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Abstract—In this paper, the existence of positive periodic solutions of a class of periodic Lotka-
Volterra type impulsive systems with distributed delays is studied. By using the continuation theorem
of coincidence degree theory, a set of easily verifiable sufficient conditions are obtained, which improve
and generalize some existing results. © 2005 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

It is well known that, in the periodic environment, the population dynamics of two competing
species can be described by the famous nonautonomous Lotka-Volterra competing system,

z1 (t) = 21 (t) [a1 (t) — a11 (8) 21 (t) — @12 (£) 22 ()],
5 (t) = 22 (t) [az () — a1 (t) 21 () — agq () 22 (£)],

(1.1)

where z;(t) is the population density of species i; a;(t) is the rate of cell proliferation of species i
per hour; a;;(t) is the rate of intraspecific competition if ¢ = j, and the rate of interspecific
competition if 7 # 7, 4, j = 1,2. Because the environment usually varies continuously with certain
period (e.g., seasonal effects of weather conditions, food supplies, temperature, mating habits,
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etc.), and the assumption of periodicity of the parameters a; and a;; is a way of incorporating
the periodicity of the environment, we assume a; and a;; are w-periodic.

In recent years, there has been much research about the existence and global asymptotic
stability of periodic solutions, where the main technique is the Schauder fixed-point theorem or
a V-function. Furthermore, if the delay is considered when investigating the reciprocity between
two species, equation (1.1) will be extended to a nonautonomous Lotka-Volterra system with
delays. In [1,2], Liapunov functions, monotone flow theory and the Horn asymptotic fixed-point
theorem are used to study the existence and global asymptotic stability of periodic solutions.
In [3], the following nonautonomous Lotka-Volterra system with delays is studied by applying
coincidence degree theory,

1 (t) = 21 (t) a1 (¢) — @11 () 21 (¢ = 712 () — @12 () 22 (t — 712 ()],

2 (£) = 2 (2) [az (t) — az1 (&) 21 (¢ — 721 (£)) — a2 () 72 (¢ — 722 ()], (12)

and some sufficient conditions for the existence of positive periodic solutions are given.

We know that the birth of many species is not continuous, but occurs at fixed time intervals
(some wild animals have seasonal births). In the long run, the birth of these species can be
considered as an impulse to the system. To describe this phenomenon exactly, we proposed
the following periodic two-species Lotka-Volterra competition impulsive system with infinitely
distributed delays, which is a generalization of (1.2),

i=1

2 0
a:’l (&) =1 (¢) l:—d]_ & —=1 () — Zalj (t) -/- ki; (s) zj (t+ s) ds] , t>0, t#tg,

2 0
zh (8) = 22 () [—dz ) —=z2(t) = Y az; (1) / kaj (s)z; (t+s) ds] ,  t>0, t#i (1.3)
i=1 —oe

Xy (tz—) - Tl (tk) = blkxl (tk) y T (t;:) — &9 (tk) = bgkxz (tk) 5 k= 1,2, ey

where 0 = tg < t; <tp < -++ <ty <--- are fixed impulsive points with limg_,c0 tx = 00.
In this paper, we will investigate the existence of periodic solutions of (1.3) by using coincidence

degree theory.
First, we give the following assumptions.

(A1) by > 0 is the birth rate of x; at tx, and there exists ¢ € N, such that tx4q = t +w,
bi(k+q) = bik.

(As) di(t) is the death rate of z; at time ¢, d;(t +w) = di(t), i = 1,2.

(As) kij € C((—=0,0],[0,+00)) and [°_ kij(s)ds=1,1,5=1,2.

(A4) aij € C(R,[0,00)), 1,7 = 1,2 are continuous w-periodic functions with fs aii(t)ydt > 0.

Without loss of generality, here, and in the following, we assume that
[0,w] N {tx} = {t1,t2,...,tm},

80, ¢ = M.
By the definition of xz;, we have x;(0) > 0. In view of

t 2 0
z; (t) = z; (0) exp {f [—di (t) ~zi () — Z i (t)/ kij (8)z; (t+s) ds} dt} ) t€[0,t1],
0 =1 —oc0
2 0
z; (t) = x; (t,:-) exp {‘/t: [—di (t) — T (t) — ]Z:l aij (t) j—oo kij (s) T; (t+ s) ds} dt} s te (thtk+1] s

z; (8) = (1 + bu) 2 () k=1,2,..., i=1,2,

the solution of (1.3) is positive.
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Let u;(t) = Inz;(t), i = 1,2, then equation (1.3) is transformed into
2 0
Uy (t) = —di (t) — e™ ®© _ Zalj (®) / ki (s)e™ (t+s) ds,
j=1 oo
2 0
uj (t) = —da (t) —€*2® = " ay; (1) / koj (s) 5(+9) ds, (1.4)
i=1 oo

Ug (t:) — Uy (tk) =h’l(1+bik), i=1,2.

So, the existence of periodic solutions of (1.3) is equivalent to that of (1.4).
Let ® denotes the set of Lebesgue measurable functions ¢ : (—oc0,0] — R.

DEFINITION 1.1. For ¢1,¢2 € ®, a function v = (ug,u2)’ € ((—00,00), R?) is said to be a
solution of (1.4) on [0, co) satisfying the initial condition,

u; (8) = ¢; (), s €(—00,0], ¢:;(0)>0, i=1,2,

if the following conditions are satisfied.

(i) w(t) is continuous on each interval (ty_1,tx), k=1,2,....
(i) For any tx, k=1,2,..., u(t]), u(ty) exist and u(ty) = u(te).
(iii) u(t) satisfles (1.4) almost everywhere in [0,00) and at impulsive points tj situated in
(0, 00), may have a discontinuity of the first kind.

2. THE EXISTENCE OF POSITIVE PERIODIC SOLUTIONS

In this section, we will investigate the existence of positive periodic solutions of (1.3). For
convenience, we first summarize a few concepts and results in [4], which will be used in this
section. Our existence results are based on the coincidence degree theory in [4].

Let X, Z be normed vector spaces, L : dom L C X — Z be a linear mapping, snd N: X — Z
be a continuous mapping.

L is said to be a Fredholm mapping of index zero, if dimKer L = codimIm L < +00 and Im L
is closed in Z.

If L is a Fredhlom mapping of index zero, then there exist continuous projectors P : X — X
and Q : Z — Z, such that InP = KerL, KerQ = ImL = Im(I — Q). It follows that L |
domLNKerP: (I - P)X — ImL is invertible. We denote the inverse of that map by Kp.

The mapping N is said to be L-compact on Q, if Q is an open bounded subset of X, QN Q) is
bounded and Kp(I — Q)N : Q — X is compact.

Since Im @ is isomorphic to Ker L, there exists isomorphism J : Im Q — Ker L.

In the proof of our existence theorem below, we will use the continuation theorem advanced
in [4].

LEMMA 2.1. CONTINUATION THEOREM. Let L be a Fredholm mapping of index zero and N be
L-compact on Q, if

(a) for each A € (0,1), every solution x of Lz = ANz satisfies ¢ ), and

(b) for each z € Ker LN 0%, degg{JQN,Q N KerL,0} # 0, when QNz # 0, where deg B

denotes the Brouwer degree, then the equation Lz = Nz has at least one solution in
dom LN Q.

To prove main conclusion by means of the continuation theorem, we need to introduce some
function spaces.

Suppose J C R be any interval. Define PC[J, R?] = {u : J — R2, u(t) is continuous for t € J,
t # te, and u(t]), u(ty) exist and u(ty) = u(t;)}.
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PC'[J,R?| = {u € PC[J,R?,u(t) is continuous differential, for t € J, t # tx, and v/(t}),
u'(ty) exist and /' (tx) = v/ (t;)}.

Obviously, PC[J, R?] is a Banach space with the norm |ju||pc = sup,c ||lu(t)|, and PC'[J, R?]
is also a Banach space with the norm |u| pcr = max{||u| pc, ||v'||pc}, where || - || is any norm
of R2.

LEMMA 2.2. H C PC[J, R?| is relatively compact if and only if the functions in H are uniformly
bounded on J and equicontinuous on (tx—1,tx], k =1,2,..., K, for any fixed K > 1.

PRrOOF. It is easy to prove by the Ascoli-Arzela theorem.
For convenience, let

In the following, we will give the main result of this paper.

THEOREM 2.1. Assume (A;)-(A4) hold, then if

Aqag; > Agays , Agliy1 > Ardg

ﬁ 1+ blk)] .

k=1

ﬁ (1 + bax)
k=1

Equation (1.3) has at least one positive w-periodic solution, where
1 w
(_lij = —-/ a,-j (t) dt, ’L,j = 1,2
w Jo

PROOF. As stated in Section 1, we only need to prove that (1.4) has at least one w-periodic

solution.
Let

X={u(t)=(u1 (t),us (t)" € PC (R, R?) ]u(t+w)=u(t)}, Z =X x R?™.

For u € X, take [ullpc = supscjo.j{llu(t)||}, where || - || is any convenient norm on R?, and
for z € Z, take || z | z=|| u |[pc + 1| v ||, where u € X, y € R?™, and || - || is any convenient norm
on R?™, then X, Z are both Banach spaces with the norm | - |p¢ and || - || z, respectively.

Let ‘

domL = {u () = (ur (), u2 (8)T € X : (w1 (t) ,us (8))T € PC (R, RZ)} ,
L:domL — Z, u— (U, Au(t),. .., u(ty)), N:X - Z,

il

2
— — eu1(t) . 0 X uj(t+s) 4
R (ln(1+b11)) (ln(1+b1m))
) k) Y b

Nu 2 b In(1+b
—dg () — e¥2® — 3 ag; (t) fgw ka; (s) e*3(t+2) ds In (1 + ba1) n (1+ bam)
=1

Aug () uy (t;:) — U1 (tk)>
u = = ; k=1,2,...,m.
Au (t) (AW (tk)) (u2 () — s () m

where

It is clear that
ker L ={u|ueX, u=h, h€R2},

ImL={z|z=(f,01,...,Cm)GZ:/owf(s) ds+ZC’k=0}-
k=1



Existence of Positive Periodic Solutions 1041

So, Im L is closed in Z, and dimKer L = 2 = codimIm L. Hence, L is a Fredholm mapping of
index zero.
Set

1 W
Pu=;/0 u(t) dt,
Qz=Q(f,C1, - ,Cp) = l /wf(s)ds+i0k ,0,0,...,0).
w 0 k=1

It is easy to show that P and @ are continuous projectors, such that
Im P =KerL, ImL=KerQ=Im (I - Q).

Furthermore, the generalized inverse (to L) Kp : Im L — Ker PN dom L exists.
Set 2 =(f,C1,--- ,Cp) € Im L, then there exists u € X satisfying

u () = (1), t#ty, k=1,2,...,
u(tl‘:) _u(tk) = C,
that is

u(t) = /fs)ds+ZC’k+u @2.1)

t>1

Because of u(t) € Ker P, we have [ u(s)ds = 0. So, from (2.1),

/ /f S)dsdt+/ > Crdt +wu (0)

t>tr

Then, from the last equation and (2.1),

u(t)—/ £(s) ds+ch——/ /f(s dsdt—-—Z( w— 1) Ci, (2.2)

t>1 k=1
ie.,
sz—/ F(s)ds+ Y C ——/ /f dsdt——Z( w — tx) Cr. (2:3)
t>t) k=1
%{/w [ dy (2) — eu1(t) _ % a; (t)/ kyj (s) etj(t+s) ds:l dt + i In (1+blk)}
QNu = ° =1 k=1 ,0,...,01,

: {/Ow [—dz (0 e - 21 % () /_w’“zj (s) e+ ds] art 3 ln(1+bzk)}

w i=

t 2 0
/ [—dl () = 1) — 3 oy ) [ iy (9) st ds] du+ ¥ In(L+by)
Kp (I . Q) Nu= 0 j=1 00 t>t

t 2 0
/ [—dz (1) = "1 — 3 ag; () _/ ka; (s) e¥s (m+e) dS] dp+ 3 In(1+ba)
[ j=1 —oo ) t>t;

1 [w r6 2 1] m
1 / / —d1 () — e Ty (1) / k1 (s) evi(t+e) ds] dtdp+ L 5 (w—ta)In(1+ byg)
0 Jo i=1 —00 W =1

w

1 [ fH 2 0 1 m
_/ / —da (t) — e*2® — 5 ay; (t)/ kaj (s) i+ ds| dedp+ = 3° (w—tx)In (L + bok)
0 Jo i=1 —o0 W =1

w
(t 1
w 2
1
2

-

) { [—dl (n) ~ e1() — i a1; () / ’ k1 (s) s (mts) ds} du+ 3 111(1+b1k)}
i=1 —o0 k=1

u 2 0 m
{ [ [—dz () =209 = 3 ag; () [ hay (5) ersok) ds] dut 3 1n(1+bzk)}
—co k=1

J=
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Clearly, QN and Kp(I — Q)N are continuous. By Lemma 2.2, we can easily show that
Kp(I — Q)N(Q) is relatively compact for any open bounded set @ C X. Moreover, QN Q)
is bounded. Thus, N is L-compact on Q for any open bounded set @ C X.

In order to apply Lemma 2.1, we have to obtain an appropriate open bounded subset 2.
Corresponding to the operator equation Lu = ANu with A € (0,1), we have

wy (t) = A[—dl(t)—e““*’—Zau(t) / k1 (s)e“v““)ds], t# b, k=12

i=1

) (t) = )\[—-dz(t) —e2(t) Ea2,(t) / ko (s)euz(t+s>ds], ui(t;:')—ui(tk)=>\ln(1+b,-k), (2.4)

i=1
i=1,2,
u; (0) = u; (w) .

Integrating (2.4) from 0 to w, we have

w 2 0 m
/ |:—di () —e® - 3" ay; (t)/ kij () eV ds| dt+ Y In(l+bix)=0  (5=12%i#7),
4] j=1 —o0

k=1

that is,
w 2 0
/ et 4. Zaij (t) / kij (s) et ds| dt = wA,. (2.5)
0 j=1 —00

From (2.4) and (2.5), it follows that

2 0
/ i} (8)] dt < diw + / {MMZ%(t) / kz-j(s>e“f“+s>ds] dt
=1 -

= dw +wA; (2.6)
m
= Z (1 + bix) -
Since u(t) € X, there exists & € [0,w], such that
= L (t i =1,2. 9.7
wi(§) = min wi(t), 1 (2.7)
From (2.5) and (2.7), we have
w&iie“"(g") <wA,, 1=1,2.
Moreover,
s (&) Sln{%}, i=1,2. (2.8)
Then,
u; () < ug (&) +/ [l (t)] dt < ln{ } +Zln(1 +bu) € M (2.9)

On the other hand, since sup;(o,.j{ui(t)} exists, there exists 7; € [0,w] satisfying

u; (nf) = sup {w(t)}, =12 (2.10)
te[0,w]
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From (2.10), if 7; # tx, then ui(nf) = wi(m); if 7 = tx, then ui(n) = ui(t}). From (2.5)
and (2.9), it follows that

w 2 0
Aw = / e | Z aj (t) / ki (s)e¥ t+s) ds| dt
0 =

—o0

2
< eui () 4 Zdijweu"(";_), i=1,2.
=1
That is, ()
. geseti\
gulah) y BB i hi=12 (2.11)
12

By (2.9) and (2.11), we have
aj; 0 — BijA; LH (1+ b,-k)]
=1
@iiljj + ajj

e () > . i#d, 6i=12

which implies that

8j;0; — a;A LH 1+ b,k)]

04045 + Qjj

u; (77) > In ©N,  i#h, Li=12  (212)

By (2.6) and (2.12), we have

w () > u (7 )/lu )| dt

(2.13)
> M, —Zln (1+bix) € My
k=1
Again, by (2.9) and (2.13),
sup |u; (8)] < max {|MF|,| M|} = = (2.14)
te[o,w

It is evident that, H; is independent of the choice of A, Moreover, it is not difficult to show by
using the assumption of Theorem 2.1 that the system of algebraic equations,

2
e+ ) ayen =4y, i=1,2 (2.15)
j=1

has a unique solution (u},u})T € R2.
Let H = ||(Hy,Hs)T| + C, where C is large enough so that the unique solution of (2.14)
satisfies ||(u},u5)7|| < C.
Let
Q= {u(t) = (u1,u2)" € X : |Julpc < H}.
It is clear that Q satisfies Condition (a) in Lemma 2.1. When z € Ker LN 80 = R*N &N, uisa
constant vector in R? with ||u|| = H. Then,

2
Ay —e¥t — ¥ ady,e%
QNu = N ,0,...,0] #0.
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Take J : ImQ — X, (d,0,---,0) — d, then if u € Ker L N 892, we have

Furthermore, in view of the assumptions in Theorem 2.1, it is easy to prove that
deg {JQNu,QNKer L,0} #0,

We have now proved that § satisfies all the conditions in Lemma 2.1. Hence by Lemma 2.1, (1.4)
has at least one w-periodic solution u*(t) in Q. So, z*(t) = (z}(t), 23(t)) T with z}(t) = exp{u} (t)}
is a positive w-periodic solution of (1.3). The proof of Theorem 2.1 is complete.
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