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Abstract

We develop a noncommutative analogue of the spectral decomposition with the quasideterminant de-
fined by I. Gelfand and V. Retakh. In this theory, by introducing a noncommutative Lagrange interpolating
polynomial and combining a noncommutative Cayley—Hamilton’s theorem and an identity given by a
Vandermonde-like quasideterminant, we can systematically calculate a function of a matrix even if it has
noncommutative entries. As examples, the noncommutative spectral decomposition and the exponential
matrices of a quaternionic matrix and of a matrix with entries being harmonic oscillators are given.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The theory of spectral decomposition of a square matrix over a commutative field is well
known in linear algebra and is used for calculation of a function of the matrix, especially the
exponential matrix. However, for a matrix with noncommutative entries, the determinant or the
characteristic polynomial are not defined because of the ordering problem. Therefore, “eigen-
values” used in the spectral decomposition are undefined and we have no systematic method for
calculation of function of a matrix with noncommutative entries until now.

Under these circumstances, we studied the exponential of a matrix with entries being har-
monic osillators for a model in quantum optics and developed “the quantum diagonalization
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method” for a special type of matrices derived from the representation theory [3]. Moreover,
we had a chance to encounter with the quasideterminant defined by I. Gelfand and V. Retakh.
By using the quasideterminant, “noncommutative determinants” such as quaternionic determi-
nants [1], superdeterminant, quantum determinant, Capelli determinant, etc. are expressed in the
unified form [8]. In the theory of the noncommutative integrable system, quasideterminants are
very useful to express the solution of the noncommutative integrable equations [2,6,7,10]. Fur-
thermore, various noncommutative analogues of theories using determinants are developed, for
example, noncommutative analogue of Cramer’s formula, the Vandermonde determinant, sym-
metric functions, Pliicker coordinates, and so on (see [4,5,9] and references therein).

In particular, in [5], they investigated a noncommutative Cayley—Hamilton’s theorem. In their
theory, a different characteristic polynomial for each row was introduced and the trace or determi-
nant were of the form of diagonal matrices. Moreover, we knew through the study of the quantum
diagonalization method that eigenvalues should be generalized as “eigen-diagonalmatrix” due
to the noncommutativity of entries of the matrix. That is why we find that a noncommutative
Cayley—Hamilton’s theorem in [5] is suitable to a noncommutative analogue of the spectral de-
composition.

In this paper, we define a noncommutative analogue of the Lagrange interpolating poly-
nomial and develop a noncommutative analogue of the spectral decomposition by using the
noncommutative Cayley—Hamilton’s theorem with the quasideterminant. An identity given by
a Vandermonde-like quasideterminant plays an essential role. As examples, we explicitly calcu-
late the noncommutative spectral decomposition and the exponential matrices of a quaternionic
matrix and of a matrix with entries being harmonic oscillators.

The contents of this paper are as follows. In Section 2, we give a brief review of the spec-
tral decomposition in linear algebra. In Section 3, we introduce the quasideterminant defined by
I. Gelfand and V. Retakh and describe some important properties used in our theory. In Sec-
tion 4, we review the noncommutative Cayley—Hamilton’s theorem in [5] shortly. In Section 5,
we develop a noncommutative analogue of the spectral decomposition with the quasidetermi-
nant. In Section 6, we apply our method to a quaternionic matrix and a matrix with entries being
harmonic oscillators. Section 7 is devoted to discussion.

2. Brief review of the spectral decomposition

Firstly, we give a brief review of the spectral decomposition in linear algebra.
Let A be an (n x n)-matrix with commutative entries. For simplicity, we suppose that all the
eigenvalues Aq, ..., A, of A are distinct. For j =1, ..., n, we set

A— N1
P = 1_[ Q

t<isn iz M9 M)

The polynomial of right-hand side is called the Lagrange interpolating polynomial. Then we have
the spectral decomposition of A:

A=MP1+---+ A, P,.
Moreover, if the Cayley—Hamilton’s theorem holds, then Py, ..., P, are projection matrices i.e.

P=P, PPj=0(#j), Pi+-+P=1I

1
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Therefore, we can calculate exp A explicitly:

exp A =eMP 4+ 4P,
Remark 1. Lagrange interpolating polynomials f;(z) = H1<1<n i (xz _X;) (j=1,...,n) sat-
J i
isfy the following relations:

W) X i@+ X @+ +xhfu@ =2 (j=0,1,...,n—1).
2) fixj)=20ij.

We note that from (1), if xy, ..., x,, are all distinct, then we have

n—1

ngl )—l Z
1 I

In this section, we introduce the quasideterminant defined by 1. Gelfand and V. Retakh and
describe some important properties used in our theory.

1

fl (2) (x’f
fn'(Z) 1

3. Quasideterminant

3.1. Definition

Let R be a (not necessary commutative) associative algebra. For a position (i, j) in a square
matrix A = (a5)1<rs<n € M(n, R), let AV denote the (n — 1) x (n — 1)-matrix obtained from
A by deleting the ith row and the jth column. Let also ' = (a, ..., Qij, ..., a) and cji =
(alj,...,a,.,,...,anj) .

Definition 1. We assume that A’/ is invertible over R. The (i, j)-quasideterminant of A is defined

by
|Alij =aij —t/ - (AY) 7 ¢ 1
__qa11 an
Example 2. For A = ()} .°),
-1 —1
[Al11 = a11 — ana,, axi, [Ali2 = a12 — anay; ax,
|Al21 = az1 — axnapy an, |Aln = axn — azaj; ap.

It is sometimes convenient to adopt the following more explicit notation

ail] an —1
Al = 1] =aj —ana,, a|.
[Al11 w1 an 11 — @120y, a1

Remark 3. If the elements a; ; of the matrix A commute, then

det A

Alij= (=T ——
|Alij = (=D 2 5
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3.2. Inverse matrix and quasideterminant
Proposition 2. [f all |A|i_j1 exist, A~! is given by

ATl = (|A|;i1)1<i,j<n'

Example 4. For a quaternionic matrix A = (; li)

— . 1 -1 v e —
Al = (=i k) = +ikj) ' =

)

| =

— . - —1 . o L ;
Al = —k-iT) =G4k = @) 1:_%,

“I_(; N - i
Al =177 =G+ = @i '=-2
- -1 . Lk
ALy = (k—j-17") " =k —jD" =k 1:—5

_ 11 —j
1_ - J
A _2(—1' —k)'

Example 5. We can calculate quasideterminants inductively:
[a11] a2 a3 11)-1 -1
=an — (a12 a13) <|A 14 1 ) <a21>
= -1 -1
|All|23 |A11|33 ast

any azr a4z
—1 -1 -1 -1
=ay1 —an(an — anay; an)” an —an(azn —axay an)  as

Therefore

asp  azy  ass

1 —1 -1 -1
—ai3(axs — anay, az3) ax —az(asz —anay, ax3)” azr.
3.3. Homological relations

For A = (a;j) € M(n, R), n? quasideterminants are defined. They are related by the so-called
homological relations. For example,

an a2\ __ ol apn
= 22 Ay .
axn ax  axn

In general, we have important identities as follows:

Proposition 3.
1. Row homological relations:
—lAlij - |All|sj = Al |AY], s #i.
2. Column homological relations:

AN AL = AT A,
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3.4. The multiplication of rows and columns

Let B be the matrix obtained from the matrix A by multiplying the ith row by A € R, then

B AMAl;; k=1,
|Blij = Al ifk#£i.

Let C be the matrix obtained from the matrix A by multiplying the jth column by . € RC then

|Aljjp ifl=j,
IClit ={ N 2)

[Ali ifl#].

Example 6.

app |app -1
' =apu —aia,; ank=|Alnu,

a1 anp
aip [an —1

=ajp —ajplapn)” axn =|Aln.
aip  axp

3.5. Sylvester’s identity

Let A = (a;j) € M(n, R) be a matrix and Ag = (a;;), i, j =1, ..., k, a submatrix of A that is
invertible over R. For p,g =k +1,...,n, set

dlg
Cpg = Ao ai . 3)
kq

apl -+ dpk |Apq

These quasideterminants are defined because matrix Ag is invertible.
Consider the (n — k) x (n — k) matrix

C=(cpg)s pP.gq=k+1,...,n
The submatrix Ay is called the pivor for the matrix C.

Theorem 4 (Sylvester’s identity). Fori, j=k+1,...,n,

|[Alij =1Clij-
Example 7.
1 app a3
0 ax azx @i, j=2,3).
0 azxn a3zl
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Applying Theorem 4 with the (1, 1)-entry 1 as a pivot, we put

1 al
— q — —
Cpq—‘o a =apq (p,q=2,3)
P4 | pg
and
I ap a3
6122 a23 ..

0 axn axn| =IClij= a3 ass (i, j=2,3).
0 axn al; S

4. Noncommutative version of the characteristic polynomial and the Cayley-Hamilton’s
theorem

In this section, we review the noncommutative Cayley—Hamilton’s theorem in [5] shortly.
We use notations ®; (1), C;; instead of Q;(r), L;.’)(A) in it. For A = (Z; ;’21;) we denote
®1(A), @2(A) as two polynomials given by

@1 (1) = 2% — (a1 +anaxnay, )r + (anaxap, ain — anasn)
=12 —tr] (A)A + det | (A),
2 ~1 -1
Dy(A) =17 — (a2 + az1aniay; YA+ (az1ai1a;; az — azan)
=22 — tra(A)A + det2(A).

Then we can check the noncommutative Cayley—Hamilton’s theorem for the generic matrix of
order 2:

. () 0 det;(A) 0 \_
A‘( 0 trz(A)>A+< 0 detz(A))_O'

The general result is as follows. We also give a simple proof.

Theorem 5. (See [5].) For A = (a;j) € M(n, R), we define a “noncommutative characteristic
polynomial for the ith row” as follows:

) a® e
Qi) =| : : :

@Ay Ay

A

n
=)\ — Z C(,‘)k)\nik, 4)
k=1
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where A% = (al-(]]f)). Then we have a noncommutative version of the Cayley—Hamilton theorem

Cayk
n Coyx Ak o )

A=)
k=1
Cinyk

Proof. For unknown C (i,k=1,...,n), consider Eq. (5). Then the (i, j)-entry of (5) is

n
—k .
al! =Y " Copall ™V =0 G.j=1.....n), (6)
k=1
namely
(n—1) (n—1)
a4 o Gip
(Cirts - Caiyn) : : =(af?),-..,afz)). @)
0) )
i o G

Therefore we obtain C;yx by solving the linear equations (7). Moreover, by using (6), the non-

commutative characteristic polynomial for the ith row is written as

—k —k
Y Cawal ™ Y Capalt
(n—1) (n—1) n—1
a. a. A
®i ()») — zl‘ in
0) o) '
a;1 e Ain 1
0 . 0 A — ZZ=1 C(,’)k)unik
T
© ©
ai Aip 1

By this proof, we obtain an important corollary.

Corollary 6. If an identity (5) holds, the noncommutative characteristic polynomials ®@;()) de-
fined by (4) are equal to A" = _, C (,’)kk”*k. Especially, the (usual) Cayley—Hamilton theorem
for A (i.e. Ciyx = Cx for all i) holds, then @;(A) (i =1, ..., n) coincide with the usual charac-

teristic polynomial @ (1) of A.

Moreover, as a contraposition, we have the following:
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Corollary 7. For a given matrix A, if the noncommutative characteristic polynomials ®; (1) are
different for each i, then no commutative-Cayley—Hamilton-theorem type of identity with respect
to A exists.

Example 8. Let A be a matrix A; = (a;;) of the generators of the quantum group GL,(n), the
noncommutative Cayley—Hamilton theorem (the quantum Cayley—Hamilton theorem) holds [5].
For example, n = 2, by using relations
_ (-1 _ -1
aian —anai = (g~ —q)anaz, apan=q  apap,
anax =q 'anan, anan =ayan,
we have

-12

-1
2 12 —1,2 q -1 q 0
Ay —(61 / ai +4q / azz)( 0 q1/2>Aq+(011a22—q 61126121)< 0 q) =0.

However, the noncommutative characteristic polynomials for each row do not coincide each
other:

2 -1 -1 -2
D1(M) =" — (a11 +q 'an)r +q lanan — g *anan,
2
Pr(A) =217 — (qai1 +axn)i +qaiaxn — appaz).
Therefore, there is no identity for A of commutative-Cayley—Hamilton-theorem type.
5. Noncommutative spectral decomposition
In this section, we develop a noncommutative analogue of the spectral decomposition with the
quasideterminant. First, we review the Vandermonde quasideterminant and define a noncommu-
tative analogue of the Lagrange interpolating polynomial. Next, we present the main theorem and
our method of a noncommutative spectral decomposition. We also give a proof of the theorem

by using properties of the quasideterminant prepared in Section 3.

5.1. Vandermonde quasideterminant

First, for x1, x2, ..., xx € R, the Vandermonde quasideterminant [4,5] is defined by
x{{_l e xk_l
Vxi,...,xx) =
X1 e Xk
1 .. 1
Example 9.

2 2 [2

RIS

V(x1,x2,2) =|x1 x 2
1 1 1
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-1
- (s %) ()
o g o f(Gi—x)Th A=xe TN (2
=7 (-x] XZ) ((X2 _xl)fl (1 _X;IXZ)—] 1
=22+ (=x1 — (2 —xDx2(x2 —x) 7' (2 — x)x2(x2 — x1) ' xq) (i)

=22+ (-1 +») ) (i)
=22 — (1 +y)z+ 0

where we put y; = x1, y2 = (x2 — x1)x2(x2 — x 1)’1. This is the noncommutative version of the
relationship between solutions and coefficients for a (left) algebraic equation of degree 2 [4].
Remark 10. If z = A = (a;j) € M2, R) and x; = (""" ) ) (j =1,2), y; (j =1,2) are also
diagonal matrices. Moreover, comparing the equation V (x1, x2, A) = Az — M +»)A+yy =
O with the noncommutative Cayley—Hamilton’s theorem

Cii Cay
A2 _ (e)) )A—( (¢)) ):0
( Con Cw)n

if yj +y2 = (C(”1 C(2>1) and y,y; = —(C(”2 C(m)’ by the relationship between solutions and
coefficients again, x(;)1, x(;)2 are the solutions of the noncommutative characteristic equation of
A for the ith row.

For a given z = A = (a;;) € M (n, R) and the equation V (x1, ..., x,, A) = O, diagonal com-
ponents of diagonal matrices x; are the solutions of the noncommutative characteristic equations

of A in the same way.

5.2. Noncommutative Lagrange interpolating polynomial

n—1 . n—-1y —1

For x1, ..., x, € R, suppose that the inverse of the Vandermonde matrix (xl o ) ex-
1o 1
ists. Then we define polynomials f;(z) (i =1, ..., n) with respect to z € R as follows.
Definition 8.

1 anl

xﬁl)
1 I

We call them noncommutative Lagrange interpolating polynomials.

fl(z) (x?l
fn'(Z) 1
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Example 11. For n =2,

-1
1

X1 X2

1

= —x2) 2+ (1- xz_lxl)71

Z+

fl(z)z‘ 5

=@ —x) 2+ —x) "

= (x1 —x2) "Nz —x2),

-1 -1
o m, ] e
)= 1 1 Z+ 1 1
- — -1
= (x2 —x1) 1Z+(1—x1 lxz)

= (2 —x) "z —x0).
By the definition above, we obtain the following theorem.

Theorem 9. For x1, ..., x,, z € R, we have

(D X 1@+ @+ 45 @ =2/ (j=0,1,....n—1),
@ filxj) =8,

5.3. Our method of noncommutative spectral decomposition

Theorem 10 (Main Theorem). If given z, x1, ..., X, € R satisfy the equation V (x1, ..., Xn,2) =
0, then we have the following identities
X! X
xn—l xn—1 Zn—l
V=171 n =0 (m=0,....,n,n+1,..)). (8)

1 o 1 1
Rewriting (8), by the definition of noncommutative Lagrange interpolating polynomials

xn=1 >1 1
1 1

then we have the noncommutative spectral decomposition of z

X
ﬂ=@¢-~xm(
1

=x" i@+ + X0 ful2),
Zmzanfl(z)+...+xr’l"fn(z) m=0,1,...).

In particular, if z is a matrix A = (a;;) € M(n, R), put x, ..
ces and solve the equation

Vixi,...,xp, A) = 0.

., X» as unknown diagonal matri-
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By Remark 10, this equation is nothing but the noncommutative Cayley—Hamilton’s theorem
and the diagonal components of diagonal matrices x; are the solutions of the noncommutative
characteristic equations of A. Therefore, by using the solutions of them, we obtain the noncom-
mutative spectral decomposition of A

A" =X f1(A) A+ A fa(A) m=0,1,..0).
5.4. A proof of Main Theorem 10

Proof. In case of m =0, 1,...,n — 1, the identity (8) is trivial. If m = n, (8) is nothing but
V(x1,...,%xn,z) =0. In the following, we suppose m =n+ 1,n+2,....
Consider a matrix A and the submatrix A defined by

Xt a0 2"
xt - xp |0 2" ol o1
n—1 n—1 n—1 1 n
A=|x - x; |0z , Ag = .
o 1 1
1 1 |1 1

For p=1,2,g=n+1,n+ 2, we put a matrix C = (c4) Which entries are quasideterminants
with Ag as a pivot like (3) (note that quasideterminants are unchanged under permutations of
rows or columns) and we remark

m m m
Zn—l
Cln+2 = A . =Vms
0 .
1
.
Zn—l
CQn42 = A . =V(&x1,...,x,2) = V.
0 .
1

Then by the Sylvester’s identity (Theorem 4), we have

[Al1n+2 =ICl1,n+2 =
C2 n+1 C2.n+2

—1
=ClLn42 = CLn+1€ ;1 1€2,n+2

—1
=Vin — Clin+1€) 4 V.

On the other hand, since
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X X |0 X' X 0
X! xp |10 2" x x40
_ _ _ n—1 n—1 _n—1
Alisz = | X o = T 20
I 1o 1 o1
Xy
x x, "
_ lez—l xrrlz—l o1 by the Sylvester’s identity with
) ) . (n+2,n+2)-entry 1 as a pivot
X1 Xn Z
anfl x| pm—1
n
x?—l xnfl anl
n
= x?_z Xt g (by the property (2))
1 1 1
= m—lZa

we obtain the important identities

-1
Vin-12= Vi — Cln+1€) 54 V.

)]
Therefore V,, =0 implies V,, =0 (im =n + 1,n + 2, ...) by the mathematical induction. O
Remark 12. In particular, for n =2,
x o0\ [z

Vi =2"—(x"  x3') ( ! 12> (1) =" — (5" i) + 13" 2(2)).

Then the identity (9) is
[Z" = (P A+ R0))z
=7" — (x" fi(2) + x5 f2(2))
— (T =P Y =) T2 = (P A@ + 3 L@)) (m=2.3,..). (10)

6. Examples of noncommutative spectral decomposition and the exponential matrices

In this section, we apply our method to a quaternionic matrix and a matrix with entries being

harmonic oscillators. As a result, we obtain the noncommutative spectral decomposition and the
exponential matrices of them explicitly.
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6.1. Quaternionic matrices

As a quaternionic matrix, we consider an element A of Lie algebra sp(2):

(1)

We apply our method to A and calculate the spectral decomposition and the exponential matrix

expt A explicitly. First, from
2 =2 2k
AT= (—Zk —2) ’

noncommutative characteristic equations for each row are

2 2% [2?

oM =|i j A |=AT—2ir=0,
1 0 1

then A =0, 2i, and

2k -2
D) =| j  —i A |=A2+2ir=0,
0o 1 1

then A =0, —2i.
Next, in the noncommutative Lagrange interpolating polynomials

@D = —x2) ' z—x), A= —x)"@—-x),

2 721.), Xy = (00), then

. -1 1 _
n=nw=(* L) a=5(3 )

Py = fo(A) = {<2i _21')}_1 {A_ <2i —21')} )

We can check Pi2 = P;, P;P; =0 (i # j) easily and we obtain

we put z= A, x| = (

N —
N
| -
»
—_
N——

exptA = (exptxy)P) + (exptx2) P>

_ (e Lt —ky (1 101 &
- e Jo\k 1 1)2\ -k 1
_ L etk

_2 e—ZIIk_k e—2zl+1

_( €'cost  e'singj
" \e''sintj e 'cost

> € Sp(2).
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Remark 13. If we put

2i 0
w0 o L)

we have [A, x1] # O, [A, x2] # O and f1(A), f>(A) are not projection matrices. Nevertheless,
by Theorem 10, we have A™ = x{" f{(A) + x' f2(A) and we can calculate exptA explicitly.
This result is derived from the fact that Theorem 10 not depends on the ordering of solutions for
noncommutative characteristic equations for each row.

6.2. A matrix with entries being harmonic oscillators

Let a,a’ be the generator of the harmonic oscillator. The relation is [a,a’] = 1. We also
denote N as the number operator N = a’a.

0 a0
We consider a matrix A = \/Q(a'* 0 a) This matrix is related to a Hamiltonian of a model

0a
in quantum optics [3]. So, it is important to calculate the exponential of A as the time-evolution
operator of the Hamiltonian.
From

N+1 0 a’ 0 (2N +3)a 0
A2=2< 0 2N+1 0), A3=2ﬁ<(21\/+1)aT 0 (2N+1)a>,
(a™)? 0 N 0 2N — Da't 0

the noncommutative characteristic equations for each row are

0 2V2@N +3)a 0

2(N +1) 0 2¢% A2 3
D1(A) = =3 —202N +3)1 =0,
1) 0 V2a 0 @N+3)
1 0 0 1

then A = +£/22N +3), 0, and
0 2V2eN-Dat 0

_[2(a")? 0 2N A2 .3 _
D30 = 0 St 0 3 =23 202N -Dr=0,
0 0 1 1

then A = £/2(2N — 1), 0.

Remark 14. For the second row, the quasideterminant

232N + Da' 0 2V2@2N + Da
0 22N + 1) 0 22

V2at 0 V2a A

0 1 0 1

Dr(A) =
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0 202N+1) 0

is not defined because “rank’ of the matrix (ﬁa* 0 ﬁa) is 2 (on “rank of A € M(n, R),”
0 1 0

see [4]). Then, we put

AP+ UA>+VA+W= 0, U,V,W are diagonal matrices
and simplify them, then the second row is

A4+ un? - 22N + DA —2u(2N + 1) =0 (for arbitrary u).
Therefore, if we put u = 0, we obtain A = +./2Q2N + 1), 0.

Next, we calculate the noncommutative Lagrange interpolating polynomials

2 2 2|~ 2 2 2,—1 2 2 2,—1
Xy X3 XX X3 X1 X X3
A@=|3T x x| Z4|F] x2 x| z+|x x x| |
11 1 I 1 1 11

2 2 —1 2 —1
(xf —x3 (2 —x3) " 'xp —x5(x3 —x2) "'y

—x3(x3 —x2) "'y — 23 (2 — X3)7IX2)7112
+ (11 =0 (3 —x3) " x] — (3 —5)
—x(d =)~ - ) )

+ (1= (3 —x3m0) w2 = (2 —x2x3)_1x12

(2—x31x§) X — (3—x21x32) xl)—l.
In particular, in the case of x; = x, xo =0, x3 = —x,
fi@ =2 = 02002+ (- 00 ) 240
= ()72 + o7z

where the last term of fi(z) is calculated by using the homological relation as follows:

x2 .X2 .X2 -1 x2 X2 x2 -1 ) ) 5 5 1—1
YN YN 2 22|32 A
X1 X2 x3| =-— X2 X3 :
x2| x 1] 1
1 1 1 1 1 3

x% x% x32 -1
=- X2 X3 (2_x3 xz)(l—x3222)
1 1 1

——2x)7"0:-1=0 (x;—>x, x2—0, x3> —x).
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Then we put
A(N)
z7=A, x=< AN —=1) ), A(N)=+/2(2N + 3),
AN —2)
we have
Py = fi1(A)
=2 'A%+ 207 'A
(A(N))~2 N+1 0 a?
=< AN —1))72 )2( 0 2N+1 0)
QAN —2))~2 (ah)? 0 N
QA(N)™! 0 a 0
+< AN — 1)~! )-fz(d‘ 0 a)
QAN —2)~! 0 o 0
1
ICNT3) N+1 0 a?
1
1 (ah)? 0 N
2GN—D)
1
2J/2N+3 0 a O
1 ¥ 0
+ 22N+ (“ / a)
1 0 a" O
2V2N—1
N+1 1 1 2
22N+3) 2aN3d N4
N N 1 _1 4
242N+1 2 2/2N+1
(a2 Lt N
2(2N-1) 2J/2N—-1 22N-1)
In the same manner, if we put z = A, x; = x, xo =0, x3 = —x in f2(z), f3(z), then we have
Py = f2(A)
=(—x) 'A%+ 1
1
20NT3) N+1 0 a? 1
1
1 (a? 0 N 1
:
N+
IN+3 0 —sy3a
= 0 0 0 ,
1 N-1
TN @ 0 IN—1
P3 = f3(A) = (2)(,'2)7]142 — (2.x)71A
1
2CN3) N+1 0 a?
_ 1
= SONTD 9 ) 2N+1 0 )
i (ah 0 N

2CN—D)
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2V2N+3 0 a O
1 t
- 22N+l a' 0 a
1 0 a" O
2V2N—1
N+l 1, L,
2(2N+3) 2/2N+3 22N +3)
i 1 1
./2N+ PN 2 NI
1 N

)2 i
1@’ —aEd v
We can check Pl.2 = P;, PiP; =0 (i # j) and for a constant g,

exp(—itgA)

=exp(—itgx)P; + (exp0) P, + exp(itgx)P3
N+2+(N+1) cos(tgh(N))
2N+3

W sin(tgh(N))a  5xrz (=1 + cos(tgA(N)))a’
- —i ——L— sin(tgA(N — 1))a’ cos(tgh(N — 1)) \/levﬁsm(z‘g}\(N )a

- V2N+1
o (= 1+ cos(tgh(N =) @hH?  —i \/21{]_7] sin(tgh(N —2))a’ No1+Neosugh(V-2))

Remark 15. For this A, by using “the quantum diagonalization method” [3],

1
4N A IN
2L é(aT)Z
NN—D) VN(N-T)
0 N +1 0
= 2( N+1 0 \/N+2)
0 N+2 0

Since the matrix on the right-hand side has only commutative entries, we calculate the character-
istic equation as usual, then

—202N +3)2=0, *»=0,4+/22N +3).

We remark that the result of exp(—izgA) in [3] and the explicit form of it with our noncommu-
tative spectral decomposition described in this section coincide.

7. Discussion

In this paper, we developed a noncommutative version of the spectral decomposition with
the quasideterminant and calculated some interesting examples. In particular, we defined a non-
commutative analogue of the Lagrange interpolating polynomials and applied to the systematic
method for constructing projection matrices with noncommutative entries.

Our method is very powerful to calculate a function of a matrix with noncommutative entries
and is expected to apply for the theory of noncommutative geometry, quantum physics, and so
on. A study of other applications with our theory is in progress.
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