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Abstract: An action of a Lie algebra g on a manifold M is just a Lie algebra homomorphism
¢ : g — X(M). We define orbits for such an action. In general the space of orbits M/g is not
a manifold and even has a bad topology. Nevertheless for a g-manifold with equidimensional
orbits we treat such notions as connection, curvature, covariant differentiation, Bianchi identity,
parallel transport, basic differential forms, basic cohomology, and characteristic classes, which
generalize the corresponding notions for principal G-bundles. As one of the applications, we
derive a sufficient condition for the projection M — M /g to be a bundle associated to a principal
bundle.

Keywords: g-manifolds, connection, curvature, characteristic classes.

MS classtfication: 53B05, 53C10.

1. Introduction

Let g be a finite dimensional Lie algebra and let M be a smooth manifold. We say
that g acts on M or that M is a g-manifold if there is a Lie algebra homomorphism
¢ =(M:g— X(M) from g into the Lie algebra of all vector fields on M. Many notions
and results of the theory of G-manifolds and of the theory of principal bundles may
be extended to the category of g-manifolds. This is the guideline for our approach to
g-manifolds.

Now we describe the structure of the paper and we state some principal results.

In Section 2 notations are fixed and different properties of an action of a Lie algebra g
on a manifold M are defined. The pseudogroup I'(g) of local transformations generated
by an action of a Lie algebra g is considered, and its graph is defined. We consider also
the groupoid P(g) of germs of elements from I'(g) and under some conditions we may
define the adjoint representation of P into the adjoint group Ad(g) associated with the
Lie algebra g. Some technical lemmas are proved which will be used in Section 5.
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In Section 3 the main definition of a principal connection on a g-manifold M is given
as such a g-invariant field ® of endomorphisms of T M, whose value in a point z €¢ M
is a projection ®; : T M — g(z) of the tangent space onto the ‘vertical subspace’
g(z) := {(x(z) : X € g}. We say, that a principal connection ¢ admits a principal
connection form if it may be represented as ® = (,,, where w is a g-valued g-equivariant
1-form on M such that

(1) ToM = g(z) & ker(w;) for each z € M,

(2) g = go ® w(TzM), where g; = {X € g : (x(z) = 0} is the isotropy subalgebra.
Any such form defines a principal connection ® = (,. On the other hand, a simple
example shows that not every principal connection admits a principal connection form.

Principal connections may exist only if the action of g on M has constant rank, see
Proposition 3.2 which also gives some sufficient conditions for the existence of principal
connections.

In order to define the curvature of a principal connection ¢ we recall in Section 4 the
definition of the algebraic bracket [, )" of g-valued differential forms on a manifold
M which turns the space Q(M;g) of such forms into a graded Lie algebra. We also
recall the definition of the differential Frolicher-Nijenhuis bracket which extends the
Lie bracket of vector fields to a graded bracket on the space Q(M;TM) of tangent
bundle valued differential forms on M. An action of a Lie algebra g on M (i.e., a
homomorphism ¢ : g — X(M)) induces a linear mapping

C:QM;g)—QUM;TM).

It is not a homomorphism of graded Lie algebras, but becomes an antihomomor-
phism when it is restricted to the subalgebra QF (M;g)® of g-equivariant horizontal
forms. In general the Frolicher-Nijenhuis bracket [(,,(,] of two g-equivariant forms
p, ¥ € Q(M;g) may be expressed in terms of [, ¥]" and exterior differentials. See
Proposition 4.4 for the relevant formulas.

In Section 6 we give a local description of a principal connection ® and of its curvature
on a locally trivial g-manifold with standard fiber S. We show that locally a connection
is described by a 1-form on the base with values in the centralizer Zys)(g), which may
be considered as the Lie algebra of infinitesimal automorphisms of the g-manifold S.
We prove that it is isomorphic to the normalizer Ng(g.) of the isotropy subalgebra g, of
a point z € §. As a corollary we obtain the existence of a unique principal connection,
which is moreover flat, under the assumption that Ng(g.) = 0.

We treat the case of a homogeneous g-manifold M in Section 5. First we con-
sider a g-manifold with a free transitive action ( of g and we remark that the in-
verse mapping k = (~! is a Maurer-Cartan form (i.e., a 1-form that satisfies the
Maurer—Cartan equation). For a transitive free action of g on a simply connected
manifold M, we define by means of the graph of the pseudogroup a g-equivariant
mapping M — G, the ‘Cartan development’ of M into the simply connected Lie
group with Lie algebra g. It is a local diffeomorphism but in general it is nei-
ther surjective nor injective. As an immediate application, we obtain a well defined
mapping from any locally flat simply connected G-structure of finite type into the
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standard maximally homogeneous G-structure. It generalizes the developing of a lo-
cally flat conformal manifold into the conformal sphere. We prove that on a sim-
ply connected g-manifold M with free transitive g-action ¢ the centralizer of ((g)
in the Lie algebra X(M) of all vector fields on M is isomorphic to g. The corre-
sponding free transitive action ¢ : g — X(M), a Lie algebra antihomomorphism,
is called the dual action of g. This is not true in general, if M is not simply con-
nected.

Let H\G be a homogeneous G-manifold for a Lie group G with isotropy group H Cc G
of a point 0. Then p: G — H\G is a principal H-bundle with left principal H-action,
and G acts from the right by automorphisms of principal bundles. Let x € QY(G,g)
be the right invariant Maurer—Cartan form on (G, associated with the left action of &G
on itself. Then any reductive decomposition g = h & m with Ad(H)m = m defines a
G-invariant principal connection w := pry ok for the principal bundle p : G — H\G, and
a (/-invariant displacement form 6 := pr, ok. Any G-invariant principal connection of
p: G — H\G has this form.

We generalize these classical results in Section 5 to the case of a homogeneous g-
manifold M. The role of the principal bundle p : G — H\G is taken by the manifold
P of germs of transformations of the pseudogroup ['(g), at a fixed point. We prove
that the principal connection forms on the g-manifold M correspond bijectively to the
invariant principal connections of the principal bundle P — M.

For a locally trivial g-manifold M with a principal connection ® we define the
horizontal lift of vector fields on the orbit space N and the parallel transport along
a smooth curve on N. The parallel transport however is only locally defined. If the
parallel transport is defined on the whole fiber aloug any smooth curve, then the
connection is called complete. We show that any principal connection is complete if all
vector fields in the centralizer Zyg)(g) are complete.

As final result in this section we prove the following: If a locally trivial g-manifold
M with standard fiber S admits a complete principal connection ¢, whose holonomy
Lie algebra consists of complete vector fields on §, then the bundle M — N = M/g is
isomorphic to the bundle P[S] = P xy S associated to a principal H-bundle P — N,
where H is the holonomy group. Moreover, the connection @ is induced by a principal
connection on P.

In the last Section 7 we assume that the g-manifold M admits not only a principal
connection ®. but also a principal connection form w € Q'(M;g) with curvature form
2. We define the Chern-Weil homomorphism 7 from the algebra S(g*)® of ad(g)-
invariant polynomials on g into the algebra Q°1°s¢d(Af)? of g-invariant closed forms on
M. We prove that for any f € 5(g*)? the cohomology class [y(f)] depends only on f
and the g-action. If the action of g is free the image of ¥ consists of horizontal forms.
The associated cohomology classes are basic and may be considered as characteristic
classes of the g-manifold, or of the ‘bundle below M’, even if the action of g is not
locally trivial. If on the other hand M is a homogeneous g-manifold, our cohomology
classes are characteristic classes of the ‘bundle above M’, the principal bundle P — M
consisting of germs of pseudogroup transformations constructed in Theorem 5.8.
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2. Lie algebra actions alias g-manifolds

2.1. Actions of Lie algebras on a manifold. Let g be a finite dimensional Lie
algebra and let M be a smooth manifold. We say that g acts on M or that M is a
g-manifold if there is a Lie algebra homomorphism ¢ : g — X(M), from g into the Lie
algebra, of all vector fields on M.

If we have a right action of a Lie group on M, then the fundamental vector field
mapping is an action of the corresponding Lie algebra on M.

Lemma. If a Lie algebra g acts on a manifold M, then it spans an integrable distri-
bution on M, which need not be of constant rank. So through each point of M there
is a unique mazimal leaf of that distribution; we also call it the g-orbit through that
point. It is an initial submanifold of M in the sense that a mapping from a manifold
into the orbit is smooth if and only if it is smooth into M, see [9, 2.14ff).

Proof. See [19] or [20] for integrable distributions of non-constant rank, or [9, 3.25].
Let Flf denote the flow of a vector field £. One may check easily that for X,Y € g we
have

4 (#16x) (=) = 0,

which implies (FI$X)*¢y = ¢(et2dX)Y). So condition (2) of [9, Theorem 3.25] is satisfied
and all assertions follow. O

An action of a Lie algebra g on a manifold M may have the following properties:

(1) It is called effective if ( : g — X(M) is injective. So for each X € g there is some
z € M such that {x(z) #0.

(2) The action is called free if for each £ € M the mapping X — (x(z) is injective.
Then the distribution spanned by ((g) is of constant rank.

(3) The action is called transitive if for each z € M the mapping X — (x(z) is
surjective onto T, M. If M is connected then it is the only orbit and we call M a
homogeneous g-space.

(4) The action is called complete if each fundamental vector field (y is complete, i.e.,
it generates a global flow. In this case the action can be integrated to a right action of
a connected Lie group G with Lie algebra g, by a result of Palais, [15].

(5) The action is said to be of constant rank k if all orbits have the same dimension k.

(6) We call it an isostabilizer action if all the isotropy algebras g, := ker((; : g —
Ty M) are conjugate in g under the connected adjoint group. An isostabilizer action is
of constant rank.

(7) The action is called locally trivial if there exists a connected manifold § with a
transitive action of g on S, a submersion p: M — N onto a smooth manifold with trivial
g-action, such that for each point z € N there exists an open neighbourhood U and a
g-equivariant diffeomorphism ¢ : p~1(U) — U x § with po = p. By ‘g-equivariant’
we mean that for each X € g the fundamental vector fields Cf,‘{lp_l(U) and 0 x C}% are
p-related: Ty o C%IP—I(U) = (0 x (3)op. A pair like (U,p) is called a bundle chart.
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Note that N is canonically isomorphic to the space of orbits M/g, and that a locally
trivial action is isostabilizer and of constant rank.

(8) A free and locally trivial g-action is called a principal action. A complete principal
g-action can be integrated to an almost free action of a Lie group G (i.e., with discrete
isotropy groups). If its action is free, it defines a principal bundle p: M — M/G, and
the action of g on M is the associated action of the Lie algebra of G. This explains the
name.

In the general case, we will consider a locally trivial g-manifold M as some general-
ization of the notion of a principal G-bundle, and we will extend to this case some of
the main differential geometric constructions of the geometry of principal bundles.

A smooth mapping f : M — N between g-manifolds M and N is called g-equivariant
if for each X € g the fundamental vector fields C}(” and Cg are f-related: Tfo(y =
¢y o f. In view of [9, Section 47] we may also say, that the generalized Lie derivative
of f is zero:

Cxf= Loyl =CXof~Tiog¥ =0

Note that the integrable distribution of a g-manifold M of constant rank is a special
case (in a certain sense the simplest case) of a foliation. To make this statement more
precise we define the degree of cohomogeneity of a foliation (integrable distribution)
D on M as the minimum of the difference between the rank of D and the rank of a
g-manifold structure on M where g runs through all finite dimensional subalgebras of
constant rank in the Lie algebra X(D) of global vector fields on M which are tangent
to D:

min{rank(D) — rank(g): g C X(D),dim(g) < oo}

Then we may say that the foliation associated with a g-manifold of constant rank has
degree of cohomogeneity 0, or that it is a ‘homogeneous foliation’.

2.2, The pseudogroup of a g-manifold. Let M be a g-manifold which we assume
to be effective and connected. Local flows of fundamental vector fields, restricted to
open subsets, and their compositions, form the pseudogroup I'(g) of the g-action.

Let us first recall the following definition: A pseudogroup of diffeomorphisms of the
manifold M is a set T' consisting of diffeomorphisms ¢ : U — V between connected
open subsets of M, subject to the following conditions:

(1) If ¢ : U — V is an element of T then also ¢! :V — U.

2)If ¢ : U — V and ¥ : V — W are elements of I' then also the composition
Yop:U—>Wisin L.

(3)If ¢ : U — V is an element of I' then also its restriction to any connected open
subset U; C U is an element of I'.

(4) If ¢ : U — V is a diffeomorphism between connected open subsets of M which
coincides on an open neighbourhood of each of its points with an element of T' then
also ¢ is in I'. Now in more details I'(g) consists of diffeomorphisms of the following
form:

(5)  Fl&¥7o.. o FIX o FIX1 |y,
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where X; € g, t; € R,and U C M are such that Flflx1 is defined on U, FltCZXZ is defined

on Flflxl(U), and so on.

2.3. The graph of the pseudogroup of a g-manifold. Let M be a connected
g-manifold. Let G be a connected Lie group with Lie algebra g. We consider the
distribution of rank equal to dim g on G' x M which is given by

{(Lx(9),¢¥(z)):(9,2) € G x M;X € g} CTG x TM, (1)

where Ly is the left invariant vector field on G generated by X € g. Obviously this
distribution is integrable and thus we may consider the foliation induced by it, which
we will call the graph of the pseudogroup T'(g). Note that the flow of the vector field
(Lx,¢(¥) on G x M is given by

P ¥ (a,g) = (¢ exp¥(LX), FIfX ()
In the sense of [9, Section 9], this foliation is the horizontal foliation for a flat connection
of the trivial fiber bundle G x M — G. The first projection pr; : G x M — G, when
restricted to a leaf, is locally a diffeomorphism. For z € M we consider the leaf L(x)
through (e,z) € G x M. Then W, := pry(L(z)) is a connected open set in G.

In particular we may use the theory of parallel transport [9, 9.8]: Let ¢ : (a,b) — G
be a piecewise smooth curve with 0 € (a,b) and ¢(0) = g. Then there is an open subset
V of {g} x M x {0} in {g} x M xR and a smooth mapping Pt.: V — G x M such that:

(1) pry(PE(e, (9,2),)) = (t) if defined, and Pt(c,(g,2),0) = (,).

(2) d/dtPt(c,(g,z),t) is tangent to the graph foliation.

(3) Reparametrization invariance: If f : (a’,b’) — (a,b) is piecewise smooth with
0 € (a',b"), then Pt(c,(g,2), f(t)) = Pt(co f, Pt(c,ug, £(0)),t) if defined.

(4) V is maximal for properties (1) and (2).

(5) If the curve ¢ depends smoothly on further parameters then Pt(c, (g,2),t) depends
also smoothly on those parameters. Now let ¢ : [0,1] — G be piecewise smooth with
c(0) = e, and let us assume that for some z € M the parallel transport Pt(c, (e, z),t)
is defined for all ¢ € [0,1]. Then in particular ¢([0,1]) C W;. Since {(e,z)} x [0,1]Cc V
the parallel transport Pt(c,1) is defined on an open subset {e} x U of (e,z), and by (3)
it is a diffeomorphism onto its image {c(1)} x U’. We may choose U maximal with
respect to this property. Since the connection is flat the parallel transport depends on
the curve ¢ only up to small (liftable) homotopies fixing end points, since Pt(c,(e,z))
is just the unique lift over the local diffeomorphism pr; : L(z) — W,. We put

Yz(c) 1= pryoPt(c,1)oinse : U — {e} x U — {c(1)} x U' = U’

s0 7Yz(c) is the parallel transport along ¢, from the fiber over e to the fiber over ¢(1),
viewed as a local diffeomorphism in M. Since ¢ is homotopic within W, to a finite
sequence of left translates of 1-parameter subgroups, this parallel transport is a com-
position of a sequence of flows of fundamental vector fields, so y;(c) is an element of
the pseudogroup I'(g) on M. So v, is a mapping from the set of homotopy classes fixing
end points of curves starting at e in W, into the pseudogroup I'(g).
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Conversely each element of I'(g) of the form 2.2(5) applied to € U is the paral-
lel transport of (e,z) along the corresponding polygonial arc consisting of left trans-
lates of 1-parameter subgroups: first [0,¢1] 3 t — exp(tX;), then [t;,t2] 3 t —
exp(t; X1)exp((t —t1)X2), and so on. Thus we have proved:

Lemma. Let M be a connected g-manifold. Then any element ¢ : U — V of the
pseudogroup ['(g) is of the form ¢ = v;(c) for x € U and a smooth curve ¢ : [0, 1] — W,.

2.4. Lemma. Let M be a g-manifold. Assume that for a point x € M the Lie algebra
homomorphism germ_o( : § — X(M )germs at = 15 injective. Then for each ¢ € I'(g)
which is defined near x there is a unique automorphism Ad(¢~1!) : g — g satisfying

Q,D*CX = CAd(Lp"l)X fOT all X € g.
This mapping Ad generalizes the adjoint representation of a Lie group.

Proof. One may check easily that for X,Y € g we have

d . a

Z(FIZ)7 (Y =0
for all ¢ for which the flow is defined. This implies

(FIEX)"Cy = ((e'*4Y), (1)
We may apply (1) iteratively to elements of I'(g) of the form 2.2(5) and thus we get

Y2(€)"Cy = Cade(1))y (2)

for each smooth curve starting from e in W, which is liftable to L(z) in the setting
of 2.3. By the assumption, equation (2) now implies that Ad(c(1)) depends only on
v2(c) € T(g) and we call it Ad(yz(c)™!). We use the inverse so that Ad becomes a
‘homomorphism’ in 2.5 below. O

2.5. Adjoint representation. Let M be a g-manifold with pseudogroup I'(g) such
that for each 2 € M the homomorphism germ_ o( : g — X(M )germs at = is injective. We
denote by P(g) the set of all germs at € M of transformations in I'(g) which are
defined at . Then the set P(g) := |J,cps Px(g) with the obvious partial composition
is a groupoid. By Lemma 2.4 we have a well defined representation

Ad: P — Ad(g)

with values in the adjoint group, and we call it the adjoint representation of the
groupoid P.

2.7. Lemma. Let M be a g-manifold. Let ¢:[0,1] — M be a smooth curve in M with
values in one g-orbit. Then there exists a smooth mapping ¢ : [0,1]x M DU — M
such that ¢, € T(g) for each t, [0,1] x {c(0)} C U, and c(t) = ¢(t,c(0)) for all t.

Since each g-orbit is an initial submanifold we may equivalently assume that c is a
smooth curve in a g-orbit.
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Proof. Let us call ¢(0) = z. Since ¢/(¢) € ((;)(8) it is easy to get a smooth curve
b : [0,1] — g such that ¢'(t) = (y)(c(t)). We may choose for example b(t) =
(Cc(t)Ilzelr((c(,))*)(cl(t)) with respect to any inner product on g. Let G be a Lie group
with Lie algebra g, let g(t) be the integral curve of the time dependent vector field
(t,9) = Ly)(g) with g(0) = e. Then (g(),c(t)) is a smooth curve in G x M which
is tangent to the graph foliation of the pseudogroup I'(g) and thus it lies in the leaf
through (e,z = ¢(0)). From 2.3 we see that 7:(glp ) = ¢t € I'(g), where ¢ is the
evolution operator of the time dependent vector field (Z,z) — ((sy)(2z) on M. O

2.6. Isotropy groups. Let M be a connected g-manifold and let £ € M. Let us
denote by I'(g), the group of all germs at z of elements of the pseudogroup I'(g) fixing
. It is called the isotropy group. Its natural representation into the space J5(M,R)o
of k-jets at z of functions vanishing at z is called the isotropy representation of order
k. In general the isotropy representation of any order may have a nontrivial kernel.
The simplest example is provided by the Lie algebra action defined by one vector field
which is flat (vanishes together with all derivatives) at z. We remark that this cannot
happen if T'(g) is a ‘Lie pseudogroup’ (defined by a system of differential equations);
in particular if {(g) is the algebra of infinitesimal automorphisms of some geometrical
structure.
Consider the following diagram

g — X(M)

Cx l lgermm

TIM — x(M)germs at -

€Vyg

The kernel of the linear mapping (; : § — T M is denoted by g, and it is called the
isotropy algebra at x. The kernel of the Lie algebra homomorphism germ,o( : g —
X(M )germs at =, is denoted by ggerm,=o; it is an ideal of g contained in the isotropy
algebra g..

Lemma. In this setting, I'(g). is a Lie group (not necessarily second countable) whose
Lie algebra is antitsomorphic to the quotient g./ggerm,=0 of the isotropy algebra g,.
If the Lie algebra homomorphism germ,o( : § — X(M )germs at = 15 injective, then
there is a canonical representation Ad : I'(g); — Aut(g) which leaves invariant the
isotropy subalgebra g, and coincides on g, with the adjoint representation of I'(g),.

Proof. Asin 2.3 we consider again the graph foliation of the g-manifold M on G x M,
where G is a connected Lie group with Lie algebra g, the leaf L(z) through (e,z)
of it, and the open set W, = pr;(L(z)) C G. Let G, be the connected subgroup of G
corresponding to the isotropy algebra g,. Then G is contained in W, since for a smooth
curve c: [0,1] — G the curve (¢(t),z) in G x M is tangent to the graph foliation; each
curve in G, and even each homotopy in G is liftable to L(z). The universal cover of
Gz may be viewed as the space of homotopy classes with fixed ends, of smooth curves
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in G, starting from e. So by assigning the germ at = of y;(c) € I'(g)» to the homotopy
class of a curve ¢ in G, starting from e, we get a group homomorphism from the
universal cover of G into I'(g),. Its tangent mapping at the identity is —germ_, o(lg,.
Let us denote by I'(g)? the image of this group homomorphism.

Let ¢¢ be a smooth curve in the group of germs I'(g);, with ¢o = Id in the sense
that (¢,2) — @¢(z) is a smooth germ. Then (d/dtp:) o ;! is the germ at z of a
time dependent vector field with values in the distribution g( M) spanned by g, which
vanishes at z. So it has values in the set of germs at = of (4,, and thus ¢, is in I'(g)?,
see the proof of Lemma 2.7. So the normal subgroup of I'(g), of those elements which
may be connected with the identity by a smooth curve in I'(g)., coincides with I'(g)2,
and the latter is a normal subgroup.

If we declare the Lie group I'(g)2 to be open in T(g), we get a Lie group structure
on I'(g)s.

The statement about the adjoint representation follows immediately from
Lemma 2.4. O

The antiisomorphism in this lemma comes because I'(g), acts from the left on M, so
the fundamental vector field mapping of this action should be a Lie algebra antiisomor-
phism, see [9, 5.12]. Since we started from a Lie algebra homomorphism ( : g — X(M),
the pseudogroup should really act from the right; so it should be viewed as an abstract
pseudogroup and not one of transformations. We decided not to do this, but this will
cause complicated sign conventions, especially in Theorem 5.8 below.

3. Principal connections for Lie algebra actions

3.1. Principal connections. Let M be a g-manifold. A vector valued 1-form ¢ ¢
QY(M;TM),i.e., avector bundle homomorphism & : TM — T M, is called a connection
for the g-action if for each z € M the mapping &, : T M — T M is a projection onto
g(z) = ((g)(z) c T M. The connection is called principal if it is g-equivariant, i.e.,
if for each X € g the Lie derivative vanishes: £, ® = [(x,®] = 0, where [, ] is
the Frolicher-Nijenhuis bracket, see 4.4 below. The distribution ker(®) is called the
horizontal distribution of the connection ®.

A Lie algebra valued 1-form w € Q1(M;g) is called a principal connection form if
the following conditions are satisfied:

(1) w is g-equivariant, i.e., for all X € g we have £, w = —ad(X)ow.

(2) For any z € M we have (, = (zowz0(s:§— To:M — g — T M. Thus for any
z € M the kernel ker(w;) is a complementary subspace to the vertical space g(z) and
the mapping w; : g(z) = g/g- — ¢ is a right inverse to the projection g — g/g..

Any principal connection form w defines a principal connection ® := (. The converse
statement is not true in general as Example 5.7 shows.

3.2. Proposition. Let M be a g-manifold.
1. If M admits a principal connection then the action of g on M has constant rank.
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2. Let us assume conversely that the g-action is of constant rank. Then M admits
a principal connection if any of the following conditions is satisfied:
(1) The action is locally trivial.
(2) There ezists a g-invariant Riemannian metric on. M.
(3) The g-action is induced by a proper action of a Lie group G with Lie algebra g.
3. Let the g-action be locally trivial with standard fiber S, a homogeneous g-space
which admits a principal connection form. Then M admits even a principal connection
form w.

For assertion 3, see Example 5.7 for conditions assuring the existence of principal
connection forms on the standard fiber S: the isotropy subalgebra g, of some point
z € S admits an ad(g)-invariant complement m in g which is also invariant under the
isotropy representation of the pseudogroup I'(g) generated by g.

Proof. 1. If a principal connection ¢ exists, it is a projection onto the distribution
spanned by g (which we will call the vertical distribution sometimes), and its rank
cannot fall locally. But the rank of the complementary projection y := Idpps —® onto
the kernel of ¢ also cannot fall locally, so the vertical distribution g(M) is locally of
constant rank.

2. First of all, we have the implications (3) = (2) = (1). The first implication is a
theorem of Palais [16]. The implication (2) = (1) may be proved as for an action of
a Lie group that preserves a Riemannian metric, using a slice. Hence, we may assume
that M is a connected locally trivial g-manifold.

Let (Ua,®a : p~1(Ua) — Uq x S) be a family of principal charts such that (U,) is an
open cover of M. Put ®,(T;'(&2,75)) = Ts'(04,75) for & € ToUy and s € TsS.
Obviously that ®, is a principal connection on p~1(Uy). Now let f, be a smooth
partition of unity on N which is subordinated to the open cover (Uy). Then & :=
Y o(fa 0 p)®, is a principal connection on M.

3. This is proved similarly as 2, starting from a principal connection form on the
standard fiber S. O

3.3. Let M be a g-manifold. If a principal connection ® exists then the distribution
g(M) spanned by g is of constant rank and thus a vector bundle over M, and ® factors
to a g-equivariant right inverse of the vector bundle epimorphims TM — TM/g(M).
Let us consider the following sequence of families of vector bundles over M, where
iso(M) := Ugen{z} x 8= = ker((M) is the isotropy algebra bundle over M:

M
iso(M) — M x g ~— TM — TM/g(M).
Then a principal connection form w induces a g-equivariant right inverse on its image
of the vector bundle homomorphism (M : M xg — T M, so it satisfies (Mowo(M = (M,

4. Frolicher—Nijenhuis bracket and curvature

4.1. Products of differential forms. Let p: g — gl(V') be a representation of a Lie
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algebra g in a finite dimensional vector space V and let M be a smooth manifold.
For ¢ € QP(M;g) and ¥ € QI(M;V) we define the form p"(p)¥ € QP+I(M; V) by

(pA(Lp)‘I/)(Xl, A XP+Q)
1 .
= T Z sign(o)p(p(Xo1,. .- ,X,,p))\II(XU(pH), o s X (ptq))-

Then p™() : Q*(M;V) — Q**P(M;V) is a graded (M )-module homomorphism of
degree p.
Recall also that (M ;g) is a graded Lie algebra with the bracket [-,-]* = [, ] given

by
[(,9, ‘(b]A(Xl, o aXp+q)
1 .
= gl ngna[cp(Xal,... s Xop)s V(X (pt1)r -+ s Xo(pga)) ]

where [, ]g is the bracket in g. One may easily check that for the graded commutator
in End(Q2(M;V)) we have

P, ¥1") = [07(9), P ()] = p" () 0 p" (%) = (=1)77p"(¥) 0 p™(¢p)
so that p : Q*(M;g) — End"(2(M;V)) is a homomorphism of graded Lie algebras.
For any vector space V let XV be the tensor algebra generated by V. For &,¥ ¢
Q(M;®V) we will use the associative bigraded product

(‘I) QA \I’)(Xl, vXP+q)
1 . -
= ]—)'—E—'- ESIgH(U)@(XUl,.. . ,Xcrp)® ‘I,(Xo'(p-f-l)"" ,AXU(p+q)).

4.2. Basic differential forms. Let M be a g-manifold. A differential form ¢ €
OP(M;V) with values in a vector space V (or even in a vector bundle over M) is
called horizontal if it kills all fundamental vector fields (x, i.e., if i., ¢ = 0 for each
X eg.

If moreover p : g — gl(V') is a representation of the Lie algebra g in V, then dif-
ferential form ¢ € QP(M;V) is called g-equivariant if for the Lie derivative along
fundamental vector fields we have: £, ¢ = —p(X )o@ for all X € g.

Let us denote by QP (M; V)9 the space of all V-valued differential forms on M which
are horizontal and g-equivariant. It is called the space of basic V-valued differential
forms on the g-manifold M. If the g-manifold M has constant rank and the action of
g defines a foliation, scalar valued basic forms are the usual basic differential forms of
the foliation, see e.g. [13].

Note that the graded Lie module structure p” from 4.1 restricts to a graded Lie
module structure p™ : Q(M;g)¢ x Q(M;V)¥ — Q(M;V)8. It is also compatible with
the requirement of horizontality.

The exterior differential d acts on (Q(M;g),[,]") as a graded derivation of degree 1.
It preserves the subalgebra Q(M;g)?® of g-invariant forms, but it does not preserve the
subalgebra QF (M;g)? of g-valued hasic forms.
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For ¢ € QP(M;g) we consider the tangent bundle valued differential form ¢, €
QP(M; T M) which is given for & € Ty M by

(Cﬂﬂ)x(gl yesey EP) = Ctpz(ﬁl,...,ﬁp)(x)'

4.3. Frolicher—-Nijenhuis bracket. Let M be a smooth manifold. We shall use now
the Frolicher—Nijenhuis bracket

[,]: QP(M;TM) x QUM;TM)— QPH(M; TM)

as guiding line for the further developments, since it is a natural and convenient way
towards connections, curvature, and Bianchi identity, in many settings. See [9, Sec-
tions 8-11], as a convenient reference for this. We repeat here the global formula for the
Frolicher-Nijenhuis bracket from [9, 8.9]: For K € Q¥(M;TM) and L € Q¢(M;TM)
we have for the Frolicher-Nijenhuis bracket [K, L] the following formula, where the §;
are vector fields on M.

[1(7 L](€l7 R aEk+[)
1 : i
= o1 2 51800 [K (&1, Eok), Lothanys- -+ +Eotkrn)]

+ T D signe LK (Gt Eob) otrinb i)

RO )
+ (k. — 1)![! Z sign o I(([L(é.ola s ,foe),fa(gﬂ)],ﬁ(,(“z), .. )
(_1)k-—1 ) i
N CE (P > signo L(K ([€1,€02): 6035 - )s Eo(hpays- - -)
(_1)(k—1)£

+ (k - 1)' ([ - 1)!2! ZSignU I"(L([Edl’gcr?]’ 603’ s )9{0([.*.2), ce )

For decomposable tangent bundle valued forms we have the following formula for the
Frolicher—Nijenhuis bracket in terms of the usual operations with vector fields and
differential forms, see [5], or [9, 8.7]. Let ¢ € Q¥(M), ¢ € Q4(M), and X,Y € X(M).
Then

[p®X,p@Y]=pAp@[X,Y]+oALxp@Y - Lyprype X

+(=DF(dpnix¥oY +iyprndp o X).

4.4. Proposition. Let M be a g-manifold. Let ¢ € Q0 (M;g)® and let ¥ €
Q (M;g)8. Then we have:

(1) ¢y is horizontal and g-equivariant in the sense that the Lie derivative along any
fundamental vector field (x for X € g vanishes: L, (¢y) = [(x,Cy] = 0.

(2) [CorCy) = =Clopryr 80 € 2 Qnor(M;9)8 — QUM;TM) is an antihomomorphism
of graded Lie algebras. If w € Q1(M;g)? is a principal connection form with principal
connection ® = (, and horizontal projection x := Idrp —® then we have furthermore:

(3) [®, ¢yl = —Caytfwun-

(2)



Differential geometry of g-manifolds 383

Compare this results with [9, 11.5], which, however, contains a sign mistake in (10).
We give here a shorter proof of a stronger statement.

Proof. Let Xi,...,X; be a linear basis of the Lie algebra g Then any form ¢ €
QP(M; g) can be umquely written in the form ¢ = ZZ 1 ' ® X, for ¢* € QP(M). Then

CJ“Zz IQP ®CX

Note that ¢ is horizontal if and only if all ¢* are horizontal. Also ¢ is g-equivariant,
¢ e QP(M;g)e, ie., Lo =—ad(X)oep for all X € g, if and only if for all X € g we

have:
k

k
Y Lo Xi=-) o olX, X)) (5)
1=1 =1

Assertion (1) now follows from (5) and

k k
Loxlo = Lo @0k + D¢ ®[Cx,Cx,].

1=1 =1
Using 4.3(2) we have for general ¢, 9 € Q(M;g)

[Cor Gyl = D [e' @ ¥ @ Cx, ] = D o' A 0 [, )
tJ 0]
+ D¢ A Lo T x, —Z£<X¢A¢J®Cx (6)
7]
+(=1P Y (dgf nigy, ¥ ®ij+z<X]<p Adyi ® Cx,)
4,

If 9 is g-equivariant then from (5) we have

DAL Y B Cx, = =) ¢ A O x, x,) = ~Cin-
t,J g
So for ¢ and 1 both horizontal and g-equivariant (6) reduces to assertion (2).
If ¢ = w, the connection form, then we have (=1)P 3, -i¢, Y AdYI @(x, = Ydpe
(x, = ~Cay, so that ( ) reduces to assertion (3). Similarly, for ¢ = ¥ = w formula (6)
reduces to [®, @] = (o, u]n+2dw> 50 also (4) holds. O

4.5. Covariant exterior derivative. Let M be a g-manifold of constant rank, let
d c QY(M;TM)® be a principal connection with associated horizontal projection x :=
Idrar —®. Let V be any vector space of finite dimension. Then we define the covariant
exterior derivative

de := x*od: QP(M; V) — Q2T (M; V).
We also consider the following mapping as a form of the covariant exterior derivative:

ad(®) :=[®,]: QP(M;TM) - QPYY(M; TM).
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If a principal connection form w : TM — g exists and p: g — gl(V) is a representation
of g we also consider the following covariant exterior derivative:

d s P(M; V) — QPH(M; V),
d,V = dV¥ + pNw)V.

Lemma. In this situation we have:
(1) ad(®) restricts to a mapping [®,]: O (M;g(M))8 — QP (M; g(M))8, where
g(M) C TM is the vertical bundle.
(2) Let p: g — GL(V) be a representation. Then dg restricts to a mapping dg :
QF (M; V)8 — QPH (M V).
3) For v € QY (M;g)% the two covariant derivatives correspond to each other u
hor P

to a sign: (g = —[®,(yl-

(4) Let p : g — gl(V') be a representation. Then d, restricts to a mapping d,, :
QPF(M; V)9 — QP (M; V)8, For ¥ € QF (M;V)® and X € g we have i((x)d, ¥ =
p(w(Cx)— X)V. If M is a free g-manifold, then d,, also respects horizontality and we
have dg = dy, : Q) (M;V)8 — QPTY(M; V)9, where & = (..

Proof. (1) Let ¥ € QF (M;g(M))® and X € g. Then formulas [9, 8.11(2)] give us

hor

U [®, 9] = [igy @, V] + [@, 70, U] - (i([@, (x]D¥ ~ (-1)Pi([¥,(x])®) = 0,

so that [®,V¥] is again horizontal. It is also g-equivariant since [(x,[®,V¥]] =
([¢x,®],¥] + [®,[Cx,¥]] = 0 for all X € g by the graded Jacobi identity. That it
has vertical values can be seen by contemplating one of the formulas in 4.3.

(2) Let ¥ e QP (M;V)8. For X € g we have £, ¥ = —p(X)o ¥, then dg ¥ is again
g-equivariant, since we have

LexX d¥ = Lo, (d¥ o AP Ix) = Lo (d¥) o APHx + d¥ o L, (APF1Y)
= (dLe, W) o APFIx +0 = x*d(=p(X) 0 ¥) = —p(X) o (x"d¥),
and clearly horizontal.

&3) Let again Xi,..., X, be a linear basis of the Lie algebra g and consider ¢ =
i1 V'@ X; € Q8 (M;g)® for % € QF_(M). Then we use [9, 8.7(5)] to get

(=17 @, Gy) =[Gy, @] = D _[¥' ® (x,, 9]

1

- Z ('W A [CX."(I’] - (_1)p£¢¢i ® CX.‘ + ("Updd’i A i(CX.')q)) :

here

Since @ is g-equivariant we have [(x,, ®] = 0. Moreover we have Lg1* = iod' —dig))* =
igdy' — 0 and i((x,)® = (x,. Thus we get

(—1)PH®, ¢y = (—U"Z(dw" —igdy’) ® (x,

= (1)) x"d @ Cx, = (—1)PCyyy.
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(4) Let ¥ € QP(M;V)8. For X € g we have £, ¥ = —p(X)o ¥, then d, V¥ is again
g-equivariant, since we have
Loy (dV 4+ pNw)W) = dLe, ¥ + p"(Leyw)¥ + pNw)Le, ¥
= —dp(X)¥ - p"([X,w]")¥ - p™(w)p(X)¥
= p(X)(dY + pNw)Y).
For W e Qf (M;V)% and X € g we use i, ¥ =0 and £, ¥ = —ad(X)¥ to get
i, (d¥ 4+ p™NW)V) = i, dV + die Y + p(ig, W)V — pN(w)ic, ¥
= Lix ¥+ p(w(Cx )Y = p(w(lx) - X)V.
Let now M be a free g-manifold then w({x)— X = 0 and d, V¥ is again horizontal. We
use the principal connection ® to split each vector field into the sum of a horizontal

one and a vertical one. If we insert one vertical vector field, say (x for X € g, into
de¥ — d, ¥, we get 0. Let now all vector fields & be horizontal, then we get

(dq)\ll)(f(), O ’Ek) = (X*d‘l’)(fo, s 7€k) = dq’(&)? fee 7610)7
(dV 4 [w, ¥]N) (o, ... , &) = d¥(&o, ... ,&). O

4.6. Curvature. Let M be a g-manifold. If there exists a principal connection &
then this is a projection onto the integrable vertical distribution induced by g, and the
formula 4.3(1) for the Frolicher-Nijenhuis bracket reduces to

R({, 77) = %[q),(b](é" 77) = q)[£ - ¢£v"7~ ‘1’77]

ReQ} (M;TM)8is called the curvature of the connection ®. From the graded Jacobi

identity of the Frolicher—Nijenhuis bracket we get immediately the Bianchi identity

[®, R) = 1[®, [, ] = 0.

Note that the kernel of ad( R) is invariant under ad(®), and ad(®)2? = 0 on it. It gives
rise to a cohomology, depending on &.
If we QY(M,g)? is a principal connection form, then formula (4) in Proposition 4.4

suggests to define
Q= dw + LHw,w]"

as the curvature form of w; so we have R = —(q. Then 4.4(3) suggests that the Bianchi
identity should have the form d,Q = dQ +[w,Q]* = 0. Indeed this is true and it follows
directly from the graded Jacobi identity in (Q(M,g),[-, ]").

4.7. Proposition. Let M be a g-manifold with principal connection ® and horizontal
projection x := ldpp —®. Then we have:

(1) do o x* —do = x*[d,x*] = x* 0 ir : W(M;V) — QN (M; V), where R is the
curvature and V is any vector space and ip is the insertion operator.

(2) dg odg = x* 0 i(R)od : QP(M; V) — QY (M; V).
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(3) If w € QY (M;g)? is a principal connection form then the curvature form Q =
dw + Lw,w]" satisfies i(Cx)Q = [w({x) - X,w]" — d(w(Cx)). If M is a free g-manifold
then Q is horizontal and Q = dew = dw € QF_(M;g)s.

Note that by (2) the kernel of x* o#(R)od is invariant under dg, which gives rise to
a cohomology associated to it.

Proof. (1) For ¥ € Q(P;V) we have

(dex™¥)(£os .- »&k) = (dX™¥)(x(So)s - X(&k))
= 3 (DRENXTE)(X(Eo)s - - s X(&)s -+ s X(ER)))

0g<igk

(DY) XE X(E)s - X(EDs - X(E7)s )
= 2 CDXEHV(E)s -, X(ED, - X(60)))

0gigk

+ D (M€, xX(€)] - @[x(€), (&) x(o)s -

= (d¥)(x(&o)s - - -, x(&k)) + GRY)(X(&0) - - -, X(€k))
= (do + x"ir)(¥) (%o, - - &)

(2) dodo = x*dx*d = (x*ir + x*d)d = x*ird holds by (1).

(8) For X € g we have

iy (dw + %[w,w]" =i, dw + %[icxw,w]’\ - %[w,icxw]’\

= Leyw = d(w({x)) + [w(Cx),w] = [w({x) — X,w] — dw(Cx).

If M is a free g-manifold then this is zero, and on horizontal vectors dgw and d w
coincide. O

5. Homogeneous g-manifolds

5.1. Homogeneous free g-manifolds and Maurer—Cartan forms. Recall that a
g-valued 1-form < on a manifold M is called Maurer-Cartan form if k; : TyM — g
is a linear isomorphism for each z € M and if « satisfies the Maurer—Cartan equation
dk + [k, k] = 0. This concept is also sometimes called a flat Cartan connection, and
a manifold with a flat Cartan connection is sometimes called a principal homogeneous
space. See [7] for Maurer—Cartan forms.

Lemma. To each free transitive g-action ( : g — X(M) there corresponds a unique
Maurer-Cartan form « : TM — g, given by k, = (7!, and conversely. Then & is
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g-equivariant with respect to the g-action ( : g — X(M), and k is the unique principal
connection form on the g-manifold M.

Note also that an action of a Lie algebra g is free if and only if the associated
pseudogroup has discrete isotropy groups.

Proof. If x € Q1(M;g) and ¢ : g — X(M) are inverse to each other then for X, Y € g

we have

(d& + 3[x, 6] )(Cx5Cy)

= (x (6(¢y)) = Cr (5(Cx)) = K([Cx» Cv]) + [K(Cx )y K¢y )]
-&([Cx, Cv]) + [X,Y]
= —s([Cx, ¢v] = Cx.vy)s

so that ¢ is a Lie algebra homomorphism if and only if x fulfills the Maurer—Cartan
equation. For fixed g-action ( the form & is g-equivariant, since we have L, x =
iegditdic, k= —ie, (3K, K]")+dX = ~[i¢, K, k]+0 = —ad(X )x. Thus & is a principal
connection form for this g-action, and it is the unique one by Proposition 5.7 below. [I

fl

5.2. Cartan’s developing. It is well known that a free homogeneous G-manifold
may be identified with the Lie group G by fixing a point. For g-manifolds the situation
is more complicate. The following result may also be found in [7].

Proposition. Let M be a free transitive g-manifold which ts simply connected. Let G
be a Lie group with Lie algebra g. Then there exist g-equivariant local diffeomorphisms
M — (. Namely for each x € M there is a unique g-equivariant smooth mapping
Ce: M — W, with Cy(z) = e which is locally a diffeomorphism, where W, C G is
defined in 2.3.

If the g-action on M integrates to a G-action on M, then this mapping is automat-
ically a global diffeomorphism.

The embedding M — G is called Cartan's developing. Its origins lie in Cartan’s
developing of a locally Euclidean space into the standard Euclidean space. If Cartan’s
developing is injective then the g-manifold M admits an extension to a g-manifold
which is isomorphic to the Lie group G with the left action of g.

Proof. We consider again G'x M with the graph foliation as in 2.3. Then pry : GXx M —
M is a principal G-bundle with left multiplication as principal action, and since M is
a free g-manifold the graph foliation is transversal to the fibers of pr, and is the
horizontal foliation of a principal connection on the G-bundle. For z € M the restriction
of pry to the leaf L(z) through (e,z) is a g-equivariant covering mapping which is a
diffeomorphism since M is simply connected. Then

-1
pr r
<,9:M__2_,L(x)3i>chG
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is the looked for g-equivariant mapping which locally is a diffeomorphism since pr,
also is one.

It remains to show that ¢ is a diffeomorphism if the g-action is complete. We consider
the g-action on G x M on the factor M alone in this case. Then the graph foliation
gives us a flat principal connection for this action, see Section 3, and by Proposition 6.6
below this connection is complete. Thus pr, : L(z) — G is also a covering map, and
since (G is simply connected it is a diffeomorphism also and we are done. 0O

§5.3. Example. The result of Proposition 5.2 is the best possible in general, as the
following example shows. Let G be a simply connected Lie group, let W be a not simply
connected open subset of (G, and let M be a simply connected subset of the universal
cover of W such that the projection ¢ : M — W is still surjective. We have an action
of the Lie algebra g of G on M by pulling back all left invariant vector fields on G to
M via ¢. Then ¢ is as constructed in 5.2, but it is only locally a diffeomorphism.

For example, let W be an annulus in R?, and let M be a piece of finite length of the
spiral covering the annulus. Other examples can be found in [10,11].

5.4. As an immediate application of the Cartan developing, we have the following
proposition:

Proposition. Let H be a connected linear Lie group of finite type, let G be the simply
connected full prolongation of H such that G/H is the standard mazimally homoge-
neous H-structure (see [1]).

Then for any simply connected manifold N with a locally flat H-structurep: M — N
there ezists a map ¢ : N — G/ H, which is a local isomorphism of H-structures.

In the case of a flat conformal structure we obtain the well known developing of a
locally flat conformal manifold into the conformal sphere.

Proof. The mapping ¢ is the unique one making the following diagram commutative:

@

YR
Pool lpo
N 2 g/n.

Here M is the full prolongation of the H-structure p with the natural free transitive
action of the Lie algebra g of G, see [1], and ¢ is the Cartan developing of the g-manifold
M® into G. O

5.5. The dual g-action for simply connected homogeneous free g-manifolds.
As motivation we recall that on a Lie group G (viewed as a homogeneous free
right G-manifold) the fundamental vector fields correspond to the left invariant ones;
they generate right translations, and correspond to the left Maurer—Cartan form « on
G. The diffeomorphisms which commute with all right translations are exactly the
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left translations; the vector fields commuting with all left invariant ones are exactly
the right invariant ones; they generate left translations, and correspond to the right
Maurer—Cartan form £ = Ad - «.

Now let M be a free homogeneous g-manifold with action ¢ : g — X(M) and the
corresponding principal connection form k = ("1, see 5.1. Let G be a Lie group with
Lie algebra g. Choose a point zg € M. Assume that M is simply connected and
consider the Cartan developing Cy, : M — G. Then for X € g the fundamental vector
field (x € X(M) is Cp,-related to the left invariant vector field Lx on G. Let now
(x € X(M) denote the unique vector field on M which is Cy,-related to the right
invariant vector field Ry € X(G). Since [Lx, Ry] = 0 we get [(x,Cy] = 0, and even
each local vector field £ € X(U) for connected open U ¢ M with [£,{y] = 0 for all
} € g extends to one of the form éx. So we get a Lie algebra antihomomorphism

C:g—X(M)
whose image is the centralizer algebra

Zymy(9)={neX(M):[n,(x]=0forall X €g}.

This (‘right’) action ¢ of g on M which commutes with the original action ¢ is called
the dual action. We have also the dual principal connection form &, inverse to (, see 5.1.

Note that for a free homogeneous g-manifold M which is not simply connected,
the dual action of g does not exist in general and the centralizer algebra Zx(M)(g) is
smaller than g: As an example we consider a Lie group G with the right action on
H\G for a discrete subgroup H which is not central. Then the associated action of
the Lie algebra g is free, but its centralizer Zy(y\)(g) is isomorphic to the subalgebra
g = {Xeg:Ad(h)X = X forall h € H}.

5.6. Homogeneous G-manifolds. As a motivation for what follows we consider
here homogeneous (G-manifolds. So let G' be a connected Lie group with Lie algebra g,
multiplication p : G x G — G, and for g € G let pg,,p9 : G — G denote the left and
right translation, p(g,h) = g-h = pg(h) = u*(g). Let H C G be a closed subgroup
with Lie algebra b.

We consider the right coset space M = H\(, the canonical projection p : G — H\G,
the initial point 0 = p(e) € H\G and the canonical right action of G on the right coset
space H\G, denoted by pv : H\G — H\G. Then for X € g the left invariant vector
field Lx € X(G) is p-related to the fundamental vector field (x € X(H\G) of p9.

Suppose now that we are given a principal connection form w € Q1(H\G; g)®. Then
L;,w = —ad(X )w implies in turn

(iPX) )" = (FIEX Y w = e~ adtX), = Ad(exp(—tX))w,
(i9)'w=Ad(g7"\w forallged,
Wog = Ad(g™ ) ow, o To(9™ ) (2)

We also get a reductive decomposition of the Lie algebra g as

g =bhow,(To(H\G)) =:h@m,, (3)

(1)
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where m, is a linear complement to § which is invariant under Ad(H).

Conversely any Ad(H )-invariant linear complement m, of b in g defines a principal
connection form on the g-manifold H\G as follows: we consider the H-equivariant
linear mapping

Co
Wo :TO(H\G)T g/h=m,Cyg

and extend it to a principal connection form w by (2).

There is a bijective correspondence between principal connection forms w €
QY(H\G,g)® and principal connections & € Q1(G;h)¥ on the principal fiber bundle
p: G — H\G with left principal action of H, which is given by

By 1= Ty ) = Ad(g) o wyyy o Typ : T,G — b, (4)

w:=k—Ad p*w, (5)
where x denotes the right Maurer—Cartan form. It is easily checked that & is a principal
connection for p : G — H\G" since the principal H-action is the left action on G we have
(u")*@ = Ad(h)w, and w reproduces the generators in § of right invariant vector fields
on GG. The principal curvature of & is given by dw — %[d),d)]g: see [9, Proof of 11.2(3)];
compare with [8, I, Chap. X]. The curvature form of & is related to the curvature form
Q = dw + 3w,w]p of w by

do — 3[@,0)) = dk - 3[k,k]g — dAd Ap*w — Ad - p*dw
+ [k, Ad - p*w]y — F[Ad - p*w, Ad - p*w]p
=—Ad-p*(dw+ %[w,w];‘) = —Ad. p*Q,

since for the right Maurer-Cartan form « the Maurer—Cartan equation is given by
dk — [k, k]g = 0, and since for X € g we have:

dAd(T(u9)X) = g_t Ad(exp(tX) - g) = ad(X) Ad(g)

= ad(s(T(p9)X)) Ad(g),
dAd = (adok) Ad.

5.7. Proposition. Let M be a homogeneous g-space. Then there exists a unique prin-
cipal connection ® =1d on M.

On the other hand let M be an effective homogeneous g-space. Then principal con-
nection forms w correspond to reductive decompositions § = g + my, where g, is the
isotropy subalgebra of a point x € M, and where m; is an I'(g)-invariant complemen-
tary subspace.

Proof. The first statement is obvious.

We first check that for an effective homogeneous g-manifold M the homomorphism
germ, ofM:g - X(M )germs at = is injective for each z € M. Let ¢, denote its kernel.
Since g is finite dimensional, we have €, = ¢, for y near z, and since M is connected,
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this holds even for all y € M. So &, is in the kernel of (M : g — X¥(M) which is zero
since the g-action on M is supposed to be effective.

As in 2.3 we consider the graph foliation of the g-manifold M on G x M, where GG
is a connected Lie group with Lie algebra g, the leaf L(z) through (e, z) of it, and the
open set Wy = pr;(L(z)) C G.

Consider a principal connection form w € Q'(M;g)?. Then £, w = —ad(X )w implies
(FIS¥ )< = e~ ad(tX)yy = Ad(exp(—tX ))w, this holds then for all elements of the pseu-
dogroup I'(g) of the form 2.2(5) and finally we get for each smooth curve ¢ : [0, 1] — W,
with ¢(0) = e which is liftable to L(z):

(7z(e))"w = Ad(e(1) Hw. (1)

Thus we get a reductive decomposition of the Lie algebra g as

g=0s @Wr(TxM) =:gs O My, (2)

where m; is a linear complement to g, which is invariant under Ad(T(g):), see also 2.6.
If conversely we are given a reductive decomposition as in (2) which is invariant
under Ad(T'(g)s), then we consider the I'(g),-equivariant linear mapping

Ca
wr : TeM — g/g- =m: C g
and we use (1) to define w € Q(M;g)® by

Wa(e)z) = Ad(e(1)™H) ow o Tu(vy2(e) ™), (3)

for each smooth curve ¢ : [0,1] — W, with ¢(0) = e which is liftable to L(z). Since any
element of the pseudogroup I'(g) is of this form (see 2.3) we get a well defined principal
connection form on M. 0O

5.8. Theorem. Let M be a homogeneous effective g-space. Let xo € M and let Py, (g)
be the set of all germs at z¢ of transformations in T(g).

Then evy, : Pry(g) — M is the projection of a smooth principal fiber bundle with
structure group the isotropy group T'(g)s, (see 2.6) and with principal right action just
composition from the right, and its smooth structure is the unique one for which the
smooth curves [0,1] — P, (g) correspond ezactly to the germs along [0,1] x {zo} of
smooth mappings ¢ : [0,1] x U — M with ¢; € T'(g) for all t. The total space P.,(g) s
connected.

We have a canonical free transitive g-action (F : g — X(Py,(g)) which is given by

(¥(@)i=CFop=Teo (¥ 1x:

and whose corresponding pseudogroup is generated by the local flows ¢ — Flf;\‘l 0.
Fach vector field (;; is invariant under the pullback by the principal right action of
I(8)z,- The projection evy, : Poy(g) — M is g-equivariant, so the vector fields (§ and
C}{ are evy -related. Its associated Maurer-Cartan form is called k.
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There exists also the dual free g-action (a Lie algebra antihomomorphism) cP . g—
X(Pso(9)), given by

E“)I? = TLPOC}(J = Cﬁ{iW)X o= Cfd(¢)x(‘P)-

Its associated Maurer-Cartan form is called &, and its corresponding pseudogroup is
generated by

¢
pr— poFLX .
The pullback of i")}? by the principal right action of vy € I'(g)z, is given by

(W)*d() = C.tI\JdW-I)X'
The principal connections forms w € Q1(M;g)?® correspond bijectively to principal

connections forms & € Q(Pyy(8), 8z0) #50 on the principal T(g)s,-bundle Py, (g) —
M via

By = —Ry — Ad(p7") O Wo(ze) © To(evay) : Ty(Poo(8)) = 8ao-
The principal curvature forms are then related by
Q:=do+ %[‘:”‘:’]on = —(Adoinv)-evy (dw + [w,w]p)
= —(Adoinv) -ev; Q

The manifold Py,(M) is not simply connected in general (e.g., a Lie group); never-
theless the dual action is defined.

Proof. Recall first from the Proof of 5.7 that for an effective homogeneous g-manifold
M the homomorphism germ, o(M . g — X(M )germs at = Is injective for each z € M.

As in 2.3 we consider the graph foliation of the g-manifold M on G x M, where G
is a connected Lie group with Lie algebia g, the leaf L(xzo) through (e, zo) of it, and
the open set W, = pr,(L(zo)) C G.

Now we choose a splitting g = g,, ® m, where m is a linear complement to the
isotropy algebra g;,. Let us now consider a small open ball B with center 0 in g, its
diffeomorphic image exp(B) =: W C Wy, C G, and W c L(zo), an open neighbourhood
of (e,xo) in L(zo) such that pr, |y : W — W is a diffeomorphism. Let B™ := B nm,
W™ := exp(B™), and W™ := (pr, I )1 (W™), and choose now B so small that pr, :
W™ - Mis a dlffeomorphlsm onto an open neighbourhood U of zo. We consider the
composed diffeomorphism

AU P g P m S
Now for f € Pr,(g) with evy,(f) = f(z0) € U we define

P(f) = V2o (€)' © f € T(8)zo5
where cj(5,) 1 [0,1] = W™ is the curve ¢g(,)(t) = exp(tA(f(0))).




Differential geometry of g-manifolds 393

Next we choose an open cover (Uy) of M with transformations fo : Vo — Uy in the
pseudogroup I'(g), where V,, is a connected open neighbourhood of z¢ in U, and we
define

Ca 1 ez (Ua) = Peo(8)lua — Ua x T'(g, z0),
@alf) = (F(za)s (fat 0 £)) = (f(20), Vao (€1 ypy) ™ 0 f5t 0 £)-

These give a smooth principal fiber bundle atlas for Py, (g) since for (z,h) € (UsNUp) x
I'(g)z, we have

‘Pa(PEl(z»h) = (‘ra "/Io(cfa—l(x))_l ofylo fao 7ro(cfﬁ—1($)) ° h)'

The smooth structure on P, (g) induced by this atlas is the unique one where the
smooth curves are exactly as described in the theorem, since this is visibly the case in
each chart. Thus by the Lemma in 2.3 the total space P,,(g) is connected.

For X € g and ¢ € Pr,(g) we have

M
% FIY 0 = (M o FIX o)

so a smooth vector field on P, (g) is defined by
k(@)= CHop=TpoTe o (Fop=Too(p"¥)=Teo (¥ ,1)x

where we used 2.4, and its local flow is given by Fltc’};(cp) = Flff‘\(l op. Clearly ¢F :
g — X(Pr,(g)) is a g-action, which is free, since for each £ € M the homomorphism
germ,, o(M . g — X(M )germs at r is injective. Consider now 9 € T'(g)s, and its principal
right action ¥* on P (g); it acts trivially by pullback on each vector field C§ since we

have:
(™) C)@) = (T o Cx 0 ¥™)(9) = (¥71)"(Ck (po¥))
= (W) (K opoy) =¥ op= (K
The bundle projection evy, : Pr(g) — M is visibly g-equivariant. Now we de-
scribe the associated unique principal connection form (Maurer-Cartan form) « €
Q(Pyy(g); ¢) =0 Consider a smooth curve f; in Py (g). Then 8/t f; is a tangent
vector with foot point fo and we have

(2], 1) = teermay o) (el ) o 57 € 9
The dual action (P : g — X( P, (g)) is given by

k(@) i=Tool =Tpo(¥op™op=((p7")¢¥)o
= Cﬁ(@x cp= C{d(v)x(‘r’),

M
by 2.4 again, and its local flow is given by FI X(cp) = germ, (@o Flf" ), where @ is a
representative of the germ . Then (P : g — Z{( Pro(g)). It is a Lie algebra antihomo-
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morphism, since we have (using [9, 3.16])

1 52

05 @) = 55 F FI% FI IS FIEY ()
_1&
~2921%
=Tpo [, CX]1=-Teolfty = ~(xy(®)

M M M
FIX o FIY o FIX o FISY

Consider now ¢ € I‘(g)m0 and its principal right action ¥* on P, (g); it acts by pullback
on each vector field C x as follows:

(¥ 5 @) = (™) o {F o v™)@) = (W) (Ko 9))
= (¢~ ) (T(poTQ/)oCX ) =T¢0T¢0C¥o§b_l
=Teo((¥7)CK) = Too QRhx

= éfdw)x(‘r’)

Note that the vector fields &fx € X(Py,y(g)) for X € go, are the fundamental vector
fields of the principal right action, and recall from 2.6 that the Lie algebra of the
structure group I'(g)s, is antiisomorphic to the isotropy Lie algebra gs,. The associated
unique principal connection form (dual Maurer—Cartan form) & € QY( P;,(g); g) is given
by

= (C5)" : T Peo(9)) — 8,
1 0
(atl i) = (ermey o O (TS5 o 3 o) €

for each smooth curve f; in Pyy(g). Since CP : g — X(Pxo(g)) is a Lie algebra antiho-
momorphism, & satisfies the Maurer—Cartan equation in the form d& - 1[%,&]" = 0 and
is I'(g)x,-equivariant in the form (¢*)*& = Ad(y~1)R.

Finally let w € Q1(M;g)® be a principal connection form on the g-manifold M. Then
from 5.7(1) and from 2.4 for any ¢ € I'(g) we have

@*w = Ad(¢ " Hw.

We consider the 1-form

o 1= —Ry = Ad((,a_l) O Wo(zp) © TLP(eVIo) : TLP(on(G)) — Bz

& =—k—(Adoinv) -evy w.

£

Then & is gz,-valued by property 5.7(1), and it is a principal connection form @ €
QY(Pyy(8); 82,) (820 on the principal T(g)z,-bundle evy, : Py (g) — M, with right
principal action now, ¥*(p) = @ o for ¢ € I'(g)z, and ¢ € Pr,(g), because we have in
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turn for X € gz,:

Go(CFx () = =R ((Ex () =0 = X € ga,
(P"@)p = Doy © T(y~)
= —(¢*R)y — Ad(yp~lop™ 1o We(zg) © T(evgy)o T(¢*)
= Ad(P™N)(= g — Ad($71) 0wy 0 T(eV2,))
= Ad(y1) 0Dy
On the other hand, for any principal connection form & € QY( Py, (8); gz, ) (#+0 on the
principal T'(g)z,-bundle evy, : P (g) — M the g-valued 1-form &, := Ad(p)(—Ke—@Dy )
is horizontal and I'(g),,-invariant, thus it is the pullback of a unique form w € Q1(M; g)
which is easily seen to be a principal connection form on M. For the curvature we may
compute as follows (compare 5.6)
Q:=do+ 3o, &g, = d(=& — (Adoinv) -evy w)
+ 3[4 - (Adoinv) -evy w,—& — (Adoinv) -evy w]g,
= —dk + }[, k] — d(Adoinv) Aev} w — (Adoinv)-evy dw
— [k, (Adoinv) -evi w]g — 3[(Adoinv)-evy w,(Adecinv)-evy w]g
= —(Adoinv) evy (dw + }[w,w]p) = —(Adoinv) -ev; Q
where we used the Maurer—Cartan equation for & and

AAdoin)(Ex(9)) = o] (Adoimv)(po FIF) = | ad(mi% opm)
= —ad(X)o Ad(p™") = - ad(R(CE () 0 Ad(0™)),

d(Adoinv) = —ad(R)(Adoinv). O

5.9. The Lie algebra Zy(M )(g) of infinitesimal automorphisms of a homoge-
neous g-manifold. Let M be an effective homogeneous g-manifold. We will describe
now the centralizer

Zymy(9) :={neX(M):[n,(x] =0 forall X €g}

of {(g) in the Lie algebra X(M) of all vector fields on M.

Let zo € M be a fixed point with isotropy subalgebra g., = ker({z, : ¢ — T, M) and
isotropy group I'(g)s,. We consider the normalizer Ny(I'(g)z,) of the isotropy group
['(g)z, in g, and the ‘Weyl algebra’ g = g(zg), which are given by

Ng(T(g)zo) :={X €g:Ad(¥)X — X € gz, for all ¥ € I'(g)s,},

8(z0) 1= Ng((8)zo)/ 8-

It is clear that g, is an ideal in Ng(T'(g)s, ), thus g(zo) is a Lie algebra. Clearly, if
» € I'(g), then Ad(y) : g — g induces an isomorphism g(¢(zg)) — g(zg). We can define
a Lie algebra antihomomorphism

M 2 §(20) = Ng(T(8)zo)/ 820 — E(M),
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as follows: Any point z € M is of the form z = ¢(zo) for some element of the pseu-
dogroup I'(g), and for X € Ng(I'(g)z,) we have a well defined vector field

(¥ (2 = @(20)) := Tp - ¥ (o) = ((¢71)*Cx N @(20)) = Caa(o)x (2)-
For all X € g(zo) and all Y € g we have

(FI ) {x)(x = (o)) := T(FI%) - Cx (FIEY (0(0)))
= T(F1%%) - T(FI$Y op) - {x(20)
= T(p) - (x(z0) = {x (2 = ¢(@0)),

[{x,¢y] =0,

so that ((§(zo)) C X(M) is contained in the centralizer Zx(m)(g)- On the other hand
we have:

Lemma. In this situation, Zx(8) = C(g) and these are exactly the vector fields on

M which are projections from all projectable vector fields in (P (g ) C X(Puro(9)) for the
principal fiber bundle projection evy, : Pro(g) — M. The flow of (x for X € §(zo) is
given by

FISX (¢ = p(20)) = p(FI* (20)).

Proof. Let £ € X(M) be a vector field that commutes with the action of g. Then
for any ¢ € I'(g) we have p*f = Tp !l o€ o = £ Then for ¢ € I'(g)y, we have
Teo¥ - E(z0) = €xy. If we choose any X € g with (x(z0) = {(zo) we get by 2.4 for all

Y € I'(8)z0
Caaw-1)x (To) = (¥7(x ) (z0) = Tz ¥-£(20) = &(20) = (x(T0).

so that X — Ad(¢~1)X € gz, and X € Ng(T(g)z, ). Moreover for z € M and ¢ € I'(g)
with z = () we have

{x(2) = Tegp-Cx(20) = Top0 - E(0) = £(0(20)) = £(x).

The statement about the projectable vector fields on P, () is easily checked, and the
formula for the flow of (x also follows by projecting it from Py,(g). O

6. Parallel transport

6.1. Local description of principal connections. Let M be a locally trivial g-
manifold with projection p: M — N := M/g and with standard fiber S.

Let (Ua,@a : p~H(Us) — Uy x S) be an atlas of bundle charts as specified in 2.1(7).
Then we have (pgopz1)(z,s) = (z,vg4(2,9)) for (z,s) € (UanUps) xS, where ¢, 5(z, )
is a g-equivariant diffeomorphism of S for each z € M. See also 5.9.

Let & € QY(M;TM)® be a principal connection. Then we have

((‘PCV)“_‘l )*Q)(g‘l" 779) =: __I‘a(fx, y) + ny fOI' E.’L‘ e Tan a«nd T]y E TyS,
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since it reproduces vertical vectors. The I'* are given by

(0z, *(&zs y)) = -T(pa) - @ 'T(‘Pa)_'l (€25 0y).

We may consider T* as an element of the space Q'(Ua; Zx(s)(8)), i-e., as a 1-form
on U® with values in the centralizer Zy(s)(g) of ¢%(g) in the Lie algebra X(.5) of all
vector fields on the standard fiber. This space is finite dimensional by Lemma 5.9. This
follows from the naturality of the Frélicher-Nijenhuis bracket [9, 8.15] via the following
computation, with some abuse of notation:

0= [¢¥, 8] = 5[0 x (5, pry -] = a(0 x [(§, ldrs ~T7])
= —1(0 % [¢§.7%)),
since Idyg is in the center of the Frélicher-Nijenhuis algebra.
The '™ are called the Christoffel forms of the connection ¢ with respect to the

bundle atlas (Ua, @a)-
From [9, 9.7] we get that the transformation law for the Christoffel forms is

Ty(‘rgaﬁ(zv )) . Fﬁ(&m y) = Fa(gl" ‘?Qaﬁ(m’ y)) - TI((Paﬁ(" y)) ) El'

The curvature R of ¢ satisfies
(‘PZI)*R =dI'* + %[Faa F“]Q(s)-

Here dI'® is the exterior derivative of the 1-form I'* € Q' (Ua; Zx(s)(g)) with values in
the finite dimensional Lie algebra Zx(s)(g)-

6.2. Asystatic locally trivial g-manifolds. A locally trivial g-manifold M is called
asystatic if the normalizer Ng(g.) = g for any isotropy subalgebra g, of M. From 6.1
and 5.9 we have immediately:

Proposition. An asystatic locally trivial g-manifold admits a unique principal con-
neetion. This principal connection is flat. Its horizontal space at x € M is the subspace
of To M on which the isotropy representation of g, vanishes.

6.3. Horizontal lifts on locally trivial g-manifolds. Let ® be a connection on the
locally trivial g-manifold (M,p, N = M/g,S). Then the projection (mas,Tp) : TM —
M xxn TN onto the fibered product restricts to an isomorphism ker(®) — M xy T'N
whose inverse will be denoted by C : M xyTN — TM and will be called the horizontal
lift. If € € X(N) is a vector field on the base then its horizontal lift C(€) is given
by C(€)(y) = C(y,&(p(y)))- In a bundle chart we have T(pa) - C(§)(p3'(2,5)) =
(€(z),T*(£(z))(s)). Thus we see from 6.1 that C(£) commutes with all fundamental
vector fields: [(¥,C(€)] = 0 for all X € g and £ € X(N).

Note that the g-equivariant vector fields on M which are horizontal in the sense that
they take values in the kernel of the connection @ are exactly the horizontal lifts of
vector fields on the base manifold V.
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6.4. Theorem. (Parallel transport). Let & be a connection on a locally trivial g-
manifold (M,p, N = M/g,S) and let ¢ : (a,b) — N be a smooth curve with 0 € (a,b),
c(0) = =.

Then there is a neighbourhood U of M, x {0} in M, x (a,b) and a smooth mapping
Pt.: U — M such that:

(1) p(Pt(c, ug,t)) = c(t) if defined, and Pt(c,uz,0) = ug.

(2) ®(d/dtPt(c, uz,t)) = 0 if defined.

(3) Reparametrization invariance: If f : (a’,d') — (a,b) is smooth with 0 € (a',¥’),
then Pt(c,uz, f(t)) = Pt(co f,Pt(c, uz, f(0)),t) if defined.

(4) U is maximal for properties (1) and (2).

(5) If the curve ¢ depends smoothly on further parameters then Pt(c,u,,t) depends
also smoothly on those parameters.

(6) If £ € X(N) is a vector field on the base and C(£) € X(M) is its horizontal lift,
then Pt(F1¢(2), uz,t) = Fltc(é)(ux).

(7) For each X € g the restrictions of the fundamental field (x to M, = p~!(z) and
to My are Pt(c,t)-related: T(Pt(c,1)) o CxInm, = ((xInmp,,) o Pt(c, ).

Proof. All assertions but the last two of this theorem follow from the general result
[9, 9.8]. The assertion (6) is obvious and for (7) we first note that it suffices to show it
for curves of the form c(t) = FI¢(z). But then by (6) and by 6.3 we have
& Pt(e, 1) (Cxlg) = POV (Clat, = FITO)((C(O), CxDln
=0
so that Pt(c,t)*((X|Mc(t)) is constant in ¢ and thus equals (x|pr,. O

6.5. Parallel transport. Now we consider a g-manifold M which admits a principal
connection ®. Guided by the last remark in 6.3 we call parallel transport each local
flow Fl'tS along any horizontal g-equivariant vector field on M.

6.6. Complete connections. Let M be a locally trivial g-manifold with projection
p: M — N := M/g and with standard fiber 5. Following [9, 9.9] we call a principal
connection ® complete if for each curve ¢ : (a,b) — N the parallel transport Pt(c,-) is
defined on the whole of p~1(c(0)) x (a,b).

Proposition. In this situation, if each vector field in the centralizer Z(s)(g) of the
g-action on S is complete, then each principal connection on M is complete.

Proof. It suffices to show that for each curve ¢ : (a,b) — U the parallel transport
Pt(c,t) is defined on the whole of M for each t € (a,b), where (U, : M|U — U x §)
is a bundle chart, since we may piece together such local solutions. So we may assume
that M = N x § is a trivial g-manifold. Then by 6.1 any principal connection is of
the form ®(&;,7s) = ns — T(€z)(s), where T € Q}(N;§) is the Christoffel form with
values in the centralizer algebra b := Zz(g)(g), which is finite dimensional by 5.9. Since
all vector fields in this Lie algebra are complete we may integrate its action on S to
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a right action r : § x H — 5 of a connected Lie group H with Lie algebra h. Then
t — I'(¢'(t)) is a smooth curve in § which we may integrate to a smooth curve b(t) € H
with 5(0) = e and b'(t) = L (1)) (b(t)) where L is the left invariant vector field on H
generated by X € h. It is an integral curve of a time dependent vector field on H which
is, locally in time, bounded with respect to a left invariant Riemannian metric on H.
So indeed b: (a,b) — H. But then Pt(c,t,u) = (c(t),r(u,b(t))) for each u € M ). O

6.7. Theorem. Let p: M — N := M/g be a locally trivial g-manifold with standard
fiber S. Let ® be a complete principal connection on M. Let us assume that the holo-
nomy Lie algebra of ® in the sense explained in the proof consists of complete vector
fields on 5.

Then there exists a finite dimensional Lie group H with Lie algebra by, a principal
H-bundle P — N, an irreducible principal connection form w on P, and a left action
of H on the standard fiber S such that:

(1) The fundamental vector field mapping of the H-action on S is an injective Lie
algebra antihomomorphism h — Zx(s)(ﬂ)- The H-action on S commutes pointwise
with the g-action.

(2) The associated bundle P[S] = P xy S is isomorphic to the bundle M — N.

(3) The g-principal connection ® on M is induced by the principal connection form
w on P.

Proof. We suppose first that the base N is connected. Let zg be a fixed point in N,
and let us identify the standard fiber S with the fiber M;, of M over z,. Since ® is
a complete connection on the bundle M — N we may consider the holonomy group
Hol(®, zo) consisting of all parallel transports with respect to ® along closed loops in
N through z¢, and the holonomy Lie algebra hol(®,z¢), which is defined as follows
(see [9, 9.10]):

Let C : TN xy M — TM be the horizontal lift and let R be the curvature of
the connection ®. For any « € N and X, € TN the horizontal lift C(X;) :=
C(Xz,) : My — TM is a vector field along M,. For X, and Y; € T N we con-
sider R(CX,,CY;) € X(M;). Now we choose any piecewise smooth curve ¢ from zq
to z and consider the diffeomorphism Pt(e,t) : § = M,, — M, and the pullback
Pt(c,1)*R(C X,,CY;) € X(5). Then hol(®, zo) is the closed linear subspace, generated
by all these vector fields (for all x € N, X, Y, € TN and curves ¢ from z¢ to ) in
X(S) with respect to the compact C-topology.

In each local chart (U, 9o : MU — U x §) the curvature is expressed by the
Christoffel form via (p3;1)*R = dI'* + %[I’O‘, re Q(S), see 6.1, and since I'* takes values
in Zg(s)(g), the local expression of the curvature (¢x1)*R does it also. The parallel
transport Pt®(e,t) along any curves relates g-fundamental vector fields to itself by
6.4(7). Thus the holonomy Lie algebra hol(®, ) is contained in the centralizer algebra
Zx(s)(8), so it is finite dimensional.

By assumption hol(®,zq) C X(5) consists of complete vector fields. Thus all condi-
tions of Theorem [9, 9.11] are satisfied and all conclusions follow from it. O



400 D.V. Alekseevsky, P.W. Michor

6.8. Remark. In the situation of Theorem 6.7 let us suppose that the centralizer
algebra Zx(5)(g) consists of complete vector fields. Then the each principal connection
® is complete by 6.6 and the holonomy Lie algebra hol(®,z0) C Zg(s)(g) is also
complete, see the Proof of 6.7. Thus the conclusions of Theorem 6.7 hold.

7. Characteristic classes for g-manifolds

7.1. Basic cohomology. Let M be a g-manifold. Following 4.2, by QF (M)% we
denote the space of all real valued horizontal forms on M which are g-invariant: £, ¢ =
0 for all X € g. These forms are called basic forms of the g-manifold M.

Lemma. In this situation the exterior derivative restricts to a mapping
1
d:QF (M) — QP (M)s
Proof. Let ¢ € O (M)? then for X € g we have

iexdp = tgydp + digyp = Leyp =0
Lopdp=dLe,p=0. O

The cohomology of the resulting differential complex will be called the basic coho-

mology of the g-manifold M:
RPN, NUTLY, i

im(d: Q" (M)8—QF (M)®)
In the case of a g-manifold M of constant rank this cohomology is exactly the basic
cohomology of the orbit foliation of M, defined by Reinhard [17] and intensively stud-
ied in the theory of foliations, see [13], appendix B by V. Sergiescu. Note that this
cohomology may be of infinite dimension, see [18] and [6].

If f: M — N is a smooth g-equivariant mapping between g-manifolds M and N,
then the pullback operator induces a mapping f*: 2 (N)? — QP (M )% which in turn
induces a linear mapping in basic cohomology f*: Hy(N) — HE(M).If f,g: M — N
are smoothly homotopic through g-equivariant mappings then they induce the same
mapping in basic cohomology.

7.2. Chern-Weil forms. If f € L*(g) := (®" ¢*) is a k-linear function on g and if
¥; € QP{(M;g) we can construct the following differential forms (see 4.1):

Pr @A QAU EQPT (Mg ®g),

fYvk = fo (P @n-- ®nthy) € QPHHPR (M),
The exterior derivative of the latter one is clearly given by

d(f o (Y1 ®n - ®r Px))f o d(P1 ®n -~ @A V)
k
=fo (Z(_l)p1+---+p-‘—1¢l QA - QA dY; DA - A ¢k> .

i=1



Differential geometry of g-manifolds 401

Note that the form f¥v-~¥x is basic, i.e., g-invariant and horizontal, if all ¥; €
Qr (M;g)? and f is invariant under the adjoint action of g on g (f € L*(g)®) in
the following sense:

7.3. Definition. Let p : g — gl(V) be a representation of g. f € LF(V) is called g-
invariant if Zle f(v, ..., p(X)v;,...,v5) = 0 for each X € g. If f is g-invariant then
we have for ¥; € QP*(M; V) and any o € QP(M;g), by applying alternation:

. .
fo (Z(_l)(p1+--~+p.~_1)r¢l Rn - On P N@); DA - ®A wk) =0.

=1

7.4. Lemma. Let M be a g-manifold with a principal connection form w and let )
be its curvature form. Let f € L*(g)® be g-invariant under the adjoint action then the
differential form % := f8 € Q2%(M)8 is a closed g-invariant form.

If moreover M is a free g-manifold, then Q and consequently f are horizontal, so
fle Qi’;r(M)ﬂ is a closed basic form.

Proof. We have in turn by 7.2 and the Bianchi identity 4.6

dft =d(fo (@A ®aR))

k
=fo (ZQ®A-~-®AdQ®A~-®AQ>
=1

k

:—fo (ZQ@/\@/\ {M,Q]A®A®AQ>
111
2

:——fo( Q®,\--~®/\ad’\(w)Q®/\-~®AQ>
=1
which is 0 by 7.3. The second statement is obvious. 0O

7.5. Proposition. Let wy and w;y be two principal connection forms on the g-manifold
M with curvature forms Qg,Q € Q2(M;g)8, and let f € L*(g)8. Then the cohomology
classes of the two closed forms f% and f in H*(M) coincide.

If M is a free g-manifold then the curvature forms Qo,Qy are horizontal and define
the same basic cohomology classes in H*(M) = H?**(Qy_ (M)$).

Thus for f € L*(g)9 the cohomology class [f}] € H??(M) depends only on f and
the g-action and we call it a characteristic class for the g-action.

If M — M/G is a principal G-bundle, thus M a free g-manifold, we have just
reconstructed the usual Chern-Weil characteristic classes.

If M is a homogeneous g-manifold (e.g., a homogeneous G-manifold H\G), by The-
orem 5.8 these characteristic classes in H?™(M) are usual characteristic classes of the
principal I'(g)z,-bundle P;,(g) — A, but possibly not all of them: only those arising
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from invariant polynomials on g;, which are restrictions of invariant polynomials on g
appear.

Proof. For each t € R we have a principal connection form w; := (1 — t)wp + tw;, and
also consider its curvature ; := dw; + %[wt,wt]". Since Oyw; = w1 — wp we get
0:Q = dOywe + [wr, 3twt]A
= d(w; — wp) + [we,wy — wo]” = du, (w1 — wo).
Note that d., (w1 — wo) makes sense since wy —wp € N (M;g)8. We will also need
the Bianchi identity d,,Q: = dQ; + [wi, Q] = 0, see 4.6. Since (); is a 2-form we may
assume that f is symmetric. Then we have in turn:
Bth' = 8tf(Qt, ey Qt) =p- f((?tQt, Qt, ey Qt)
=p- f(dw (w1 —wo), e, ..., Q)

P
= p-f(dwt(wl —wo),Qt,...,Qt)—pi(wl —wo,Qt,...,dtht,...,Qt)

1=2

14
:pf(d(wl _w0)7Qt7"'aQt)_pi(wl_wO,Qh""th,"',‘Qt)

=2

+p 'f([wt)wl —‘WO]A,Qt,...,Qt)

P
_pz:f(wl _w0>Qt"'-a[wt’Qt]A""aﬂt)
=2

:pdf(wl _w07Qt7"'7Qt)7

where we again used 7.3 in the form

P
0= f([wt,wl - wo]’\,Qt, e ,Qt) - Z f(w1 - wo,Qt, ey [wt,Qt]’\, ey Qt)
i+2
Since T(f,8:) := f(w1 —wo,Qs,..., Q) € Q}ZI’;:I(M)B, the following form is exact in
(Qflor(M)g7d):

Q1 _ Qo ! Q¢ _ ! — ( ! . )
g _/0 B, f dt—/o pdT(f,Q)dt = d /Op T(f,Q)dt). O
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