al Tl—S*l—é K3] Nt d —S—I—;
b, FD 2 ) _ &8t cF® 0; I b, F(l) 0; 2 ,
Z 1 2mi ; ’ 1 2mi Z * Mo 1

(5.5)

asn — oo. Note the My-derivative on the right-hand side of (5.5), which is a direct consequence of the logarithm in (5.2).
The hyperterminants in the first two series on the right-hand side of (5.5) are, according to (2.2), gamma functions, showing
that the coefficients a, grow like a factorial.

Note also that the series on the right-hand side of (5.5) are divergent. The optimal number of terms in approximation
(5.5)is N =~ n/2. Since the coefficients as, bs and c; can be computed via (5.3) the only unknowns in (5.5) are the Stokes
multipliers. Taking for example n = 19,n = 20 and N = 10 we obtain two equations with two unknowns, with solutions

Ky1 = 2.043754662 — 1.373747812i, K31 = 0.4372775096. (5.6)
These results are needed in the level one hyperasymptotic expansion

N1 N—1 1 N—1 1
-3 1_ K> 2N —s+ 5 K31 ON —s+ 1
efwq(z) = 275" + 237N 2N FD (5. 2 —= cFV | z: 2
wi@) = ) a4 2mi 20 1 tomi 26 1
s=0 s=0 s=-2
Kin &2 9 2N —s+ 1
+ 203 by F® ( * 2) +0 (e—Z'Z‘z%) : (5.7)
271 &= 9My 1

as |z|]| — oo in the sector |ph (z)| < 7. Again, this result follows from [8]. The first series on the right-hand side is an
‘optimal’-truncated asymptotic expansion, and the re-expansions are in terms of hyperterminants.

For the numerical illustration we take z = 10i. In that case the optimal N = 10 on the right-hand side of (5.7), and the
Stokes multipliers in (5.6) are computed up to the required precision: 7 digits for K;; and 10 digits for K3;. With these values
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for N and the Stokes multipliers we obtain the approximation
w1(z) ~ 0.007254669078 4 0.172904229415i. (5.8)

By taking z = 40i and 40 terms in asymptotic expansion ®w;(z) we can approximate wq(z) and its derivative up to a
much higher precision at z = 40i. These results can be used in a direct numerical integration (see for example [18]) of the
differential equation (5.1) in which we walk from z = 40i to z = 10i. The result shows that all 12 digits in approximation
(5.8) are correct.

References

[1] G.Alvarez, CJ. Howls, H.J. Silverstone, Dispersive hyperasymptotics and the anharmonic oscillator, J. Phys. A 35 (2002) 4017-4042.
[2] M.V. Berry, CJJ. Howls, Hyperasymptotics for integrals with saddles, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 434 (1991) 657-675.
[3] E. Delabaere, C.J. Howls, Global asymptotics for multiple integrals with boundaries, Duke Math. J. 112 (2002) 199-264.
[4] CJ.Howls, Hyperasymptotics for integrals with finite endpoints, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 439 (1992) 373-396.
[5] CJ. Howls, Hyperasymptotics for multidimensional integrals, exact remainder terms and the global connection problem, Proc. R. Soc. Lond. Ser. A
Math. Phys. Eng. Sci. 453 (1997) 2271-2294.
[6] CJ. Howls, P.J. Langman, A.B. Olde Daalhuis, On the higher-order Stokes phenomenon, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 460 (2004)
2285-2303.
[7] CJ. Howls, A.B. Olde Daalhuis, Hyperasymptotic solutions of inhomogeneous linear differential equations with a singularity of rank one, Proc. R. Soc.
Lond. Ser. A Math. Phys. Eng. Sci. 459 (2003) 2599-2612.
[8] A.B. Olde Daalhuis, Hyperasymptotic solutions of higher order linear differential equations with a singularity of rank one, Proc. R. Soc. London Ser. A
454 (1998) 1-29.
[9] A.B. Olde Daalhuis, Inverse factorial-series solutions of difference equations, Proc. Edinb. Math. Soc. (2) 47 (2004) 421-448.
[10] A.B. Olde Daalhuis, Hyperasymptotics for nonlinear ODEs. I. A Riccati equation, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 461 (2005) 2503-2520.
[11] A.B.Olde Daalhuis, Hyperasymptotics for nonlinear ODEs. II. The first Painlevé equation and a second-order Riccati equation, Proc. R. Soc. Lond. Ser. A
Math. Phys. Eng. Sci. 461 (2005) 3005-3021.
[12] A.B. Olde Daalhuis, F.W.]. Olver, Hyperasymptotic solutions of second-order linear differential equations. I, Methods Appl. Anal. 2 (1995) 173-197.
[13] SJ. Chapman, CJ. Howls, J.R. King, A.B. Olde Daalhuis, Why is a shock not a caustic? The higher-order Stokes phenomenon and smoothed shock
formation, Nonlinearity 20 (2007) 2425-2452.
[14] A.B. Olde Daalhuis, Hyperterminants II, J. Comput. Appl. Math. 89 (1) (1998) 87-95.
[15] A.B. Olde Daalhuis, On the computation of parameter derivatives of solutions of linear difference equations, J. Comput. Appl. Math. 230 (1) (2009)
128-134.
[16] N.M. Temme, Special Functions: An Introduction to the Classical Functions of Mathematical Physics, John Wiley & Sons Inc., New York, 1996.
[17] Y.L. Luke, The Special Functions and Their Approximations, vol. I, Academic Press, New York, 1969.
[18] A.B. Olde Daalhuis, F.W/J. Olver, On the asymptotic and numerical solution of linear ordinary differential equations, SIAM Rev. 40 (1998) 463-495.



	Hyperasymptotics and hyperterminants: Exceptional cases
	Hyperterminants
	Level 1
	Level 2
	Level 3
	An application
	References


