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Department of Mathematics, Unï ersity of Leicester, Leicester, LE1 7RH,
United Kingdom

Communicated by Kent R. Fuller

Received August 27, 1996

We study the Hochschild cohomology of a finite-dimensional preprojective
algebra; this is periodic by a result of A. Schofield. We determine the ring structure
of the Hochschild cohomology ring given by the Yoneda product. As a result we
obtain an explicit presentation by generators and relations. Q 1998 Academic Press

w xLet L be a preprojective algebra of type A over a field K. In ESn
iŽ .bases and dimensions of the Hochschild cohomology groups HH L were

obtained. In this second paper we determine the ring structure of HHU

w xgiven by the Yoneda product for type A . By GS, Sect. 13 , this ringn
structure is the same as that given by the cup product.

We use the notation and the results of the first part; a summary of the
main facts needed here is given in Subsection 1.1 below. As far as the
results of this paper are concerned, Table I at the end describes the
multiplication of homogeneous elements. Moreover, we obtain a presenta-

e¨ Ž . Ž . U Ž .tion of HH L the part of even degree and of HH L by generators
Ž .and relations Section 5 . In particular, the ring is commutative. We note

1Ž . 2Ž .that the space HH L = HH L depends on the characteristic of the
field. Namely, those fields whose characteristic divides n q 1 are different.
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iŽ . Ž i .Using the isomorphism HH L ( Hom V L, L , we may consider an
iŽ . iŽ . w x iŽ .element of HH L as the class of a map V L ª L. For f g HH L

w x jŽ . w xw x w i x iq jŽ .and g g HH L the product f g [ f (V g in HH L . We usu-
w xally omit y ; this should not cause confusion. For 1 F i F j F 5, we

iŽ . jŽ .compute the products of HH L with HH L . The remaining products
then follow since the projective resolution is periodic, and since the
multiplication is graded-commutative.

1. SOME PRODUCTS HH i = HH j WITH i OR j ODD

1.1. Let L be a preprojective algebra of type A over a field K. Then Ln
Žis given by quiver and relations in Sections I.1.1 and I.3.3. We reference

w x .ES by I throughout. First we will summarize results needed. The L y L
Ž . w xbimodule L is periodic of period 6 or 2 if n s 2 ; in S a minimal

projective resolution of L was determined which we will now describe.
Let n be the automorphism of L of order two as defined in Section˜

Ž .I.3.3. Define projective L y L bimodules P s P s [ L e m e L and0 2 i ii
Ž .P s [ L e m e L, and define homomorphisms d : P ª P and1 ia ta 1 0a

R : P ª P by2 1

d e m e s a m e y e m a \ xŽ .ia ta ta ia a

R e m e s e m a q a m e \ s .Ž . Ýi i ia ta i
iasi

Moreover, let u : P ª L be the multiplication map.0

w xTHEOREM S . We ha¨e an exact sequence of L y L bimodules

R d u
0 ª L ª P ª P ª P ª L ª 0,1 n 2 1 0˜

where L is the bimodule structure on L where the action on the right is1 ñ

twisted by the automorphism n of L, of order 2.˜
Ž .Now one observes that L m L ( L and hence if one tensors the1 n L 1 n˜ ˜

above exact sequence with L one obtains the other half of a projective1 ñ

resolution of L and it has length 6.
Ž .As in Section I.2.2, we define elements z g [L e m e L by thei i i

formula

Ž .deg x Uz [ y1 x m x ,Ž .Ýi
xge Bi
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where B is a basis of L as described in Section I.4. We have fixed
generators v of the socle of e L and then ) satisfies ¨¨U s v . Moreover,i i i
N [ L is generated by the z as a bimodule.1 n i˜

We shall use further notation. Define

w s e m e g P , v s e m e g P ,Ý Ýi iq1 1 eq1 i 1
i i

h s a g L , h s a g L .Ý Ýi i
i i

Ž . Ž .Let also m s n y 1 r2 if n is odd and m s n y 2 r2 otherwise.

w x kŽ .1.1.1. In ES the following bases of the spaces HH L were obtained.

Ž . Ž . 0Ž . � 40 I.5.2 HH L has basis z : 0 F i F m with z s 1 and z ofi 0 j
6Ž . 0Ž .degree 2 j. Moreover, HH L ( HH L if n is even. For n odd we have

6Ž . 0Ž . ² :HH L ( HH L r z .m

Ž . Ž . 1Ž . � 41 I.6.3 HH L has basis g : 0 F i F n y m y 2 where g isi i
Ž . Ž .identified with the map g w s 0, g w s z h.i i i

Ž . Ž . 2Ž . � 42 I.7.2 HH L has basis f : 0 F i F n y m y 2 wherei

e , j s i¡ i
n~f s sŽ . y1 e , j s n iŽ . Ž .i j n Ž i.¢

0, otherwise.

Ž . Ž . 3Ž . Ž . Ž .3 I.7.5 HH L is a quotient of N, L . A basis of N, L is given
Ž .by elements h , 0 F i F n y 1, where h z s d v . Then a basis ofi i j i j j

3Ž .HH L is given by the classes of h , . . . , h . Moreover, we have0 nymy2
w x Ž .nw x 3Ž . w xh s y1 h in HH L and if n is odd then h s 0.i n Ž i. m

Ž . Ž . 4Ž . � 44 I.9.4 HH L has basis c , . . . , c where for n odd0 nymy2

z a , a s a¡ i my1 m~c x m z sŽ . yz a , a s ai a ta i m m¢
0, otherwise

and for n even

z e , a s a¡ i m m~c x m z sŽ . z e , a s ai a ta i mq1 m¢
0, otherwise.

Ž . Ž . Ž . 5Ž . Ž .5 I.8.5 and I.1.2 HH L , as a quotient of Im R m N, L , has
� 4 Ž .basis u : 0 F i F n y m y 2 where u s m z s d a z if n is even,i i j j jm m i

Ž .and for n odd u s m z s d a a z .i j j jm m m i
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0Ž .1.1.2. The ring HH L is local, with radical generated by z . We have1
Ž . jk Ž .z z s y1 z if j q k F m and 0 otherwise. The Z L -modulesj k jqk

iŽ .HH L are cyclic for i s 1, 4, 5 generated by g , c , u , respectively. The0 0 0
Ž . iŽ . Ž .Z L -modules HH L for i s 2, 3 are annihilated by the radical of Z L .

We shall use these facts tacitly for simplifying calculations.

Now we shall determine products of homogeneous elements where one
factor has odd degree; these are very often zero and they are relatively
easy to find.

1Ž . 1Ž .1.2. HH L = HH L s 0.
1Ž . Ž .Let f , g g HH L . Then there are elements z , z g Z L such thatf g

Ž . Ž . Ž . Ž .f w s 0 s g w and f w s z h, g w s z h. Then f may be lifted to thef g
ny1ˆ ˆŽ . Ž .map f : P ª P where w ¬ 0, w ¬ z Ý e m e h. Now f s s1 0 f is0 i i i

Ž . Ž . Ž .a z e m e a q z e m e a a s z a m e y e m a a si f iq1 iq1 i f i i iy1 iy1 f i iq1 i i i

Ž̂ .z x a . Thus V f : Ker d ª Ker u is given by s ¬ f s s z x a forf a i i i f a ii i

w xi s 0, . . . , n y 2. So g ? f s g (V f s 0.
1Ž . 3Ž .1.3. HH L = HH L s 0.

3Ž .Let h g HH L be one of the basis elements as given in Subsectioni
ˆ1.1. The map h : P m N ª P given byi 0 0

e m v if j s ii iĥ : e m e m z ¬Ž .i j j j ½ 0 otherwise

ˆis a lifting of h . Then Vh is the restriction of h to Ker u m N. One findsi i i
that

x v if ta s ia iVh x m z sŽ .i a ta ½ 0 otherwise.

1 3 1Ž . Ž . Ž . Ž .ŽTo compute HH L = HH L , let g g HH L ; then g (Vh x mi ai
. Ž . Ž .z g g x soc L and this lies in Z L J soc L which is zero.i ai

2Ž . 3Ž .1.4. HH L = HH L is 1-dimensional. We ha¨e f ? h s 0 for i / ji j
and, for 0 F i F n y m y 2, f ? h s u .i i nymy2

3Ž .Proof. Suppose h g HH L is as in Subsection 1.1; we take Vh as ini i
2 ˜Subsection 1.3. The first step is to find V h . The map h : P m N ª Pi i 1 1

where

e m v if ta s iia ih̃ : e m e m z ¬Ž .i i a ta ta ½ 0 otherwise
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˜provides a lifting of Vh . It is then easy to verify that the restriction of hi i
to Ker d m N is given by

a m v q a m v s s v if j s ii i iy1 i i i2V h : s m z ¬i j j ½ 0 otherwise.
2Ž . 3Ž . 2Ž .Now we may compute HH L = HH L . Let f g HH L be a basisl

element as given in Subsection 1.1. Then f (V2 h s 0 if l / i and, ifl i
l s i, then

v if j s ii2f (V h : s m z ¬i i j j ½ 0 otherwise.

Ž . Ž . ŽFor 0 F k F m, define b g P , N by b e m e s v z and b ek 0 k k k k n Žk . k j

.me s 0 for j / k. Then for i F n y m y 2 the map b ( R is identifiedj i
2 5Ž .with f (V h , and moreover b s u , a basis element in HH L .i i m nymy2

5Ž .So we are done if we show that the class of b y b in HH L is zero.i iq1
For i - m, let m s aUz g e Ne ; then v z s a m . With thei i n Ž i. iq1 i i n Ž i. i i

notation of Section I.8.3, the L3-homomorphism with

a m if k s i¡ i i~f ( R : e m e ¬ m a if k s i q 1a k k i ii ¢
0 otherwise

U Ž . Ž .is in the image of the map i : P , N ª Im R, N . We have, using1
Section I.3.3, that

U Um a s a z a s a ya z s yv z s ya m .Ž .i i i n Ž i. i i n Ž i.y1 n Ž i.y1 iq1 n Ž i.y1 iq1 iq1

Hence b y b s f ( R.i iq1 ai

3Ž . 3Ž .1.5. HH L = HH L s 0.
X 3Ž . XXXXXLet h, h g HH L , then h, h : N ª L. The image is contained in

Ž . 3 Xsoc L I.7.3 . We have that V h : N m N ª N can be identified with a
Y Y Ž . Ymap h m 1 for some h g N, L . Then the image of h is contained in

the socle of L, hence in J, and we deduce that the image of V3hX is
contained in JN and then h(V3hX s 0.

3Ž . 4Ž .1.6. HH L = HH L s 0 for n odd. If n is e¨en then

g ? 1 if i s mmh ? c si 0 ½ 0 otherwise.
U Ž .Proof. Let c g HH L as defined in Subsection 1.1; recall that it is a0

map from Ker u m N to L. We consider first V3h (c . If n is odd theni 0
this is zero. Namely, the image of c is contained in J. By the argument of0
Subsection 1.5, h(c s 0 for any homomorphism h : L ª N.0
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Assume now that n is even. In Subsection 1.6.1 below we give a formula
for a lifting V3h . We see for i - m, that V3h (c s 0, since the image ofi i 0

Ž . Ž . Ž 3 .c is generated by elements in e q e L e q e : Ker V h .0 m mq1 m mq1 i
3 Ž .Suppose now that i s m. Then V h takes z m z i.e., e tom mq1 m mq1

z v and all other e are mapped to zero. So the composition with cmq 1 m i 0
takes x m z to z v and all other generators to zero. This is now aa m mq1 mm

map from Ker u m N to N. Let b s V3h (c ; we need Vy3b.m 0
UŽ . Ž Ž . ŽDefine b : P m N ª P by b e m e m z s d y a e m1 0 0 i i i i im m m

. . y1 y1 Ž .e v . Then b is a lifting of V b and hence V b z sm m 1 i
UŽ Ž . .d y a a m v .im m m m

UŽ . Ž Ž . .Define b : P ª P by b e m e s d y a a m e . Then b is2 0 1 2 i i im m m m 2
Uy2 y2 Ž . ŽŽ . .a lifting of V b and so we have V b s s d a a m a .i im m m m

Define b : P ª P by3 1 0

U
a a e m e if a s aŽ .Ž .m m mq1 mq1 me m e ¬i a ta ½ 0 otherwise.

Uy3 y3 Ž .Then b is a lifting of V b and hence V b takes x to a a if3 a m m
UŽ .a s a and to zero otherwise. One finds that a a s v . So this is them m m m

map which takes w ¬ v and w ¬ 0. Now consider the basis elementm
1 y3Ž .g g HH L . It takes w ¬ 0 and w ¬ z h s v . Let g [ V b y g .m m mq1 m

1Ž .By Subsection I.6.1 we see that the class of g is zero in HH L . This
completes the proof.

1.6.1. Let h : N ª L. Then V3h can be taken as the map N m N ª Ni i
Ž .which takes z m z to z v if j s n i and to zero otherwise.j n Ž j. n Ž i. i

Proof. In Subsection 1.4 we found V2 h . Define g : P m N ª P byi 0 0
Ž . Ž . 2g e m e m z s d e m v . This is a lifting of V h . The statementj j j i j i i i

Ž .ny1 Žfollows, using v m v s y1 z v which is easy to check withn Ž i. i n Ž i. i
.Section I.2.2 .
1Ž . 4Ž . 5Ž . 1Ž .1.7. HH L = HH L s HH L . If g g HH L and c g0 0

4Ž .HH L then

n
g ? c s y1 u .Ž .0 0 0

Proof. It suffices to prove the formula for the product since the
elements generate the corresponding Hochschild cohomology groups. Let

ˆc s c ; then the homomorphism c : P m N ª P given by0 1 0

e m e c x m z if a s a or aŽ .i a ia a ta m mĉ : e m e m z ¬Ž .i a ta ta ½ 0 otherwise
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is a lifting for c . Thus Vc : Ker d m N ª Ker u can be taken as

¡x c x m z if i s mŽ .a a mm m~Vc : s m z ¬ x c x m z if i s m q 1i i Ž .a a mq1m m¢
0 otherwise.

1Ž .Now let g g HH L . Then the composition g (Vc is the map0 0

a F if i s m q 1ms m z ¬i i ½ 0 otherwise;

Ž .here we write F s c x m z . In order to identify the class of thisa mq1m
5Ž . emap as an element of HH L , we consider the L -homomorphism

Ž . Ž .b : Im R ª N such that b s s a Fz and b s s 0 otherwise.mq 1 m n Žmq1. j
5Ž . Ž .HH L is a quotient of Im R, N . Noting that Fz g e Ne ,n Žmq1. m mq1

Ž .we get from Section I.8.3 that there is a map f g Im R, N whose class in
5Ž .HH L is zero which is given by

¡ Fz a if i s mŽ .n Žmq1. m~f s sŽ . a Fz if i s m q 1i Ž .m n Žmq1.¢
0 otherwise.

Then b y f is zero except at s , and it takes s to yFz a . If n ism m n Žmq1. m
odd then F s a and one finds that this value is equal to ya a z . Ifmy 1 m m m
n is even then F s e and the value is a z . This gives the statement.m m mq1

iŽ . 5Ž .1.8. If i is odd then HH L = HH L s 0.
1Ž . 5Ž .From Subsection 1.7 and using associativity, HH L = HH L s

Ž 1Ž . 1Ž .. 4Ž . 1Ž .HH L = HH L = HH L . Thus, from Subsection 1.2, HH L =
5Ž .HH L s 0. Similarly one proves the other parts.

2. ON HH 1 = HH 2

2.1. We start with some technical preparation; this will be used in the
following two sections. The first part is a tool to calculate images under
maps Ker u ª L. Such maps are defined on elements of the form x s bb
m e y e m b for b an arrow. Suppose p g K QQ is a monomial of degreet b ib
k, say p s b b ??? b ; then we set1 2 k

x s x b ??? b q b x b ??? b q ??? qb b ??? b x .p b 2 k 1 b 3 k 1 2 ky1 b1 2 k

Then x g Ker u. Note that this depends on the monomial.p
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1Ž . Ž . Ž .COROLLARY. Suppose g g HH L , where g w s 0 and g w s z hg

Ž . Ž .with z g Z L . Then g x s tz p where t is the number of bar letters of theg p g
monomial p.

2.2. We will choose pre-images under d and also identify elements of
Ker d in terms of the generators of Im R. Given x as in Subsection 2.1,p
we fix a canonical pre-image under d as

k
y1d x s b ??? b wb ??? b ,Ž . ˜Ýp 1 iy1 iq1 k

is1

where w s w if b is a non-bar letter and s w otherwise. Then for b , g˜ i
y1Ž . y1Ž .monomials such that bg is defined we have d x s bd x qbg g

y1 y1Ž . Ž . Ž .d x g . Moreover, if s s R e m e then s s d x qb i i i i a aiy1 iy1y1Ž .d x . More generally:a ai i

LEMMA. Suppose r , r are monomials such that r a a r is de-1 2 1 iy1 iy1 2
fined. Then

y1 y1d x q d x s r s r .Ž . Ž .r a a r r a a r 1 i 21 iy1 iy1 2 1 i i 2

2.2.1. Suppose p s b ??? b is a monomial. Define1 u

u
ky p [ y1 b ??? b s b ??? bŽ . Ž . Ž . Ž .Ý 1 k tb kq1 uk

ks0

Ž .where tb [ ib . By applying the above Lemma repeatedly one obtains0 1

Ž .LEMMA. Let r s a a ??? a of degree u. Then we ha¨ei iq1 iquy1

uy1 y1d x q y1 d x s y r .Ž . Ž . Ž . Ž .a a r r a aiy1 iy1 iqu iqu

Similarly, if r s a ??? a has degree u with only bar letters theniquy1 i

uy1 y1d x q y1 d x s y r .Ž . Ž .Ž . Ž .a a r r a aiqu iqu iy1 iy1

2Ž .2.3. We shall now determine V f for f g HH L .

Ž . 2Ž .1 We work with the basis for HH L as given in Subsection 1.1.
ˆFix i with 0 F i F n y m y 2. The homomorphism f : P ª P definedi 0 0

by

e m e , k s i¡ k k
n~f̂ e m e sŽ . y1 e m e , k s n iŽ . Ž . Ž .i k k k k¢

0, otherwise

ˆis a lifting of f , and we take for V f the restriction of f to N.i i i
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Ž .2 Fix j with 0 F j F n y 1; then one finds

iy j U UˆV f z s f z s y1 ¨ m ¨ y ¨ m ¨ .Ž . Ž .Ž . Ž . Ý Ýi j i j ž /
¨ge Be ¨ge Bej i j n Ž i.

Ž .3 Suppose M is a L y L bimodule and x g e Me where j Fj n Ž j.
Ž .n j , and let 0 F s F j. Define a ‘‘trace’’ by the following formula.

s
Ž .un ssTr x [ y1 L xR ,Ž . Ž .Ý u syu

us0

where L is the left-normalized monomial of degree 2u in e Le , andu j j
Ž .R is the right-normalized monomial of degree 2 s y u in e Le .syu n Ž j. n Ž j.

The starting vertex and ending vertex of L , R will always be clear fromu iyu
the context.

Ž2.4. We fix now the following notation for monomials 0 F i F n y
.m y 2 .

Ž . Ž . Ž .a Suppose 0 F j - i; then n i - n j . Let p g e Le , b g e Le ,j i i n Ž i.
and q g e Le be the monomials of smallest degree. Then p, b, qn Ž i. n Ž j.
have no bar letters.

Ž . Ž . Ž . Ž . Ž .b Suppose now i F j F n i ; then n j F n i and i F n j . Let
q g e Le , p g e Le and p g e Le , q g e Le be the monomi-j n Ž i. i n Ž j. 1 j i 1 n Ž i. n Ž j.

als of smallest degree. Then p, q have no bar letters, and p , q have only1 1
bar letters.

Ž . Ž .c The remaining case occurs when n i - j. Then let p g e Le ,j n Ž i.
b g e Le , and q g e Le be the monomials of smallest degree. Thenn Ž i. i i n Ž j.
p, b, q have only bar letters.

LEMMA. With the notation as abo¨e, we ha¨e

iy j j¡ y1 Tr p m bq y pb m q ,Ž . Ž .
0 F j - i

Ž .Ž . Ž .n i iyj n jyiie y1 Tr p m p y y1 q m q ,Ž . Ž .ž /j , n 1 1~V f z sŽ . Ž .i j i F j F n iŽ .
Ž .Ž .n j ny1 qiyj n Ž j.e y1 Tr pb m q y p m bq ,Ž . ž /j , n¢ n i - j F n y 1,Ž .

Ž . jymwhere e s y1 if n is odd and j G m; otherwise e s 1.j, n j, n
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Ž .Proof. Let v be the right-normalized monomial in soc e L ; then we˜ j j
have for ¨ in the basis that

jymy1 v , n odd, j G mŽ . ˜ jUv s ¨¨ sj ½ v , otherwise.˜ j

This accounts for the factor e . For the case 0 F j - i, it suffices to showj, n

Ž .un Ž j.that y1 L pbqR s v and this is straightforward.˜u jyu j
nŽ jyi.Ž . Ž .Now consider the case when i F j F n i . First, p p s y1 qq . So1 1

we need
Ž .Ž . Ž . iyjn i iyj qun iy1 L p pR s y1 v .Ž . Ž . ˜u 1 iyu j

aŽ .One finds that L p pR s y1 v where˜u 1 iyu j

a ' j y i n j y u q un j ' un i q n j j y i mod 2Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
Ž Ž . Ž ..Ž . Ž .and we are done since n i q n j i y j ' i y j mod 2 . Similarly one

deals with the last case.
1Ž . Ž . Ž .2.5. PROPOSITION. Let g g HH L with g w s 0 and g w s z h forg

Ž .z g Z L . Theng

0, 0 F j - i¡
jy i~ y1 j y i i q 1 z v , i F j F n iŽ . Ž . Ž . Ž .g jg (V f z sŽ . Ž .i i
jyi¢ y1 n i y i n j q 1 z v , n i - j.Ž . Ž . Ž . Ž .Ž . Ž . g j

In particular if z g J then g (V f s 0.g i

3Ž .2.5.1. Hence in HH L we have

iy1
iq1 jg ? f s y1 n y 2 i y 1 y1 j q 1 hŽ . Ž . Ž . Ž .Ý0 i jž /js0

nymy2
jq i q 1 y1 n y 2 j y 1 h .Ž . Ž . Ž .Ý jž /jsi

Proof of 2.5. Since q is a homomorphism, it commutes with the trace.

Ž .1 Assume 0 F j - i; then we get from Subsections 2.4 and 2.1 that
Ž .g (V f z s 0 since p m bq y pb m q s ypx q.i j b

nŽ jyi.Ž . Ž . Ž . Ž .2 Now let i F j - n i ; then p m p y y1 q m q s1 1
nŽ jyi.Ž .yp x q y1 qx . It follows that1 p q1

Ž .Ž . Ž .n i jyi n jyi ig (V f z s e y1 y1 Tr g qx .Ž . Ž . Ž . Ž .Ž . Ž .i j n , j q1
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Ž . Ž .From Subsection 2.1 we know that g qx s j y i qq z where j y i isq 1 g1
i iŽ jyi.Ž . Ž . Ž .the length of q ; and one finds Tr qq s y1 i q 1 v . This gives˜1 1 j

the stated formula.
Ž . Ž . Ž . Ž Ž . .3 Let n i - j F n y 1; then g px q s n i y i pbq and theb

claim follows from

Ž .Ž .n j ny1n Ž j.Tr pbq s y1 n j q 1 v .Ž . Ž .Ž . ˜Ž . j

2.6. LEMMA. For 0 F i - n y m y 2, define

my iq1f q y1 n i y i f , n e¨enŽ . Ž .Ž .i mf̃ [i myi½ f q y1 m y i f , n odd.Ž . Ž .i my1

3 ˜ nymy2 jyiŽ . Ž . Ž .Ž .w xThen in HH L we ha¨e g ( f s Ý y1 j y i n q 1 h .0 i jsi j
Moreo¨er we ha¨e

m¡ mq 1 jy1 y1 j q 1 h , n e¨enŽ . Ž . Ž .Ý j
js0~g ? f s0 nymy2 my1

m jy1 2 y1 j q 1 h , n odd.Ž . Ž . Ž .Ý j¢
js0

This follows from Subsection 2.5.1 by a straightforward calculation.

Ž . Ž .2.6.1. PROPOSITION. a Assume that char K does not dï ide n q 1.
Then HH 1 = HH 2 s HH 3.

Ž . Ž . Ž .b Assume that char K dï ides n q 1 and that char K / 2 in case
n is odd. Then HH 1 = HH 2 is 1-dimensional, spanned by g ? f .0 nymy2

Ž . Ž . 1 2c If char K s 2 and n is odd then HH = HH s 0.

˜Proof. The elements f , 0 F i - n y m y 2, and f form a basisi nymy2
2Ž .for HH L . Suppose first that n q 1 is non-zero in K. Let n be even.

˜ 3Ž . Ž .Then g ? f s y n q 1 h in HH L , so h belongs to the span of0 my1 m m
the products. For 1 F k we have

˜ � 4g ? f g y n q 1 h q sp h , . . . , hŽ .0 myk mykq1 m mykq2

and by induction we get that the space spanned by the products contains hi
for 1 F i F m. By considering g ? f it follows that also h belongs to the0 m 0
space. Similarly the claim follows if n is odd.

3Ž .Now assume that n q 1 is zero in K. Then in HH L , we have
˜ 1 2g ? f s 0 for 0 F i - n y m y 2, and HH = HH is spanned by g ?0 i 0

f . This is non-zero except with n is odd and the characteristic of thenymy2
field is 2.
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3. ON HH 2 = HH 2

3.1. The following may be deduced directly from Section I.9.4.1.

Ž 2 . w xw x 4Ž .LEMMA. Suppose f , f g Hom V L, L . Then the class f f in HH Li i
XŽ . Žis completely determined by the ¨alues f ( F x m z and f ( F x mi a mq1 am m

. X X Ž .z where F , F : P m N ª P satisfy d ( F s d ( F s V f ( u m 1 .m i i 0 1 1 i i

3.2. We shall now define the homomorphisms F , FX : P m N ª P asi i 0 1
in Subsection 3.1 which lift the maps V f as determined in Subsection 2.4.i

Ž .With the notation of Subsection 2.4, we have that in case i F j F n i

Ž . Ž .n jyi n jyip m p y y1 q m q s yp x q y1 qxŽ . Ž .1 1 1 p q1

Ž .n jyis x p y y1 x q .Ž .p q 11

In the first case, p m bq y pb m q s ypx q, and a similar formula holdsb
in the last case, Now we define F byi

F e m e m zŽ .i j j i

iy j j y1¡ y1 Tr ypd x q ,Ž . Ž .Ž .b

0 F j - i
Ž .Ž . Ž .n i iyj n jyii y1 y1e y1 Tr yp d x q y1 qd x ,Ž . Ž . Ž . Ž .j , n 1 p q~ 1s

i F j F n iŽ .
Ž .Ž .n j ny1 qiyj n Ž j. y1e y1 Tr pd x q ,Ž . Ž .Ž .j , n b¢

otherwise,

where pre-images under d are as in Subsection 2.2. Moreover, we define
FX similarly; namelyi

FX e m e m zŽ .i j j j

Ž .Ž . Ž .n i iyj n jyii y1 y1¡e y1 Tr d x p y y1 d x q ,Ž . Ž . Ž . Ž .j , n p q 11

i F j F n iŽ .~s
F e m e m z ,Ž .i j j j¢

otherwise.

3.3. Assume first that n is even, then a z s yz a and a z sm mq1 m m m m
yz a . We fix i with 0 F i F m. Here e s 1, so we ignore it. Thenmq 1 m j, n

F x m z s a F e m e m z q F e m e m z aŽ . Ž .Ž .i a mq1 m i mq1 mq1 mq1 i m m m mm

X X XF x m z s a F e m e m z q F e m e m z a .Ž . Ž .Ž .i a m m i m m m i mq1 mq1 mq1 mm
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We need the monomials as in Subsection 2.4 for j s m, m q 1 explicitly.
Ž .First, we always have i F j F n i . Let p g e Le , q g e Le be thei mq1 m n Ž i.

monomials of smallest degree. Then p g e Le , q g e Le are themq 1 i n Ž i. m
monomials of smallest degree. Moreover, let q g e Le , p g e Le1 mq1 n Ž i. 1 i m
be the monomials of smallest degree; then q g e Le , p g e Le1 n Ž i. mq1 1 m i
are the monomials of smallest degree. Then we get from Subsection 3.2

Ž .Ž .n i iymy1 i y1 y1F x m z s y1 a Tr ypd x q q d xŽ . Ž . Ž .Ž .i a mq1 m p 1 qm 1

Ž .Ž .n i iym i y1 y1q y1 Tr yp d x q qd x a 1Ž . Ž . Ž . Ž .1 p q m1

Ž .Ž .n i iymX i y1 y1F x m z s y1 a Tr d x p y d x qŽ . Ž . Ž .Ž .i a m m p q 1m 1

Ž .n i i y1 y1q y1 Tr d x p y d x q a . 2Ž . Ž . Ž . Ž .p 1 q m1

3.4. PROPOSITION. Assume n is e¨en, and fix 0 F i F m.

Ž .a For 0 F k F i define r s a ??? a , of length m y k. Thenk k my1

i
Ž .iq1 k mq1F x m z s y1 y1 r y r R .Ž . Ž . Ž .Ž . Ýi a mq1 k k km

ks0

Ž . Xb For 0 F k F i define r s a ??? a , of length m y k.k mq1 mqŽmyk .
Then

i
Ž . k mmqn iX X XF x m z s y1 y1 L y r r .Ž . Ž . Ž .Ž . Ýi a m k k km

ks0

Ž .Proof. a This is a lengthy calculation whose main difficulty consists of
keeping track of the signs. As the first step, we simplify the expressions

Ž . Ž .from Subsection 3.3 1 , 2 .
y1Ž . Ž . Ž .i Let b s p d x . Then F x m z is equal to1 p i a mq11 m

Ž .Ž . Ž .n i iym n ii iy1 yba R a y Tr p p w a q y1 a Tr q q w .Ž . Ž .Ž . Ž .m i m 1 1 m m 1 1

X Xy1Ž . Ž . Ž .ii Let b s d x q . Then F x m z is equal toq 1 i a m1 m

Ž .Ž . Ž .n i iym n iX i iy1 ya L a b y a Tr wq q q y1 Tr wp p a .Ž . Ž .Ž . Ž .m i m m 1 1 1 1 m

Ž . Ž .n Ž i.Ž iym.To prove i , take out the factor of y1 .

Ž . y1Ž . y1Ž .I We have p s p a , consequently d x s d x a q p w1 m p p m 11
Ž .and p s a p . We combine the p-terms in Subsection 3.3 1 and getm 1

Ž .n i q1 i i iy1 a Tr a b y Tr ba a y Tr p p w a . )Ž . Ž . Ž .Ž . Ž .m mq1 m m m m 1 1 m
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Ž .Now, a L a b R s yL ba R a . Moreover if u s i thenm u m iyu uq1 m iyuy1 m
iŽ .L p s 0, by the relations, and we deduce that a Tr a b is equal toiq1 1 m m

iy1
Ž .un iy y1 L ba R aŽ . Ž .Ý uq1 m iyŽuq1. mž /

us0

i
Ž . Ž .n i q1 kn is y1 y1 L ba R a .Ž . Ž . Ž .Ý k m iyk mž /

ks1

iŽ .Hence this cancels against most of Tr ba a , leaving only the term withm m
iŽ . Ž .k s 0. Therefore ) is equal to yba R a y Tr p p w a .m i m 1 1 m

Ž .II Now we combine the remaining terms of the two traces in
y1Ž . Ž .Subsection 3.3 1 . We have q s a q , so q s q a and d x sm 1 1 m q

y1 y1Ž . Ž .d x a q q w. Set a s q d x , then we getq m 1 1 q1 1

Ž . Ž .n i n ii i iy1 a Tr a a q y1 a Tr q q w q Tr a a a . ))Ž . Ž . Ž . Ž .Ž . Ž .m m m 1 1 m m

We claim that the first and the last trace cancel out. We rewrite the first
u iyuŽ . Ž .trace. Since a L s y1 L a , a R s y1 R a we havem u u m m iyu iyu m

i i iŽ . Ž . Ž . Ž . Ž .a Tr a a s y1 Tr a a a and also i ' n i mod 2 since n ism m m m
n Ž i. iŽ . Ž . Ž .even, and the claim follows. So )) is equal to y1 a Tr q q w andm 1 1

Ž .we are done. The proof of part ii is similar; we omit details.

Ž . Ž .The second step is to show that the stated formula is the same as i , ii ,
Ž . iq1respectively. Take out the factor y1 . Using Subsection 2.2.1 one sees

that the stated formula can be written as
i

Ž .k mq1 y1y1 r d x q r wrŽ . Ž .Ý ky1 r k ky1ky 1
ks0

my k y1q y1 r d x a a q r r wa q r r a w R .Ž . Ž .k r m m k k m k k m kk

We split the sum into three parts. Define S to be the sum of all terms1
where dy1 occurs. Moreover, let S be the sum of all terms with w as a2
factor, and let S be the sum of all terms with w as a factor.3

mn Ž i.q i y1Ž . Ž . Ž .1 We claim that S s y1 ba R a where b s p d x .1 m i m 1 p1kŽ .Since a a R s y1 R , one getsm m k kq1

i
mŽ .k mq1 y1 y1S s y1 r d x R q y1 r d x R .Ž . Ž . Ž . Ž .Ý1 ky1 r k k r kq1ky 1 k

ks0

Hence the second summand of the kth term cancels against the first
Ž .summand of the k q 1 st term. The first term for k s 0 is zero, and this

leaves us with the last term for k s i. Now note that r s p , and thei 1
statement follows.
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mn Ž i.q i iŽ . Ž . Ž .2 Next we claim that S s y1 Tr p p w a . By defini-2 1 1 m
tion,

i
Ž . mykk mq1

S s y1 y1 r r wa R .Ž . Ž .Ý2 k k m k
ks0

Ž iyk .Žmyi.Ž .We have that r r s y1 L p p . Moreover a R sk k iyk 1 1 m k
kŽ .y1 R a ; substituting everything givesk m

i
Ž . Ž .Ž .m kq1 q iyk myi qk

S s y1 L p p w R a .Ž . Ž .Ý2 iyk 1 1 k m
ks0

Now set u s i y k; the statement follows.
mn Ž i. iŽ . Ž . Ž .3 We claim that S s y1 a Tr q q w . First, observe that3 m 1 1

r R s 0 since r starts at vertex k y 1 and R has k bar letters.ky1 k ky1 k
Therefore

i
Ž .m kq1

S s y1 r r a wR .Ž .Ý3 k k m k
ks0

Žmyk .Žmyiq1.Ž .Next we claim that r r a s y1 a L q q . Both monomi-k k m m iyk 1 1
als start at m and end at m q 1, so they differ only by a sign, and to get
this make a L q q left-normalized. Substitute and change variables;m iyk 1 1

Ž . Ž . Ž .the statement follows. Combining 1 to 3 gives the result a .

Ž .Part b is similar; we omit details.

Ž .3.5. Now assume that n is odd; then n m s m and moreover a zm mq1
s z a and a z s yz a . Fix i with 0 F i F m y 1; thenm my1 m m mq1 my1

F x m z s a F e m e m z y F e m e m z aŽ . Ž .Ž .i a mq1 m i mq1 mq1 mq1 i m m m my1m

X X XF x m z s a F e m e m z q F e m e m z a .Ž . Ž .Ž .i a m m i m m m i mq1 mq1 mq1 my1m

We need the monomials as in Subsection 2.4 for j s m, m q 1. First, we
Ž .always have i F j F n i . Let r g e Le , q g e Le be the monomialsi m m n Ž i.

of smallest degree; then p g e Le and q g e Le are the monomialsm i n Ž i. m
of smallest degree. Moreover, let p g e Le , q g e Le and p1 i my1 1 mq1 n Ž i. 2
g e Le , q g e Le be the monomials of smallest degree. Thenmq 1 i 2 n Ž i. my1

Ž .Ž .n i iymy1 q1F x m z s y1 aŽ .Ž .i a mq1 mm

iymy1i y1 y1= Tr yp d x q y1 q d xŽ . Ž . Ž .ž /2 p 1 q1 2

Ž .Ž .n i iymy y1Ž .
iymi y1 y1= Tr ypd x q y1 qd x a .Ž . Ž . Ž .ž /p q my1
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Similarly one gets the corresponding images under FX, andi

Ž .Ž . iymn i iymX i y1 y1F x m z s y1 a Tr d x p y y1 d x qŽ . Ž . Ž . Ž .Ž . ž /i a m m p qm

Ž .Ž .n i iymy1y y1Ž .
iymy1i y1 y1= Tr d x p y y1 d q a .Ž . Ž .ž /p 1 2 my12

3.6. PROPOSITION. Assume n is odd, and fix 0 F i F m y 1.

Ž .a For 0 F k F i define r s a a ??? a , of length m y k y 1.k k kq1 my2
Then

i
iqmq1 m kF x m z s y1 y1 a r y r R .Ž . Ž . Ž .Ž . Ýi a mq1 my1 k k km

ks0

Ž . Xb For 0 F k F i define r s a ??? a , of length m yk mq1 mqŽmyky1.
k y 1. Then

i
Ž .iqmq1 k mq1X X XF x m z s y1 y1 L y r r a .Ž . Ž . Ž .Ž . Ýi a m k k k mm

ks0

The proof is similar to that of Subsection 3.4. First, to simplify the
expression in Subsection 3.5 one shows

y1Ž . Ž . Ž .i Let b s pd x ; then F x m z is equal top i a mq11 m

mŽ .Ž .n i iym i iy1 ba R a q Tr pp w a q y1 a Tr q qw .Ž . Ž .Ž . Ž .my 1 i my1 1 my1 m 1

X Xy1Ž . Ž . Ž .ii Let b s d x q ; then F x m z is equal toq 1 i a m1 m

Ž .Ž . Ž .my1n i iym n i q1X iy1 y1 a L a b a q y1 Tr wpp aŽ . Ž . Ž .Ž . Ž .m i m m 1 my1

iymq1 iq y1 a Tr wq q a .Ž . Ž .m 1 1 m

Then one shows that the stated formula is the same. We omit the
details.

2Ž .3.7. PROPOSITION. Let f , f g HH L .i t

Ž . Xa If n is e¨en, let g g e Le and g g e Le be the right-nor-m m mq1 mq1
malized monomials of length 2m, then

iq tq1qmf ( F x m z s y1 min i , t q 1 g ,Ž . Ž .Ž .t i a mq1m

iq tq1X Xf ( F x m z s y1 min i , t q 1 g .Ž . Ž .Ž .t i a mm
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Ž . Xb If n is odd, let g g e Le and g g e Le be right-normal-m my1 mq1 m
ized monomials of length 2m y 1, then

mq iqtq1f ( F x m z s y1 min i , t q 1 g ,Ž . Ž .Ž .t i a mq1m

iq tq1X Xf ( F x m z s y1 min i , t q 1 g .Ž . Ž .Ž .t i a mm

Proof. Assume first that n is even and fix 0 F i F m. Since f is at
Ž Ž .. Ž Ž X ..homomorphism it suffices to find f y r and f y r . We get fromt k t k

Subsection 2.2.1 that

tyky1 r , k F t F mŽ . kf y r sŽ .Ž .t k ½ 0, otherwise.

X Ž .Similarly, using the fac that r is a path from m q 1 to n k s n y k y 1k
Ž .and recalling that f s s e we havet n Ž t . n Ž t .

Ž .n t ymy1 Xy1 r , m q 1 F n t F n kX Ž . Ž . Ž .kf y r sŽ .Ž .t k ½ 0, otherwise.

It follows that f ( F takes x m z tot i a mq1m

Ž .min i , t
Ž .iq1 tykk mq1y1 y1 r r R y1 .Ž . Ž . Ž .Ý k k k

ks0

mŽmyk .Ž .Moreover, we have r r R s y1 g . Substituting this gives thek k k
Ž .first part of a , and the second part is similar.

Ž . Ž Ž . .Part b is similar but note that here f s s y1 .t n Ž t .

3.8. COROLLARY. For 0 F i, t F n y m y 2 we ha¨e

nmiqtq1f ? f s y1 y1 min i , t q 1 c .Ž . Ž . Ž .Ž .t t nymy2

This is a direct translation of Subsection 3.7 into the terminology of
Section I.9.

4. PRODUCTS INVOLVING HH 4

2Ž . 4Ž . 4Ž . 4Ž .In this section we find HH L = HH L and HH L = HH L .
U Ž . 2Ž . 5Ž .The remaining products in HH L , viz. HH L = HH L and

4Ž . 4Ž .HH L = HH L , are then determined using Subsection 1.7. We start
2Ž . 4Ž .with HH L = HH L .
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4Ž .4.1. Let c s c g HH L ; then Vc is given in Subsection 1.7. De-0
˜fine the map c : P m N ª P by0 1

¡e m e c x m z if i s mŽ .m mq1 a mm~c̃ : e m e m z ¬Ž . e m e c x m z if i s m q 1i i i Ž .mq 1 m a mq1m¢
0 otherwise.

˜Then c is a lifting for Vc . Thus

V2c z m zŽ .j n Ž j.

deg ¨ Us y1 ¨ e m e c x m z n ¨Ž . Ž . Ž .˜Ž .Ý m mq1 a mm
¨ge Bej m

deg ¨ Uq y1 ¨ e m e c x m z n ¨ .Ž . Ž . Ž .˜Ž .Ý mq 1 m a mq1m
¨ge Bej mq1

2Ž .For i s 0, . . . , n y m y 2, let f be the basis element of HH L as ini
Subsection 1.1.

2 Ž . Ž .LEMMA. f (V c z m z s 0 whene¨er j - m or j ) n m .i j n Ž j.

2 2 Ž .Proof. The image of V c is in Ker d and so V c z m z is a sum ofj n Ž j.
X Ž X . 2 Želements of the form l s l with deg l l s 2m. Thus f (V c z mk k k k k i j

.z is an element l in e Le with l of degree 2m. This element l is an Ž j. j j

Ž .linear combination over K of monomials which start and end at j, and so
each monomial has precisely m bar letters and m non-bar letters. If j - m
then each monomial starts at j with strictly more than j bar letters and so

Ž .is zero; if j ) n m then each monomial starts at j with strictly more than
Ž . Ž . 2 Ž .n j non-bar letters and so is also zero I.3.3 . Thus f (V c z m z s 0i j n Ž j.

Ž .whenever j - m or j ) n m .
2Ž . 4Ž .4.2. PROPOSITION. HH L = HH L s 0 if n is odd. If n is e¨en then

it is 1-dimensional, and we ha¨e, for 0 F i F m,

mq iq1f ? c s y1 i q 1 z ? 1.Ž . Ž .i 0 m

Proof. We fix some i F n y m y 2 and let b s f (V2c . The argu-i 0
ment in Subsection 4.1 shows that elements in the image of V2c are0

X Ž X .spanned by elements l s l where deg l l s 2m.k k k k k
Ž .Assume first that n is odd; then the only elements in Z L of degree

6Ž .2m are scalar multiples of z which are zero in HH L . So the claimm
follows in this case.
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Assume now that n is even. By Subsection 4.1 we only need the value on
z m z and z m z . Moreover, the degree argument gives thatm mq1 mq1 m
there is some c g K such that

f ? c s cz ? 1 g HH 6 L , ( HH 0 L .Ž . Ž .Ž .i 0 m

We determine now the scalar factor c by using associativity. We multiply
by g , and get0

g ? f ? c s g cz ? 1 s cg ? 1 in degree 7.Ž . Ž .0 i 0 0 m m

Ž .This is also equal to g ? f ? c . Now, g ? f is given in Subsection 2.5.10 i 0 0 i
and h ? c is given in Subsection 1.6, and we geti 0

miq1g ? f ? c s y1 i q 1 y1 g ? 1Ž . Ž . Ž . Ž .0 i 0 m

Ž . iqmq1Ž .and c s y1 i q 1 .
2Ž . 5Ž .4.3. HH L = HH L s 0 if n is odd. If n is e¨en then it is 1-dimen-

sional and, for 0 F i F m,

mq iq1f ? u s y1 i q 1 g ? 1.Ž . Ž .i 0 m

Proof. Using associativity, graded-commutativity, and Subsection 1.7,
2Ž . 5Ž . Ž 2Ž . 4Ž .. 1Ž .HH L = HH L s HH L = HH L = HH L . If n is odd then

2Ž . 5Ž .from Subsection 4.2, HH L = HH L s 0.
5Ž . Ž .Suppose n is even; then since HH L is cyclic as a module over Z L

2Ž .and HH L is annihilated by the radical of the center we see that
2Ž . 5Ž .HH L = HH L is spanned by the products f ? u , and f ? u s 0 fori 0 i j

j / 0. Moreover, Subsections 1.7 and 4.2 give the formula for f ? u .i 0

4Ž . 4Ž . � 44.4. PROPOSITION. If n is e¨en then HH L = HH L s sp f ? 1m
4Ž . 4Ž .and c ? c s f ? 1. If n is odd then HH L = HH L s 0.0 0 m

Proof. It suffices to determine c ? c .0 0
Let b s c (V4c . Then the image of b is contained in the image of0 0

Ž . Ž .c , so it follows that for i - m or i ) m q 1 one has b s s e b s s 0.0 i i i
This leaves us to study the values on s , s .m mq1

Ž . Ž .Assume first that n is odd. Then similarly b s s b s e s 0.mq 1 mq1 mq1
2Ž .So we are left with s . But for n odd, each element of HH L maps sm m

to zero, so we are done in this case.
Now assume that n is even. By the above argument we know that

c ? c s cf ? 1 for some c g K. We determine c by using associativity0 0 m
and commutativity. From Subsectin 3.8,

mq 1f ? c ? c s cf ? f ? 1 s c y1 c ? 1.Ž . Ž .0 0 0 0 m m
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Ž .On the other hand, from Subsection 4.2 we have f ? c ? c s0 0 0
Ž .mq 1 Ž .mq 1y1 z c ? 1 s y1 c ? 1 and c s 1.m 0 m

4Ž . 5Ž .4.5. HH L = HH L s 0 if n is odd. If n is e¨en then

m
mq 1 j

c ? u s y1 y1 j q 1 h ? 1.Ž . Ž . Ž .Ý0 0 jž /
js0

In particular the space is 1-dimensional.

Proof. Using associativity, graded-commutativity, and Subsection 1.7,
4Ž . 5Ž . 1Ž . Ž 4Ž . 4Ž ..HH L = HH L s HH L = HH L = HH L . If n is odd then,

4Ž . 5Ž .from Subsection 4.4, HH L = HH L s 0.
So suppose n is even. Then the space of products is spanned by c ? u0 0

and from Subsection 2.5.1 we get the formula since

c ? u s c ? g ? c s g ? f ? 1.Ž .0 0 0 0 0 0 m

U Ž .5. SUMMARY OF THE RING STRUCTURE OF HH L
FOR TYPE An

The cohomology is periodic with periodicity 6, so we may identify
iŽ . 6Ž . iŽ .HH L = HH L and HH L as K-spaces for i G 1. Note also that
iŽ . 0Ž . iŽ . 0Ž . 6Ž .HH L = HH L ( HH L although HH L and HH L are not

Ž . w xnecessarily isomorphic spaces see Sections I.5.3 and I.5.5 . From GS, G ,
U Ž . U Ž .HH L is graded-commutative. In fact the ring HH L is commutative,

iŽ . jŽ .since we have shown in Section 1 that, for i, j odd, HH L = HH L s 0.
The information given in this paper about the composition of elements

U Ž .in HH L is summarized in Table I. From the previous remarks, only the
iŽ . jŽ .composition of elements HH L with HH L for 1 F i F j F 5 need be

e¨ Ž .given. Moreover, we give a presentation of HH L by generators and
U Ž .relations, and then we also give a presentation of HH L as an algebra

e¨ Ž .over HH L . These presentations may be deduced directly from Table I.
The notation is given in Subsection 1.1.

e¨ Ž .THEOREM. The e¨en Hochschild cohomology ring HH L has a presen-
tation gï en as follows. It is commutatï e, generated by elements

1, z , f , . . . , f , c , X ,0 nymy2 0

where 1, z are in degree zero, the f are in degree 2, c is in degree 4, and X isi 0
in degree 6. The subring generated by X is the polynomial ring in X. The other
generators / 1 are nilpotent. The relations are as follows.
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Ž . mq 1 ma z s 0 s zf for 0 F i F n y m y 2. If n is odd then z c s 0i 0
and z mX s 0.

Ž . Ž .b Let e s y1 if k ' 2, 3 mod 4 and e s 1 otherwise; moreo¨erk k
Ž . Ž . iq tqlqnm Ž Ž . .let c t, i s y1 e min i, t q 1 . Thennymy2

f X , n e¨enmc ? c s0 0 ½ 0, n odd

f ? f s c t , i z nymy2cŽ .t i 0

mq iq1 my1 e i q 1 z X , n e¨enŽ . Ž .mf ? c si 0 ½ 0, n odd.
U Ž .THEOREM. The Hochschild cohomology ring HH L has a presentation

e¨ Ž .o¨er HH L as follows. It is commutatï e, generated by elements
g , h , h , . . . , h0 0 1 nymy2

where g is in degree 1 and the h are in degree 3 for 0 F i F n y m y 2.0 i
The relations are as follows.

Ž .a For 0 F i, j F n y m y 2 we ha¨e zh s 0, g ? g s 0, h ? h s 0,i 0 0 i j
and g ? h s 0. If n is odd then g z m s 0.0 i 0

Ž .b We ha¨e
iy1

iq1 jg ? f s y1 n y 2 i y 1 y1 j q 1 hŽ . Ž . Ž . Ž .Ý0 1 jž /js0

nymy2
jq i q 1 y1 n y 2 j y 1 hŽ . Ž . Ž .Ý jž /jsi

nnymy2h ? f s d z e y1 g ? c , 0 F i , j F n y m y 2Ž .Ž .i j i j nymy2 0 0

d e z mg X , n e¨enim m 0h ? c si 0 ½ 0, n odd.

REFERENCES

w xES K. Erdmann and N. Snashall, On Hochschild cohomology of preprojectï e algebras, I, J.
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