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Let T be an absolutely continuous contraction acting on a Hilbert space . For
x, ye A, define x ¥ ye L'(T) by its Fourier coefficients: x ¥ y*(n) = (T*"x, y) if
n=0and x 7 y~(n)=(T"x, y) if n<0. The main technical result of the paper is
that the vanishing condition lim,_, . (]x, ~TwHL|/H") +w¥x, lLym!)=0, wet
implies that lim,_, . ||x, ¥ w| .1 =0, we #. Using known factorization techniques,
we exhibit a Borel set o, such that for any f e L'(g), there exist x, y € # such that
f=(x"7 Y)i,- In the case where T'e A N Cyy, this leads to a simple proof of the fact
that for every fe L'(T) there exists x, y € # such that f=x7 y. In this case we
also show, using dilation theory in the unit disk, that every strictly positive lower
semicontinuous function ¢ € L'(T) can be written in the form ¢ =x  x. Examples
show that this is the best possible result for the class A N Cyy.  © 1998 Academic Press

1. INTRODUCTION

Let o be a separable, infinite-dimensional complex Hilbert space and let
L(A#) denote the algebra of all bounded linear operators on #. A con-
traction Te £ () is absolutely continuous if 7" is completely nonunitary
or if the spectral measure of its unitary part is absolutely continuous with
respect to Lebesgue measure. If Te Z(#) is an absolutely continuous
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contraction, then, for any x, y € #, there exists a function x 7 ye L! such
that the Fourier coefficients of x ¥ y satisfy:

oA (T*"x, y) n=0
(x* ) (n)_{(T_"x, ¥) n<0.

We write D for the open unit disk in the complex plane C, and T for
the unit circle. The spaces L”=L"(T), 1 <p<oo are the usual Lebesgue
function spaces relative to Lebesgue measure m on T. The spaces
H?=H?(T), 1 <p< oo are the usual Hardy spaces. It is well-known [13]
that the dual space of L'/H;, where Hy={feL": ;" f(e")e™ dt=0,
n=0,1,..}, can be identified by H*. If we denote by [ g] the class of
geL'in L'/H|, the duality is given by the pairing:

Slgl>=| fedm  jeH*, gelL'

We denote by A = A(#) the class of all absolutely continuous contrac-
tions TeZ(A#) for which the Sz.-Nagy-Foias functional calculus
@, H* > L (A) is an isometry. In 1988, H. Bercovici and B. Chevreau
have proved independently that if Te A, then, for any function f'e L', there
exists x, ye # such that [f]=[x" y], that is, f"(—n)=(T"x, y), n=0
(see [3], [10]). Notice that if we take f =1, we obtain a nontrivial
invariant subspace for 7.

In this paper, we study the possibility of solving exactly equations of the
form f=x"y (that is, for any neZ, (x” y)» (n)=f"(n)) where f is a
given function in L' and where Te £ (#) is an absolutely continuous
contraction.

In the case where T=S, where S is the usual shift on H? (so that
x? y=xy for x, ye H?), this question has been solved by J. Bourgain in
1986, [9]: The above factorization holds for fe L', f#0 if and only if
log | f| e L'. Notice that if log | f| ¢ L', we can nevertheless find x, y e H>
such that we have f"(n)=(x? y)" (n), n#1, whereas the Bercovici-
Chevreau Theorem gives /" (n)=(x* y)* (n), n<0.

Recall that if 7 is an absolutely continuous contraction on # and if ¢
is a Borel subset of T, then o is said to be essential for 7" (cf., Definition 3.1
in [10]) if:

IADNZ 1 iolles  feH(T).
We will denote by Ess(7) the maximal essential Borel subset for T (see

Proposition 3.3 of [10]). Also denote by 2 (resp. 2, ) the support of the
spectral measure of the unitary part of the minimal isometric dilation (resp.
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minimal coisometric extension) of T and by o, the Borel set Ess(T)\
(Zrul,r).

We show (Theorem 4.3) that if f€ L'(g,), the equation ' = (x ¥ ¥)|s, has
a solution in # x . #. More precisely, for any infinite array (f; ,); ;>
consisting of elements of L'(g;), there exist sequences (xX;);~ |, (¥;);=1 of
A such that f, ;= (x; 7 ). i j=1

Recall that Cy,. = C, () is the class of all contractions 7€ ¥ (# ) such
that the sequence (||7"x|), -, converges to zero for every x € #, and that
C, and C, are defined by C (= (C,.)*, Cyo=C., N C,.. In the case of the
usual shift on H? X,.= &, but if Te AN Cy, then =T, and so T has

the following factorization property:

(L.1) For any infinite array (f; ;); ;~, consisting of elements of L',
there exist sequences (x;);~, (¥;);>, of # such that f; ;= (x; -Tyj), i, j=1.

This property of the class A nC,, was never explicitly stated in the
literature, but it can be deduced immediately from Corollary 6.9 in [ 7] and
Proposition 4.2 in [6] (see Remark 1, Section 5). The main new technical
result of the paper is given by Theorem 3.2 which says that if Te £ (#) is
an absolutely continuous contraction and if (u,,), is a sequence of elements
of A verifying lim,,_, . (||[u, * w]| + |[w ¥u,]|) =0 for every we A, then
lim, ., |u, " w|, =0 for every we #. Using this theorem, we can prove
that every Te A n C,, satisfies (1.1) following the standard Scott Brown’s
approximation scheme developed in [8] (see Theorem B, below).

In the last section we discuss factorizations of the form f=x"x
for positive functions fe L'. We show that, if f is strictly positive and
lower semi-continuous, such a factorization holds for every Te A n Cy,
(examples show that this result is the best possible for the class A N Cy).

The theory of contractions in the class A N C, is based on the following
three results.

THEOREM A (Theorem 10 in [4]). Let Te L (H) be an absolutely
continuous contraction. For any f e L'(Ess(T)) there exist some sequences
(X,)> (V) in A which converge weakly to 0 and such that:

n— oo

I, [ lyall <A, =1

THeOREM B (Corollary of Proposition 7.2 in [8]). Let E, F, G be
complex Banach spaces and let ¢ : Ex F — G be a bilinear map. Suppose that
there exists K> 0 such that for any z € G, there exists a sequence (X,, ¥,),
of elements of E x F verifying:
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lim |o(x,, y,) =z =0

n— oo

2, 1 lya Il < K 2] n=l1
lim ([o(x, y)l +lo(x,, )I)=0  x€E, yeF.

Then, for any infinite array (z; ;); ;= of elements of G and any &> 0, there
exist sequences (u,),~, in E and (v;);~, in F such that:

o(u;, Dj) =Z;; ij=1
Y lull ol <(K+¢) Yzl
i j=1 =1

THEOREM C (Proposition 2.7 in [12]). Let Te ¥ (#) be a contraction
in the class Cy, and let (x,), be a sequence of elements of H# which converges
weakly to 0. Then, for any we #, we have:

lim (J[x, Twll+ 0w T x,11) =0.

The proof of our main result, Theorem 3.2, is based on approximations
of functions in BMOA by functions in H* due to S. V. Kisliakov
([17, 18]) and rediscovered independently by J. Bourgain (Lemma 1 in
[9]) and also on the classical functional model of absolutely continuous
contractions (cf. [20]):

For a separable Hilbert space 2, we denote by L*(Z) the classes of
measurable functions u: T — & such that:

1 2n ) ) 12
|u|2:=<2 [ <uten. u(e”>>gdr> <o,
T Jo

where (-, - >, denotes the scalar product in 2. We denote by L*(2) the
set of all essentially bounded functions in L*(2). If fe L™ = L™(T), we can
define the multiplication operator M, on L*( %) by:

(Mu)(&)=fOu@), uel*(2), <CeT.

In particular, if z denotes the identity map of T (z(&)=¢, £eT), then M.
is a unitary operator. It follows from [20] that for every absolutely con-
tinuous contraction 7, there exists a Hilbert space ¢ and a subspace
H < L*(2) such that:

o A is semi-invariant for M_, ie. P, M", ,=(P, M., ,)",n>1and

e P,M_, , is unitarily equivalent to T.
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In this situation, for every x and y in #, we have:

(x T p)(&)=<(x(&), ¥(&))y,  ae onT.

Also, it follows from Proposition 5 in [2] that £ and J# can be chosen so
that L*(2)n A is dense in .

The fact that L™(2)n # is dense in # allows us to reduce the proof
of Theorem 3.2 to the case where we L*(Z)n#. We can then use
approximation results of Section 2. In this section we present, in a slightly
more general form, the method of Kisliakov—Bourgain to approximate,
with respect to L?-norm, functions in H”, p>4 (and thus functions in
BMOA) by functions in H* with some control on the H“-norm.

The results of Section 5 are based on the theory of compressions for
contractions in the class Ay (see [6]). Recall that 4" is said to be a
semi-invariant subspace for Te £ (#) (write Ke SI(T)) if A4 =M N+
where N <. # and 4, NV € Lat(T) (Lat(T) denotes, as usual the lattice of
all invariant subspaces for T'). If # e SI(T), the operator T, :=P,, T,,,
where P, denotes the orthogonal projection of J# onto 4, is called the
compression of 7' to 2 and we also say that 7 dilates 7,. Remark that
if #eSIT) and if x, ye #', then x T y=x " y. In [6] it is proved that
if TeAy,, then T has a compression which is unitarily equivalent to an
arbitrary diagonal operator with eigenvalues in the open unit disk.

2. APPROXIMATION BY H* IN H? AND BMOA

We denote by N* =N*(D) the Smirnoff class, which can be defined as
the algebra of all holomorphic functions f in D such that f' = Ag where 4
is an inner function and where g is an outer function (see, for example,
Theorem 4.14 in [19]).

LEmMMA 2.1. Let f be a function of N* and let 6 = 1. Then there exists
a function ge H™, ||g| .. <0, such that:

2+40° . 12
If= gl <y = (L If(e”)lzdt> where

E,={te[0,2n); |f(e")| > ).

Proof. Consider the analytic function g in D defined by g = fG where
G is the outer function

it
(log 6 —log | f(e")]) <ei,+z> dt}.
e —Z

If we set Fy={re[0,2n);|f(e")] <J}, then we get:

G(z) = exp {(1/27[ j

Es
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{Ig(é’ )|=|f( . teF,

lg(e”)| = elsewhere.

Thus, the function g belongs to H* and |g||., <J. It is clear that:

2 f=gli= 1/ =eNe P di+ ] 1(f=g)e)) e

Remark that:

J, 10 =gxe P di=] 1A =Gl dn

If we define the function ¢ in T by:

(p(eit)zoa Z€F¢§
p(e")=log d —log | f(e™)| elsewhere,

then G(e”)=exp {p(e”) +ip(e”)}, te [0, 2n) where ¢ denotes the Hilbert
transform of ¢. Since G( )y =exp {ip(e")}, te Fy, we get:

| Ir=g)enPdi<s® [ 11—expiglen))
F Fy
Using the inequality |1 —e™|?<2x% xe R, we obtain that:

[ =P ar<20* [ Igen)Pdr<2s® [ Ig(en) dr
Fs F, T

J

Since the Hilbert transform is an isometry with respect to the L?norm and
since ¢(e”) =0, te F;, it follows that:

| 1 —g) e dr<20® | lg(en))

Since 6 =1, it is clear that |p(e™)|*> < | f(e™)|? for any t € E;, which implies
that:

J, 1=nenp a2z | ipena

E;
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Moreover, we easily get that:

| 1r=oenra<al ifen?d,
Es E;
and the lemma follows. ||

ProrosiTiON 2.2. 1. Let p>4 and let fe H?. For any ¢€(0, 1] there
exists a function g€ H” such that:

{Ifglz <ellf1,

Igll ., <c,e* =2 | f1, where 0<c,<6Y7~%.

2. Let €€(0,1/2] and let f€e BMOA. Then there exists a function
ge H” and a numerical constant d >0 such that:

If—gl<ellfllzmo
1
lel.. <dtog (1) 1w
Proof. For the first assertion, we may suppose that | f]/,<1. Since
H? <= N* for p>0, there exists a function ge H*, ||g]|., <0, such that:

2 52 ) 1/2
1= gl 2 ([ 1stenpar) 1)

0

where E;={r€[0,2n);|f(e”)|>J}. Applying Holder’s inequality, we
obtain that:

2/p
[ istenrzae<([ 1senirar) mey - )

-0

Moreover, since || f|2 > (1/2r) jEd_ | f(e™)|? dt = (1)2r) 6’m(E;), we obtain
m(Ez) <2n/6”. Hence, we get, for p > 4:

J4+20° /6

[f—gll>< or2—1 T 5p—ay2

For e€(0,1], set 6= (ﬁ/a)z/(p“”. The first assertion follows.
For the second assertion, we may suppose that || /| smo < 1. By using (1)
and (2) for p=3 (for example) and since BMOA = ,_, H”, we get:

If =gl <Ko"m(Es)"*
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for some positive constant K>0. Moreover, by the John—Nirenberg
Theorem (see [ 16]), there exists a numerical constant k>0 such that:

m(Ey) <% exp( — ko).

Hence, we have for some constant ¢, > 0:

I gl < codexp (2

Igll.. <o.

For ¢ small enough set J = 6/k log(1/¢*). We easily get that:

lf—gl.<e

1
lgl.. <dlog <>
&

for some positive constant ¢>0, which completes the proof of the
lemma. ||

COROLLARY 2.3 ([9, 17, 18]). Letee(0,1/2] and let f € L™. Then there
exist gt e H”, g~ e HY such that:

I/ =g+ g )l<elfl.
[T P o - 8 610g< >|f|v

where ¢ is a numerical constant.

Proof. For f el? denote by f(n) the nth Fourier coefficient of / and set

P (f)e) =3, f(n)e™, P_(f)e") =X, f(n)e™. Since P (H*)c
BMOA and since L* embeds continuously in BMO (see [ 15, p. 223]), the
corollary follows immediately from Proposition 2.2. ||

3. VANISHING CONDITIONS
Recall that if 7 is an absolutely continuous contraction, there exists a

w*-w* continuous L*-functional calculus ¥,: L* —» (). This func-
tional calculus is defined by the formula:

(f(T)x,y)=<{fix"y), x,yed, feL™
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It is easy to check that this functional calculus is not multiplicative unless
T is a unitary operator. For H”, we obtain the usual Sz.-Nagy-Foias
functional calculus @ ,. Also, for pe H”, ¥, (@)= ® ;+($) where ¢(z)=
Y=o P(—n)z" (see [5], p. 12).

In this section we use Corollary 2.3 to obtain “vanishing conditions.”
Remark that we do not use the full strength of BMO estimates.

Let T be an absolutely continuous contraction. We use the same nota-
tions as in the introduction. We thus identify # with a closed subspace of
L*(2) semi-invariant for the multiplication operator M. such that
L*(Z)n A is dense in #, and we identify 7" with the compression of M.
to #. For x in L™(2), set ||x|, =ess sup:.y [x(E)].

Lemma 3.1. Let Te L (H) be an absolutely continuous contraction. Let
feLlL” and let xe L*(2) n #. Then we have:

LAT) x| < A0 [l oo -

Proof. We have for ye A,

(AT x, )l =I<fix Ty

=0 | [ e caten, e, a

<Al 1l o 101

The lemma follows. |

THEOREM 3.2. Let Te L (AH) be an absolutely continuous contraction
and let (x,), be a sequence of elements of #. The following assertions are
equivalent:

(i) lim |x, Tw|,=0, weH

n— oo

(i) m ([x, “wll+ 0w x,1D=0,  we.

Remark. Since y "z=z"y, y,ze ', we have |y " z||,= Iz " y|,.

Proof. We only have to prove that if |[x, * w]| + [[w " x,]| = 0 for
every we #, then lim, ,  ||x, " w|, =0 for every we #. Assume that the
sequence (x,,),- satisfies Condition (ii) and let we s#. We have

|(xs W) = 1K1 [, TwID < ILx, Tl
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and so the sequence (x,),-, converges weakly to 0. Let we L™(Z)n .
Then there exists a function ¢, eL”, |¢@,|. =1 such that ||x, " w|, =
(¢, (T)w, x,). Assume that limsup, . [x,” w|,>0. Without loss of
generality, we may suppose that for n>1, |x, w|,>7>0, [x,|<]I,
[w| . <1. By Corollary 2.3, there exist g," e H*, g, € Hy, such that:

T
Hganign‘bgg where gn:g:+grl_

3
les e+ gy 1L <clog (2.

We have:

(@T)w, x,) = (@, = NT) W, x,) + (g,(T) w, x,,).

By Lemma 3.1 and Schwartz inequality, we get |((¢,,— g, )/(T) w, x,,)| <7/3.
Also,

(&(T)w, x,)= (g, (T)w, x,)+ (g, (T)w,x,)
= <g:a [W Txn]> + <§9 [xn TW]>-

Since the sequences (g,"), and (g, ), are bounded in H* and in H{
respectively, and since lim, . (|[x, w]ll+|[w?x,]])=0, we have
(g.(T)w, x,)| <t/3 if n is large enough. Hence we obtain |(¢,(T) w, x,,)|
<2t/3 <7t if n is large enough, contradicting the assertion |x, ¥ w|,>r1.
The theorem follows then from the fact that L*(2) n s is dense in 7. ||

The next Corollary yields information about the continuity of the
L~-functional calculus ¥, in the particular case where T € Cy,.

COROLLARY 3.3. Let T be in the class Cy,. Then, for any sequence
(@n)n=1 in L™ such that ¢, 0, we have lim,,_, . ||¢,(T) x| =0, xe #.

Proof. We will prove the corollary by showing that if (¢,),~; is a
bounded sequence in L* such that limsup, _, . ¢, (T) x| >0 for some
x e A, then the sequence (¢,),~, is not w*-convergent to 0. In this situa-
tion, there exists a sequence (,),-; of elements of J# satisfying ||y,| =1
and

o T) x| =1 T)x, y) =@, x T y,>l.

Recall (see, for example, [12, Proposition 2.7]) that if TeC,. (resp.
TeC ,) and if (z,),- converges weakly to 0, then lim,_, .. [[w ¥ z,]|=0
(resp. lim, . [z, ¥ w]|l=0) for any we . We can assume, without loss
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of generality, that 6 =inf, ., |[¢,(T) x| >0 and that there exists y € # such
that (y,),-, converges weakly to y. Set z,=y—y,. Since TeCy, it
follows then from Theorem 3.2 that lim, ,  |x 7z,||,=0. Since the
sequence (¢,),~; is bounded in L*, we have:

lim [{@,,x"z,>|=0.

Also,

(@uT) %, p) =L@, x " y,> +{@,. x " 2,).
Hence,

lim inf |(¢,(T) x, y)| =lim inf [<{g,, x T y,>|
with

liminf [<@,,x " y,>| =liminf |¢,(T) x| = J > 0.

n— oo n— oo

Since the L*-functional calculus ¥,: f— f(T) is w*-w* continuous from
L” into (), the sequence (¢,),~; is not w*-convergent to 0 in L*,
and the corollary follows. ||

4. L'-FACTORIZATION

We discuss here factorizations of the form f=x ! y where fis a given
function in L' and where T is an absolutely continuous contraction.

The notation and terminology employed herein agree with those in [ 11,
207]. Recall that the minimal unitary dilation Ue #(%) of an absolutely
continuous contraction 7' is also absolutely continuous.

The minimal isometric dilation U, of T is the restriction of Ue £ (%) to
the subspace %, =Span{U"#,n>0}, which is invariant for U. The
operator U, has a Wold decomposition U, =S, @ R corresponding to a
decomposition of %, as <, @ #, where S, € £(¥,) is a unilateral shift of
some multiplicity and Re Z(#) is an absolutely continuous unitary
operator.

The minimal coisometric extension B of T is the compression of U to the
subspaces % = Span{ U"#’, n <0} = Span{ U*"#,n >0}, invariant for U*
(hence semi-invariant for U). The operator B has a Wold decomposition
B=S*®R, corresponding to a decomposition of # as ¥ @® #,, where
Se Z() is a unilateral shift of some multiplicity and where R, € ¥(%,,)
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is an absolutely continuous unitary operator. We denote by O, O,, 4, 4,
the orthogonal projections of % onto &, ., #, &, respectively.

Throughout this section, expressions such as maximality, uniqueness,
and equality of Borel subsets of T are to be interpreted as satisfied up to
Borel subsets of Lebesgue measure zero.

We denote by X', (resp. 2, ) the support of the spectral measure of R
(resp. R,,).

The following lemma is a direct consequence of Theorem 3.2.

Lemma 4.1. Let Te X (#) be an absolutely continuous contraction
and let (x,), be a sequence of elements of A which converges to 0 in
the weak topology. Assume that lim, _ (| Ax,| + |A4,x,|)=0. Then
lim, . [x, " w|, =0 for every we #.

Proof. By Proposition 2.7 in [12], we know that:
lim ILow” 0x,]|=0= Jim [[Q, x, 0wl
Also, for we A,
[wix,]=[Ow?0x,]+[A,w?A4,x,] and,

[x, " wl=[0Qux, ™ Quw]l+[4x, ™ 4,].

Hence lim, , , (|[x, " w]ll+[w "x,]])=0 for every we #. The result
follows then from Theorem 3.2. |

Recall that if 7 is an absolutely continuous contraction on # and if o
is a Borel subset of T, then ¢ is said to be essential for 7 (cf., Definition 3.1
in [10]) if:

IADN=Z o lles  feHT(T).

We will denote by Ess(7) the maximal essential Borel subset for 7 (see
Proposition 3.3 in [10]).

LeMMA 4.2. Let Te L (H) be an absolutely continuous contraction. For
any function feL'(Ess(T)\(X7UZX 7)), there exist two sequences of
elements of A, (x,), and (,), bounded by | f|1* such that:

lim‘ Hf_x}1TynH1=0

lim (|lx, “wily + Iy, “wl) =0,  we.

n— oo
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Proof. Using the standard functional process of approximation of
Bercovici (see [3, 11]), we see that if fe L'(Ess(T)) there exist in # two
sequences (u,), and (v,), which converge to 0 in the weak topology and
such that:

llm Hf_unTUnH1=0
n— o
lu, | <1172 and o, I <If17% n=>1

By Lemma 4.1, it is sufficient to prove that, if f =0 a.e. on 2, U X, ,, we
have:

tim ([l A4, | + 1140, + | Au, | + [ Av, [) =0.

Set 0 = Ess(T)\(2; v X, ) and denote by y, the characteristic function of
0. We have:

u, " v,=0u, " Qv,+A,u,”A,v,.
Identifying again # to a closed subspace of L*(Z), we obtain y, A4, u, =0.

a B
Hence X(r(un : Un) :XO'QMH : Xo’Qvn‘
Moreover, we have

I Quin | < 11Qu, || < lluay Il < 1111172, (3)
e Quall < 11Qu, I < [lo, | < LA (4)

Given that f'e L'(o), it is clear that lim,, , _ || f—x.(u, " v,)|, =0, that is,
m, . || f—x,0u,” . 0v,)|l,=0. It follows from this that

lim I Quull = 1£11% = lim |y, Qv,|,

which implies that, by (3):

lim |u,|= lim [|Qu,|

n— oo n— oo

hm lv,ll= lim ||Quv,]|.
n— oo

It follows from the equalities
o, 12 = 1A, |2+ 11Qu, 12, v, 17 = 4,0, 12 + 1Qv, 1%,

that lim, ., |4, u,| =0=lim,  , [A4,v,].

n— oo
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The proof of lim,, , , |Au,| =0=1im |Av, || uses similar arguments
and is left to the reader. The starting point is the equality:

n— oo

u, -Tvan*un Us Q,v,+ Au, Us Av,. |}

Let f=(f. ;). =1 be an infinite array of functions in L'. We define
I /1l €[0,00] by the formula |[fll,=3, ;= I, We can now
formulate our main result:

THEOREM 4.3. Let Te L (H') be an absolutely continuous contraction
and let ¢> 0.
Then, for any infinite array (f; ;); ;=1 of functions in L' (o;) where

or=Ess(T)\(Z; VX, ), there exist some sequences (x; ),>1 and (¥))=10f
elements of A, bounded by (1+¢) |||}, such that f; ;= Yo, (21,
j=1).

In particular, for any function fe L' (o), there exist xe #, ye H such
that f = (x 7 p),, and || x| Iyl < (1+¢) [ £

Proof. By Lemma 4.2 we know that for any /'€ L'(g ), there exist two
sequences of elements of #, (x,), and (y,), bounded by | f]|}/* such that:

lim Hf_anynleo

n— oo

tim ([x, “wly +ly, T wl)=0,  we.

In particular, we get:

lim Hf_ (xn Tyn)|a'T”l =0

n— oo

hm(H( )|JTH +H(y}7 )|JTH1)=0a M}G%.

n— oo

The proof of the theorem is now an immediate consequence of Proposi-
tion 7.2 of [8] applied to the sesquilinear map A: # x # — L'(g ;) defined
by the formula A(x, y)=(x"y), . 1

In the case where Te An Cyy, we have X p=F =2, rand Ess(T)=T.
Indeed, Te C,. (resp. Te C ;) if and only if X, .= F (resp. 2= ) and
Te A if and only if T = Ess(T). We obtain the following corollary.

COROLLARY 4.4. Let Te L(H) be in the class A n Cyy and let ¢ > 0.

Then, for any infinite array (f; ;); ;=1 of functions in L', there exist some
sequences (x;);=, and (y;);=, of elements of A, bounded by (1 +e¢) | f\*,
such lhatf,.,jzx,-ryj (iz1,j=1).
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In particular, for any function fe L', there exist xe #, ye H such that
f=x"yand |x|| Iyl <(1+e) £

Recall that the class A, consists in those absolutely continuous contrac-
tions 7 for which given any family (f; ;); ;,~, of elements of L'/Hj, there
exist two sequences (x;);», and (y;);>, of elements of # such that
fii=1x -Ty_/-] (i, j=1). By Proposition 42 of [6], if T A,, there exists
a compression 7', of T which is in the class A n C,,, see below. Using
Corollary 4.4 and the equality x " y=x " y for any x, y e .#, we see that
the assertion of Corollary 4.4 is still true under the relaxed hypothesis
T e Ag,. In the other direction, Corollary 4.4 can be deduced immediately
from [6, 7] since A N Cy, = Ay, (see Remark 1, Section 5).

5. SPATIAL FACTORIZATIONS FOR THE CLASS A n Cy,

We discuss here factorizations of the form /' =x  x, where Te A N Cy.
If A=(4,),1s a sequence of complex numbers, we will say that an operator
Te P (H) is A-diagonal if there exists an orthonormal basis (e,),~, of #
such that Te,=/,e, (n>1). Now we state as a lemma a basic result from

[6].

Lemma 5.1 ([6], Proposition 4.2). Let Te Ay,. Then for every sequence
A=(2,),>.1 of elements of D, there exists a compression T , of T which is
A-diagonal.

For re[0,1) denote by P.(t)=(1—r?)/|1 —re”|*> the usual Poisson
kernel, and for A =re”e D, set:

. 1—]4)?
Py(e")=P(0—1)=—0.

A(e ) r( ) |1 _;\‘ez[|2
We will need the following standard fact.

LemmA 5.2. Let =0 be a continuous function on T. Then for every e >0
there exists cy, ..., ¢, =0 and Ay, ..., A,, € D such that:

L <e

Hf Z CkP/lk
k=1

Proof. Forre[0,1), set:

fe = X rfm e == [ ) Pt —s) ds

neZ
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Then f,=1/2n " f(e”) P,.s ds, the integral being computed in the Bochner
sense in €(T), and there exists ¢ >0 such that || f— f,| ., <&/2. Now there
exists a Riemann sum g=1/2n37_, (s;.;—s;) f(e™) P, such that
If., — gl <&/2, and the lemma follows.

Recall that a sequence A4 =(4,),-, of elements of D is dominating if
lu]l . =sup,=, [u(4,)| for every ue H*(D). Denote by /', the set of all
sequences (c, ), of non-negative real number such that >, ¢, < 0. We
identify as usual functions on T which agree almost everywhere.

THEOREM 5.3. Let fe L'\{0}. Then the following conditions imply each
other.

1. fis lower semi-continuous (l.s.c.) and strictly positive on T.
2. For every TeAy,, there exists xe # such that x " x= f.

3. For every dominating sequence A= (1,),=, of elements of D, there
exists (¢,),=, €/, such that f =Y., ¢, P, .

Proof. Denote by % the set of all finite sums >} _, ¢, P, , where
€y €, =20, Ay, ., 4, €D and denote by ¥ the set of all functions ¢ e L'
which can be written under the form ¢ =3, ¢, P, where (¢,),~, €/,
and where 4,eD (n>=1). Clearly >, ¢,€% if ¢, €% for n>1 and if
> @,eL'. Let f be a strictly positive continuous function on T. Then
o=inf{f(£),£eT}>0. It follows from Lemma 5.2 that there exists
¢, €Z such that —0/2< f— @, —0<J/2, so that §/2< f—¢p,<2J. By
using the same argument, we can construct by induction a sequence ¢, of
elements of % such that:

)
?<f—((p1+---+fﬂn)<

Hence we have:

f(f)—%<<ﬂ1(f)+--~+(Pn(f)<f(f) for n>1, CeD.

So, we have proved that /=Y, ¢,€% Now assume that felL' is
strictly positive and Ls.c. on T. Then ¢ =min, .y f(¢)>0. There exists a
sequence (f,), of non-negative continuous functions on T such that
f—o=>7_f,. Set g,=f,+6/2" (n=1). Then g,e%, and so
=X g,€% Hence there exists a sequence 4= (4,),=, of elements of
D and (¢,),>, €/ such that f=>,.,¢, P, .

Let Te Ayg,. It follows from Lemma 5.1 that there exists a closed sub-
space .# of A# semi-invariant for 7 such that the compression S=7, is
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A-diagonal. Let (e,),~; be an orthonormal basis of .# such that Se,=1,e,
(n>1). An immediate computation shows that e, ¥ e,, = Op P, forn=1,
m>=1. Hence we have:

o0
xTx=x%x=Y |(x,e,)*P,, xe .

n=1

Taking (x, e,) =c)? for n>1, we see that x * x = £, and Condition (2) is
satisfied.

Now, let f'e L'\{0} satisfying Condition (2), let A =(4,),~, be a domi-
nating sequence in D and set Te,=4,e, where (e,),~, is an orthonormal
basis of the separable Hilbert space #. Then TeC, and since
wu(T)e,=u(l,) e, for ue H*, we see that Te A. Since f satisfies Condi-
tion (2), there exists x € # such that x ¥ x = f. The same computation as
above shows that x " x=37"_,¢,P, where (c,),=1=(|(x,¢,)]?),=1 €/
and so f satisfies Condition (3).

Now, if f=>7,¢,P, with (¢,),>, €/%, (1,),=, =D, we can assume
that ¢, >0. Set /,=>7_, ¢,P, . Then f({)=lim,_, , f,(&) for €T and £,
is strictly positive and continuous for every p>1. Hence f is strictly
positive and lower semi-continuous on T, which concludes the proof of the
theorem. ||

Remarks. 1. As in the introduction, we say that an absolutely con-
tinuous contraction 7" has Property (1.1) if for any infinite array (f; ;); >
consisting of elements of L', there exist sequences (x,);~,, (y;);=, of A
such that f; ;= x;, Ty » I, j= 1. First notice that T has Property (1.1) if and
only if there exists a compression of 7, say T ,, which has Property (1.1).
Let (¢,),~, =D be a dominating sequence for T and let 4 =(4,),>, =D
be a sequence such that the set {n>1; 1,=p,,} is infinite for m>1. Let S
be a A-diagonal operator. It follows immediately from Lemma 5.1 that
every T e Ay, dilates S. Since the essential spectrum of S is dominating for
T, we have Se(BCP)=()o<p<1(BCP), (see the definitions in [7],
p. 354). Applying Corollary 6.9 of [ 7], we obtain that S has Property (1.1).
So every T'e Ay, has Property (1.1) whereas the definition of the class Ay,
only gives sequences (u,),~, and (v;);-, of vectors in J# satisfying the much
weaker condition [u; ~Tuj] =[f;1 (i, j=1). The present paper gives a new
proof of this fact. By means of Theorem 3.2, we deduce from Theorem A,
B and C that every Te AnC, has Property (1.1). The fact that
Property (1.1) holds for any TeAy, follows then immediately from
Lemma 5.1 (consider a sequence A4 =(4,),-; <D which is dominating for
T). A partial result in this direction was given in [ 14].

2. For xz(xn)n21 6/2’ yz(yn)n>1 6/25 set x'yz(xn 'yn)n>l' An
easy computation shows that if a sequence (x'”’),., of elements of /°
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converges to 0 in the weak* topology, then lim,, , , |x”.y||, =0 for every
yel* Now, let 4=(1,),-, =D be dominating for T. For ge L™(T)
denote by P(g) the Poisson integral of g. Then the non-tangential limits of
P(g) agree with g almost everywhere on T, and so for p>1:

el =sup IPLe)iy )l =sup || P, m).
nz=zp nz=zp
Since | P, ||; =1 for every /e D, this implies as well known that the closed

absolutely convex hull of the sequence (P;,), -, equals the closed unit ball
of L' for every p>1. Let feL'. We deduce from the above observation
that for every £>0 and every p>1, there exists a sequence (c,),>, €7,

such that:

Y el <llfill+e

nzp

f: Z cnP/l,,'
nzp

In other terms, we can construct a sequence (¢'”’) -, (where ¢'” = (¢{/),,~ )
of elements of /! such that ¢’ =0forn<p,lim, , >, [c”|=]f], and
f=Y,=1¢PP, for every p>1.

Let T be a A-diagonal operator and let (e,),~, be an orthonormal basis
of # such that Te,=A,e,, n>1. For p>1, n>1, let «'”) and let B be
complex numbers such that [a”| =|B”| = |c!”|"? and such that «'7. B(7)
=c. Set o = (i), o1, B =(BL)0z1s X, =21 w e, and Yp=
Zn>1 ﬁn”)en. We easily check that:

X, Pyy= N AP =T

n=1

lim |x, H— lim lo” 2= 111"
p—

llm Iy, ll = llm 1B =1£11>.
p—© P ©

Clearly, the sequence (x'”’),., converges to 0 for the weak* topology on
2, and so [wix, |, <3, o l(w,e,)] ] >0 (p— oo) for every we #.
By analogous computations we show that lim, , ., w* V,ll1 =0 for every
we #. We can now apply directly Proposition 7.2 of [8] to show that T
has Property (1.1).

It follows from Lemma 5.1 that every contraction Te€ Ay, has a
A-diagonal compression and we obtain an other proof of the fact that T
has Property (1.1), based on dilation theory, which does no depend on the
elaborated construction of [7].
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3. Here are other examples of contractions 7€ A n C,, such that
x"x is lsc. and strictly positive for every non-zero xe#. Let
x=(w(n)),-, be a strictly decreasing sequence of positive real numbers
such that lim, , , w(n)=0 and lim,, , , w(n)""=1. For f € Hol(D), denote
by f(n) the nth Taylor coefficient of f at the origin. Consider the weighted
Hardy space

H, = {feHol(Dx 71, :=< > 1) w2(n>>1/2< o f.

n=0

Denote by a:z — z the identity map on D and denote by S: f— of the
usual shift operator on H,. Clearly, 6(S)=D and Se A n Cy. An easy
computation shows that:

Wi

w(n—p)
S*Pa" =0 for n<p.

S*Po" = for nzp

Set 4=(1—-S85*)"2 D=(1—S*S)"2. We obtain for any fe H,,:
win+1)\"2
pf=Y (1-22r2) n
7= 3 (1= A

Af =7(0) Z< 2(”))>1/2f(n)a".

n=1 (l’l—l

For |z| <1, set

w3(n)

n=0 n=0
and
fu2)=Y znaS*f
n=0
= Z Fp)wi(p)z?
1 1 vz 2 2 P n
L ( (n>_w2<n—1>> <Z Sintp)wintp)z >°"

»=0

Then f and f* belong to the vector-valued Hardy space H*(D, H,,), the
maps f— f and f —>f* are isometries from H,, onto closed subspaces .#
and A of H*D, H,) which are invariant for the backward shift T
on H*D, H,). Also S is unitarily equivalent to 7|, and S* is unitarily
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equivalent to 7' ,-. Let he H (D, H,). It is a standard fact that the non-
tangential limit /(e”) exists almost everywhere on T, that [o* [|A(e”)||* dt < o0,
and that we have for h, e H*D, H,):

Lo
Ch by =5 | <), K" d.

Hence (h ¥ 1)(e")={h(e *”) l(e=")> almost everywhere on T. Since
fPg=7"¢ and since [ g=7," g, for f,ge H,, we obtain, almost
everywhere on T, for any fe H,,:

(ST =Y (W n)—wn+1)| Y f(p)e™
n=0 p=0
2
=Y J(p)w(p)e™
p=0
1 R ) 2
+,,§1< 2(n) ‘2(’1_1)) pgo f(n+p)wX(n+p)e”

It follows then immediately from the first equality that if / is a non-zero
function of H,, then f¥ fis Ls.c. and strictly positive on T.
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