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An induced fractional zero-point angular momentum of charged particles by the Bohm-Aharonov (BA)
vector potential is realized via a modified combined trap. It explores a “spectator” mechanism in this
type of quantum effects: In the limit of the kinetic energy approaching one of its eigenvalues the BA
vector potential alone cannot induce a fractional zero-point angular momentum at quantum mechanical
level in the BA magnetic field-free region; But when there is a “spectator” magnetic field the BA vector

potential induces a fractional zero-point angular momentum. The “spectator” does not contribute to such
a fractional angular momentum, but plays essential role in guaranteeing non-trivial dynamics at quantum
mechanical level in the required limit. This “spectator” mechanism is significant in investigating the BA
effects and related topics in both aspects of theory and experiment.

© 2008 Elsevier B.V. Open access under CC BY license,

As is well known, quantum states of charged particles can be
influenced by electromagnetic effects even if those particles are in
a region of vanishing field strength [1,2]. As predicted by Bohm
and Aharonov (BA) [2], experiments [3] showed that in a multi-
ply connected region where field strength is zero everywhere the
interference spectrum suffered a shift according to the amount of
the loop integral of magnetic vector potential around an unshrink-
able loop. Wu and Yang [4] pointed out that the BA effects is due
to the non-trivial topology of the space where the magnetic field
strength is vanishing. The BA effect is purely quantum mechanical
one which explores far-reaching consequences of vector potential
in quantum theory. This effect has been received much attention
for years [5-7]. Recently investigations in this topic concentrated
on revealing new types of quantum phases: The Aharonov-Casher
effect [8], the He-McKellar-Wilkens phase [9] and the Anandan
phase [10].

In another aspect a fractional angular momentum originated
from the Poynting vector produced by crossing the Coulomb field
of a charged particle with an external magnetic field has been pre-
dicted by Peshkin, Talmi and Tassie for years [6,11]. There are lots
of works concerning fractional angular momentum in BA dynamics
and their “fractional” statistics (see the reviews [12-17] and refer-
ences therein). Spatial noncommutativity also leads to fractional
angular momentum [18,19].
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Recently Kastrup [20] considered the question of how to quan-
tize a classical system of the canonically conjugate pair angle and
orbital angular momentum. This has been a controversial issue
since the founding days of quantum mechanics [21]. The problem
is that the angle is a multivalued or discontinuous variable on the
corresponding phase space. A crucial point is that the irreducible
unitary representations of the euclidean group E(2) or of its cover-
ing groups allow for orbital angular momentum [ = h(n 4 §) where
n=0,£1,£2,..., and 0 < § < 1. The case § # 0 corresponds to
fractional zero-point angular momentum. Kastrup investigated the
physical possibility of fractional orbital angular momentum in con-
nection with the quantum optics of Laguerre-Gaussian laser modes
in external magnetic fields, and pointed out that if implementable
this would lead to a wealth of new theoretical, experimental and
even technological possibilities.

In this Letter the induced fractional zero-point angular momen-
tum of charged particles by the BA vector potential is realized via
a modified combined trap. It explores a “spectator” mechanism in
this type of quantum effects: In the limit of the kinetic energy ap-
proaching one of its eigenvalues the BA vector potential alone can-
not induce a fractional zero-point angular momentum of charged
particles at quantum mechanical level in a region of vanishing BA
field strength; But when there is a “spectator” magnetic field the
BA vector potential induces a fractional zero-point angular mo-
mentum in the same region. The “spectator” does not contribute
to such a fractional angular momentum, but plays essential role in
guaranteeing non-trivial dynamics at quantum mechanical level in
the required limit. This type of quantum effects is so remarkable
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that in quantum mechanics the vector potential itself has physical
significant meaning and becomes effectively measurable not only
in shifts of interference spectra originated from quantum phases
but also in physical observables.

1. Dynamics in a modified combined trap

We consider ions constrained in a modified combined trap
including the BA type magnetic field. The Paul, Penning, and
combined traps share the same electrode structure [22]. A com-
bined trap operates in all of the fields of the Paul and Penning
traps being applied simultaneously. The trapping mechanism in
a Paul trap involves an oscillating axially symmetric electric po-
tential U(p, ¢,z,t) = U(p, ¢, z)cos 2t with U(p,p,z) = V(2% —
0%/2)/2d*> where p, ¢ and z are cylindrical coordinates, V and d
are, respectively, characteristic voltage and length, and §2 is a large
radio-frequency. The dominant effect of the oscillating potential is
to add an oscillating phase factor to the wave function. Rapidly
varying terms of time in Schrédinger equation can be replaced
by their average values. Thus for £ >> £ = (v/2q|V|/ud®)1/? we
obtain a time-independent effective electric potential [23] Ve =
q*VU - VU /4u2? = pw?(p? + 4z%)/2 where w1 and q(> 0) are,
respectively, the mass and charge of the trapped ion, and wp =
22/42. A modified combined trap combines the above electro-
static potential and two magnetic fields': a homogeneous magnetic
field B. aligned along the z-axis in a normal combined trap and a
BA type magnetic field By produced by, for example, an infinitely
long solenoid with radius p = (x? +x3)!/? = a. Inside the solenoid
(p <a) Bgin = (0,0,Bp) is homogeneous along the z-axis, and
outside the solenoid (p > a) Bgou = 0. The vector potential Ac
of B. is chosen as (Henceforth the summation convention is used)

Aci = —Bc€ijxj/2, Ac; =0 (i, j=1,2). The BA vector potential
Ap is: Inside the solenoid Ag; = Aini = —Bo€jjxj/2, Ainz =0;
Outside the solenoid Ag; = Aout.i = —Boa®€ijxj/2xkXy, Aout.z = 0

(i, j,k=1,2). At p =a the potential Aj, passes continuously
over into Agyt. The Hamiltonian of the modified combined trap
is H=(pi — qAc.i/c — qA0.i/0)* /21t + D3 /21t + P} (XF + 42%)/2.
This Hamiltonian can be decomposed into a one-dimensional har-
monic Hamiltonian H,(z) along the z-axis with the axial fre-
quency w; = 2wp and a two-dimensional Hamiltonian H (x1, x2),
H = H,(z) + H, (x1, x2). Inside the solenoid the ion’s motion is the
same as the one with a total magnetic field B¢ + B jn.

In the following we consider the motion outside the solenoid.
The two-dimensional Hamiltonian outside the solenoid is [22,23]

2
1 2 €ijXj 1 55

(Pi + iﬂwcfijxj + nwoa m + Eﬂwpxi,
(1)

where w. = qB./uc and wo = qBg/uc are the cyclotron fre-
quencies corresponding to, respectively, the magnetic fields B
and By j,. The Hamiltonian H possess a rotational symmetry in
(1, X2)-plane. The z-component of the orbital angular momen-
tum J, = €;;x;p; commutes with H,. They have common eigen-
states.

1
Hy(x1,%) = m

1 The derivation of a static effective potential Vs from a rapidly oscillating one
in Ref. [23] does not include a magnetic field or an associated vector potential.
That derivation remains valid in the presence of magnetic fields, see Ref. [22] of
the combined trap. A modified combined trap includes a BA type magnetic field.
The BA effect consists essentially in a shift of the phase of the original wave func-
tion. One can adjust the radio-frequency 2 to compensate the phase shift, there-
fore for a modified combined trap the derivation in Ref. [23] also remains valid.
The modification of 2 leads to the corresponding modification of the effective
frequency wp = 22/452 of Ve In Eq. (1) the wp means the modified effective
frequency.

1.1. Dynamics in the limit of the kinetic energy approaching its lowest
eigenvalue

In this limit the kinetic energy is Ex = puxi%i/2 = (K? + K3)/2u
where
K: = p; 1 v 2 €ijXj

i=Dpi+ EMCUCEUXJ + nwoa mv
Here K; is the mechanical momenta corresponding to the vector
potentials Ac; and Aoyt It is worth noting that the BA vector
potential Agy,; does not contribute to the commutator [Kj, K;].
The canonical momenta p; are quantized, p; = —ihd/dx;. They
commute each other [p;, pj] = 0. We define canonical variables
Q =Ki/pnwc and IT = K, which satisfy [Q, IT] = ihd;;. The kinetic
energy Ej is rewritten as the Hamiltonian of a harmonic oscillator
Ep =172 + pw? Q?/2. The lowest eigenvalue o of the kinetic
energy Ey is? Eo = hwe/2.

In a laser trapping field, using a number of laser beams and ex-
ploiting Zeeman tuning, the speed of atoms can be slowed to the
extent of 1 ms—!, see [24]. lons are the common object in cool-
ing and trapping. In order to experimentally realizing the limit of
Er — &ko through laser cooling in a trap ions are used.

In the limit of the kinetic energy approaching its lowest eigen-
value the Hamiltonian H, in Eq. (1) has non-trivial dynamics
[19,25,26]. The Lagrangian corresponding to H is

[Ki, Kj1=ihpwce;. (2)

1 .. 1 . ZEij)'(in 1 2
L= EILX,'X,' — Euwceijxixj — Uwoa Tka — EMwaixi' 3)
In the limit of Ey — &y, the Hamiltonian H, reduces to Ho =
hwe/2 + uw,z,x,'xi/z. The Lagrangian corresponds to Hg is
€ixixi 1 1
20t 5uw,2,xix,~ — —hwe. (4)

1 .
Lo = —E,ua)ce,-jxixj — Lwod 3

2Xka
1.2. Constraints

For the reduced system (Hg, Lg) the canonical momenta are

dLo 1 5 €ijXj
N T HWcEijXj — hwod” o — - (5)

QX Xk
Eq. (5) does not determine velocities x; as functions of p; and x;j,
but gives relations among p; and xj, that is, such relations are the
primary constraints [19,26,27]

Di

(6 D) = Pi + ~ e + pand® <20 =0 (6)
@i(X, P) = Di Z,chu] Hwo Toxe

The physical meaning of Eq. (6) is that it expresses the depen-
dence of degrees of freedom among p; and x;. The constraints (6)
should be carefully treated.®> The subject can be treated simply by

2 M. Peshkin pointed out that in the simplest case of the flux line and no other
fields, there can be no wave function whose kinetic energy expectation is zero,
hence no zero eigenvalue of the kinetic energy (a private communication).

3 The momentum p; of Eq. (5) defined from the Lagrangian Ly of Eq. (4) cannot
determine the velocity ¥; as a function of p; and x;. This shows that Ly is singular.
The physical meaning of Eq. (5) is that the corresponding Eq. (6), ¢;(x, p) =0, is a
primary constraint which expresses the dependence of degrees of freedom among
pi and x;. The Hamiltonian equations of such a constrained system are not unique.
The standard way of deriving them is as follows.

From the Hamiltonian Ho = piX; — Lo, using p; = dLo/d%; and the Lagrangian
equation p; = dLo/dx;, it follows that
8Ho = Xi8p;i — pidxi.
It indicates that Hy can be expressed as a function of x; and p;. Thus we obtain
8Ho(x, p) = ﬂsx,- + dﬂépi.
0xi ap;

Because of the constraints ¢;(x,p) =0 of Eq. (6), Ho plus any linear combina-
tion of ¢; is also a Hamiltonian of the system, i.e., the Hy can be replaced by
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the symplectic method in [28,29]. In this Letter we work in the
Dirac formalism. The Poisson brackets of the constraints (6) are

Cij = {¢i, 9j} = poceij. (7)

From Eq. (7), {¢i, @} #0, it follows that the conditions of the
constraints ¢; holding at all times do not lead to secondary con-
straints.

Cij defined in Eq. (7) are elements of the constraint ma-
trix C. Elements of its inverse matrix C~! are (C™1);j = —¢j/por.
The corresponding Dirac brackets of {¢;, x;}p, {¢i. Pj}lp. {%i,Xj}D,
{pi.pjlp and {x;,pjlp can be defined. The Dirac brackets of ¢;
with any variables x; and p; are zero so that the constraints (6)
are strong conditions. It can be used to eliminate dependent vari-
ables. If we select x; and x, as the independent variables, from
the constraints (6) the variables p1 and p, can be represented by,
respectively, the independent variables x, and x; as

1 2 X2
P1=—5 HUWcXy — Lwod )
2 2kak
1 5 X1
= — LWcX woa . 8
P2 = 5 hexcXy + Lo T (8)

The Dirac brackets of x; and x; is

(9)

{x1,x2}p = .
Hoc
We introduce new canonical variables x = x; and p = puwcx;. Their
Dirac bracket is {x, p}p = 1. According to Dirac’s formalism of
quantizing constrained systems the corresponding quantum com-
mutation relation is [x, p] = ih.

1.3. Quantum behavior of the reduced system

Now we consider quantum behavior of the reduced system
(Ho, Lp). By defining the following effective mass and frequency,
W= pw/wb,  w* =wh/w, the Hamiltonian Ho is represented
as Ho = p2/2u* + u*w*?x2/2 + hwe/2. We introduce an annihi-
lation operator A = \/u*w*/2h x +i\/1/2hp*w* p and its conju-
gate one AT. The operators A and AT satisfies [A, AT] = 1. The
eigenvalues of the number operator N = ATA isn=0,1,2,....
Using A and AT, the reduced Hamiltonian Hq is rewritten as
Ho =ho*(ATA +1/2) + hw. /2.

Now we consider the angular momentum of the ion. Using
Eq. (8) to replace p1 and p, by, respectively, the independent vari-
ables x, and xq, the orbital angular momentum J, = €;jx;p;j is
rewritten as

q 1 2, .2
Jz= Eq)O'f'zch(X]‘FXz), (10)
where @y = wa?By is the total flux of the magnetic field B inside
the solenoid. Similarly, using A and A’ to rewrite J,, we obtain

Ho(x, p) + Ai (X, p)@i(x, p). From the above two equations, including the contribu-
tions of §(Ai(x, p)gi(x, p)), it follows that the Hamiltonian equations read

dH 9 . dH ]
LI L% g=Mo s Ak

w ax T apr Mapr

pi=—

Eq. (6) gives d¢y/dp; = k. From the reduced Hamiltonian Hp obtained from Lo in
Eq. (4) it follows that dHo/dp; = 0. Thus the second equation reduces to

Xi = Aj.

In this example the Lagrange multiplier 2; is just the velocity X;.

Jz =q®o/2mc +h(ATA +1/2). The zero-point angular momentum
of J, is Jo="h/2+q®g/2mc. In the above the term?*

q
Jag = 2—¢’0 (11)
mc

is the zero-point angular momentum induced by the AB vector
potential. J4p takes fractional values. It is related to the region
where the magnetic field Bg oyt = 0 but the corresponding vector
potential Agyt # O.

2. Dynamics in the case of B, =0

It is worth noting that here B, like a “spectator”, does not
contribute to Jap. In order to clarify the role played by B., we
consider the case of B, = 0. In this case the modified combined
trap is as stable as a Paul trap. The corresponding kinetic energy
reduces to Ex = uxix;/2 = (K2 + K2)/2/1 where

2 CijXj 5 5
Ki = pi + pwoa® T [Ki, Kj]=0. (12)
In the above K; is the mechanical momenta corresponding to
the BA vector potential Aoy ;. Unlike the ordinary vector poten-
tial, the special feature of the BA vector potential is that it does
not contributes to the commutator [K;, K;]. Because K; are com-
muting, behavior of Ej is similar to a Hamiltonian of a free
particle. Its spectrum is a continuous one. When Ex approach-
ing some constant Ek(;é 0) the Hamiltonian H,| reduces to Ho =
&+ wax,x,/Z. The Lagrangian corresponding to Hy is

- €ijxixj 1 2 =
Lo = —pwoa® 2 — Z pwdxixi — &. 13
0 Mo 2XeX 2“ pXiXi k (13)

From Lo we obtain the canonical momenta

b= 0L _ ) oea? S (14)
0X; 2Xp Xy

Now we clarify that the case & = 0 should be excluded. The limit
of the kinetic energy E; = ux;xj/2 — 0 corresponds two possi-
bilities: ; =0 or u — 0. In the case x; = 0 the Lagrangian L in
Eq. (3) reduces to L6 = —uw%xix,- /2. The corresponding canonical
momenta p; = aLO/ax, = 0. Therefore there is no dynamics. Ac-
cording to the definition of the frequency £2 the other possibility
u — 0 is forbidden.

Eq. (14) gives the reduced primary constraints

2 €ijXj
@i = Poi + nwoa® =0. (15)
T 2Xy Xk

Here the special feature is that the corresponding Poisson brackets
are zero,

Cu—{(ﬂzs@j}EO (16)

4 Ref. [11] investigated the angular momentum ] originated from the Poynting
vector produced by crossing the Coulomb field E of a charged particle with an ex-
ternal magnetic field B,

J= ﬁ/rx [E x Bm)]d’r.

In cases where the magnetic field is only in the z-direction, this angular momentum
reduces to

q¢

27c’

]z=*

where ¢ = ffBz(xl,xz)d)ﬁ dx, is the total magnetic flux. J, is the angular mo-
mentum of the electromagnetic fields. In cases where the magnetic field B, is pro-
duced by an infinitely long solenoid, this angular momentum exists only inside the
solenoid. J, should be distinguished from Jap of Eq. (11). Jag is the angular mo-
mentum of the charged particle. 1t is worth noting that Jsp is induced by the BA
vector potential outside the solenoid and does not exist inside the solenoid.
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From Eq. (16), {¢;, ¢;} = 0, it follows that the conditions of the
constraints (,5, holding at all times lead to secondary constraints
¢,(2) —ua)Px, The Poisson brackets {(p ,<pj} =0, {go(z) ~(.2)} =
0, and {(pi(z), Ho} = 0, so that persistence of the secondary con-
straints (Z).(z) in course of time does not lead to further secondary
constraints g0(3)

Because of C,] = 0, the inverse matrix C~! does not exist. The
Dirac brackets {@1, xj}p, (@i, Dj}p, (), Xj}p, 18>, pj)b, X, Xj}D,
{pi,pj}p, and {x;, pj}p cannot be defined. According to Dirac’s
formalism of quantizing constrained systems, there is no way to
establish dynamics at quantum mechanical level. This means that
the BA vector potential alone cannot lead to non-trivial dynamics
at quantum mechanical level in the required limit, thus does not
contribute to the energy spectrum and angular momentum at all.

It is clear that though the vector potential A.; of the “specta-
tor” magnetic field B, does not contribute to J4p, it plays essential
role in guaranteeing non-trivial dynamics at quantum mechani-
cal level in the limit of the kinetic energy approaching one of its
eigenvalues. This example reveals that, unlike ordinary vector po-
tential, the physical role played by the BA vector potential is subtle.
This needs to be carefully analyzed at quantum mechanical level.

3. Dynamics in the case of B =0

In order to further clarify the essential difference between
A, and A; in the region of B,y =0 we consider the case of
By = 0. In this case the modified combined trap reduces to a
combined trap. The Hamiltonian Hl(x1,xz) in Eq. (1) reduces to
Hl(xl Xx2) = (pi +uwce,]x]/2) /21 + ,uw X; /2 Its kinetic energy
is Ex = (K? + K2)/21 where
Ki=pi + powceijxj/2,  [Ki, Kj] =ihpwce;;. (17)
In Eq. (17) K; is the mechanical momenta corresponding to the
vector potentials A. ;. The commutation relations between IA<,"S are
the same as the ones between K;’s in Eq. (2). The eigenvalues of E‘k
is & = hawe(n + 1/2), which are just the Landau levels of charged
particles in an external magnetic field.

In the following we consider the limit of Ej, approaching the
lowest eigenvalue éko = hw/2. The Lagrangian corresponding to
H, is

I= UXiXi /2 — LWEjjXiXj /2 — uw,z,x,-xi/Z. (18)

In the limit of Ek — c‘fko, the Hamiltonian I:IJ_ reduces to I:IO =
hwe/2 + /w),%xix,'/z which is the same as Hg. The Lagrangian cor-
responds to Ay is

Io= —UWEjXiXj /2 — ,ua)%x,-xi/Z — haw/2. (19)

For the reduced system (I:IO, I:o) the canonical momenta are p; =
dLo/d%; = —pwceijxj/2. It leads to the following constraints

@i = pi + Haceijxj/2 =0. (20)

The Poisson brackets of ¢; are the same as ones of the constraints
@i in Eq. (7):

Cij = (@i, @j} = mwceij. (21)
From Eq. (21), {¢i, ¢;} # 0, it follows that the conditions of the
constraints ¢; holding at all times do not lead to secondary con-
straints.

By the similar procedure of treating the constraints (6), we find
that the reduced system (Ho, Lo) has non- -trivial dynamics at quan-
tum mechanical level in the limit of Ek — €k0 The constraints
(20) are strong conditions which can be used to eliminate depen-
dent variables. We select x; and x; as the independent variables.

The variables p; and p; can be represented by, respectively, x;
and X1 as p1 = —UwcX2/2, p2 = LweX1/2. The Dirac brackets of
x1 and x; is {x1,X2}p = 1/uw.. We introduce new canonical vari-
ables x = x; and p = puwcxy. Their Dirac bracket is {x, p}p = 1.
The corresponding quantum commutation relation is [x, p] = ih
Using these results the orbital angular momentum J; = €jx;p;
can be represented by the canonical variables x and p as J, =
(p?/21 + paw?tx?/2)/w.. The zero-point angular momentum can
be read out from this harmonic-like “Hamiltonian”, Jo = /2. We
note that in this case there is no fractional zero-point angular mo-
mentum.

The above results elucidate that A. are essentially different
from Ag: the A alone can lead to non-trivial dynamics at quantum
mechanical level in the limit of the kinetic energy approaching its
lowest eigenvalue.

4. Gauge transformation

As is well known, we can perform a gauge transformation
X so that the resulting vector potential Ay, = Aout + VY = 0.
A suitable gauge function® is x = —Bga®tan~'(xy/x1)/2. In the
Schrédinger equation the corresponding gauge transformation is
G = exp(iqx /ch). Under this gauge transformation the Hamiltonian
H i (x1,x2) in Eq. (1) is transformed into H; — GH G~ ! = H| =
(pi + Hoc€ijxj/2)? [2) + L x? /2. Here H', is the same H .

In the limit of the kinetic energy approaching its lowest eigen-
value the corresponding reduced constraints are the same ¢; in
Eq. (20). Under the gauge transformation G the angular momen-
tum J, = €jjx;p; is transformed into J, — GJ,.G 1= J,=x1p2—
X2p1 + qo/27mc. Using the constraints ¢; in Eq. (20) to represent
p1 and p, by, respectively, the independent variables x and xq,
the first term in J} reads x1p2 — x2p1 = uoc(x2 + x3)/2. Thus we

obtain
o 9y ) 22)

Iz= e O+2ch(x1+xz) (

J,, is the same J, in Eq. (10). This result shows that the fractional

zero-point angular momentum induced by the BA vector potential

is a real physical observable which cannot be gauged away by a

gauge transformation.

In summary, this Letter explores a “spectator” mechanism in BA
effects. It is clarified that the BA vector potential alone cannot lead
to non-trivial dynamics at quantum mechanical level in the limit
of the kinetic energy approaching one of its eigenvalues. In such a
limit the BA vector potential alone cannot induce a fractional zero-
point angular momentum. When there is a “spectator” magnetic
field the BA vector potential induces a fractional zero-point angu-
lar momentum. The induced effect essentially depends upon the
participation of a “spectator” magnetic field. The “spectator” vector
potential does not contribute to the fractional angular momen-
tum, but plays essential role in guaranteeing non-trivial dynamics
at quantum mechanical level in the required limit. The “spectator”
mechanism is significant in both aspects of theory and experiment.
In the theoretical aspect, it is revealed that, unlike ordinary vector
potentials, the physical role played by the BA vector potential is
subtle. This needs to be carefully analyzed at quantum mechan-
ical level. In the experimental aspect, existence of a “spectator”
magnetic field is necessary for inducing the fractional angular mo-
mentum by the BA vector potential. As an example, the modified
combined trap provides a realistic way to realize this “spectator”
mechanism.

5 This gauge function is singular at x; = 0. The values of the polar angle ¢ on
both sides of x; =0, x; < 0 differ by 2. There is a cut along the negative semi-axis
of x1, the so-called Dirac string. However, there is no need to perform a singular
gauge transformation. See, for example, Ref. [27].



J.-Z. Zhang / Physics Letters B 670 (2008) 205-209 209

Acknowledgements

The author would like to thank M. Peshkin for the helpful dis-
cussions and to Referee for the valuable comments. This work has
been supported by the Natural Science Foundation of China under
the grant number 10575037 and by the Shanghai Education Devel-
opment Foundation.

References

[1] W. Ehrenberg, R. Siday, Proc. Phys. Soc. London B 62 (1949) 8.

[2] Y. Aharonov, D. Bohm, Phys. Rev. 115 (1959) 485.

[3] R.G. Chambers, Phys. Rev. Lett. 5 (1960) 3;
G. Mollenstedt, W. Bayh, Naturwiss. 48 (1961) 400;
W. Bayh, Z. Phys. 169 (1962) 492;
A. Tonomura, N. Osakabe, T. Matsuda, T. Kawasaki, J. Endo, S. Yano, H. Yamada,
Phys. Rev. Lett. 56 (1986) 792.

[4] T.T. Wu, C.N. Yang, Phys. Rev. D 12 (1975) 3845.

[5] S. Olariu, LI Popescu, Rev. Mod. Phys. 57 (1985) 339.

[6] For detailed literature see M. Peshkin, A. Tonomura, The Aharonov-Bohm Ef-
fect, Lecture Notes in Physics, vol. 340, Springer-Verlag, Berlin, 1989.

[7] HJ.W. Miiller-Kirsten, Electrodynamics: An Introduction Including Quantum Ef-
fects, World Scientific, Singapore, 2004.

[8] Y. Aharonov, A. Casher, Phys. Rev. Lett. 53 (1984) 319;
Experimental observations of this effect, see A. Cimmino, et al., Phys. Rev.
Lett. 63 (1989) 380;
K. Sangster, E.A. Hinds, S.M. Barnett, E. Riis, Phys. Rev. Lett. 71 (1993) 3641.

[9] This phase was independently predicted by X.-G. He, B.H.]. McKellar, Phys. Rev.
A 47 (1993) 3424;
M. Wilkens, Phys. Rev. Lett. 72 (1994) 5;
An experimental proposal of testing this effect, see H. Wei, R. Han, X. Wei,
Phys. Rev. Lett. 75 (1995) 2071.

[10] J. Anandan, Phys. Rev. Lett. 85 (2000) 1354;

C. Furtado, C.A. de Lima Ribeiro, Phys. Rev. A 69 (2004) 064104.

[11] M. Peshkin, I. Talmi, LJ. Tassie, Ann. Phys. (N.Y.) 12 (1961) 426;
L.J. Tassie, M. Peshkin, Ann. Phys. (N.Y.) 16 (1961) 177;

M. Peshkin, Phys. Rep. 80 (1981) 375;
HJ. Lipkin, M. Peshkin, Phys. Lett. B 118 (1982) 385.

[12] F. Wilczek, Fractional Statistics and Anyon Superconductivity, World Scientific,
Singapore, 1990.

[13] R. Jackiw, in: M. Asorey, ].F. Carifiena, L.A. Ibort (Eds.), Integrability and Quanti-
zation, Proceedings of 20th GIFT International Seminar, Jaca, Spain, June 1989,
Nucl. Phys. B (Proc. Suppl.) 18 (1) (1990) 107.

[14] S. Forte, Rev. Mod. Phys. 64 (1992) 193.

[15] A. Lerda, Anyons, Quantum Mechanics of Particles with Fractional Statistics,
Lecture Notes in Physics, New Series m: Monographs, m14, Springer-Verlag,
Berlin, 1992.

[16] A. Khare, Fractional Statistics and Quantum Theory, World Scientific, Singapore,
1997.

[17] R.B. Laughlin, Rev. Mod. Phys. 71 (1999) 863.

[18] J.-Z. Zhang, Phys. Lett. B 584 (2004) 204.

[19] J.-Z. Zhang, Phys. Rev. Lett. 93 (2004) 043002;

J.-Z. Zhang, Phys. Rev. D 74 (2006) 124005.

[20] H.A. Kastrup, Phys. Rev. A 73 (2006) 0510234.

[21] H.A. Kastrup, Fortschr. Phys. 51 (2003) 975, expanded version: quant-ph/
0307069.

[22] K. Dholakia, et al., Phys. Rev. A 47 (1993) 441, and references there in.

[23] RJ. Cook, D.G. Shankland, A.L. Wells, Phys. Rev. A 31 (1985) 564.

[24] F. Shimizu, K. Shimizu, H. Takuma, Opt. Lett. 16 (1991) 339.

[25] C. Baxter, Phys. Rev. Lett. 74 (1995) 514.

[26] ].-Z. Zhang, Phys. Rev. Lett. 77 (1996) 44.

[27] HJ.W. Miiller-Kirsten, Introduction to Quantum Mechanics Schrédinger Equa-
tion and Path Integral, World Scientific, Singapore, 2006.

[28] L. Faddeev, R. Jackiw, Phys. Rev. Lett. 60 (1988) 1692.

[29] G.V. Dunne, R. Jackiw, Nucl. Phys. B (Proc. Suppl.) 33 (3) (1993) 114.



	Induced fractional zero-point angular momentum for charged particles  of the Bohm-Aharonov system by means of a ``spectator'' magnetic field
	Dynamics in a modified combined trap
	Dynamics in the limit of the kinetic energy approaching its lowest eigenvalue
	Constraints
	Quantum behavior of the reduced system

	Dynamics in the case of Bc=0
	Dynamics in the case of B0=0
	Gauge transformation
	Acknowledgements
	References


