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Abstract

Yang-Baxter R operators symmetric with respect to the orthogonal and symplectic algebras are con-
sidered in an uniform way. Explicit forms for the spinorial and metaplectic R operators are obtained.
L operators, obeying the RLL relation with the orthogonal or symplectic fundamental R matrix, are consid-
ered in the interesting cases, where their expansion in inverse powers of the spectral parameter is truncated.
Unlike the case of special linear algebra symmetry the truncation results in additional conditions on the
Lie algebra generators of which the L operators is built and which can be fulfilled in distinguished repre-
sentations only. Further, generalized L operators, obeying the modified RLL relation with the fundamental
R matrix replaced by the spinorial or metaplectic one, are considered in the particular case of linear de-
pendence on the spectral parameter. It is shown how by fusion with respect to the spinorial or metaplectic
representation these first order spinorial L operators reproduce the ordinary L operators with second order
truncation.
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1. Introduction

Let G be a Lie algebra of a Lie group G and V; be spaces of representations p; of G and G.
We consider the Yang—Baxter (YB) relations in the general form

Rio(u)R13(u + v)Rp3(v) = Ro3(V)Ry3(u +v)Ri2(u) € End(V1 ® V2 ® V3), (L.1)

where the operator R;; acts nontrivially only in the spaces V; and V; and u, v are spectral pa-
rameters. It is well known that (1.1) is the basic relation in the treatment of integrable quantum
systems and is considered as an analog of the Jacobi identities in the formulation of the related
algebras [1-7].

A solution R;;(u) of the YB relation (1.1) is called symmetric with respect to the group G or
the algebra G if the action of R;;(u) on V; ® V; commutes with the action of the group G (or its
Lie algebra G) in the representation p; ® p;:

[0i(g) ®pj(g), Rijw)]=0 (Vg € G) <&
[pi(A)®1; +1; ® pj(A), Rij(w)] =0 (YA € G).

The present paper is concerned with the specific features of the YB relations and the involved R
operators in the cases of symmetry with respect to orthogonal (so) and symplectic (sp) algebra
actions. The less trivial representation theories in those algebras compared to the special linear
(s€) ones imply more involved structures in the Yang—Baxter R operators. A distinguishing fea-
ture of so and sp algebras compared to the s¢ ones is the presence of an invariant metric — the
second rank tensor &, determining the scalar product in the defining (fundamental) representa-
tion. It is symmetric, el = &, in the so case and anti-symmetric, el = —e, in the sp case. In
particular this results in the analogy between the so and sp cases connected with the interchange
of symmetrization with anti-symmetrization and gives us the possibility to treat both cases si-
multaneously.

The so (or sp) symmetric matrix R;;(u) obeying the Yang-Baxter (YB) relation (1.1), where
Vi1 = V, = V3 are spaces of a defining (fundamental) representation, is not a linear function in
the spectral parameter u as it is for the s£ symmetric fundamental R-matrix. The explicit form
of the fundamental so (and sp) symmetric R-matrices were found first in [7,8,11].

The generic YB relation (1.1) specifies to the RLL relation if two of the three spaces V| =
V2 = V carry the fundamental representation p while the third space V3 =V is the space of
any representation o of G. In this case the R-operator acting on the product Vy ® V is called
L-operator (or L matrix). For the so and sp cases the RLL version of the YB relation involving
the fundamental R matrices [7,8,11] together with the L operators of the form

1
L(u) =ul + Epf(G“,,)mG”a), (1.2)

does not hold for an arbitrary representation p of the generators G ba. The spinor representation pg
of the orthogonal algebra with p;(Ggp) = Myp = %[ya, ¥»], where y,, are Dirac gamma-matrices,
is a distinguished case, where the RLL relation is obeyed with L of first order in the spectral pa-
rameter u (see (1.2)). Also the spinorial R matrix Rgs(u), intertwining two spinor representations
Ps» 1s known [9,10]. This and other representations of the orthogonal algebra distinguished in this
sense as well as the corresponding R operators (including spinorial R operator) have been re-
cently considered and analyzed in detail in [14,15].

As we mentioned above we rely on the known similarity of the so and sp algebras and treat
the related R operators in a uniform way. In Section 2 we recall the fundamental R matrices
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and present them for both cases uniformly. Further we identify the symplectic counterpart of the
spinor representation.

It is known that the G-symmetric RLL relations are defining relations for the infinite dimen-
sional algebra called Yangian Y (G) of the type G. This concept was introduced by Drinfeld in
[6] and provides the appropriate general viewpoint onto the known examples of simple forms
of operators L(u) mentioned above. We use this concept to answer the question what are the
general conditions for such simple solutions to exist. In general L(u) obeying the RLL relation
expands in inverse powers of the spectral parameter # with infinitely many terms. The truncation
of the expansion of L(u) at the first non-trivial term (1.2) is known to be consistent for arbitrary
representations p of the s¢ algebras (the evaluation representation of Y (s€(n))). However, in the
cases of so and sp symmetric RLL relations the truncation of the type (1.2) results in additional
conditions, which can be fulfilled only for distinguished representations p.

We shall investigate the additional conditions arising from the truncation at the first and second
order. The additional conditions appear as characteristic equations in the matrix of generators
pr(G%) Gba which enters the definition of the L-operator. We stress here that a number of such
examples has been considered in [11].

In Section 5 the Yang—Baxter R operator intertwining two spinorial representations and two
metaplectic representations is obtained in both orthogonal and symplectic cases in the uniform
way.

It can be checked that the fundamental R matrix (quadratic in u#) can be reproduced by fu-
sion including projection from the product of the spinorial L with its conjugate. By fusion of
R operators acting in the tensor product of the spinorial and Jordan—Schwinger type representa-
tion spaces we obtain the L operator of second order in u acting in Vy ® V with V carrying a
representation of Jordan—Schwinger type, bosonic in the so case and fermionic in the sp case.

2. Fundamental Yang—Baxter R-matrices

Let V; be the space of the defining (fundamental) representation of the Lie algebra G and its
group G. Let V be the n-dimensional vector space with the basis vectors e, € Vy (a =1, ..., n).
Introduce the operator R(u) which acts in the space Vy ® V¢

R(u) - (84, ® €a,) = (2p, ® €5)) RLI22(w) , (2.3)
and depends on the spectral parameter u. The matrix with elements RZ,‘3§ (u) is called fundamen-
tal Yang—Baxter (YB) R-matrix if it satisfies the Yang—Baxter equation of the form

b bab b bib
RZ:Z; (u)Rc;,f; (u+ V)R (v) = RZ;Z;(U)RZ:J (u+v)Rele; () =
Rio()R13(u + v)Rp3(v) = Roz3(v)Ri3(u +v)Ri2(u) . 24

This equation is understood as a relation of operators acting in Vy ® Vy ® V¢ and Ry3(u) or
R23(u), etc., denotes that the R-operator (2.3) acts nontrivially only in first and third, or in second
and third, etc., factors of Vy ® Vy ® V.

The simplest solution to Yang—Baxter equation (2.4) is the Yang matrix

Ryl () = usy! 8, + 85087 = (ul + P12 (2.5)

Here I and P denote the unit and the permutation operators. This YB R matrix is g€(n) symmet-
ric and acts in the tensor product of two fundamental representations. The hierarchy of solutions



A.P. Isaev et al. / Nuclear Physics B 904 (2016) 124—147 127

of the Yang—Baxter equations, corresponding to higher representations can be obtained by the
fusion method.

In the orthogonal and symplectic cases the analoga of the matrix (2.5) and the hierarchy
of fusion solutions of Yang—Baxter equations look more complicated and do not realize in the
simplest way. To explain this we recall that operators A acting in the n-dimensional vector space

Vs are elements of the algebra so(n), or sp(2m) (2m = n), if the matrices ||A“b [la.b=1,...n of the
operators A in the basis é, € Vy: A- ¢, = ¢ Ab  satisfy the conditions

Al gy 640 A =0, (2.6)
where ¢4 is a non-degenerate invariant metric in V¢

Eab=€Epa, Eaps’ =87, (2.7)
which is symmetric € = 41 for SO(n) case and skew-symmetric € = —1 for Sp(n) case. We

denote by ¢ (with upper indices) the elements of the inverse matrix ¢ ~!. Namely the existence
of the invariant tensor &, leads to the above mentioned complications in SO(n) and Sp(n) cases,
e.g., it causes a third term in the corresponding expressions of the R-matrices and leads to the
dependence on the spectral parameter of second power.

The well known R-matrices [7-9,11] for the SO(n) and Sp(n) (n = 2m) cases can be written
in a unified form for arbitrary metrics &,45 (2.7) as follows (see, e.g., [12])

aya n aya n aya aya
Rbllbj ) =u(u+ 3 g)lbllbz2 + (u+ 3 é‘)Pbllbz2 —€u Kbllbz2 , (2.8)
where
aya a a a)a a a aya
Ipyby =38y + Pojpy =080y 5 Kpjpy =" €1y 29)
and the choices € = 41 and € = —1 correspond to the SO(n) and Sp(n) cases respectively. We

note that the R-matrix (2.8) is invariant under the adjoint action of any real form (related to the
metric £*?) of the complex groups SO(n, C) and Sp(n, C).

Let the index range be a, az, --- =1, ..., n for the SO(n) case and ay, az, --- = —m, ..., —1,
1,...,m —for the Sp(n) (n = 2m) case. For the choice £%1%2 = §1%2 in the SO(n) case we have
RY12 () = u(u + BISGL052 + (w+ P81 82 — us" 8y, p=(m/2-1),  (2.10)

ab __

and for the choice £12 = g,,8 "% (here &, = sign(a) and ¢
have

—é&qp) in the Sp(2m) case we

Ry () = uu + B8, 8% + (u + )8, 8> — utayep, 828" 702 1 p=(m+1).
2.11)

3. Yangians of so and sp types

Let G be the Lie algebra so(n) or sp(2m) (2m = n). The Yangian Y (G) of G-type is defined
[6] as an associative algebra with the infinite number of generators (L(k))z arranged as (n x n)

.....

in Y(G), and (L(k))g for k > 0 satisfy the quadratic defining relations which we shall describe
now. The generators (L(k))g € Y(G) are considered as coefficients in the expansion of
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L (u) = 3 (L(k))z 0 _

b(u)—Zu—k, LO=r, (3.12)
k=0

where u is called spectral parameter. The function L(u) is called L-operator and the defining

relations of Y (G) are represented [6] as RLL-relations

Ry (u — )L () LE W) = L)Lyt @) RS (1 —v)
Riz(u —v) Ly (0) Lo(v) = La(v) L1 ) Ria(u = v) . (3.13)

Here RZ;Z; (u — v) is the Yang—Baxter R-matrix (2.8) and in the second line of (3.13) we use the
standard matrix notations of [13]. Recall that in this notations the matrices Rz (u) (2.8) and P,
K12 (2.9) are operators in Vy ® Vy, where V¢ denotes a n-dimensional vector space, while L
and L, are matrices ||L% || which act nontrivially only in the first and in the second factors of
V¢ ® Vy, respectively, and have algebra valued matrix elements.

The defining relations (3.13) are homogeneous in L and one can do in (3.12), (3.13) the
redefinition L(u) — f(u) L(u + bp) with any scalar function f(u) =1+ b1/u + by/u? +
..., where b; are parameters. Now it is clear that the Yangian (2.8), (3.13) possesses the set of
automorphisms

w —a)t

L) — L), (=12,
u

where a is a constant (in general a is a central element in Y (G)). In particular for k = 1 we obtain
that the generators L/) are transforming as
LY S 1 g, LO S L@ _qr®™ 1O 510 L@ | (3.14)

Taking a = %Tr(L(l)) one can fix LY such that Tr(L™V) = 0 (below we show that Tr(L1) is
central element in Y (G)).
We represent the fundamental R-matrix (2.8) in the concise form

Row)y=uw+B)I+w+pB)Po—€cuky, (3.15)

where 8 = (5 — €). Further, after the shift of the spectral parameter u — u — v, we write it as

AZRU—v) =G -DE -2+ L) - (h - H+ P —eCh - K (16

u uv? uv u?

Then we substitute (3.16) and (3.12) into (3.13) and obtain, as a coefficient at u¥v =/, the explicit
quadratic relations for the generators (L(k))g of the Yangians Y (G)

(L, L2 -2t LY 4 %2 L1+
+BaLY Y, LY -, LY +
(LI LY - LY 4 g LYY
(LY S LD g )y
te(K @ Ly - LY - @YU 1YL k) =0,
(3.17)

where the operators K, P are given in (2.9), € = +1 for G = so(n) and € = —1 for G = sp(2m).
For the special value k = 1 we obtain from (3.17) the set of relations
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(L, L= [P —eki2), LYP] L ), (3.18)

Whi_ch in particular lead to the statement that Tr(L") is a central element in Y (G): [Tr(L(D),
(L)% 1=0 (V). For j =3 we deduce from (3.18) the defining relations for the Lie algebra
generators G, = —(L(l))“b:

[G1, G2l =[(P12 —€K12), G2] . (3.19)

The permutation of the indices 1 <> 2 in this equation gives the consistency conditions and the
same conditions are obtained from (3.17) directly.

Ki2(Gi+G2)=(G1 +G2) K2

Acting on this equation by K1, from the left (or by K> from the right) we write it as

2
K12 (G1+G2) = p Tr(G) K12 =(G1+ G2) K12, (3.20)
where we have used
K122 =enKp, KpNiKp=Kp N, Kip=€Tr(N)K13 . 3.21)

Here N is any n x n matrix.

Then, according to the automorphism (3.14) we redefine the elements G — G — %Tr(G) in
such a way that for the new generators we have Tr(G) = 0 This leads to the (anti)symmetry
conditions for the generators (cf. (2.6))

Kpn(Gi+G2)=0=(G1+G) K12 =
G?, eap + €40 G =0. (3.22)

The equations (3.19) and (3.22) for € = +1 and € = —1 define the Lie algebra G = so(n) and
G = sp(2m) (2m = n), respectively. The defining relations (3.19) and (anti)symmetry condition
(3.22) for the generators G4p = €44 Gdb can be written in the familiar form

(Gab, Geal =ecbGad + €avGea + EcaGab + €aaGpe Gap =—€Gpq - (3.23)

This means (see [6]) that an enveloping algebra U/(G) of the Lie algebra G = so(n), sp(2m) is
always a subalgebra in the Yangian Y (G).

4. L operators

Now we consider two reductions of the Yangian Y (G) (3.17) which we call linear and
quadratic evaluations, i.e. the two cases where L(u) is represented by a linear or a quadratic
polynomial in u.

1. Linear evaluation of Y (G).

We put equal to zero all generators L) € ¥ (G) with k > 1. In this case the L-operator (3.12),
after the multiplication by u, is represented as

L% (u) = usf — G%, (4.24)

where for the Lie algebra generators we again use the notation G, = —(L M)y »- 1t happens that
for the choice of the L-operator in the form (4.24) the RLL relations (3.13) in addition to the Lie
algebra defining relations (3.19) and (3.20) lead to further constraints on the generators G, € G.
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Proposition 1. For so(n) and sp(n) type R-matrices (3.15) the L-operator (4.24) is a solution of
(3.13) iff the elements G* satisfy (3.19), (3.20) and in addition obey the quadratic characteristic
identity
2 2 . _
G?— (B+2TG) G- £1,=0,
1=C? _ (,8 n %Tr(G)) T(G) (4.25)

where B =% — €. The quadratic Casimir operator C® = Tr(G?) = G4, Gbu is the central ele-
ment in U(G) and I, is n X n unit matrix.

Proof. Substitute the R-matrix (3.15) and the L-operator (4.24) into (3.13). After a straightfor-
ward calculation we obtain that the L-operator (4.24) is a solution of the equation (3.13) iff G,
satisfy the equations (3.19), (3.20) and

K12 (G1-G2+BG2)=(G2-G1+BG2) Ki2, (4.26)

where 8 = (5 —¢€). Note that the same condition (4.26) can be obtained directly from the defining
relations (3.17) of the Yangian if we put there L®) =0, for Vk > 1, and fix j =2,k =3 (or
Jj =3,k =2). Taking into account (3.20) we write (4.26) in the form

[Ku, G2 p Gz] -0, 4.27)
where g’ = (ﬁ + %Tr(G)). We act on the left hand side of (4.27) by K> from the right and use
formulas (3.21) which lead to the identities

K12G, K12 =€Tr(Gy) K1z, K12(G2)* Kin=eCP K1y,
where C® = Tr(Gg)2 = G“b Gha. As a result we have

K12(G5—B'G2)Kin—en(G3— B/ Go)Kin =
—c (C<2> — B'Tr(G) —n (G2 — B Gg))Klz -0, (4.28)

which is equivalent to (4.25). O
Remark 1. Since Tr(G) is a central element for the algebra (3.19), one can shift the spectral pa-
rameter u — u + rllTr(G) in (3.13), (4.24) and fix the generators G, such that Tr(G) = G, = 0.

In this case, G“;, are generators of the Lie algebras G = so(n), sp(n) which satisfy (3.19), (3.22).
In this case the condition (4.25) is simplified to

G2 — (% _ 6) G— %C(Z) I, =0, (4.29)
that can be written also in the form
1
¢’y G~ 5 (ccaG%)=pG",.

The left hand side is the traceless quadratic combination of the matrices G and the right hand
side is proportional to the traceless matrix of generators G“, € G = so(n), sp(2m) (2m =n).
Writing (Gz)z as a sum of commutator and anti-commutator we obtain

(G2 - BGY = 2167, 65
b_ 2 c’ b +
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This leads still to another form of the additional condition (4.29),
. 1
(G2, Gl = —CPsy.
n

We stress that (4.29) does not hold as an identity in the enveloping algebras U/ (so(n)), or
U(sp(n)). This condition can be fulfilled only when the generators G are taken in some special
representations of so(n), or sp(n). Thus, for the ansatz of the L-operator (4.24) we find that (3.13)
is valid only for a restricted class of representations of the Lie algebras so(n) and sp(2m). For
the so case this fact has already been noticed in [11,14,15] and for the sp case it was discussed
in [11]. We note also that the quadratic condition (4.29) in the universal form (when the quadratic
Casimir operator is not fixed) has been discussed for the so case in [ 15] and in the context of some
special representations of so and sp in [11]. Below we give examples of special so(n) and sp(n)
representations which fulfill the condition (4.29).

Remark 2. The definition of the of Yangian Y (G) of G-type applies of course to case of gf,,. We
take the L-operator and the RLL relations in the same form as in (3.12), (3.13) and use in (3.13)
Yang’s R-matrix (2.5). Thus, all relations for the Yangian Y (g¢,) can be deduced from (3.15),
(3.17) and (3.19) if we put everywhere K = 0 and 8 = 0. For the g¢, case the analog of the
Proposition 1 states that the L-operator (4.24) constructed from the set of elements G” . obeying
the RLL relation (3.13) with the fundamental Yang R-matrix (2.5) iff elements G” . satisfy the
defining relations for generators of g¢,, (cf. (3.19) for K =0)
(6. Gi21= 572651~ 571657

and there do not arise any additional constraints (like (4.29)) on the generators Gt c€8ly It
means that for Y (g¢,) we have a homomorphic map of the Yangian Y (g¢,) into the enveloping
algebra U/ (g¥,) such that

LY~ ¢, L® 50 Vvk>1.

This map is called evaluation representation of the Yangian Y (g¢,).

Now we construct a representation of the Lie algebra with the defining relations (3.19),
(3.22) which fulfill the condition (4.29). This distinguished representation is realized in terms
of fermionic and bosonic oscillators.

First we introduce an algebra A of fermionic or bosonic oscillators with generators ¢* (a =
1,...,n) and the defining relations

[c* e = “ P +eclc? =g (4.30)
Here for the SO(n) case (¢ = +1) the elements ¢* are fermionic oscillators and for the Sp(n)
(n =2m) case (¢ = —1) the elements ¢ are bosonic oscillators. The algebra A with the defin-

ing relations (4.30) is covariant under the action of SO(n) or Sp(n) group ¢* — U ‘1‘7 c?, where
U € SO(n) or U € Sp(n). For the set of dual oscillators ¢, = eg4p ¢? we obtain from (4.30) the
following relations (cf. (4.30))

[ca, Chle = cachp+€ChCs =Epg =€Eap & cacb+ecbca=82. 4.31)

In particular we have

1 n
cacazecacazEsab(cacb+ecbca)=§.
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Proposition 2. Let ¢, and ¢’ be the generators of the oscillator algebra A with the defining
relations (4.30), (4.31). The operators

p(GY) = F4 = (c"cp — 580) = 5(c cp — € cpc®) = £ cpgcp) = £pg eV
p(G%) =F4=Tr(F), (4.32)

satisfy the relations (3.19) and (3.22), i.e., the operators F¢ = ,o(G“b) define representations p
of so(n) and sp(n) generators. Moreover, the generators (4.32) obey the quadratic characteristic
identity

1
F4, F% — B F% = ;3 (e =15y, (4.33)

which is nothing but the conditions (4.29), where the quadratic Casimir operator is fixed as
c® = }Tn(ne — 1)1. Therefore the L-operator (4.24) in the representation (4.32)

L% (u) = u8f — &9 crgcpy = us — epg clc? (4.34)
where c[gcp) = %(cd Cp — € Cp Cq) is the symmetrized product of ¢y and cp, solves the RLL rela-
tions (3.13).

Proof. First, we check that the operators (4.32) satisfy the symmetry condition (3.22)
Kin(Fi+ Fp) = Ko gl gae ph
12(F1 + F2) iy~ Karn, Fy + Kpyias Frp =
=gh® ((Ecbzcbl +cp Cp,) — € Sblbz) =0.
Then after the substitution of (4.32) into the L.h.s. of (3.19) we obtain
[F‘Z,ll , F‘;fz] =[c"cp. ey |=[c"cp, 2]+ [ ey, cp]=
= (cal [en,, C“Z]6 —e e, c“z]E cb1>cb2 +c®2 (c”l [ch), Cbz]e —e e, cbz]e Cbl) =
= Sch‘” Chy — (SZZ‘ ccp, +€(c2cM ey, — N1 ey, cpy) =
a a a a a apd. aja d.
=552 Pyl — o) F o e(FE Ky — Kp P )
which is equivalent to (3.19). Finally we have
F¢, de —BFY=(c"cqg— %83)(61 cp— %8,;1) —Blccp —565) =
= —e—P)ccp+ 580 (1+2Be) = 380 (ne — 1),

and the condition (4.29) is fulfilled for the value p(C®) = %n(ne — 1)1 of the quadratic Casimir
operator. [

Remark 3. In the so case the considered representation is formulated in terms of fermionic os-
cillators. Their anti-commutation relation can be read also as the defining relation of the Clifford
algebra and one can identify the oscillator generators with the Dirac gamma matrices.

y¢= \/Eca, [ye, )/b]+ — 29

Therefore the representation is called also spinorial. The bosonic oscillator representation is the
appropriate counterpart in the sp case and we shall call it metaplectic or also (symplectic) spino-
rial representation.
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=42 [ I’)_ =2,
The oscillator algebra and the spinor representation generators can be regarded as appearing from

the restriction of a Jordan—Schwinger type representation of a general linear algebra [17].

2. Quadratic evaluation of Y (G).
Now we put all generators L) € ¥ (G) with k > 2 equal to zero. In this case the L-operator
(3.12), after a multiplication by u?, can be written in the form

Luwy=um+a)—uG+N, (4.35)
where we introduce
LW=a_G, L®=N, (4.36)

and a is a constant.

We present examples of distinguished representations allowing for a quadratic evaluation of
the Yangian of so or sp type and consider the characteristic identities. The investigation of the
additional condition in the general case is subject of further study.

Now we show that the fundamental representations 7 = p s of so and sp is just an example of
the quadratic evaluation of the Yangian.
Proposition 3. The set of n> matrices T(GY,) (here indices a and b enumerate matrices) with
elements
Ty(GY) =—(P —eK)py =Gy, (4.37)

define the fundamental representation T of generators G, for SO(n) € = +1 and Sp(n) € = —1
cases. Generators (4.37) satisfy the cubic characteristic identity

G3+(1-ne)G* —G=(1—ne)l. (4.38)
The corresponding L-operator which solves the RLL equation (3.13) has the form (cf. (4.35))

1 1
Luwy=1+—(B1-G)+55(G*=26G~1), (4.39)
u 2u?
where f =n/2 — €.
Proof. It is not hard to check that the generators (4.37) satisfy the conditions (3.22) and (3.19)
which in our notations (4.37) can be written in the form
K12(G13+ G3) =0=(G13 + G23) K12,
[G13, Go3] +[G12, G23]1=0.
Finally for the matrix (4.37) we have the relations
G’=1+me—2)K, G =G+ (n—2¢)(ne — DK , (4.40)

and the characteristic identity (4.38) follows immediately from (4.40).

We search the solution of (3.13) as an L-operator acting in the space V ® V, where V — the
space of fundamental representation of so (or sp). In view of the Yang—Baxter equation (2.4), it
is clear that this L-operator is given by the R-matrix (2.8) and can be represented in the form
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I1-G P I1-G 1

G0 B 120, L (2 2y 1)
u? u 2u?

where we have used the definition of G (4.37) (written as P = ¢ K — G) and the identities

(4.40). O

L(u)= M%R(u)zl-i—

Remark. The quadratic Casimir operator in the representation (4.37) is

% TS(Tr(G?)) = % (P —€K)E (P —eK)T = (n—€)s . 4.41)
As a further example, consider the monodromy built as the product of the above spinor L
operators (4.34) L1a(u) = L1(u — u1)Lo(u — pp) with multiplication in the fundamental rep-
resentation space Vs and tensor product of two copies of the spinor space, i.e. it is acting in
V¢ ® Vi2, Vi2 = Vs ® Vi. The monodromy obeys the RLL relation and in this way we obtain an
obvious example of the second order evaluation of Y (G). Examples of higher order evaluations
are given by monodromies with more factors. In Sect. 6 we shall consider the fusion procedure
with projection from the tensor product of spinor representations to the fundamental one resulting
in the fundamental R matrix.

As the third example we consider the representations of so and sp of Jordan—Schwinger (JS)
type where the generators are built from Heisenberg pairs in the form (cf. (4.32))

Map = €(xq0p — € Xp 0g) = (€ X4 0p — Xp 0g) » (4.42)
where

OgXp — €Xp 0y =Eqp, 0400 =€0p0y, XqXp=€XpXg, (4.43)
and for so and sp we have € = +1 and € = —1 respectively. Contrary to the realization (4.30),

(4.31), for the so case {x,, dp} are bosonic and for the sp case {x,, dp} are fermionic. JS type
representations have been considered for the s algebras e.g. in [ 16] and for the so and sp algebras
in [17]. The defining relations and the (anti)symmetry condition are the same as in (3.23)

[(Map, Mcal = ecoMaa + €abMea + €caMap + €aaMpe ,  Map = —€Mpg . (4.44)
Let us introduce the operator
H = ("xp ) = x5 8" = €(e"doxp — 1) ,
which has the properties
Hx,=x,(H+1), Ho;=0,(H—-1).
Using (4.42) we find
(M?)ag = MapM"; = £ Map Mg = €% (€ x4 8p — xp 8) (€ xc 80 — x4 9c) =
= (en —2) x4 g + €qa H + (H — 1) (x4 g + €x4 84) — XaXa33” — xpxP 8,05 =
=(en+2H —4) x4 g + qq H — €(H — 1) Mag — x4xq8p0" — xpx13,94 ,

and for so and sp Lie algebras in the considered representations (4.42)) we have the following
explicit form of the quadratic Casimir operator

Tr(M?) = M9 MP, = &% (M?),q = 2(n — 2€) H + 2 H?> — 2ex?9? (4.45)
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where x2 = xpx?, 9% = 9,04.
In the so case we have here the finite dimensional representations of integer spins m and they
are spanned by the homogeneous harmonic polynomials P, (x)

92 Pp(x) =0, H Pu(x)=m Pp(x).
Then by using (4.45) we obtain

%Tr(MZ) P, (x) = ((n —2e)m+e m2) P (x). (4.46)

In spin m = 1 case we obtain the eigenvalue of the Casimir operator as (n — €) which coincides
with the value for the fundamental representation (4.41) as expected.

Proposition 4. In the JS type representation (4.42) the characteristic identity for the generators
of so and sp algebras is

M3, = — M2+ (2 — en)Mag — STe(M?)(eqa — €Maq) ,

a

M3 + (€ —n)M? + (en —2)M + ATr(M?*)(I — eM) =0. (4.47)

Proof. Multiply the matrix M? as written above by M. After straightforward calculations we get
4.47). O

Now we compare this formula (4.47) with the characteristic identity (4.38) found for the case
of the fundamental (defining) representation (4.37). First we note that (4.38) is transformed to
(4.47) if we redefine G — e M. Then (4.47) gives (4.38) for the choice of the value of the Casimir
operator

1T M?) =
3 r(M*)={mn—¢),

which is compatible with the spectrum (4.46) for m = 1 and with (4.41).
The L-operator can be written in the form

Lu)=u—2)u—mI+wu—o)M+M (4.48)

In Section 6 we shall show that this form is obtained by fusion from YB operators acting in
the product of the spinorial and the JS representation. It can be checked that the RLL relation
with the fundamental R matrix (3.13) is fulfilled for particular values of the parameters.

5. Spinorial and metaplectic Yang—Baxter operator R

Let A be the algebra of (fermionic or bosonic) oscillators with the defining relations (4.30)
and denote by G the Lie algebra so(n) or sp(n). Consider the L-operator in the general form

1 1
L) =ul+ Ep(G“b)(X)Gba =ul— Ec[“cb) ®Ga € ABUg, (5.1)

where u is the spectral parameter, Gba are the generators of the Lie algebra G, Ug denotes the
enveloping algebra of G. p(G¢) € A denote the image of the generators G®, € G in the oscillator
representation (4.32). Note that if we evaluate the second factor in (5.1) in the fundamental
representation (4.37) then the L-operator (5.1) takes the form (4.34):
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1
L) =u s+ p(GP T} (Gd>—u8b+ p(G(eK G — Ply) =u s — p(GY),

where we have used the symmetry properties (3.23) of generators G¢,.
Now we consider the new version of the RLL relation (cf. (3.13))

R12(u) Li(u+v) Ly(v) = L1 (v) La(u +v) Ria(u) (5.2)

different from (3.13) because E)V‘{(u) is not the fundamental R matrix, but rather an element of the
algebra A® A, R(u) =P - R(u) € A® A. Operator P permutes the factors in the tensor product
A ® A and the operators Ry2(u), Ly, L, are elements of A ® A® Ug: Rio ) = Rw) @ I

Liw=vI-1cP@14@Gu=vI-1 Gy,
Lyw)y=vl—1 1A®c“ P @Gp=vI-1ch Gap. (5.3)

Here I 4 is the unit element in A and 7 is the unit element in 4 ® A ® Ug. We introduce the
short-hand notations c{ for oscillators ¢ in the first factor of A ® A ® Ug and c5 in the second
factor of A® A®Ug.

Since the L-operator is fixed in (5.1), we interpret (5.2) as the defining equation for the oper-
ator Rio(u).

Introduce the basis in the algebra A of fermionic or bosonic oscillators which is formed by
the unit element / 4 and the (anti-)symmetrized products

oW = N ()P ) e e (k=1,2,...), (5.4)

ogeSk

where Sy is a symmetric group, the sum is performed over all permutations o € Si of k indices
(1,2,...,k) and p(o) is the parity of o. Under the transposition of any two indices a; and a;,
the basis elements (5.4) have the (anti)symmetric property

lar ... .ai aj ... et — lav, . paj. .. 0% .

B st A st} ak).

—€C - C

Preparing the proof of the following theorem where we encounter the products of elements
of the (anti-)symmetrized basis we study the expansion of such products into the elements of
this (anti-)symmetrized basis. This is conveniently done by using generating functions (see, e.g.,

[15]). We introduce the auxiliary (anti-)commuting variables k%, «’*, ... such that
Ko =¢eapk?, KKk =—exb i, kK" =—ex k?,
P ch — _Echa , P Cb — _Gch/a

and define the operators 8” = 98/d«;, 3" = 9/ 9k, with relations

[0°, kale =19, k[1e =85, [0, “1c =13}, k"]c =€ 5},
[0°, ke =19, K'“]e =&, [0, 3l =[0", Kkale =[0", K/l =0, (5.5)
where [A, Bl = A B+ ¢ B A and according to our agreement we have (9;)p = €pq 81.“ = ea/axf’.
The scalar products of variables x” with themselves and with generators of A are

(k- k') = kgk!® = g4 K2k = € K%/

— /o, a __ /
w =Kk =—(K"-K),

(K-¢)=kec=—cok®=—(c-x), (kK-k)=0



A.P. Isaev et al. / Nuclear Physics B 904 (2016) 124—147 137

Thus, the variables k¢, k' have the same grading as ¢’s, i.e., they are anti-commuting variables
in the so case (¢ = +1) and commuting ones in the sp case (¢ = —1). Then derivatives of the
expression (k - ¢)F with respect to 8% ... 3% will give the elements of the symmetrized basis

of A:
AU 3% (k- o) =kl )
and it also can be written in the form
car e =pu | g% W .
Then we consider the product of two basis elements of algebra A (see (5.18))

clar | ca) clagh) — gar | gak p(ko) grag b ')

k=K'=0 -
— 91k a/ab e(f(-c) e(K’~c) — gl a/ab e((K+K’)~c)e(§K’-K)
k=k'=0

Here we denoted 091-% = 9% ... 8;1 k(i =1, 2), and used the Baker—Hausdorff formula

k=k'=0

o) pK€) — GOV O+ 31(K-0), (O

Sab

[(k - ©), (K" - )] = kpkalc®, Ple = kjra el =€ (k' k) .

Then we change the variables {«, «'} to {k =k + k', «'} and it leads to (k' - k) = (k' - k&) while
the k-derivatives are transformed as following

3—>9,9 —>03+d.
Finally this change of variables results in (for simplicity we remove bar for variables «, etc.)

C[al o Cak)c[acb) — aa|4..ak(aa + a/a)(ab + a/b) e(mc)e%(,{’./()

k=k'=0

— 8a1...ak[(aa8be(l(~c) —c abe(l{»c)a/a + 8ae(K-c)8/b + e(K-c)a/aa/b] e%(K’»K)

Kk=K'=0
1 1
— gk aaab + _(exaab _ Kbaa) + _KaKb e(K»c) (5.6)
2 4 =0
In the same way we obtain
claghplar  ca) — gragb '-e) gar  gax (cc) =
k=k"=0
— gk a/ab e(/c’.c) e(K-L‘) — §%-ak 8/ab e((K+K’).c)67%(K’.K) _
k=k"=0 k=k'=0
— aal.“ak[(aaabe(mc) —c ahe(lc~c)8/a + aae(l(-c)a/b + e(/{-c)a/aa/b] e—%(K’-K) . —
k=K'=
1 1
=99 | 9497 — —(exd” — kP9 + —kkP | O (5.7)
2 4 =0

The difference between expressions (5.6) and (5.7) appears only in the sign of terms which are
linear in x?. So we denote

1 1
e = [ et = o+ et | 58

where the index i refers the first or second factor in the tensor product A ® A.
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Proposition 5. The so or sp invariant R-operator ?5%12(14) which satisfies the RLL-relations (5.2)
with the L-operator given in (5.1) has the form

ri(u
Z ) Z Earby - Eapby € ... @b P (5.9)

where eqp is the so or sp invariant metric and the coefficient functions ri(u) are written sepa-
rately for even and odd k as

22" (m +€%)

ram(u) = Ao(u) ,
" D(m+1—e®im)
22D (m+ % +€%)
Pam1 () = - A1) (5.10)
Here Ag(u), A1(u) are arbitrary functions and € = +1 for the so case and € = —1 for the sp
case.
Proof.

1st part: Extracting the defining conditions from the RLL relation

After the substitution of (5.1) into (5.2) the quadratic parts in spectral parameters (propor-
tional to v* and uv) in both sides of (5.2) are canceled. The linear in v term gives the symmetry
condition

[(0(G%) ® L4+ 14® p(GL)), Rw)I=0 & [P +ed), Rwi=0, 5.11)

which indicate that %(u) is invariant under the adjoint action of so and sp algebras. The terms in
(5.2) which contains no v leads to the condition:

u(Frioo o ) = el e Ri2w)) G
1/
) (9"{12(14) cga cf) cgf cg) c[a cf) cgf Cz) mlz(u))Gaerb =0. (5.12)

Now we substitute G4.G fp = %([Gae, Grpl- + [Gae, Gﬂ,]+) and use commutation relations
(3.23). Then the condition (5.12) is written in the form

(T2 &7 = A Fia@)] = e e X19D) G = § X19NID (G, G gyl

(5.13)
where we denote ¢l9?) = ¢l@ ¢?) and
v b b v
xlae)lfb) — (mlz(u)cgae) Cgf ) Cgae) Céf )mlz(u))
Following [15] we search the solution of (5.13) as the solution of two equations
(u[Ftiow) &7 — cl Fipw)] — e e X1OUP) Gy =0, (5.14)
xlae)lfb) [Gaes G ppls =0. (5.15)

Below it will be shown that equation (5.15) leads to the condition

[G[aer)b]+ =0, (516)



A.P. Isaev et al. / Nuclear Physics B 904 (2016) 124—147 139

where [aef) denotes the (anti)symmetrization over three indices. This condition is not valid
for the enveloping algebra Ug. Therefore we need to restrict our consideration to appropriate
representations of Ug for which (5.16) is fulfilled. Note that the operators G, with symmetric
property Gqp = —€Gpq (cf. (3.23)) satisfy the identity [G4eG frypl+ = [Ga[eG rpyl+ and thus
(5.16) is valid for (anti)symmetrization of any three of four indices (a, e, f, b). For the so case
the condition (5.16) was discussed in [15]. 5

The Yangian-type condition (5.14) fixes the operator R and we start to solve it now. We apply
the method developed in [15] for so case. As we will see below this method works perfectly also
for sp case.

2nd part: The symmetry condition and the generating function form

The symmetry condition (5.11) implies that the spinorial R-operator decomposes into the sum
(5.9) over invariants which are tensor products of the basis elements (5.4) of the algebra A. We
write (5.9) in the concise form

I (u) :
Z k Z ab [‘ll -ag) 2 bk)’ (517)

where we have denoted again the first and the second factors of tensor the product by subscripts
1 and 2 and have introduced the shorthand notations

L lay...ak) [a) ai) lar...ar) _ la a)
€55 =Caiby " Earby » € =c; rc, o =cy 0y

After substituting (5.17) the Yangian-type condition (5.14) takes the form

ri(u
Z q )Z ab( [ farai) | (lb1--00) fab) _ [ab)cgal...ak)'Cgbl...bk)jl _

[cg‘” ak)CEae) 'Cgbl ‘.bk)cgfb) _ CEae)CEal...ak) _Céfb)cgbl.‘.bk)]> —0. (5.18)

_8f€

Using the representations (5.6), (5.7) for the factors in the tensor products appearing in the
equation (5.18) we write this equation as

i ri (1) ak A(32-01) (u ([_chzb _ [_](fb) _

k!
k=0

— Efe <[+]ae +]f —[- ]l]le . [_]{b>> e(KI-Cl)e(Kz‘Cz) =0, (5.19)
r=k1=k2=0
where we have applied also the formula
a}/\( ek(az-al)‘ = (Sahag ala)k = Eaby - - Early a‘ll -aj 8b1 bk

Our task is now to commute in (5.19) all derivatives ;" to the right and then put to zero all
variables ;' appearing on left of the derivatives 9. Taking into account (5.5) we have the rules

(029 ki = (k{ +10%) MO0 20 K5 = (k5 + €1 d7) (0290 (5.20)

3rd part: Evaluating the Yangian-type condition
Applying these rules to the first term in (5.19) we obtain
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— [0t — adceagol — obog) + 22 Lagab ] )er 0 =
= 024 — n(aga) — a3ak )er2, 520

where after reordering we put to zero all variables ' appearing on left hand side with respect to
derivatives 0.
The second term in (5.19) contains the expression

VRO ey, e3) = (1415 - (417 = =15 - [-1") =

1 1
= [afaf + ZKfo:| (exc] 92 — 1ch0]) + (exds — i) [a{aﬁ’ + ZK{K§:| ,

where we substituted (5.8). Further we act to this expression by the operator %29 from the
left and then move e*(%2'%) to the right with the help of rules (5.20). The result is
eM(02:01) Y[af)[fb)(,(]a’ k) = Y[ae)[fb)(vg7 Vi) - M2
where V{ = (k5 + €A df), V§ = (k] + A 05). After reordering of variables ;' and 8;’ and can-
celing all «{" appearing at the left we deduce
YOl (vg, )|, = [(ev] 9% - 1af)ogas + 19395 (ev] of - v0a])+
e vgo; — V5o of b + 4V VI (Vg - vsap) || =
K=
=[5 + 12203 o 0 — e atol) + e agog — asop [0f" + 122 0] |+
+%)\2<(8€fa§b + gaf azbe + 8617 8,2fa + 8ub aé’f) _ (2 — 1)) )

Here the formulas 99/ Kif

= e/ — &9/ 3¢ are helpful.

ki=0
Note that we obtain the expression for Y14/ b) (V3. V) |K[:0 which is (anti-)symmetric un-
der the permutation of any three indices out of four {aefb}. This implies that the same index
symmetry holds for the operator X!“©Lf?) in (5.15). This fact proves that the condition (5.16)
follows from (5.15).
Finally, after contraction with ¢ ¢, we obtain

2

. e A
ere YOUP (VS V)| = [Z(” —26) —er(1+ 5 ) @2 al)] @5° —a®),
K=

and together with (5.21) we write the equation (5.19) as following

o0
Z Nk 2’{'(”) Wk((82 . al)) (agb _ aizb) e(Kl'C1+K2'C2)
k=0

-0, (5.22)

K1=k2=0

where we have introduced the notation Wk((az . 31)) for the operator

2 2 2
Wi (D2 - 1)) = 0% <u (1 - /\T> — )‘Z(n —26) + ek(l n %)(32 : ao) MO0

=y (u — 2 (n—2e+u) +er(l + ﬁt_z)ax) o (B201)

r=0

A=0
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k(k

—1
= ((u +ek)ok + — dn— ek + u)a§2> M0 (5.23)

A=0
By substitution of the operator (5.23) into (5.22) one obtains the recurrent relation for the coeffi-
cients ri(u):
4(k+e€u)
Tk
((k+2) —€(u+n))

The solution of (5.24) separates for even and odd k and it is now not hard to check that it is given
by the formulas (5.10). O

rep2(u) = (u) . (5.24)

In the so(n) case (€ = +1) our results (e.g. relation (5.24)) coincide with the results of [15] af-
ter rescaling of generators ¢ — +/2¢® which gives the standard definition of the Clifford algebra
et cbet =2,

We have encountered the additional condition (5.16). Representations for the generators of
which it is fulfilled result in L operators linear in u obeying the RLL relation (5.2) with the
spinorial YB operator R (5.9).

Proposition 6. The representations of Jordan—Schwinger type (4.42), (4.43)
Map = €(xq0p — € Xp dg) = (€ X4 Op — Xp 0g) ,

obey the additional condition (5.16), i.e.
[MgeMpyply =0.

Thus the L operators
L(u)=ul — FypM®, L) =ul + F!, M®

built from the generators of the spinor representation Fup, and of the JS representation M
obey the RLL relation (5.2) with the spinorial YB operator SR (5.9). Here F,p, are understood as
operators acting in the spinor space and the superscript t, F', means transposition.

Proof. The proof is done by straightforward calculations. O
In Section 4 we have seen that the representations of JS type obey the cubic characteristic

identity for the matrix of its generators. We see now that this identity and the additional condition
(5.16) are related.

Proposition 7. If the generators G, of the algebra so, or sp, in a representation p' obey the
additional condition (5.16), i.e.

P (1G e Gyl ) =0. (5.25)

then the matrix G = ||G%|| (for simplicity here and below we omit the symbol of the representa-
tion p') obeys the cubic characteristic identity (cf. (4.47))

G+ (e —n)G* + (en —2)G + %Tr(Gz)(I —€G)=0. (5.26)
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Proof. It is convenient to rewrite (5.25) using the commutation relation (3.23) as:

Ga2a| Gqcz + Ga|cl Gazcz + Gclaz Galcz = &cyay Gclaz + &cray Galcl + Ecyey Ga2a| . (5.27)
The multiplication by G2 and summation over ay, a, leads to

mM2Gerey — 2G 101 8 G apeP® G gy, +2(n — 2€)G 1P G gy, =

= —2G pE"2 G yye, +M28cre, (5.28)

where m, = TrG?. From commutation relations (3.23) we also deduce

Gczbgbazcazcl = G[Gclagabicz —(n— ZE)Gclcz]’
and applying this identity to the right hand side of (5.28) we obtain

b b 1
GclalsalaGabs azGazcz —(n— 26)Gc1b8 azGazcz -3 mZGclcz =

=€[G 10t Gpe, — (1 = 26) Gy — 3M28c100), (5.29)
or simply for the matrix G = [|G?, || = ||e*“ G¢»|| we have the characteristic relation
G3—(n—e)G2+e(n—26—%)G+e%:0, (5.30)

which coincides with (5.26). O

Note, that by parameterizing the eigenvalue of the quadratic Casimir operator as in (4.40)
my = TrG? =2m (me +n — 2¢),
one can rewrite the polynomial (5.26) in the factorized form

G+ (e—n)G>+(en —2—eZ)G+ %2 =
=(G+em)(G—em —n+2¢)(G —e€)=0. (5.31)

Note that this condition was presented in [11] (see eq. (3.9) there) for the case of so(n) Lie al-
gebra and for the generators G5 € so(n) which coincides with ours (satisfying the commutation
relations (3.23) and (4.44)) up to the redefinition G5 = —Ggp.

An obvious generalization of the Yangian concept discussed in Sect. 3 can be considered
where the fundamental R matrix is replaced by the spinorial fR. The spinorial L operators of the
first order evaluation of the spinorial Yangian Y(G),

L) =1lu— FaG®, (5.32)

where F = %sbdc(“c‘” are the spinor representation generators and G are generators acting
in V and obeying the condition (5.16). Monodromies built as products with multiplication in the
spinor space V; but tensor product of copies of V result in examples of higher order evaluations
of the spinorial Yangian. Below we shall consider instead the monodromy of two L factors of
this form but with the roles of the representations V; and V interchanged. The fusion procedure
involving the projection of V; ® V; onto the fundamental representation space Vy results in
examples of the second order evaluation of the (fundamental) Yangian Y (G).
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6. Fusion operations

Recalling the known procedure we consider the YB relation (1.1) with the representation by
operators in the space Vi ® V> ® V3. If it holds for the particular choices for R; 3 as L; 3 and L i3
then it will hold also for the choice

T, 55) = Liz(u — )L, 5(u — 1) (6.33)

defined by the product of operators in the space V; and as tensor product action in V3 ® V5.
Consider then the projection IT on the invariant subspace V3 = IT- V3 ® V5 and the restriction
of the operator T; 53(u) to this subspace L; 3.

(VZeB3 e (V30 V3) — Vi3 ® V.

The YB relation then holds for the substitution of R; 3 by L; 113.
We consider first the case with the fundamental representation for both V; and V,. V3 and V3
are both the spinorial spaces and

Lizw)=ul —F, L;3(u)=ul+F'

The fermionic oscillators used above to express the spinorial generators are related to the con-
ventional gamma matrices and the transposition ¢ is defined in the matrix sense.

1 1
Fy = Sepac e = Zepay ™y =y Oy yt = V2 (6.34)

The gamma matrices represent the intertwiner of the fundamental representation space Vy
labeled by the index a and the corresponding invariant subspace in the tensor product of the
spinor spaces Vs ® Vi labeled by two matrix indices, i.e. they project Vi ® Vi — V. For the
reduction of the product of L matrices the projection ((V; ® Vi) ® (Vs ® Vi) — Vi® V} by

contracting the spinor indices with - y[ﬁ lﬂz is to be done.

This operation is performed by calculating gamma matrix traces of products with 2, 4 and 6
y,e.g.

tl‘()/a)/b) =C Sabtl‘()/a)/b)/c)/d) =C (gabng _ Sacgbd + Sad&‘bC)

which follows from the Clifford anti-commutation relation with C being the trace of the unit
matrix in spinor space.

The symplectic counterpart of the spinor representation is infinite-dimensional. Nevertheless,
the operators ', can be interpreted as projectors of the tensor product to the fundamental repre-
sentation labeled by a. The matrix elements can be calculated with respect to the standard basis
of oscillator states or in coherent states. The infinite sum or integration over the basis states re-
quires a regularization. Here we need only that this regularization can be done in such a way that
the analogous relations for the traces hold. The following result relies on the relations

tl"()/a)/b) — Cgab, tl‘()/a)/b)/c)/d) =C (8ab80d . 88a08bd + Eadgbc)

Proposition 8. The fundamental R matrix with so or sp_symmetry (2.8), (3.15) is reproduced
by the fusion procedure applied to the product L(u — (1) L(u — A) of the spinor L matrix (4.34)
and its transposition involving the projection of the tensor product of the two spinor represen-
tation spaces to the invariant subspace corresponding to the fundamental (spin 1 in so case)
representation.
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Proof. Let us write the monodromy and the projection with explicit indices for the so case.
Indices a, b, .. 1abel the basis of the fundamental representation space and «, S... the basis of the
spinor spaces.

ajay __ yaia cp B
(L0 = L0 = LS, ) < vz,

We obtain
1 1
b
(= 2w = 8y ya) = 5 = Wy ™y ay va) + 5 = My va) =

1 .
- th()/”dl ybzyblcl de)

n—3. b b At n=2_ 4 b
=C'[{(u—)»)(u—li)—T}(Sdllcsd;—i-{u——z +— Y84 —
b n—2
—{M—T——4 16712284, 4, 1.

In the symplectic case we have the analogous calculation and the result for both cases is propor-
tional to

en—3 A+ en—2 A+ en—2
M-y a

(=2 =) = — > 7 2 J

If we impose A + u = %(2 —eéen) and Apu = %(sn — 3) we recognize the fundamental R-matrix
(2.10). O

Proposition 9. Consider the product L(u — ,u)Z(u — A) of the spinorial L operators (5.32)
L) =ul — Fyp G L(u)=ul + F',G*

where F; are the spinor representation generators and G are generators obeying the condition
(5.16), i.e.

[GlaeG )+ =0

The application of the fusion procedure involving the projection of the tensor product of the
two spinor representation spaces to the invariant subspace corresponding to the fundamental
representation results in the L operator of the form of the quadratic evaluation type, which at the
shift parameter values

—4)2
(A—m2=(”T). bt =0, (6.35)
reads
Lu)=u*l +uG+N, (6.36)
N=l@ gy~ tpr_m2 gt
== - - = ——, B=<-—¢.
2 4 8 2

Proof. We may start from the YB relation with the JS representation in Vi, and the spinorial
in Va, V3 or from the RLL relation with the JS representation in Vi, V» and the spinorial one in
V3. In the first case the fusion operation will lead in particular to T} 53 (6.33) with JS operator
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multiplication for the action in Vj and in the tensor product of two copies of spinorial represen-
tations V3. The projection of the latter to the fundamental representation is done by just the same
calculation as above.

Let us write the monodromy 7 53 and the projection with explicit indices for the so case.

1 1
[ =M= 2y Gaplglw — I+ 2y Geal]

The contraction with (ye)g (y! )g leads to
e f 1 ab, e. f
L) =@w—2)w—wtyy’)— Z(” -ty y)Gap +
1 . 1 ,
+ 5@ = Dy y NG — Ly Y HGarGea
1 1
=l [ = ) = w8 + S = )G + S =G +
1 1 .
By a shift u — u — A this can be written as

u?8" + (G — (4 208y + N¢/

n—2 u+A
4 2
Here we have used the Lie algebra relations to transform the commutator of generators G. 0O

1 1
N = E(Fz)ff - g5€ftrG2 +( )G, (6.37)

By direct calculation it is checked that the obtained L operator at the particular parameter
values (6.36) obeys the RLL relation (3.13) with the fundamental R matrix (3.15).

7. Summary

We have considered Yang—Baxter R operators symmetric with respect to the orthogonal and
symplectic algebras. We have started from known examples illustrating how the more involved
structure of these algebras compared to the one of the special linear type result in more involved
features of the R operators. We have shown how both cases can be treated in a uniform way,
which amounts in particular in the interchange of symmetrization with anti-symmetrization. It is
known that this feature of analogy allows a supersymmetric formulation starting from the graded
orthosymplectic algebra. We have preferred the more explicit parallel treatment of the two cases
and decided not to add the supersymmetric formulation here.

The L operators obeying the RLL relation together with the so or sp symmetric fundamental R
matrix define the corresponding Yangian algebra. Unlike the case of s£ symmetry the truncation
of the expansion of L(u) in inverse powers of the spectral parameter u results in constraints,
which cannot be fulfilled in the enveloping algebra, but lead to the restriction to distinguished
representations the generators of which can build such L operators.

The known example of truncation at the first order, the linear evaluation of the Yangian, is
given by the spinor representation of the orthogonal algebra. It can be formulated on the basis
of a fermionic oscillator or Clifford algebra. We have indicated its symplectic counterpart (meta-
plectic representation), which is formulated on the basis of a bosonic oscillator algebra. The
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constraint resulting form the first order truncation can be formulated as a characteristic identity
of second order in terms of the matrix of generators.

The fundamental R matrix can be regarded as an example for the truncation at the second
order, the quadratic evaluation of the Yangian algebra. The Jordan—Schwinger type representa-
tions provide more examples. The constraint resulting form the second order truncation can be
formulated as a characteristic identity of third order in terms of the matrix of generators.

The YB relation involving the spinor and metaplectic representation L operators together
with the particular R operator acting in the tensor product of two spinor and metaplectic rep-
resentations has been studied. On its basis the explicit form of this spinorial and metaplectic R
operator has been derived in an uniform treatment of both the orthogonal and symplectic cases.
Further, we have studied a similar YB relation involving this spinorial R operator together with
YB operators acting in a tensor product space of the spinor (and metaplectic) with another repre-
sentation different from the fundamental one. The demanded YB relation results in a constraint
on the generators of this representation. It is fulfilled by the fundamental representation, but
also by Jordan—Schwinger type representations. For the constraint the latter have to be based on
bosonic Heisenberg algebras in the orthogonal case and on fermionic Heisenberg algebras in the
symplectic case. We have shown that the latter constraint is directly related to the third order
characteristic identity of the quadratic Yangian evaluation.

We have studied fusion operations on products of YB operators acting on tensor products
where one tensor factor is the spinor representation and the fusion involves the projection of
the tensor product of two spinor representations onto the fundamental (vector) representation.
In particular we have demonstrated how the fundamental R matrix is reproduced performing
the fusion operation of the product of spinor L operators. The fusion operation with the same
projection has been done also on the product of the R operators obeying the above YB relation
with the spinorial R operator. These examples of fusion are chosen, because they result in the
examples of L operators of the quadratic Yangian evaluation considered before, the fundamental
R matrix and the L operator of the Jordan—Schwinger type. The explicit form of the latter is
found in this way.

Yang-Baxter operators and in particular L operators of simple structure, which can be for-
mulated explicitly, are of interest for integrable quantum systems. In particular the monodromy
operators defined as products of L operators are applied in the investigation of integrable inter-
action models and in the construction of symmetric correlators and operators.
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