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A higher order model for the analysis of linear, prismatic thin-walled structures that considers the cross-
section warping together with the cross-section in-plane flexural deformation is presented in this paper.
The use of a one-dimentional model for the analysis of thin-walled structures, which have an inherent
complex three-dimensional (3D) behaviour, can only be successful and competitive when compared with
shell finite element models if it fulfills a twofold objective: (i) an enrichment of the model in order to as
accurately as possible reproduce its 3D elasticity equations and (ii) the definition of a consistent criterion
for uncoupling the beam equations, allowing to identify structural deformation modes.

The displacement field is approximated through a linear combination of products between a set of lin-
ear independent functions defined over the cross-section and the associated weights only dependent on
the beam axis; this approximation is not constrained by any ab initio kinematic assumptions. Towards an
efficient application of the approximation procedure, the cross-section is discretized into thin-walled ele-
ments, being the displacement field approximated for each element independently of the displacement
direction. The approximation is thus hp refined enhancing the ‘‘capture’’ of the 3D structural mechanics
of thin-walled structures. The beam model governing equations are obtained through the integration
over the cross-section of the corresponding elasticity equations weighted by the cross-section global
approximation functions.

A criterion for uncoupling the beam governing equations is established, allowing to (i) retrieve the clas-
sic equations of the thin-walled beam theory both for open and closed sections and (ii) derive a set of
uncoupled deformation modes representing higher order effects. The criterion is based on the solution
of the polynomial eigenvalue problem associated with the beam differential equations, allowing to quan-
tify the Saint-Venant principle for thin-walled structures. In fact, the solution of the non linear eigenvalue
problem yields a twelve fold null eigenvalue (representing polynomial solutions) that are verified to rep-
resent beam classic solutions and sets of pairs and quadruplets of non-null eigenvalues corresponding to
higher order modes of deformation.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

The analysis of prismatic thin-walled structures through one-
dimensional models represents a simple and efficient procedure
that has been successfully adopted. This trend of analysis has
evolved through the development of refined beam models in order
to represent the corresponding three-dimensional structural
behaviour side by side with the deployment of an increasingly en-
hanced technology of shell finite elements available to model such
structures.

However, the use of shell finite elements, although being
inherently accurate in modelling the 3D structural behaviour of
thin-walled structures, is not only costly in terms of computing
resources, but also presents a cumbersome set of results that can
difficult the interpretation of the relevant phenomena from less
experienced users. Moreover, the modelling by shell finite ele-
ments requires a significant amount of data that remains unknown
at a preliminary stage of design, being also more prone to model-
ling errors from users when compared with beam models.

The formulation of beam models by reducing the 3D elasticity
formulation to a one-dimensional model must be as accurate as
possible in order to include the most significative structural phe-
nomena. Towards this end, several trends of enhancing beam the-
ories are identified: asymptotical methods, in particular variational
asymptotical beam sectional analysis (VABS) by Yu et al. (2012),
expansion of the beam displacement field through Taylor series
(Carrera and Giunta, 2010; Carrera et al., 2011; Carrera and Petrolo,
2011, Saint-Venant driven models (Toupin, 1965; Knowles, 1966;
Cowper, 1966; Horgan, 1989; Giavotto et al., 1983; Bauchau,
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1985; Laudiero and Savoia, 1990; Rubin, 2003; Ladevèze et al.,
2003; Fatmi, 2007; Morandinia et al., 2010) and refinement of
the classic thin-walled theory which was cast through the seminal
works of Umansky (1940), von Kármán and Christensen (1944),
Flügge and Marguerre (1948) and Vlassov (1961) towards the con-
sideration of the cross-section in-plane deformation and additional
degrees of warping (Bazant, 1968; Bazant and El Nimieri, 1974)
and ‘‘additional’’ deformations modes in order to combine the
warping due to torsion and related with shear-lag effects together
with the cross-section deformation flexure (Mikkola and Paavola,
1980; Paavola, 1990; Tesar, 1996; Razaqpur and Li, 1991, 1994;
Prokic, 1996a,b, 2002 and Kim and Kim, 1999a,b, 2000, 2002,
2003).

Some other formulations stemming from the classic thin-walled
beam theory have been developed by considering the addition of
‘‘representative’’ deformation modes that were obtained through
simplified models that are often thought for specific structural
behaviours and/or load conditions. The analysis of the cross-sec-
tion distortion in box girders through an analogy of a beam on
an elastic foundation is a successful example of these models,
Wright and Abdel-Samad (1968) and Hsu (1995) as well as the
analysis of the distortion presented in Boswell and Zhang (1984)
and Kermani and Waldron (1993) and more recently solutions
for multi-cell distortion given by Pavazza (2002), Pavazza and
Blagojević, 2005 and Park et al. (2005); and the warping due to
the shear-lag effects (Kuzmanovic and Graham, 1981; Foutch and
Chang, 1982 and Dezi and Mentrasti, 1985). The in-plane distortion
of thin-walled structures has been also was considered through the
definition of distortional modes (Saadé et al., 2006).

A beam theory that considers both the warping and the cross-
section distortion, allowing to derive a set of the corresponding
modes is the generalised beam theory (GBT) that since its incep-
tion in Schardt (1966) and Schardt (1989) has been subjected to
several developments. In fact, Initially, the theory did not allow
to consider multi-cell closed cross-sections and open cross-sec-
tions with more than two walls converging in a node, which has
been coped through new formulations by Möller (1982), Simão
(2005) and Gonçalves (2007) and more recently to arbitrary sec-
tions in Dinis et al. (2006), Gonçalves et al. (2009) and Gonçalves
et al. (2010). The theory has also been developed to account for
shear deformation and transverse extension, being also applied
to composite materials in Silvestre and Camotim (2002a) and Sil-
vestre and Camotim (2002b).

A definition of the distortional displacement field within the
framework of GBT has been presented and applied in Jönsson
and Andreassen (2011, 2012) and Andreassen and Jönsson
(2013). This novel approach considers a cross-section discretiza-
tion into elements, which includes rotational degrees of freedom
for the transverse displacements perpendicular to the wall, and
from an approximation similar to the GBT formulations establishes
a governing equation for the beam model. The displacement field
displacement approximation considers the amplitude of the warp-
ing displacement shape functions to be the derivative of the trans-
verse displacement amplitudes. This fact together with shear
constraints allowed to bind together axial and transverse displace-
ments, which was adopted for the definition of warping functions
from the transverse displacements and for rewriting the beam
governing equations in terms of transverse displacements.

The formulation considers a strategy of eliminating classic solu-
tions (axial pure modes, translational modes and rotational modes)
from the beam governing equations in order to derive a set of
equations that defines distortional behaviour. The pure axial
extension is identified as a solution of the equations and a linear
solution is put forward since the amplitude for the axial mode is
admitted to correspond to the derivative of the transverse
displacements. Despite referring to the pure axial mode as an
eigenmode solution, no statement of the corresponding eigenvalue
is presented and hence the corresponding polynomial solution
considered does not identify the respective generalised eigenvec-
tors. By eliminating the axial mode, the set of beam equations is
written in terms of transverse displacements, which is adopted
to identify the transverse rigid cross-section translations and the
pure rotational mode. The translational modes are obtained from
the eigenvectors of a standard eigenvalue problem applied to the
axial stiffness matrix, being the rotational mode defined by requir-
ing that the coupling terms in the axial stiffness cancel. Further-
more, the membrane tangential displacements along each wall
element are set to be equal so as to enforce the transverse strain
of the middle surface null. The beam equations are rewritten for
a new set of coordinates that consider the translational modes,
the rotational modes and the tangential constraint, being tested a
polynomial cubic solution for the translational modes.

The procedure adopted for identifying and in the sequel elimi-
nate the so-called axial, translational and rotational modes is quite
different from that applied in Vieira et al. (2013). In fact, the classic
solutions of beam theory, including shear effects, are obtained
through the eigenvectors and generalised eigenvectors associated
with a 12-fold null eigenvalue, which is a solution of the non-linear
eigenvalue associated with the beam model differential equations.
Moreover, the correct procedure for eliminating these classic
modes from higher order modes is essential to obtain an isospec-
tral transformation of modes.

On the other hand, the GBT formulation of Jönsson and Andreassen
(2011) considers a different strategy for identifying the classic modes.
In fact, the null eigenvalue is identified as the solution associated with
classic modes, but the polynomial solutions put forward for each of
the classic modes are not demonstrated to correspond to the respec-
tive generalized eigenvectors: As a result the solution lacks of consis-
tency insofar as the corresponding algebraic and geometric
multiplicities do not coincide. In fact, in the examples presented in
Jönsson and Andreassen (2011) the classic modes are associated with
a null eigenvalue with an algebraic multiplicity of 8, despite having a
12-fold geometric multiplicity. In the proposed higher order model
the classic solution stems directly from the computation of the Jordan
chain associated with a 12-fold null eigenvalue, clearly identifying
extension, flexure (with and without shear) and torsion classic struc-
tural behaviour, but also rigid body motions.

A semi-analytical finite strip analysis (the constrained finite
strip analysis – cFSM) has been able to shed a light regarding the
mechanical behaviour of thin-walled structures through the sepa-
ration of the corresponding deformation modes (Li et al., 2011;
Ádány and Schafer, 2008). A comparison between the modal ap-
proaches between GBT and is cFSM has been presented in Ádány
et al. (2009).

A one-dimensional model for the three-dimensional structural
analysis of prismatic thin-walled structures with an arbitrary mid-
line geometry considering the cross-section warping together with
its transverse deformation is presented in this paper. This higher
order model represents a novel beam formulation capable of repre-
senting the three-dimensional structural behaviour of thin-walled
structures, being an alternative to other theories such as those of
Pavazza and Blagojević (2005), Dinis et al. (2006), Saadé et al.
(2006), Gonçalves et al. (2010) and Carrera and Giunta (2010).
The beam model is thought to be cast within the framework of
the finite element method and derived in a unified formulation
(i.e. the formulation is independent of the cross-section type).

A previous papers by the authors (Vieira et al., 2013) considers
the cross-section in-plane undeformable in order to obtain a set of
warping and shear modes. A more general formulation including
in-plane deformation is now proposed with a particular focus on
the definition of uncoupled modes. The uncoupling procedure is
derived from a quartic eigenvalue problem, which given its
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Hamiltonian structure implies a spectrum with pairs of symmetric
real eigenvalues and quadruples of symmetric conjugate
eigenvalues.

Towards the definition of a numerical model as accurate as pos-
sible, it was considered essential that the model formulation
should: (i) allow to recover classic solutions (including the effect
of shear deformation); consider an unrestricted approximation of
the displacement field, being adaptive towards the enhancement
of the solution; (ii) define a set of uncoupled deformation modes
obtained from a unique and consistent criterion, being applicable
to any cross-section geometry; (iii) consider a consistent criterion
for an hierarchical selection of modes.

The model considers a projection of the displacement field on
the beam cross-section through a set of linear independent basis
functions (this formulation could thus be labelled a beam projec-
tion theory, according to Antman (1984) in relation to the classifi-
cation of beam theories). The basis functions adopted are
polynomials, of an arbitrary degree, defined over the beam cross-
section, guaranteeing the compatibility of the displacement field
along the thin-walled cross-section midline. The projection of the
displacement field can be defined globally, in the sense that the
interpolation functions can be defined over the beam cross-section
taken as a whole. However, it is more efficient to consider the
cross-section to be constituted by an assemblage of thin-walled
laminar elements and consider the approximation of the displace-
ment field in each element.

This approximation of the displacement field is independent of
the structural behaviour of the cross-section, only carrying a kine-
matical nature (aims at an interpolation of displacements), being
the deformation modes derived from the beam governing solu-
tions, in particular through the corresponding non-linear eigen-
value problem. Regarding the approximation scheme, it should
be mentioned that approximations of the same type have already
been adopted by Jönsson and Andreassen (2011), Haakh (2004)
and Möller (1982).

A suitable mesh of cross-section elements is then adopted for
the cross-section analysis, being the elements assembled by verify-
ing the compatibility conditions between the corresponding
boundaries. Therefore, the model can cope with the loss of accu-
racy inherent from the reduction of a three dimensional elasticity
formulation to a one-dimensional model by an enrichment of the
beam displacement field on the beam cross-section through the
adoption of a set of interpolation functions of a suitable degree,
defined over a sufficiently refined mesh of the cross-section.

The beam governing equations are derived considering the
approximation scheme adopted for the displacement, yielding a
set of fourth order differential system of equations. The solution
of this system is analyzed through the corresponding non linear
eigenvalue problem, which is obtained by admitting an exponen-
tial solution of the problem. A twelve fold null eigenvalue is
obtained, which being solved through a Jordan chain of matrices
allow to retrieve classic solutions by the associated generalized
eigenvectors. A set of non null eigenvalue are obtained, where
the corresponding eigenvectors define uncoupled deformation
modes. The real part of the non null eigenvalue allows to establish
an hierarchical selection of modes inasmuch it represents the in-
verse of the decay length. A set of displacement modes is obtained
from the generalized eigenvectors and the higher order deforma-
tion modes allowing to rewrite the beam governing equations in
a new system of coordinates in an uncoupled form and with a
structural interpretation.

2. Beam model formulation

The cross-section layout considered in this formulation is con-
stituted by a set of rectilinear wall segments (thin-walled laminar
elements) forming a generic shape, either of open or closed profile.
A rectilinear segment can be divided into elements for better
approximation features. Each laminar element is considered to
have both a flexural and a membrane structural behaviour. For
the flexural behaviour, it is assumed that the elements are suffi-
ciently ‘‘thin’’ in order to consider valid the Kirchhoff formulation
and hence neglect the shear deformation on the planes perpendic-
ular to the middle surface.

The displacement field considering both the membrane and
the flexural structural behaviour of the plate is defined as
follows:

uxðx; s;nÞ ¼uxðx; sÞ � n
@un

@x
; usðx; s;nÞ ¼ usðx; sÞ � n

@un

@s
and unðx; s;nÞ ¼ unðx; sÞ

ð1Þ

where x represents the beam axis; s the coordinate along the cross-
section profile and n the corresponding perpendicular; uxðx; sÞ and
usðx; sÞ represent the in-plane displacements associated with the
plate membrane behaviour and unðx; s;nÞ, the plate transverse dis-
placement, which is considered to be constant over the plate ele-
ment thickness.

The displacement field variables uxðx; sÞ;usðx; sÞ and unðx; sÞ, de-
fined on the plate element middle surface, are independently
approximated through a set of linear independent basis functions
defined along the coordinate s. This approximation has inherently
the virtue of separating the variable dependencies on the x and the
s dimension, being interpreted as a projection of the displacement
field variables into a reference system defined by the selected basis
functions (Antman, 1984).

The displacement field of the cross-section middle surface is
thus approximated in the three spatial directions, as in the work
of Möller (1982), through the following expression,

uxðx; sÞ ¼ /t ux; usðx; sÞ ¼ wt us and unðx; sÞ ¼ vt un ð2Þ

where /;w and v correspond to the sets of the adopted basis func-
tions; each set of basis functions is constituted by linearly indepen-
dent functions defined on the beam cross-section that guarantee
the continuity of the displacement field along the cross-section
midline profile.

A complete kinematical description for the thin-walled struc-
ture is obtained by substituting the approximations made in Eq.
(2) into the displacement field definition given by Eq. (1), being
written as follows:

uxðx; sÞ ¼ /t ux � nvt u0n ð3Þ
usðx; sÞ ¼ wt us � nvt

;sun ð4Þ
unðx; sÞ ¼ vt un ð5Þ

where the prime following a vector represents the derivative of the
corresponding components in the axial direction ðd=dxÞ and the
vector subscript ; sð Þ stands for the component derivatives in the
variable s.

The deformation field is obtained under the small displace-
ments hypothesis through the Cauchy infinitesimal compatibility
operator, which for the deformation components of the Kirchhoff
formulation is written as follows,

� ¼ D�k u with � ¼ �xðx; s;nÞ �sðx; s;nÞ cxsðx; s;nÞ½ �t ð6Þ

being the compatibility operator given by:

D�k ¼

@
@ x � �
� @

@ s �
@
@ s � @

@x

2
64

3
75 ð7Þ
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Taking in account the displacement field approximation
obtained through (2) and the compatibility condition (6) the
deformation components would read as follows,

�xðx; s;nÞ ¼ /t u0x � nvt u00n ð8Þ
�sðx; s;nÞ ¼ wt

;s us � nvt
;ss un ð9Þ

cxsðx; s;nÞ ¼ wt u0s þ /t
;s ux � 2nvt

;s u0n ð10Þ

The corresponding stress field can be obtained through the con-
stitutive relation,

r ¼ C� with r ¼ rxðx; s;nÞ rsðx; s;nÞ rxsðx; s;nÞ½ �t ð11Þ

where the constitutive matrix C is defined for a plane stress of each
wall considering a plate flexural behaviour.

The stress field is obtained through Eq. (11) by taking in
account the constitutive relation (11) and the strain field given
by Eqs. (8)–(10), being written in terms of the displacement field
as follows,

rxðx; s;nÞ ¼ E� /t u0x þ mwt
; s us

� �
� nE� vt u00n þ mvt

; ss un

� �
ð12Þ

rsðx; s;nÞ ¼ E� wt
; s us þ m/t u0x

� �
� nE� vt

; ss un þ mvt u00n
� �

ð13Þ

rxsðx; s;nÞ ¼ G wt u0s þ /t
; s ux

� �
� 2nGvt

; s u0n ð14Þ

being E and m the elasticity modulus and the Poisson coefficient,
respectively.

In terms of applied loads, the thin-walled beam is admitted to
be subjected to a set of distributed forces along the axis and to a
set of tractions applied at both beam end sections. The distributed
forces are defined by a set of vectors that gather the corresponding
densities defined on the thin-walled middle surface ðx; sÞ, which is
written as,

f ¼ fxðx; sÞ f sðx; sÞ f nðx; sÞ½ �t ð15Þ

where fxðx; sÞ; fsðx; sÞ and fnðx; sÞ represent the force densities along
directions x; s and n, respectively.

The forces applied to the beam model are obtained by integrat-
ing the density forces (15) over the thin-walled cross-section by
adopting for weights the displacement field approximation. The
vector of generalised forces distributed along the beam axis is then
written as follows,

p ¼ pxðxÞ psðxÞ pnðxÞ½ �t ð16Þ

where the corresponding components are given by,

pxðxÞ ¼
Z

C
/ f xðx; sÞdC psðxÞ ¼

Z
C

w f sðx; sÞdC pnðxÞ

¼
Z

C
v f nðx; sÞ �

@ ~mxs

@s
� @

~mx

@x

� �
dC ð17Þ

being ~mxs and ~mxs the distributed moments given by,

~mxs ¼ �nv;s f s and ~mx ¼ �nv f x

A set of generalized end forces are obtained by integrating over
the cross-section the tractions applied at the end sections, t̂,
weighted by the respective displacement field approximation
functions, being given as follows:

Q̂ ¼ Q̂ x Q̂ s Q̂ n

h it
with ð18Þ

Q̂ x ¼
Z

Ĉ
/ t̂xðsÞdC Q̂ s ¼

Z
Ĉ

w t̂sðsÞdC

Q̂ n ¼
Z

Ĉ
v t̂nðsÞ �

@ ~mxs

@s
� @

~mx

@x

� �
dC
where Ĉ represent the contour of the cross-section midline profile
at the end section, being the prescribed tractions defined as
follows,

t̂ ¼ t̂xðsÞ t̂sðsÞ t̂nðsÞ
� �t ð19Þ

The beam total energy is a functional of the beam displacement
field coordinates and its respective derivatives, being given
through the following expression,

V ¼ 1
2

Z
X

rt �dX�
Z L

0
pt udx� Q̂ t u

h i
Ĉ

ð20Þ

where the following definition applies: L, the beam length; C, the
cross-section and X the volume of the thin-walled beam, which is
formally defined by:

X ¼ fðx; s;nÞ 2 R3 jx 2 ½0 L�; s 2 C ^ n 2 ½�t=2 t=2�g ð21Þ

The first variation of the thin-walled energy on a virtual dis-
placement field du, and otherwise kinematical admissible, submit-
ted to a set of lengthwise distributed forces, p, and to the
concentrated forces applied at the end sections, Q , is written as
follows:

dV ¼ dUx þ dUs þ dUxs �
Z L

0
pt dudx� Q̂ t du

h i
Ĉ

ð22Þ

being the terms dUx; dUs and dUxs, the deformation energy
associated with the stress fields rx;rs and rxs, respectively, which
are obtained by:

dUx ¼
Z

X
rxd�x dX dUs ¼

Z
X

rsd�s dX dUxs ¼
Z

X
rxsdcxs dX ð23Þ

where the deformation variations d�x; d�s and dcxs are defined by
the variation of the deformation components given by (8)–(10),
respectively.

The variation of the total energy defined in Eq. (22) is
derived in order to establish the thin-walled equilibrium
equations, being presented in the sequel analysing in separate
each functional term. The deformation terms dUx; dUs and dUxs

are written considering the stress field defined in Eqs. (12)–
(14) as follows:

dUx ½u00n; u0x; us; un; du00n; du0x� ¼ dUx ¼ dUa
x þ dUb

x þ dUc
x þ dUd

x ð24Þ

where dUa
x ; dUb

x ; dUc
x; dUd

x are defined as follows:

dUa
x ¼ E� t

Z L

0

Z
C

/t u0x
� 	

/t du0x
� 	

dCdx

dUb
x ¼ E� m t

Z L

0

Z
C

wt
;s us

� �
/t du0x
� 	

dCdx ð25Þ

dUc
x ¼

E� t3

12

Z L

0

Z
C

vt u00n
� 	

vt du00n
� 	

dCdx

dUd
x ¼

E� m t3

12

Z L

0

Z
C

vt
;ss un

� �
vt du00n
� 	

dCdx ð26Þ

where the deformation functional terms dUa
x and dUb

x , which corre-
spond to the membrane structural behaviour, have to be inte-
grated by parts in relation to du0x, whereas the terms dUc

x and
dUd

x , which represent the flexural structural behaviour, must be
integrated twice by parts relatively to du00n due to the Kirchhoff
formulation.

dUs ½u00n; u0x; us; un; dun; dus� ¼ dUa
s þ dUb

s þ dUc
s þ dUd

s ð27Þ

where dUa
s ; dUb

s ; dUc
s and dUd

s correspond to the following
expressions,
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dUa
s ¼ E� t

Z L

0

Z
C

wt
;s us

� �
wt
;s dus

� �
dCdx

dUb
s ¼ E� m t

Z L

0

Z
C

/t u0x
� 	

wt
;s dus

� �
dCdx ð28Þ

dUc
s ¼

E� t3

12

Z L

0

Z
C

vt
;ss un

� �
vt
;ss dun

� �
dCdx

dUd
s ¼

E� m t3

12

Z L

0

Z
C

vt u00n
� 	

vt
;ss dun

� �
dCdx ð29Þ

dUxs ½u00n; u0x; us; un; du00n; du0x� ¼ dUxs ¼ dUa
xs þ dUb

xs

þ dUc
xs þ dUd

xs þ dUe
xs

ð30Þ

where the terms dUa
xs; dUb

xs; dUc
xs; dUd

xs and dUe
xs are given by:

dUa
xs ¼ Gt

Z L

0

Z
C

/t
;s ux

� �
/t
;s dux

� �
dCdx

dUb
xs ¼ Gt

Z L

0

Z
C

/t
;s ux

� �
wt du0s
� 	

dCdx

ð31Þ

dUc
xs ¼ Gt

Z L

0

Z
C

wt u0s
� 	

/t
;s dux

� �
dCdx

dUd
xs ¼ Gt

Z L

0

Z
C

wt u0s
� 	

wt du0s
� 	

dCdx

ð32Þ

dUe
xs ¼

Gt3

3

Z L

0

Z
C

vt
;s u0n

� �
vt
;s du0n

� �
dCdx ð33Þ

being the terms dUb
xs; dUd

xs dUe
xs integrated by parts due to their

dependency on the variational derivatives.
The functional gradients of (20) are identified towards the def-

inition of the thin-walled governing equations along the beam axis
as follows:

@V

@ux
¼ �k1

2 u00x þ k4
1 � k1

1

� �
u0s þ k3

0ux � px ¼ 0 ð34Þ

@V

@us
¼ �k4

2 u00s þ k2
1 � k3

1

� �
u0x þ k1

0 us � ps ¼ 0 ð35Þ

@V

@un
¼ k4 u

0000

n þ k3
2 þ k2

2 � k5
2

� �
u00n þ k2

0 un � pn ¼ 0 ð36Þ

The differential Eqs. (34) and (35) represent the membrane
structural behaviour of the thin-walled beam, whereas Eq. (36)
represents the flexural behaviour of the beam walls. This system
of fourth order differential Eqs. (34)–(36), which corresponds to a
set of equilibrium equations written in terms of displacements,
can be compactly written as follows:

K4 u
0000 þK2 u00 þK1 u0 þK0 u� p ¼ 0 with p ¼ px ps pn½ �t ð37Þ

where the matrices K4;K2 and K0 are symmetric, whereas the ma-
trix K1 is skew-symmetric, being written as follows:

K4 ¼
� � �
� � �
� � k4

2
64

3
75K2 ¼

�k1
2 � �

� �k4
2 �

� � k3
2 þ k2

2 � k5
2

� �

2
6664

3
7775

K1 ¼

� k4
1 � k1

1

� �
�

k2
1 � k3

1

� �
� �

� � �

2
6664

3
7775 ð38Þ

K0 ¼
k3

0 � �
� k1

0 �
� � k2

0

2
664

3
775 ð39Þ
The submatrices kj
i are presented in (A). The matrix K4 is sin-

gular, given the fact of having null components on the x and s de-
grees of freedom. The terms of the submatrix k4 represent the
flexure of the cross-section walls, i.e., the flexure of the walls
along their midline, and also the warping of the walls relatively
to the corresponding thickness, which is the so-called secondary
warping when compared with the global warping of the cross-
section; hence, these terms depend on t3. In general, it can be
said that these components represent the Kirchhoff behaviour
along the longitudinal direction of the beam cross-section. Matrix
K2 is constituted by a diagonal with three matrix blocks, being
each one of them non-singular. The first block of matrices ð1;1Þ,
submatrix k1

2, corresponds to the axial stiffness of the cross-sec-
tion midline (where the global warping stiffness is included), and
block ð2;2Þ, submatrix k4

2, represents the transverse stiffness of
the midline associated with the in-plane coordinate. The block
ð3;3Þ represents two effects of the wall structural behaviour as
a plate, namely: (i) the torsional behaviour, being the corre-
sponding stiffness given by submatrix k5

2; and (ii) the Poisson ef-
fect associated with the longitudinal bending defined in the
submatrix k4, which is represented by submatrices k2

2 and k3
2.

Matrix K1 components represent two effects: (i) the Poisson ef-
fect associated with the membrane behaviour of the cross-sec-
tion midline, which is given by submatrix k1

1 ¼ �ðk
2
1Þ

t
; and (ii)

the transverse stiffness of the midline associated with the out-
of-plane coordinate, given by the submatrix k4

1 ¼ �ðk
3
1Þ

t
. The ma-

trix K1 is therefore skew-symmetric within the space of the axial
and tangential coordinates of the cross-section. Matrix K0 is sym-
metric; its blocks represent: (i) the block ð1;1Þ – submatrix k3

0 –
an out-of-plane stiffness (in the x direction) due to the shear
deformation of the midline profile; (ii) the block ð2;2Þ – subma-
trix k1

0 – an in-plane stiffness (in the s direction) due to the defor-
mation of the midline profile along its tangential direction; and
(iii) the block ð3;3Þ – submatrix k2

0 – the transverse stiffness (in
the n direction) of the cross-section, representing its structural
behaviour as a frame.

The boundary terms obtained from the integration by parts of
the functional (24) are defined as:

dusð Þt k3
1 ux þ k4

2 u0s
� �h iL

0
and dunð Þt k5

2 u0n
h iL

0
ð40Þ

and those obtained from (30) are:

duxð Þt k1
2 u0x þ k1

1 us

� �h iL

0
; dunð Þt k4 u00n � k2

2 u00n
� �h iL

0

and du0n
� 	t �k4 u000n þ k2

2 u0n
� �h iL

0

ð41Þ

These boundary terms are in equilibrium with the generalised
nodal forces (18) at the corresponding beam end sections,
ðx ¼ 0; LÞ. Therefore, for the thin-walled membrane behaviour the
following equations apply,

Q̂ x ¼ k1
2 u0x þ k1

1 us

� �
Ĉ

and Q̂ s ¼ k4
2u0s þ k3

1ux

� �
Ĉ

ð42Þ

For the flexural behaviour, the expressions that correspond to
the double integration by parts are written as follows,

Q̂ n ¼ Q̂ n1 þ Q̂ n2 where Q̂ n1

¼ k4 u00n � k2
2 u00n

� �
Ĉ

and Q̂ n2 ¼ k5
2 u0n

� �
Ĉ

ð43Þ

Since the formulation is based on a Kirchhoff hypothesis, the
integration by parts has to be performed twice, which gives rise
to a boundary term that produces work on the derivative of the
displacement coordinate.
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Q̂ 1
n ¼ �k4 u000n þ k2

2 u0n
� �

Ĉ
ð44Þ
Fig. 2. Thin-walled element – Lk .

Fig. 3. Thin-walled element – degrees of freedom (global reference frame).
3. Implementation of the model

The model presented was derived considering the approxima-
tion of the displacement field over the beam cross-section through
a set of globally defined basis functions. However, it is more versa-
tile, and computationally more efficient, to divide the cross-section
into a set of rectilinear laminar elements, forming a cross-section
mesh, and to consider an approximation for the displacement field
defined over each thin-walled element. The assemblage of the
cross-section ‘‘elements’’ is made by considering the compatibility
between elements in terms of the middle surface displacements at
the corresponding end-sections, neglecting the compatibility of the
displacement field along the thin-wall thickness. The governing
differential equations are established for each element, i.e., the
coefficient matrices (38) and (39) are obtained for each element
and for the corresponding ‘‘local’’ approximation functions, being
the corresponding global matrices obtained through an assembly
process. The approximation functions at the element level are
required to have a sufficient continuity condition, in order to
allow the establishment of the beam differential equations defined
in (37).

Towards the model p-refinement ability in terms of cross-sec-
tion analysis, three cross-section elements were derived by adopt-
ing different approximation functions for the axial displacement
component, namely: a set of linear Lagrange functions – Lk ele-
ment; a set of quadratic Lagrange functions – Qk element; and a
set of cubic Hermite functions – Hk element. All three elements
consider for the approximation of the tangential displacement, a
set of linear Lagrange functions, whereas for the normal displace-
ment, a set cubic Hermitian polynomials. Hence, the elements
Lk;Qk and Hk have 8, 9 and 10 degrees of freedom respectively.

The local degrees of freedom are represented for an Lk element
in Fig. (1), being the corresponding approximation functions plot-
ted in Fig. (2). For the cross-section analysis within the beam mod-
el formulation framework, a discretization into those elements is
performed considering a suitable mesh without any restrictions
regarding its definition and hence not only any arbitrary polygonal
geometry can be considered, but also an h-refinement of a rectilin-
ear segment is possible. In order to implement the element assem-
blage process, it is convenient to adopt a global refererence for the
cross-section. The degrees of freedom should thus be written in
terms of the global coordinates, as it is represented in Fig. (3), being
related to the local degrees through an appropriate transformation
matrix. The coefficient matrices for each element are then com-
puted for the local degrees-of-freedom and, in order to obtain
the global coefficient matrices for the cross-section, the transfor-
mation law is applied to each coefficient matrix.

The restrictions in terms of deformability are considered
through the definition of an additional set of conditions that the
degrees of freedom should satisfy. In particular, in order to neglect
Fig. 1. Thin-walled element – degrees of freedom (local reference frame).
the tangential deformability of each cross-section wall element,
the relative displacement along the element midline should be en-
forced to be null, i.e., the following applies for the element i,

qj
4 � qj

3 ¼ 0 ð45Þ

which is written in local coordinates. For a cross-section with n ele-
ments, n similar conditions to (45) are considered, being j ¼ 1 . . . n.
The set of conditions are written for the cross-section global coordi-
nates, being written as follows,

Rs ~q ¼ 0 ð46Þ

where the matrix Rs represents the set of constraints imposed and
vector ~q stands for the global coordinates of the cross-section.
Numerically, this procedure is considered by computing the null-
space of the constraint matrix, Rs, which would render a set of
the remaining degrees of freedom.

In order to consider a rigid diaphragm or stiffener that prevents
the cross-section distortion, a set of suitable constraints, expressed
as a set of additional conditions between the transverse degrees of
freedom, which are independent of the axial direction, can be
implemented through the same procedure, i.e., by a matrix of the
form (46). The consideration of such diaphragm in the GBT formu-
lation of Gonçalves et al. (2009) is considered through a cross-link
bracing the closed cross-section.
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4. Definition of the beam deformation modes

The differential equilibrium equations presented in terms of the
displacement field coordinates in Eq. (37) correspond to a coupled
system due to the generality considered in the definition of the
approximation functions and hence the physical interpretation of
the beam structural behaviour through beam-like equations is
not possible. A procedure for uncoupling the thin-walled governing
equations, allowing to retrieve classic solutions and obtain higher
order solutions with a physical meaning and a mathematically
consistent form is a key factor for the efficient use of higher order
one-dimensional models. Therefore, an uncoupling of the model
must be defined towards the physical perception and understand-
ing of the structural phenomena in a more clear way.

The uncoupling of the higher order beam formulation is based
on the definition of uncoupled deformation modes, which corre-
spond to solutions of the corresponding governing equations de-
rived from the elasticity theory. Towards this end, a general
homogeneous solution for Eq. (37) is sought in the following form:

uðxÞ ¼ u0 ek x ð47Þ

which being substituted into the equilibrium equations yields the
following eigenvalue problem,

PðkÞu0 ¼ 0 with PðkÞ
¼ K4 k4 þK2 k2 þK1 k þK0 and k 2 C ð48Þ

where k represents the eigenvalue variable and the u0 the corre-
sponding eigenvector, being PðkÞ a polynomial matrix. A deforma-
tion mode is therefore defined by an eigenvector of (48).

This approach, although considering exponential solutions, is
quite different from the solution put forward by Jönsson and
Andreassen (2011) for obtaining solutions to the GBT distortional
modes. In fact, the authors consider an exponential solution for
the higher order model differential equations and rely on solution
of the corresponding quartic eigenvalue given by Eq. (48) to derive
a set of orthogonal deformation modes. Both ‘‘conventional beam
displacement modes’’ and higher order modes stem directly from
the generalised eigenvectors and eigenvectors of (48) without fur-
ther additional procedures.

Deformation modes associated with null eigenvalues have ampli-
tudes corresponding to polynomial terms that represent solutions
with no decay along the beam axis, being designated as fundamental
modes. Deformation modes having as amplitudes exponential terms
on the beam axis coordinate represent higher order modes, having
thus associated a decaying pattern along the beam axis.

For the solution of the eigenvalue problem (48) the most usual
way is through a linearization procedure, consisting in reducing
the fourth order differential system of equations defined in (37)
to a first order system of differential equations, which has associ-
ated a linear eigenvalue problem (Goheberg et al., 1982). Several
linear forms can be derived, however, given the symmetric charac-
teristics of the problem (a spectrum both symmetric to the real and
imaginary axes), a linear form that preserves this structure is cho-
sen (Tisseur, 2000; Tisseur and Meerbergen, 2001).

For the beam eigenvalue problem (48) a twelve fold null eigen-
value is obtained, having associated a geometric multiplicity of 4,
which corresponds to the dimension of the nullspace of matrix
K0. The corresponding deformation modes represent the classic
solution of the problem and are defined as fundamental deformation
modes; these modes are obtained by the associated generalized
eigenvectors (Vieira, 2010), which represent a general solution
for (37) of the form:

uðxÞ ¼ xk

k!
u0 þ � � � ;þxuk�1 þ uk


 �
with u0 – 0 ð49Þ
being ui with i ¼ 0 . . . k the generalised eigenvectors associated
with the null eigenvalue obtained through the solution of the corre-
sponding Jordan chain of matrices. The generalised eigenvectors are
thus obtained from the solution of the following set of equations:

K0 u0 ¼ 0 and K1 u1 þK0u0 ¼ 0 with u0;u1 – 0 ð50Þ

However, for the beam higher order formulation, the dimension of
the space spanned by vectors u0 and u1 is still not equal to the alge-
braic multiplicity of the null eigenvalue, which implies the solution
of further Jordan equations (Goheberg et al., 1982; Wilkening,
2004). Two more sets of equations were needed to achieve conver-
gence (and hence k ¼ 3), which correspond to obtain the beam gen-
eralised eigenvectors through the nullspace of an augmented
companion matrix:

u0; u1; u2; u3 2 N J ð51Þ

being u0;u1;u2 and u3 the corresponding generalized eigenvectors
and the matrix J defined as follows:

J ¼

K0 � � �
K2 K1 � �
K2 K1 K0 �
� K2 K1 K0

2
6664

3
7775 ð52Þ

The procedure for obtaining the deformation modes associated
with the null eigenvalue (i.e. the fundamental modes) is explained
with further detail in Vieira (2010) and Vieira et al. (2013).

A set of non null complex eigenvalues is also obtained from
(48), being the corresponding eigenvectors defined as higher order
deformation modes, having an associated decay length defined by
the real part of the respective eigenvalue. The non null eigenvalues
of (48) represent the base to derive the beam higher order defor-
mation modes. In fact, the set of eigenvectors associated to the pol-
inomial eigenvalue problem (48) constitutes a basis for the space
of solutions of the general differential Eqs. (37), being the respec-
tive solution written as follows:

u ¼ u1
0 ek1 x þ � � �um

0 ekm x with uj
0 2 Cn

d and ki 2 C ð53Þ

where the following items should be regarded: (i) nd corresponds to
the problem degrees of freedom, being the matrices Kk; ðnd � ndÞ;
(ii) m represents the number of non null eigenvalues; (iii) the set
K ¼ fk1; . . . ; kmg corresponds to the set of non null eigenvalues ob-
tained; (iv) the elements of K occur in quadruplets fkj; �kj;�kj;��kjg,
being possible that some of them degenerate into pairs of reals
ð kr;�kr Þ; (v) the set fu1

0; corresponds to the problem degrees of
freedom; um

0 g corresponds to the eigenvectors associated with
(48); and (vi) some of the eigenvectors obtained have real compo-
nents, whereas the others have complex components with a non
null real part. The solution component associated with the eigen-
value �kj is given by,

uj
0 e�kj x being kj ¼ kRe

j þ ıkIm
j ð54Þ

which is rewritten according to Euler’s formula as follows,

ûj
0 e�kRe

j x with ûj
0 ¼ uj

0 cos kIm
j xþ ı sin kIm

j x
� �

ð55Þ

where ı stands for the imaginary number. Therefore, the real part of
the eigenvalue has a precise and important physical meaning as it
measures the influence of a solution component on the overall struc-
tural behaviour through the corresponding decaying factor. The sym-
metry of the eigenvalues relatively to the real axis represents the
decaying effect for a position of the beam x > 0, negative eigen-
values, and x < 0, positive eigenvalues. The imaginary part provides
an oscillatory amplitude along the beam axis for the solution, which
represents the transverse stiffness influence on the equilibrium
equations (e.g., the equations for the equilibrium of a beam on an
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elastic foundation.). No pure imaginary eigenvalues are obtained. In
fact, it would not make physical sense inasmuch a pure imaginary
eigenvalue would imply that a periodic solution corresponding to
a strained state has no energy of deformation for a beam with a
length equal to the period (Synge, 1941).

The core idea driving the uncoupling procedure framework is to
rewrite the initial projection of the beam displacement field (2)
into a new set of coordinates, the displacement modes, that consid-
ers the uncoupling obtained in terms of the solutions components.
A new basis for the displacement field approximation is then to be
sought between the solutions components. By doing so, an uncou-
pled form of the beam differential equations with physical mean-
ing is obtained.

However, attention needs to be paid to the fact of two different
spaces and therefore different concepts of orthogonality are being
herein considered: (i) the space of functions which are solutions of
the homogeneous differential Eq. (37), the deformation modes;
and (ii) the space of basis functions adopted for the displacement
field projection on the beam cross-section, the displacement
modes.

It is also convenient to remind that a major difference in rela-
tion to the more usual eigenvalue problems (standard and the gen-
eralised eigenvalue problems) is the fact that in polynomial
eigenvalue problems the number of eigenvalues to obtain is supe-
rior to the problem dimension and therefore the associated eigen-
vectors do not form a linearly independent set of vectors (Tisseur,
2000). On the other hand, and since the eigenvectors can have
complex components, an eigenvector unfolds into real and imagi-
nary parts, which are both solutions of the beam differential equa-
tions (Braun, 1993), representing beam deformations modes.

Since an eigenvector associated with a non-null eigenvalue rep-
resenting an higher order deformation mode is part of the beam
differential equation solution, it contains displacement modes
associated with the beam polynomial solutions (i.e. the classic
solutions corresponding to the fundamental deformations modes
previously defined).

From a physical perspective, it is possible to shed some light on
the composition of the eigenvector associated with a non null
eigenvalue. Consider the example of a thin-walled beam submitted
both to a uniform torsion, which is a fundamental mode in the
sense that it has a polynomial form given by the classic Saint-Ve-
nant solution, and to a non-uniform torsion by restraining the
cross-section from warping, which corresponds to a decaying
mode. The cross-section warping functions are the same, the theo-
ries of Umansky (1940), Vlassov (1961) and Benscoter (1954) as-
sume that fact; it is the amplitude of the warping function along
the beam axis that differ according to ‘‘how much’’ the warping
is restrained. On the other hand, the non-uniform solution must
also represent the cross-section rotation along the beam axis de-
fined in the fundamental modes. The cross-section in-plane defor-
mation should however be different. In fact, the cross-section could
be considered rigid without compromising the results in uniform
torsion, whereas for non-uniform torsion the cross-section defor-
mation must be considered.

Therefore, an eigenvector associated with a non null eigenvec-
tor representing the non-uniform torsion of a beam is composed
by a linear combination of the following fundamental modes: (i)
the cross-section rotation around the beam axis; and (ii) the
cross-section warping mode; and by a set of higher order modes
representing the cross-section deformation in its own plane and
higher order cross-section warping modes.

These facts have suggested that the fundamental modes are
represented in the set of eigenvectors corresponding to the non
null eigenvalues. Hence, the basis functions that correspond to
the obtained fundamental modes have to be ‘‘swept’’ from both
real and imaginary parts of the eigenvectors fu1

0; . . . ;um
0 g defined
by (53). This is performed through a Gram-Schmidt orthogonali-
zation procedure between the set of fundamental modes and
the set of higher order eigenvectors solutions. The result is a set
of vectors which are orthogonal to the space spanned by the fun-
damental basis functions but are not necessarily orthogonal
among them. Hence, a further Gram-Schmidt orthogonalization
between those vectors in order to establish a basis for the higher
order modes is required to finally define a set of higher order ba-
sis functions from the eigenvectors associated with the non null
eigenvectors.

The result is a set of nd linearly independent displacement
modes (exactly the number of the initial set of approximation
functions), which linearly combined are able to reproduce all the
beam deformation modes (i.e., the corresponding solutions).
Adopting these new set of basis for a change of coordinates for
the beam differential Eq. (37), an uncoupled form is derived consis-
tently, which has associated exactly the same set of eigenvalues
(recall that only linear combination of basis function have been
made), which proves not to modify the physical meaning of the
thin-walled governing differential equations. In fact, if a different
set of eigenvalues is obtained, the solution would also be different,
(53). The transformation is therefore known in algebra as isospec-
tral (Lancaster, 2005; Lancaster and Prells, 2006).

Hence, regarding the uncoupling procedure described the fol-
lowing criteria are established:

� uncoupled deformation modes are obtained from the eigen-
value problem associated with the model governing equations,
being defined uncoupled fundamental modes through a Jordan
process by the corresponding generalised eigenvectors repre-
senting classic solutions and uncoupled higher order deforma-
tion modes with a decaying pattern;
� the higher order solutions associated with eigenvalues of equal

norms are equivalent, being the real part of the eigenvalue a
measure for the decaying length, which allows a consistent
hierarchical selection of modes;
� a set of displacement modes must be obtained from the eigen-

data towards the definition of an uncoupled form of the model
governing equations with a physical meaning;
� the number of displacement modes obtained from fundamental

modes and from higher order modes must be equal to the initial
degrees of freedom for the beam displacement field
approximation;
� adopting the set of displacement modes for rewriting the gov-

erning equations, the corresponding eigenvalues must be equal
to the initially obtained.

5. Examples of application

5.1. cross-section analysis

The higher order beam formulation is applied to the analysis of
a beam with different cross-sections, a rectangular hollow cross-
section, an I shaped section, in order to illustrate the applicability
of the model regarding the definition of the uncoupled deforma-
tion modes and the corresponding displacement modes. A right
handed coordinate system Oðx; s;nÞ is adopted for the beam frame
reference, where x corresponds to the longitudinal axis of the
beam, n is the perpendicular direction to each of the cross-section
walls and the coordinate s runs through the cross-section wall
midline. Therefore, the ðx; sÞ plane corresponds to the middle sur-
face of the beam. The origin of the coordinate system is not fixed
a priori, in fact it can be any point of the cross-section midline.
The thin-walled beams analysed are made of steel with an elastic-
ity modulus E ¼ 210 kN=mm2.



Fig. 6. Box Beam, eigenvalues.
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The examples consider the discretization of the cross-section
into the Lk element defined in Section 3, i.e., linear Lagrange func-
tions for the axial and tangential displacement, x and s directions,
respectively, and a set of cubic Hermitian functions for the dis-
placements on the wall perpendicular direction, n, as represented
in Fig. (3).

The cross-sections walls are admitted to be undeformable along
the corresponding midline and the Poisson effect is neglected. To-
wards this end, a set of restrictions in the form of Eq. (46) is written
for each cross-section, identifying the respective nullspace of the
constrains matrix.

5.1.1. Hollow box-shaped cross-section
An application of the beam model cross-section analysis to a

hollow box-shaped thin-walled beam is presented in this section.
The cross-section has a height h ¼ 2000 mm and a width
b ¼ 1000 mm, having all the cross-section walls a thickness of
t ¼ 20 mm. The cross-section is divided into four Lk elements,
being the discretization, with the corresponding degrees of free-
dom, represented in Fig. 4. Considering the cross-section to have
the walls undeformable along the corresponding midline through
the following additional conditions,

q5 ¼ q6; q8 ¼ q7; q9 ¼ q12; q10 ¼ q11

the total number of degrees of freedom for the cross-section dis-
placement field approximation is reduced to twelve, being four of
them in the axial direction and the other eight along the transverse
direction.

The computation of the associated eigenvalue problem renders
twelve null eigenvalues and twenty-eight non null eigenvalues,
which occur in five sets of quadruplets complex values and four
pairs of reals.

Due to the singularity of the problem, recall that this polyno-
mial eigenvalue is not full ranked given the fact that the matrix
K4 being singular, eight infinity solutions were obtained. All
summed up, a total of forty eigenvalues were obtained plus eight
Fig. 4. Box section discretization – 4 elements.

Fig. 5. Box Beam w

Fig. 7. Box Beam, eigenvalue norms.
singularities, which correspond to four times the problem degrees
of freedom, twelve, as it should, since this is a quartic eigenvalue
problem.
arping modes.



Table 1
Eigenvalue modal decomposition.

Deformation modes Displacement modes
combination

Eigenvalues

Non-uniform torsion xþ hþ b1 þ b5 �0:5865� 0:4624 i
�3:9462� 1:9603 i
�15:4381
�26:2838

Transverse flexure local
mode

b2 �1:9039� 0:9204 i

Bending in ðx; zÞ plane v þ hz þ b3 �2:2139� 1:4059 i
�15:6482

Bending in ðx; yÞ plane wþ hy þ b4 �3:1608� 1:2662 i
�16:5391
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The twelve null eigenvalue imply the solution of a Jordan chain
in order to identify the deformation modes associated with the
classic elasticity solutions. The generalised eigenvectors obtained
from (51) correspond to the beam Saint Venant solution, repre-
senting the beam extension, flexural and torsional behaviour. By
adopting the procedure describe in Vieira et al. (2013), seven dis-
placement modes are identified. The cross-section first order warp-
ing represented in Fig. 5 is obtained from the generalised
eigenvector corresponding to the beam uniform torsion.

The non null eigenvalues are represented in Fig. 6 where it can
be observed their symmetry relatively to both, the imaginary and
the real axes. The corresponding eigenvalue norms are plotted in
Fig. 7, where it can be observed that the last eigenvalue has a sig-
nificant higher norm when compared with the first ones, which
corresponds to a bigger decaying of the displacement field along
the beam axis and, therefore, to a less importance of the associated
mode in the overall structural behaviour.

The deformation modes associated with the non null eigen-
values allowed to obtain 5 basis functions for the displacement
field representing the higher order modes of the cross-section,
which are represented in Fig. 8, modes b1 to b5. Recall that 7 basis
functions were identified from the generalised eigenvectors repre-
senting the classic modes and therefore the set of basis functions is
complete with a total number of 12 = 7 + 5, which corresponds to
the initial number of approximation functions. The displacement
mode b1 represented in Fig. 8 correspond to the cross-section dis-
tortion, whereas the mode b2 represents a symmetric transverse
flexure of the cross-section. The displacement modes b3 to b5 rep-
resent ‘‘higher’’ cross-section transverse flexural modes. Consider-
ing a change of coordinates by adopting the new set of orthogonal
basis functions, the polynomial eigenvalue was solved yielding the
following set of eigenvalues:

� 0:5865� 0:4624 i; �1:9039� 0:9204 i; �2:2139� 1:4059 i;

� 3:1608� 1:2662 i; �3:9462� 1:9603 i; �15:4381;
� 15:6482; �26:2838 ð56Þ

which correspond to the values initially obtained; it is therefore
verified that the transformation is isospectral and thus the system
Fig. 8. Box Beam high
of governing equation represents the structural behaviour of the
thin-walled beam.

From the process of decomposing the deformation modes
through processes of orthogonalization (Gram-Schimdt operation
and Singular Value Decompositions) it is possible to obtain a ma-
trix that correlates the displacement modes associated to a defor-
mation mode and hence a specific eigenvalue. This spectral
decomposition/analysis proves to be relevant since it enhances
the understanding of the modes obtained. In fact the 28 non null
eigenvalues can be obtained separately by computing the corre-
sponding polynomial eigenvalue problem written for a set of com-
bination of displacement modes. In the Table 1, the sets of
orthogonal displacement modes and the corresponding eigen-
values obtained are indicated, being identified 4 linear combina-
tions of orthogonal displacement modes to obtain the initial 28
eigenvalues. The hierarchical nature of the model allows to neglect
higher modes in a consistent form; e.g., if the displacement mode
b5 was neglected in the definition of the non-uniform torsion, the
corresponding eigenvector would be �0:5871� 0:4636 i, which
represent an accurate approximation of the corresponding value
in table associated with the non-uniform torsion deformation
mode.
er order modes.



Fig. 9. I section discretization.

Fig. 11. I section out-of-plane higher order modes.
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5.1.2. I section
A steel plated beam having a web with dimensions

1200 � 20 mm2 and equal flanges of dimensions 600 � 50 mm2

is considered. The cross-section is divided into 6 elements of the
type Lk, being the corresponding degrees of freedom represented
in Fig. 9.

The total number of degrees of freedom of this cross-section is
28; however, restricting the tangential deformation of the walls,
see Eq. (45), through the introduction of the following additional
conditions,

q8 ¼ q9 ¼ q10; q12 ¼ q13 ¼ q14; q16 ¼ q18 ¼ q20:

this number is reduced to 22. The quartic eigenvalue problems
yields 88 ¼ 4 � 22. Computing the corresponding eigenvalue prob-
lem according to (48), the following results are obtained: (i) 14 infi-
nite eigenvalues; (ii) 12 null eigenvalues with an algebraic
multiplicity of twelve, which corresponds to the non decaying solu-
tion of the problem (polynomial), being capable of representing the
Saint-Venant solution through the set of the associated generalised
eigenvectors; and (iii) 62 non null eigenvalues, occurring in pairs of
real symmetric values and in quadruplets of symmetric and conju-
gate complex values (corresponding to six quadruplets and nine-
teen pairs of eigenvalues), which represent the higher order
solution with a decaying pattern along the beam axis.

The set of the generalised eigenvectors allows the definition of
orthogonal displacement modes, corresponding to the classic solu-
tions of extension, flexure and warping and a shear warping mode.
The higher order modes were obtained from the eigenvectors of
the quartic eigenvalue problem associated with non null eigen-
values considering the process described in Section 4. A set of
out of plane warping and in-plane distortional modes were ob-
tained. The classic modes are represented in Fig. 10. The higher or-
der warping modes of the cross-section x1; x2, and x3 (Fig. 11)
represent shear related modes that can be adopted to refine the
analysis of the cross-section regarding its out-of-plane structural
Fig. 10. I section out-of-
behaviour. The transverse distortion displacement patterns of
higher order modes (modes: b1 to b12;) are represented hierarchi-
cally, taking into account the corresponding eigenvalue, in Fig. 12.
5.2. Other cross-sections

In order to illustrate the versatility of the proposed model to
deal with cross-section of arbitrary geometry three cross-section
are considered: (i) a two cell bridge box girder with side cantilevers
made of concrete (C30/37 class); and two steel sections previously
considered by GBT formulations, (ii) a channel with hollow flanges
considered by Gonçalves et al. (2009) and an I section shaped cross
section with unequal flanges and with end stiffeners analysed in
Dinis et al. (2006).

The element considered in the approximation for the three
cross-section considers both linear functions for the axial and tan-
gential component of the displacement and Hermite functions for
the normal displacements. The Poisson coefficient was neglected
as well as the transverse extension along the wall midline. The
plane classic modes.



Fig. 12. I section in-plane higher order modes.

586 R.F. Vieira et al. / International Journal of Solids and Structures 51 (2014) 575–598
cross-section discretizations together with the corresponding
dimensions are represented in Fig. 13.

The deformation modes were obtained from the solution of the
non-linear eigenvalue problem, being the classic modes associated
with the twelve fold null eigenvalue which required the computa-
tion of the corresponding Jordan chains. From the orthogonaliza-
tion procedure, a set of orthogonal displacement modes was
obtained that when adopted for a change of basis for the
corresponding beam equations allows an uncoupling of the beam
equations and yields the same eigenvalue set (i.e. it represents
an isospectral transformation).

For the box girder and for the channel cross-sections both warp-
ing and in-plane higher order modes are presented, whereas for
the I section only the in-plane modes are represented. The classic
deformation modes obtained from the generalised eigenvectors
correspond to the axial extension, flexure around both axes, uni-
form torsion and rigid body motion, being however only repre-
sented the rotation of torsion defined by h.



Fig. 13. Cross-sections.

Fig. 14. Box girder out-of-plane higher order modes, x1 to x6.

Fig. 15. Box girder in-plane higher order modes.
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Fig. 16. Channel section warping modes.
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The 6 higher order warping modes for the box-girder are repre-
sented in Fig. 14, x1 to x6 . The warping mode x1 represents the
warping associated with the non-uniform torsion. The in-plane
displacement modes are represented in Fig. 15; the rotation asso-
ciated with torsion represented by h and in-plane higher order dis-
placement modes by b1 to b11; mode b1 is associated with flexural
behaviour representing a transverse flexure of the cross-section
cells, representing the modes b3 and b4 local flexure modes of
the overhang flanges; the in-plane transverse mode b2 is associated
with the girder torsional behaviour.

The warping modes for the channel with hollow flanges are rep-
resented in Figs. 16; a total of 6 warping modes were obtained,
where x1 represents the warping associated with the non-unform
torsion of the cross-section; x2 and x3 represent the local out-of-
plane flexure of each hollow flange (symmetric and skew-symmet-
ric modes), being the warping of both hollow flanges represented
in through x4;x5 and x6 represent shear modes.

The rotation associated with torsion h and the higher order in-
plane modes (b1 to b11) are represented in Fig. 17. The two first
higher order modes correspond to web flexural modes (symmetric
and skew-symmetric); the mode b1 is associated with the flexural
behaviour around the cross-section weak axis, whereas the mode
b2 represents the distortional associated with the non-uniform tor-
sion. Higher order modes of b1 and b2 involve the transverse flex-
ure of the hollow flange as well, being defined by b4 and b3,
respectively. The modes obtained from the GBT formulation, ap-
plied to the same cross-section, are represented in Fig. 18.

The in-plane displacement modes for the I section with unequal
flanges are represented in Fig. 19. The first two higher order modes
b1 and b2 represent distortional modes that due to the unequal
width of the flanges represent uneven web flexure modes. Distor-
tional modes involving essentially the flexure of flanges, b6 and b8,
correspond to different decay lengths. The in-plane deformation
modes obtained from GBT by Dinis et al. (2006) are represented
in Fig. 21.

Some differences can be observed between the modes obtained
from the GBT and those obtained through the developed model. In
the GBT solution, and for the channel hollow cross-section, the tor-
sional mode is not captured as a result of the procedure adopted
for the definition of modes for this type of cross-section, which is
acknowledge in Gonçalves et al. (2009). On the other hand, the
modes obtained from the higher order formulation allow to cap-
ture the uniform torsion through modes x1 and h, directly from
the generalised eigenvectors associated with the null eigenvalue,
and also the non-uniform torsion through modes x1; h; b2 and b3,
which are obtained applying the uncoupling procedure described
in Section 4; i.e., through the eigenvectors of the non-linear eigen-
value problem associated with the beam governing equations. It
should also be mentioned that by using the modes depicted in
Figs. 16 and 17 for rewriting the beam differential equations, the
eigenvalues obtained from the associated eigenvalue problem are
exactly the same as those initially obtained. Furthermore, a spec-
tral decomposition of modes allows to neglect higher order modes
in a consistent form and without significative loss of accuracy by
limiting the deviation of the corresponding eigenvalues, as exem-
plified in Section 5.1.1.

Modes b1 and b2, which correspond to the first higher order
modes, are not represented explicitly in GBT. In fact, these distor-
tional modes b1 and b2, which are associated with a higher decay
length (and thus more relevant in the overall structural behaviour
of the thin-walled beam) and represent a web flexural mode with-
out local flexure of both hollow flanges, are not captured by GBT;
conversely, the solution obtained from GBT present modes 5 and
6, which involve web flexure and simultaneously local flexure of
the hollow flanges. The GBT distortional modes associated with
the web flexure are captured through modes ranked 15 and 16,



Fig. 18. Channel section in-plane deformation modes from GBT by Gonçalves et al. (2009).

Fig. 17. Channel section in-plane higher order modes.
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Fig. 19. I section with unequal flanges in-plane higher order modes.

Fig. 20. I section with equal flanges in-plane higher order modes.
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in which the hollow flange seems to fully restrain the web from
flexure.

For the I section with unequal flanges, the GBT formulation pre-
sents distortional modes 5 and 6, whereas the higher order model
defines modes b1 and b2 as the first higher order modes. If, on one
hand, mode 6 and b2 present a similar shape, involving the lower
flange rotation, on the other hand, mode b1 (corresponding to the
upper flange) is not represented in GBT modes; instead, the mode
5 is presented, where both flanges rotate. However, modes 7 and 8,
which represent the upper an lower flexure flexure are presented
separately similarly to modes b6 and b8.

To compare the influence of unequal flanges, a similar I section
but with flanges with equal widths (320 mm) was analysed, being
the corresponding modes depicted in Fig. 20. The distortional
mode b1 represent an even web flexure mode, being the higher
modes associated with the flexure of the flanges grouped in sym-
metric and skew-symmetric parts, b5 and b7, respectively.

5.3. Beam longitudinal analysis

The analysis of a cantilever beam through the thin-walled high-
er order model developed is presented in order to prove the appli-
cability of the one-dimensional model to the three-dimensional
analysis of thin-walled structures. The results obtained were com-
pared with finite element models implemented in Abaqus (2006),
in order to check the validity/accuracy of the proposed model.

Consider the I shaped cross-section, which cross-section analy-
sis was already performed in Section 5.1.2. The bottom and upper



Fig. 21. I section in-plane deformation modes from GBT by Dinis et al. (2006).
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flange are 600 mm width plates with a thickness of 20 mm. The
beam web is a plate with 1200 � 10 mm. The cross-section is
made up of steel with an elasticity modulus of E ¼ 210 GPa. A can-
tilever beam 5000 mm long subjected to an eccentric tip load of
100 kN is analysed. The basis functions for the approximation of
the displacement field over the cross-section correspond to the
orthogonal set of functions obtained in Section 5.1.2.

For the solution of the beam differential equations written in
the new orthogonal coordinates the finite element method was
adopted considering each mode amplitude interpolated by the
Fig. 22. Cantilever beam and corresponding deform

Fig. 23. Warping and t
Hermite functions and a mesh of 10 equally spaced finite elements.
The full restraint condition at one of the boundaries is considered
by imposing that the amplitudes of all modes should cancel at this
support. Notice that since this is a shear deformable theory there is
no a priori relation between the modes coordinates and the corre-
sponding derivatives. Therefore, the full fixed restraint only pre-
vents the modes and not their derivatives. The cross-section is
prevented to rotate but the derivative of the corresponding trans-
verse displacement at the support is free. The deformed configura-
tion obtained from the finite element developed is represented in
ed configuration due to an eccentric tip load.

orsion amplitudes.
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Fig. 22. Towards the plotting of the thin-walled deformed configu-
ration, the displacement field obtained from the one-dimensional
higher order model was computed in a ‘‘mesh’’ (sampling points)
defined over the beam cross-section profile and lengthwise along
the beam axis. Firstly, the coordinates for each of the basis func-
tions were obtained from the finite element solution and thereafter
the displacements along a mesh of the profile were computed.
Lengthwise, these displacements were evaluated using the inter-
polation functions of the longitudinal mesh. Notice that these are
only sampling meshes for the displacement field and not the
discretizations adopted for the cross-section analysis or the finite
element solution, i.e. the deformed was obtained by a one-
dimensional model.

The distribution along the beam axis of the cross-section modal
amplitudes due to the warping and torsion are given in Fig. 23. The
longitudinal distribution of the amplitudes for the most significa-
tive higher order modes, distortional mode and flange flexural
mode represented in Fig. 12, b1 and b2 respectively, are plotted
Fig. 24. Higher order m

Fig. 25. Stress colour map
in Fig. 24, where for comparison purposes b7 and b8 are also repre-
sented. For comparison, each modal distribution was normalized
relatively to the maximum value of the corresponding mode. It is
therefore clear that the mode corresponding to the flange flexure,
Fig. 12: b2, has a more rapid decay than the distortional mode, b1.

The beam stress field is computed taking in account the modal
amplitudes distributions obtained together with the corresponding
deformation modes. The stress components are evaluated in a
mesh of sampling points, which consists in 10 equally spaced
intervals per finite element, lengthwise, and 4 equally spaced
intervals per cross-section element. The stress field is presented
regarding the components relative to the thin-wall membrane
behaviour, which are identified by ðMÞ, e.g., rM

xx, and the compo-
nents relative to the thin-wall flexural behaviour that are repre-
sented through ðFÞ, e.g., rF

ss. The membrane axial stresses are
plotted in Fig. 25 for the cross-section upper flange having maxi-
mums at the full fixed support and decaying along the beam axis
towards its free end. On the other hand, the flexural behaviour
odes amplitudes.

– rM
xx , upper flange.



Fig. 26. Stress colour map – rF
xs , upper flange.
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has a strong local effect at the load application region, being irrel-
evant at the beam support. In fact, the dominant structural behav-
iour at the edge section is due to the shell behaviour of both flanges
and web, which are submitted to the concentrated load. The high
stresses developed, associated with the flexure of these plates,
are due to the fact that no diaphragm/stiffener is considered at
the section where the load is applied. The stresses due to the flex-
ural behaviour of the beam web are represented by the torsional
component in Fig. 26.

Since the flexural behaviour at the section where the load is ap-
plied would introduce higher stresses, which the steel section
would not be able to resist, a section diaphragm/stiffener made
through a plate welded at the beam end section should be adopted.
This plate is considered to be sufficiently stiff in order to prevent
the distortional modes of the end section where the load is applied.
The structural behaviour of this end section would be significantly
modified, since the shell behaviour of the flange and web is
Fig. 27. Transverse torsional stres
prevented by the diaphragm. Therefore, the high flexural stresses
observed previously should now diminish and hence the local ef-
fect becomes somewhat irrelevant when compared with the global
structural behaviour, an example is available in Vieira (2010).

A comparison between the thin walled beam model developed
and a shell finite element model implemented in Abaqus (2006) is
presented. The thin-walled beam model considers: (i) a cross-sec-
tion discretization dividing the beam web and both flanges into 4
Lk equally spaced elements, rendering a mesh with a total of 12 ele-
ments for the cross-section; the transverse deformability along the
plate midline was considered as well as the Poisson effect, and thus
the cross-section has a total of 52 degrees of freedom; and (ii) in
terms of longitudinal analysis, a mesh with 20 finite elements, 4
in the first half of the beam length (next to the support) and 16
in the second half of the length (next to the end section).

On the other hand, the model implemented in Abaqus (2006) is
based on a mesh of shell elements, which are designated by S4
ses – web and lower flange.
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from the (Abaqus, 2006) library. The discretization adopted consid-
ers 40 elements per section, 10 for each flange and 20 for the web,
being used 100 elements along the beam. The boundary condition
corresponding to the built end section allows the corresponding
nodes rotational degrees of freedom, restraining appropriate dis-
placements. The results were compared in terms of stresses both
along the beam axis and on the beam end cross-section without
the stiffener. The longitudinal distribution of the thin-walled mid-
dle surface stresses, membrane behaviour, along the beam axis
were in a good correlation with the results obtained from the shell
model. The transverse distributions of stresses along the cross-sec-
tion midline profile are represented for the end sections in Figs. 27–
29. The transverse stress distributions were obtained from the
cross-section discretization into 12 elements and also considering
a less refined approximation of 6 elements. The transverse tor-
sional stresses are represented along the web surface, Fig. 27(a),
and along the cross-section lower and upper flange flange,
Figs. 27(b) and 28(b), respectively. The transverse flexural stress
for the lower and upper flange are represented in Figs. 28(a) and
29(a), and for the web in Fig. 29(b). The comparison between the
formulation herein developed, identified as ‘‘Beam model’’, and
the (Abaqus, 2006) model are fairly satisfactory, in particular tak-
ing in account that the formulation presented corresponds to a
Fig. 28. Transverse flexural stres

Fig. 29. Transverse flexural stre
beam model with only 88 degrees of freedom, whereas in Abaqus
(2006) a three-dimensional shell model with a mesh of 24846 ele-
ments was adopted.

The thin-walled beam model is applied to the analysis of a can-
tilever with 1000 mm length and with the channel cross-section
with hollow flanges previously presented, submitted to a tip load
of 5 kN as represented in Fig. 30. All the displacement modes rep-
resented in Fig. 17 were considered for the analysis, being a solu-
tion for the corresponding model differential governing equations
obtained within the framework of a finite element analysis; a finite
element model with 100 elements along the length is considered in
the analysis. Simultaneously, and towards a validation of the high-
er order beam model, a shell finite element model was analysed in
Abaqus (2006). For the discretization of the shell model, it was con-
sidered the structure discretized into S4 elements from the (Aba-
qus, 2006) library as follows: transversally, the web is divided
into 4 elements and each hollow flange into 8 elements associated
with a lengthwise mesh of 100 elements; the built end section is
considered by preventing nodal displacements but allowing the
corresponding rotational degrees of freedom.

The results in terms of membrane stresses are represented in
Fig. 31 and 32 for the warping stresses (rM

xx) in the upper and lower
flange respectively; the shear components (rM

xs) are represented in
s – lower and upper flange.

ss – upper flange and web.
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Fig. 33. The stresses are related to the nodes defined in Fig. 30,
being compared the values obtained from the developed higher or-
der beam model and the corresponding values obtained from the
shell finite element model. An interesting effect associated with
the hollow flange warping is identified near the free edge.
Fig. 30. Cantilever beam – channel hollow section.

Fig. 31. Longitudinal distribution of rM
xx (upper hollow flange).

Fig. 32. Longitudinal distribution of rM
xx (lower hollow flange).

Fig. 33. Longitudinal distribution of rM
xs .

Fig. 34. Longitudinal distribution of rM
xx (with end stiffener).

Fig. 35. Stress map of rM
xx without end stiffener (upper hollow flange – plan view).
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An end stiffener restraining all the distortional modes, including
not only the nodes displacements but also the displacements of
the wall in the direction perpendicular to the wall middle surface,
was considered at the end section (where the load is applied),
being the membrane stresses for this case represented in Fig. 34;
the local warping of the hollow flanges is significantly reduced as
can be observed from the patterns of the stress longitudinal
distribution.

The membrane stress rM
xs is also represented for the upper hol-

low flange in a plan view, Fig. 35, where the concentration of stres-
ses due to the warping can be observed. In Fig. 36 the same stress
distribution but for the end stiffener example is presented.
Fig. 36. Stress map of rM
xx with end stiffener (upper hollow flange – plan view).

Fig. 37. Transverse flexural stress – upper flange and web.

Table 2
Transverse flexural stress, rF

ss ;N=mm2.

Node A Node B

HoBm (m ¼ 0:0; �ss ¼ 0) �60.37 55.67
HoBm (m ¼ 0:3; �ss – 0) �59.08 56.95
Abaqus (S4 elements) �61.81 56.53
The flexural stresses rF
ss and rF

xs in the upper hollow flange (region
near the free end) are represented in 37. For comparison purposes,
a cross-section analysis considering both the Poisson effect and the
transverse extension for the cross-section walls was performed,
being the corresponding displacement modes considered in the
formulation of the corresponding higher order beam model (an
equal mesh of 100 elements was considered). The stresses ob-
tained from both thin-walled beam models (HoBm) are compared
with those obtained from the shell finite element model, being the
values for the section with an abscissa x ¼ 800 mm given in
Table 2.
6. Conclusions

A one-dimensional higher order model for the analysis of thin-
walled structures with a cross-section profile of a generic polygo-
nal geometry i.e., with an open, closed or branched profile, that
considers the warping and the cross-section to be transversely
deformable was presented. The model considers a discretization
of the cross-section into elements, being the displacement field
approximated along the cross-section elements through a set of
functions. For each cross-section element an independent approx-
imation is considered for the axial displacements, the tangential
displacements along the wall midline direction and the displace-
ments perpendicular to the wall midline.

The displacement field approximation, which is understood as a
projection of the displacement on the beam cross-section, allows
the enrichment of the solution either by increasing the order of
the basis functions adopted or by the refinement of the corre-
sponding support at the beam cross-section level. Such a solution
is then capable of representing the thin walled structural behav-
iour through the definition of non linear cross-section deformation
modes that represent three-dimensional elasticity solutions. Due
to the unrestricted approximation of the displacement field, the
model successfully considers in a ‘‘natural’’ form the shear defor-
mation of the middle surface.

The model formulation is based on the thin-walled governing
homogenous differential equation and the associated eigenvalue
problem, according to the following steps,

� formulation of the beam differential governing equations and
the corresponding eigenvalue problem;
� numerical solution of the quartic eigenvalue problem obtaining,

– a set of null eigenvalues with an algebraic multiplicity of
twelve which corresponds to six rigid body motion plus six
classic Saint-Venant solutions, extension, flexure with shear
and in the absence of shear in two directions and torsion;

– a set of eigenvectors associated with the non null eigenvec-
tors representing the higher order solutions of the problem;

� the geometric multiplicity of the null eigenvalue, which is infe-
rior to the corresponding algebraic multiplicity, implies the
solution of a Jordan chain procedure, from which a set of funda-
mental modes, representing the classic Saint-Venant solution as
well as shear deformation effects is obtained;
� adopting a Gram-Schmidt procedure, a set of orthogonal basis

functions for the displacement field is obtained from the funda-
mental modes;
� the higher order eigenvectors are filtered from the fundamental

basis functions, the result is orthogonalized using a Gram-
Schmidt procedure, leading to a set of higher order orthogonal
basis functions;
� the sum of the number of fundamental basis functions and the

number of higher order basis functions equals the initial num-
ber of degrees of freedom in the cross-section displacement
approximation;



R.F. Vieira et al. / International Journal of Solids and Structures 51 (2014) 575–598 597
� a change of basis is considered taking in account a transforma-
tion matrix constructed by the fundamental and higher order
basis functions, the problem is rewritten in the new set of
coordinates;

The eigenvalue problem is solved for the new coordinates, being
the same eigenvalues obtained, i.e., the transformation is isospec-
tral, which means that the initial set of equations was not modified
during all the process. Moreover, the eigenvalues of a particular
deformation mode can be obtained with a reduced model by con-
sidering only the relevant displacement modes.

Regarding other beam theories for the analysis of thin-walled
structures, the presented higher order model has the advantage
of having a general application regarding the cross-section geome-
try by adopting a unified procedure and also, due to the consistent
definition of the corresponding deformation modes through the
solution of the respective governing equations, the model allows
to accurate represent the three-dimensional behaviour of thin-
walled structures. The model has an hierarchic capability that
stems from the definition of the corresponding deformation
modes, being therefore possible to obtain a reduced model consis-
tent from a structural behaviour perspective.

The higher order model allows to establish a set of uncoupled
beam-like equation with a physical interpretation due to the con-
cept and criterion adopting for uncoupling the corresponding
deformation modes, being therefore efficient and an alternative
to more sophisticated shell finite elements. Some examples have
been presented, being the results compared in terms of stresses
with the results obtained through a three-dimensional finite ele-
ment model of shells implemented in Abaqus (2006). The compar-
ison of results is fairly good, in particular if one bears in mind that a
one-dimensional model is being compared with a complex three
dimensional finite model (Abaqus, 2006). Moreover, the three-
dimensional model provides results in terms of stresses not allow-
ing to immediately identify the decomposition of such stresses in
terms of the associated structural phenomenon.

Appendix A. Thin-Walled beam coefficient submatrices

The matrices ki
j are obtained from the deformation energy func-

tionals as follows: from the functional defined in (24),
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from the functional defined in (27),
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and from the functional defined in(30),
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