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Two oscillation theorems for even-order equations x(1) +p(1) f(x(2), x{h())) =0
are established. These results are the extensions of those reported by Hamedani for
the second-order equation x"(¢) + p(1) f(x(¢), x(h(¢)))=0.  © 1989 Academic Press, Inc.

INTRODUCTION

The purpose of this paper is to study the oscillatory behavior of the
differential equation

xe) + p(1) f(x(1), x(h(D) =0, 1>1, (M

where n is even, n > 2. We shall restrict our attention to those solutions of
(1) which exist on some ray [T, co), where T > t,, and which are nontrivial
in any neighborhood of infinity. Such a solution is called oscillatory if it has
arbitrarily large zeros. Otherwise, the solution is said to be nonoscillatory.
An equation is said to be oscillatory if all of its solutions are oscillatory.

For the sake of completeness, we shall first state a few conditions and
recall various oscillation results concerning the equation

x"(t) + p(1) f(x(1), x(h(1))) = 0. (2)

Conditions:

(C1) peClty, ), p(1)20, 12103
(C,) heClitg, ©), g(t)<h(t), and O<k< g'(1)<1;
(C3) feC(RxR), R=(—0, o), and f(x, y) has the sign of x and
y when they have the same sign;
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(C,) there exists M >0 such that, uniformly for x > M,

lim inf
|yl = o0

f(x, y)I Se>0:
y

(Cs) limsup,_, {7 p(s)ds=oo;

(Ce) limsup,_ ' "(1/m!) i (1—u)"""' p(u)du= oo, for some m>2;

(C;) heC[ty, ©), h(r)<t, for t2 1y, lim, , A1) = o0;

(Cq) limsup,_, . tf;” p(s)(h(s)/s) ds>c~", where c is as in (C,);

(Cy) limsup, ... ff%,p(s)ds>c™", where ¢ is as in (C,) and
y(t)=sup{s =1l h(s) <t} for t>1y;

(Cro) 5 pls)(A(s)/s) ds < oo;

(C,,) there exists a positive integer K such that ao(t)=dc {° p(s)
(h(s)/s)ds and a,,(1)={7" a2, (s)ds+xo(t) are defined for m=1,2,..,K—1,
but lim,_, , [i a%_,(s)ds=co, where ¢ is as in (C,) and ¢ is a constant,
0<do<l1;

(Cp) @

pointwise fo

(1) is defined for m=1, 2, ..., such that lim,, ,  2,,(f)=o
all large 1.
Remarks 1. (i) Travis [6] proved that under conditions (C,;)~(Cs) all

solutions of (2) are oscillatory.

(i) In [8], Yeh showed that under conditions (C,)-(C,) and (Cs)
all solutions of (2) are oscillatory, extending the result in (i).

(iii) Recently, Hamedani [4] reported that under conditions (C,),
(C5), (C,), (C,), and either (Cg) or (C,) all solutions of (2) are oscillatory.

(iv) Hamedani [4] also showed that under (C,), (C,), (C,), (C,),
(C,o), and either (C,;) or (C,,) all solutions of (2) are oscillatory,
extending the results of Yan [7] for the linear case x"(t) + p(t) x(h(¢))=0.

In a recent paper, Grace and Lalli [2] extended Yeh’s result (ii) to
Eq. (1) without further restrictions on the functions involved. In this paper
we shall extend the results given in (iii) and (iv) to Eq. (1) without further
restrictions on the functions involved.

RESULTS

The following lemmas are basic for our discussions. The first two are
taken from [3], the third from [1], and the fourth from [5]. They are
given here for the sake of completeness.
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LEMMA 1. Let x be a positive, n times differentiable function on [ t,, o).
If x")(1) is of constant sign and not identically zero in any interval [t,, o),
then there exists t, > t, and an integer j, 0 < j<n with n+ j even for x'” >0
or n+j odd for x"" <0, such that j>0 implies x*(t)>0 for t>1t,
(k=0,1,..,j—1) and j<n—1 implies that (—1)" *x*®()>0 for t>1t,
tk=jj+1,.,n—1)

LEMMA 2. If the function x is as in Lemma 1 and x" (1) x*(1) <0 for
t=t,, then for every A, 0 <A <1, there exists an M, >0 such that
x(A) =M, "~ x|

for all large t. In addition, if lim,_,  x(t)#0, then there exists M, >0 such
that

x(t) 2 Myt" ! [x" D))
for all large 1.

Lemma 3. Let (C,) hold and let x(t)e C*[T, ), x(t) >0, x'(1)> 0, and
x"(t) <0 for t=>T. Then for each k, € (0, 1) there exists a T, > T such that

x(h(1)) =k, @x(t), t2T,,

LemMMA 4. Let x(t)e C*[T, ) with x(¢) >0, x'(t) >0, and x"(t) <0 for
t=T. Then for each k,€ (0, 1) there is a T,,> T such that

x(t)Z kytx'(1), for t>T,,.

Observe that in Lemma 4, the choice of k, e (0, 1) is arbitrary, while in
Lemma 2, for n=2, the M, “exists.”

THEOREM 1. Under the conditions stated in (iii), Eq.(1) is oscillatory.

Proof. Wlog, in (C,), we may assume liminf,, . |f(x, y)/y|>c
uniformly in x> M. In view of (Cg) or (C,) it suffices to consider only
unbounded solutions.

Let x(¢) be a positive unbounded nonoscillatory solution of Eq. (1) on
an interval [¢,, ), t; = 1t,. Let ¢, =1, be chosen so that

h(t) =1, forall t>1,.

Then x(h(t))>0 for all > ¢,. From (1) and (C,), it follows that x"(¢) <0
for t>t,. By Lemma |, there exist an odd integer j, 1< j<n—1,
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and a t3>1, such that x®¥(t)>0 for t>1; (k=0,1,.,j—1) and
(—1)Y* *x®(t)y>0for 1>ty (k=j, j+1,.,n—1).
Integrating Eq. (1) from ¢ to oo (¢>1t;), we have

x(n~1)(,)>f°° p(s) f(x(5), x(h(s))) ds. (3)

t

Now suppose that (Cg) holds. If j=1, then x"(t)<0 for t>1;. By
Lemma 3, for each k, € (0, 1), there exists ¢, = t; such that

h(1)
x(h(2)) =2k, Tx(t), for t>1,. (4)
Let k,€(0, 1). If n=2, then by Lemma 4, there exists a f5> ¢, such that

x(t) 2 kytx" (1),  for t>ts.

On the other hand, if n> 2, by applying the second half of Lemma 2 and
observing that M,t" ' >k, for all ¢ sufficiently large, we again obtain

x(t) = kytx" = D(1), for t>1s,

for some 15> t,. Combining this with (3) and (4) yields

x()2kat [ p(s) f(x(s), x(h(s)) ds

!

N PRLCIECU UL
> kileyx(1) inf <f(x—(2hw> zjlw p(s)@ds,
for 13 t,. From this inequality we see that
e >k k 1i{r:s2ptfr°° p(s)@ds. (5)
From (5) and (C), it follows that
¢! <a=limsup j[m p(s)f'-(;s-)dm 0. (6)

From (5) and (6), observing that k,, k, € (0, 1)} are arbitrary, we obtain the
contradiction ¢ '<a<ce™.



OSCILLATION THEOREMS 393

If 3<j<n—1, then by Lemma 2, there exists ¢, such that
XU 2 My X)) for t> 4. (7)

By Taylor’s formula and Lemma 1, we have

U-I(T, »
X0 =X(To) 4+ ¥ (TNt~ Ty + - + = 1= 7y
() p%
al Jgtl)(t_To)j
x(jfl)(TO) P
W(t—To) , (8)

and
XU (1) = xY ™ (To) + xN(To)(t — To) +

< xYU=D(Tg) + x(To)(t — To), 9)

where Ty=max{fq, t.} <tf, t¥ <t
From (8) and (9), it follows that there exist M; >0 and ¢, = T, such that

x() =M, 2xVU=(),  for (>t (10)

Since xY~Y(1)>0, xY(t)>0, and xY*'(t)<0, by Lemma3, for
k,€ (0, 1), there exists tg > ¢, such that

ffwmmzhﬂ?ff“m for 1>15. (11)
Now from (3), (7), (11), and (Cs), for 1> 15, we have
X003 Myt [ pls) f(x(s), x(h(s))) ds

= M(M’}L{m

;klet"*fj p(s) s 2T ki) >x“‘"(s)ds

o o h h

)ds. (12)
Using (10) in (12) we obtain

W~ (s) (f(X(S), x(h(s)))
x(h(s))

1>k1M2M3t"‘jJ p(s) )ds, for t=1t,,

(13)
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where 1o =max{t,, tg}. Let 1,,>1, be such that A(¢)>1 and for a fixed,
but arbitrary k, e (0, 1), M, M;t" /= k,t, for all 1= t,y. Then from (13) it
follows that

© h
¢ ' >k, k, lim supzf o) M 4 (14)
t A

11— ¢

which is identical to (5). The rest now follows as in the case of j=1.
If j=n—123, then by Lemma 4, for k, € (0, 1), there exists ¢#,, such that

X" 2 kytx (1), for t=1,,. (15)
From (3) and (15), we have

S(x(s), x(h(s)))

x(nfz)(t)Zkztfo p(s)< X" D(h(s))

)x‘"“z)(h(s))ds, for t>=1¢,,.
(16)

By Lemma 3, for k£, € (0, 1), there exists ¢,, > ¢,, such that
h(t
x"TD(h(t)) = k, —(t—)x‘"*z)(z‘), for t=1,. (17)
The argument used in obtaining (10) holds in this setting, hence, for some
M;>0and h(t) = ¢,
x(h(1)) = M3h" (1) X"~ 2(h(1)).

By (C,), wlo.g, we may assume M;h" 3()=1 for all t>1;=
max{t,, ,,}. Thus,

x(h(2)) = x"~D(h(1)), for t>1,,. (18)
Combining (16), (17), and (18) yields

h(S) a2y, J(x(s), x(h(s)))
——;—x‘ (s) ) ds
: ff(JC(S), x(h(s))) *© h(s)

ZX("_z)(t) SH;I x(h(s)) klkth. p(S)TdS for 121;.

) 2kt [ ps)

From this we obtain (5) and the argument proceeds as in the case of j=1.
The case where (C,) holds instead of (Cg) follows in a similar manner.

To give another set of sufficient conditions for the oscillation of (1), we
need the following lemma.
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LeMMA 5. Assume (C,), (Cs), (C,), (Cy), and (C,g) hold. Let x(t) be a
nonoscillatory solution of (1) and its corresponding j (as in Lemmal) be
given. Then,

~ X D(2)/xY = D (Ar) if 1<j<n—1,ande(0,1)
w(t)_{x‘"*”(t)/x‘”'z)(t) if j=n-1,

satisfies
j © Wis) ds < oo, (19)
and
00 ) © h(S)
j Ww(s) ds+kdj pls) == ds < w(z), (20)

for t sufficiently large, where d>0 may depend on x(1), 0<k <1 is an
arbitrary constant which is independent of x(t).

Proof. We will give the proof for the case 1 <j<n—1 (the proof for
j=1or j=n—1 is similar). W.lo.g., we may assume x(z})>0 for all ¢
sufficiently large. In view of the argument given in the proof of Theorem 1,
for any k,, 0 <k, <1, there exists #3 > t, such that

0=x"A(1)+ p(z) f(x(z), x(h(1)))

h
:_x(n)(t) + p(t) X(h([)) (f(X()tci’h.:t())(t))))
> x" (1) + k, M5 p(1) Ii‘—t—gt—)x(j‘”(t) (%’@) for 121,

(21)

in which we have used (10) and (11), respectively.
Let w(z) =x""Y(t)/xY~ V(). From (21), we have

x(n‘l)(t) x(j)(,lt) . hjfl(t) f(X(t), X(h(t)))
W—+k1M3 p(t) ( X(h([)) )SO’

w(t)+ A

and, applying Lemma 2 to x"(4r), we obtain

W) (f(X(t), X(h(t)))><0_

w(t)+ AM 1" 7w (1) + k, M5 p(t) - 1))

409/141/2-7
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Now, from (C,) and x'(z) >0, lim, _, , x(#(¢)) tends monotonically upward
to either a positive finite value or + co. In either case, there exists a d>0
such that

SO0, X))
() 0 °

for all ¢ sufficiently large. Moreover, for ¢ sufficiently large, AM, " 7/ ' > 1
and M;h’~%(t) 2 1. Thus for all ¢ sufficiently large,

w(t) + wi(t) + k, dp(t)h—(tt—)SO. (22)

The rest follows as in Lemma 2 from [7, p. 381].
Following [7], we consider the sequence of functions
{o,.()}, m=0,1,2,..,te[t,, ), (23)

where
oo h s]
oolt) = 6cj p(s) —iss—)ds, (1) =J al, (s)ds+ao(t), m=12, ..,
and ¢ is a constant, 0 <J < 1. We can now state the following results:

THEOREM 2. Let (C,), (Cs), (C,), (C,), and (C,y) hold, and let there
exist a constant d,0< 8 <1, such that one of the conditions (C,;) or (C,,)
is satisfied, then Eq. (1) is oscillatory.

Proof. It is easy to see that (C,,) implies
j@ foop(s)fl%dsdtzoo. (24)

To show that (Cj,) also implies (24), we assume that [* * p(s)
(h(s)/s) ds dt < oo and obtain a contradiction.
It can be seen that, for any 5 >0,

tfloo p(s)@%dSSm

for sufficiently large ¢, and hence

|7 pto ™ as<".

N
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Thus,

o h(s oc
ao(t) = dc { p(s) (T) ds < —tﬁ,

for all large :.
Choose 1 >0 so that ¢, = cn < i, then we have

a,(t)<cy/t, n=12 .,

where ¢, =c¢2 | +co. The sequence {c,} is bounded by (1 —./1—4c,)/2

and hence
1_:____ V' 1—4¢ n=1.2

1)< -
o, (1) <

which contradicts (C,,).

In view of the above facts, it suffices to prove that (1) does not have
unbounded nonoscillatory solutions. Noting that in Lemma 5, since x(7) is
unbounded, we may take d= ¢, the rest of the proof follows from Lemma 5
and the argument given in [7, p. 382].

CoroLLARY. Let (C,), (C,), and (C,o) hold. If Fe C(R), yF(y)>0 for
y#0, f(x, y)=F(y) satisfies (C,), and if there exists a constant 9,
0 <0 < 1, such that one of the conditions (C,,) or (C,,) is satisfied, then the
equation

X"ty + p(t) F(x(h(t)))=0, R even, (25)
is oscillatory.
Remarks 2. (a) If n = 2, then Theorems 1 and 2 (including the corollary)

become Theorems 1-3 in [4].

{(b) Coroliary 4, Theorem 5, and Corollary 6 of [7] can be easily
formulated for Eqgs. (1) and (25) extending some well-known oscillation
criteria. (See Remark 3 of [4].)

(c) The nth-order equations given in Examples 1 and 2 of [27 satisfy
the hypotheses of our Theorem !. Hence they are oscillatory by our
criterion as well. However, unlike [2, 6], we do not require a minimum
linear growth rate for the delay A(r). Thus, a delay such as h(¢)=1In(z) is
allowed in our theorems.
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