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Abstract This study compares the dynamic behaviors of the Lorenz systemwith complex variables to that
of the standard Lorenz system involving real variables. Different methodologies, including the Lyapunov
Exponents spectrum, the bifurcation diagram, the first return map to the Poincaré section and topological
entropy, were used to investigate and compare the behaviors of these two systems. The results show that
expressing the Lorenz system in terms of complex variables leads to more distinguished behaviors, which
could not be achieved in the Lorenz system with real variables, such as quasi-periodic and hyper-chaotic
behaviors.
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1. Introduction

In 1963, the concept of chaos was introduced by Edward
Lorenz via his 3D autonomous system [1]. Over time, interest in
the complex dynamic behaviors of nonlinear systems increased,
due to their potential applications in different fields, such as
detecting changes of biological signals (mostly EEG) in different
abnormalities [2], data and image encryption [3], studying
sunspot cycles [4], and lasers [5]. Consequently, a large number
of novel systems have been developed based on the original
Lorenz system [6–9].

A more complex form of dynamic behavior, hyper-chaos,
was introduced by Rössler in 1979, as a higher form of chaos,
with at least two directions of hyperbolic instability on the
attractor [10]. In contrast to chaotic attractors, the hyper-
chaotic attractor has attracted more attention owing to its
higher complexity, which makes it harder to predict. Since
messages masked by simple chaotic systems are not always
safe, the use of higher dimensional hyper-chaotic systems
to secure communication, and data and image encryption
has been suggested because of their higher unpredictability
[11–13]. By definition [10], complex hyper-chaotic behavior
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cannot be observed in 3-D systems. So, in order to achieve
hyper-chaos, one should always add at least one extra variable
to the three variable Lorenz equations [6,8,14–18].

Choosing different feedback controllers to the Lorenz
equations can lead to different chaotic and hyper-chaotic
systems. Many researchers [6,8,9,14–21] have introduced their
hyper-chaotic systems by adding extra variables to the Lorenz
equations. In contrast, in this paper, we show that, indeed,
simply changing Lorenz variables to complex forms not only
keeps the chaotic dynamics of the Lorenz equations but will
also change the system into a higher dimensional system,
where it has the potential to be hyper-chaotic for some ranges
of parameter value. There are numerous ways to evaluate
chaotic behavior in systems, such as estimation of the fractal
dimension [22–24], correlation dimension [24], Lyapunov
Exponent spectrum [24,25], and bifurcation diagram [24,26]
etc. Here, we investigate the level of chaos in our system
through numerical simulations by means of computing the
Lyapunov Exponents spectrum, bifurcation diagram, first return
map to the Poincaré section, topological entropy of the first
return map, and the phase diagram.

In the following sections, first, the two Lorenz system forms
that are based on real and complex variables are described, and
then the requirements of chaotic and hyper-chaotic behaviors,
and our methods for measuring them are briefly explained.
Subsequently, the results of our analysis on the behavior of
these two forms of Lorenz system are reported and finally in
the conclusion and discussion section, the main distinguished
dynamical and behavioral features of the complex form of the
Lorenz system are compared with those of its standard real
form.
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2. Complex and real Lorenz systems, and methods to
quantify their behaviors

The Lorenz system is described as [1]:

f :

ẋ = a(y − x)
ẏ = cx − y − xz
ż = xy − bz.

(1)

Some important basic features of this system are:

1. It is autonomous, which means that time does not explicitly
appear on the right hand side.

2. The equations involve only first order time derivatives, so
the evolution depends only on the values of x, y, and z at the
time.

3. Due to the terms of xz and xy in the second and third equa-
tions, the system is non-linear.

4. The system is dissipative when the following inequality
holds:

∇f =
∂ ẋ
∂x

+
∂ ẏ
∂y

+
∂ ż
∂z

= −a − 1 − b < 0.

Since parameters a and b, denoting the physical characteris-
tics of the air flow, are positive, the inequality always holds
and, thus, solutions are bounded.

5. The system is symmetric, with respect to the z axis, which
means it is invariant for the coordinate transformation:

(x, y, z) → (−x, −y, z)

The dual form of the Lorenz system expressed in terms of
complex variables is described by a similar formula [7]:ẋ = a(y − x)
ẏ = cx − y − x∗z
ż = xy − bz

(2)

where x, y, and z are complex variables defined as x = x1 +

ix2, y = y1 + iy2, z = z1 + iz2.
The basic features of this complex form of Lorenz system

are similar to the aforementioned features. That means it is
autonomous, non-linear, dissipative with bounded solutions,
symmetric with respect to the z axis, and involves only first
order time derivatives. Besides, this complex form is equal to
the third order Lorenz when the imaginary part of all variables
is equal to zero.

Chaos is described as the irregular, unpredictable behavior of
deterministic, non-linear dynamical systems. In order to have
chaotic behavior, simultaneous stretching and folding in the
dynamics of the systemare essential [27,28]. Stretching ensures
the sensitivity to initial conditions and folding guarantees
that the attractor is bounded [29]. Stretching and folding
are equivalent to positive and negative Lyapunov Exponents,
respectively. Therefore, in chaotic dynamics, stretching in one
direction is observed by the existence of one positive Lyapunov
Exponent in that direction [30]. For instance, in the three
dimensional Lorenz system, certain values of parameters lead to
a chaotic system with a hyperbolic instability in one direction;
this chaotic behavior shows itself by one positive Lyapunov
Exponent.

Hyper-chaos is a more complex form of chaos. In order
to achieve hyper-chaos, the important requirements are as
follows [6]:

1. The system should have a dissipative structure.
2. The smallest dimension of the system should be at least four.
3. The number of terms giving rise to instability should bemore
than one, which means the system should expand in at least
two directions, at least one of which should have a nonlinear
function.

As mentioned above, Requirements 1 and 2 are already
satisfied for the Lorenz system involving complex variables.
To satisfy the third requirement, the existence of at least two
positive Lyapunov Exponents is necessary [14]. Therefore, in
order to prove hyper-chaotic behavior in the complex form of
the Lorenz system, we evaluated the presence of these two
positive Lyapunov Exponents.

Using the method reported by Wolf et al. [25], the corre-
sponding Lyapunov exponent spectrums of the real and com-
plex Lorenz systems were computed by fixing two parameters,
a = 10 and b = 8/3, and varying the third parameter, c , as the
control parameter. The initial conditions in all these simulations
are the same and are equal to


x10, x20 , y10 , y20 , z10 , z20


=

[0.1, 0.2, 0.3, 0.4, 1, 2].
In addition, the bifurcation diagram was plotted for our

systems, which is the most useful graphical representation
of the sequence of bifurcations that take place in the system
when the control parameter changes [26]. Also, the first return
map to the Poincaré section and the topological entropy of the
first return map were computed to check the complexity in
dynamics for both complex and real based Lorenz systems.

The first returnmap to the Poincaré section is a common tool
for analyzing the existence and stability of periodic trajectories
of dynamical systems. It is defined on a hyper-surface formed
by a Poincaré section, which is transverse to the trajectory
of the system [31]. In this study, these maps were formed
by plotting the local maxima of the variable, z (in the Lorenz
system with real variables), and the real part of the variable,
z (in the Lorenz system with complex variables), against their
next local maxima (at c = 30).

The topological entropy quantifies the degree of complexity
of a trajectory and it is the most important quantity related to
the orbit growth [32]. We used the symbolic dynamics of the
first returnmaps at c = 30 to compute topological entropies by
visualizing the complexity of the first return maps in the space
of symbol sequences [33]. Comparing the topological entropy of
both systems provides a finer distinction between the states of
their complexity.

3. Dynamical analysis of the Lorenz system involving
complex variables

The corresponding Lyapunov Exponent spectrums of the
System (1) (real form of Lorenz equations), and System (2)
(complex form of Lorenz equations), are shown in Figures 1
and 2, respectively. Also, the bifurcation diagrams of the state
variables, z, in System (1), and z1 in Systems (2) are shown
in Figures 3 and 4, respectively. Considering Figures 1–4, one
can see that the bifurcation diagrams of both systems are
in complete agreement with their corresponding Lyapunov
Exponent spectrums.

Figures 1 and 3 demonstrate that System (1) is chaotic for
some specific ranges of the parameter, c . Regarding the complex
form of Lorenz, based on Figures 2 and 4, it is obvious that
this system is chaotic for small ranges of parameter c , and
it is hyper-chaotic for a very wide range of parameter c. The
numerical analysis shows that this complex form of Lorenz
could evolve to quasi-periodic orbits as well.

Based on Figure 1, some critical values of parameter c , and
their corresponding Lyapunov Exponents are listed in Table 1
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Table 1: Some critical values of parameter c and their Lyapunov exponents for System (1).

c 1 23.9 69.8 71.5 92.2 100

λ1 −0.00907 0.715651 0.236959 0.030498 0.009054 0.013227
λ2 −2.66223 0.000308 −0.32936 −0.61033 −0.17723 −0.03342
λ3 −10.9789 −14.3071 −13.5473 −13.0569 −13.4799 −13.6265
Figure 1: Lyapunov exponents spectrum of the Lorenz system involving real
variables.

Figure 2: Lyapunov exponents spectrum of the Lorenz system expressed in
terms of complex variables. (a) Auto-scaled; and (b) magnified.

Figure 3: Bifurcation diagram of the Lorenz system involving real variables.

for System (1). The dynamics of the system are visualized
accurately in its bifurcation diagram, shown in Figure 3; the
Figure 4: Bifurcation diagram of the Lorenz system involving complex
variables.

Figure 5: First return map of the Lorenz system with real variables for c = 30,
when the Poincaré points are the local maxima of variable z.

critical points are the points at which there is a sudden change
in the behavior of the system.

In the sameway, the critical parameter values for the System
(2), and their corresponding Lyapunov Exponents are listed in
Table 2. One should note that these values are different from the
critical parameter values of System (1).

Considering Figures 1 and 2, and Tables 1 and 2, we see
that the dynamics of the two systems change by increasing
parameter c . Besides, Systems (1) and (2) have different
dynamical behaviors for different ranges of parameter c. This
difference is summarized in Table 3.

When c = 30, the behavior of System (1) is chaotic, and
the behavior of System (2) is hyperchaotic. The first return
maps of both systems for this parameter value are shown in
Figures 5 and 6. When visualized, as shown in Figure 5, for
the Lorenz system with real variables, the map is unimodal
with two monotonic branches split by a cusp. The point that
separates the inreasing branch and the decreasing branch is a
non-differentiable maximum point.

In contrast, the Poincaré first returnmap is not unimodal for
the Lorenz systemwith complex variables, as shown in Figure 6.

These maps, specially the one for System (2), are pretty
complicated. The convergent approximations of the entropy for
both maps were computed and are shown in Figures 7 and 8.
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Table 2: Some critical values of parameter c and their Lyapunov exponents for System (2).

c 1 3 3.5 5.1 6 15.4 27.5 27.8 50 100

λ1 −0.00451 0.004348 0.002791 0.795696 1.558108 0.221139 0.093971 0.500816 7.507858 9.141735
λ2 −0.00834 −0.14935 0.001162 0.153863 0.005425 0.005762 0.007655 −0.02163 0.062105 0.099071
λ3 −2.66177 −0.15614 −0.03026 −0.00341 −0.00118 −0.43745 −0.31439 −0.05344 −0.00125 0.000136
λ4 −2.66288 −0.28416 −0.03884 −0.02571 −0.32573 −0.49748 −0.6361 −0.16921 −1.67095 −1.72657
λ5 −10.9796 −13.35 −13.6179 −13.6495 −12.5572 −4.13576 −0.69013 −1.65545 −4.84548 −3.98444
λ6 −10.9832 −13.3709 −13.6277 −14.5654 −15.9937 −22.1385 −25.6568 −24.9473 −11.5099 −8.36789
Table 3: Different behaviors of Systems (1) and (2) in different ranges of parameter c , and a comparison between the two systems.

c 1–3.1 3.1–3.5 3.6–4.2 4.3–23.9 23.9–24.7

Behavior of System
(1)

Fixed point Fixed point Fixed point Fixed point Transient chaos (one positive
Lyapunov exponent)

Behavior of System
(2)

Periodic Quasi-periodic Chaotic Hyper-chaotic Hyper-chaotic

c 24.7–26.7 26.8–27.5 27.6–27.8 27.9–99.6 99.6–100

Behavior of System
(1)

One positive
Lyapunov exponent

One positive
Lyapunov exponent

One positive
Lyapunov exponent

Chaotic Periodic

Behavior of System
(2)

Hyper-chaotic Chaotic Periodic Hyper-chaotic Hyper-chaotic
Figure 6: First return map of the Lorenz system with complex variables for
c = 30, when the Poincaré points are the local maxima of the real part of
variable z.

Figure 7: Topological entropy of the first return map to the described Poincaré
section of the Lorenz system involving real variables for c = 30.

The topological entropy of the first return map for System
(2) is greater than the topological entropy of System (1). This
shows that the Lorenz system expressed in terms of complex
variables is more complex for this value of parameter c.

As mentioned in Table 3, the behaviors of System (2)
changes for different values of parameter c . Figures 9 and 10
demonstrate some phase portraits of System (2) for some of
these values when the behaviors are periodic, quasi-periodic,
chaotic or hyper-chaotic.
Figure 8: Topological entropy of the first return map to the described Poincaré
section of the Lorenz system with complex variables for c = 30.

Figure 9: Periodic and quasi-periodic phase portraits of the Lorenz system
involving complex variables when a = 10, b =

8
3 and: (a) c = 3, (b) c = 27.7,

and (c) c = 3.5.
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Figure 10: Chaotic and hyper-chaotic behavior of the Lorenz system for a =

10, b =
8
3 and (a) c = 3.7, (b) c = 27.8, (c) c = 5.1, and (d) c = 51.

4. Conclusions and discussion

This paper explains the dynamics of the Lorenz system
involving complex variables, and compares it to the Lorenz
system with real variables. Both systems have the same
structure and features; they are autonomous, non-linear,
dissipative with bounded solutions, symmetric with respect to
the z axis, and they involve only first order time derivatives. The
phase portraits, Lyapunov Exponents spectrums, bifurcation
diagrams, first return maps to the Poincare sections and the
topological entropies of the systems prove that it is possible to
have hyper-chaos in the dual form of the system expressed in
terms of complex variables. Indeed, the steady state trajectory
of this system can be attracted to a limit cycle, a torus, a chaotic
attractor or even a hyper-chaotic attractor as shown in Figures 9
and 10.

Two systems are different in their behavioral and dynamical
features; the main differences between the behavioral features
of the Lorenz system with complex variables and the Lorenz
system with real variables are described as:

1. The existence of a limit cycle in the Lorenz system with
complex variables, when the Lorenz system with real
variables is attracted to a fixed point or a chaotic attractor.

2. The existence of a torus attractor in the Lorenz system
with complex variables, when the Lorenz system with real
variables is attracted to a fixed point.

3. A chaotic attractor in the Lorenz system with complex
variables, that is more complex than the chaotic attractor in
the Lorenz system with real variables. This complex chaotic
attractor of the Lorenz systemwith complex variables exists,
evenwith parameter values inwhich the Lorenz systemwith
real variables is attracted to a fixedpoint. Although the phase
portrait of the Lorenz system with complex variables in
chaotic mode is somehow complex, having just one positive
Lyapunov Exponent in these cases proves that the system is
in chaotic mode.
4. A complex hyper-chaotic behavior in the Lorenz systemwith
complex variables in certain parameter values, while the
Lorenz systemwith real variables is attracted to a fixed point
or have chaotic behavior in the same parameter values. In
this situation, the Lorenz systemwith complex variables has
two positive Lyapunov Exponents and the phase portrait of
the system is more complex than chaos.

The main dynamical differences between the Lorenz system
with complex variables and the Lorenz system with real
variables are described as:
1. For some ranges of parameter c , the Lorenz system with

complex variables has no positive Lyapunov Exponent. For
some ranges it has one, and for a wide range of parameter c ,
it has two positive Lyapunov Exponents.

2. Comparing the bifurcations diagrams,we see that the Lorenz
system with complex variables has more fixed points in a
larger space than the Lorenz system with real variables for
the same parameter values.

3. The first return map to the Poincaré section at the local
maxima of variable z is unimodal in the Lorenz system
involving real variables, while the return map to the
equivalent Poincaré section at the local maxima of the
real part of variable z for the Lorenz system with complex
variables is very complicated and not unimodal.

4. For c = 30, the topological entropy of the Poincaré first
return map of the Lorenz system with complex variables
converges to 0.5633, while it converges to 0.235 for the
Lorenz systemwith real variables. This implies the existence
of more complex dynamics in the Lorenz system expressed
in terms of complex variables.

The idea that a system involving complex variables has
more complicated dynamical behaviors was studied in this
article, through simulations and numerical analysis in the
Lorenz system. In future, this issue should be expanded to other
systems. Also, in order to be able to generalize these findings, a
mathematical study should be implemented.
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