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It is shown that Bondy’s degree condition for ?I-connectedness of a graph 
is the strongest monotone degree condition for forcibly iz-connected graphic 
sequences. 

All the basic notation and terminology follows Harary [5]. Some 
pertinent concepts are reviewed here briefly. A (p, y)-graph G hasp points 
and 4 lines, its connectivity is denoted by K(G), and G is tz-connected if 
K(G) > II 3 0. The partition of a graph 17(G) is the degree sequence 
(d, , cl, ,..., d,,), where for convenience it is assumed to be non-decreasing. 
A non-decreasing sequence of non-negative integers is said to be graphic 
if there is a graph G with 17(G) equal to the given sequence. Any such G 
is called a realization of the given sequence. The problem considered here 
is to obtain conditions which ensure that all realizations are n-connected; 
in this case the sequence is called ,forcibb, tl-connected. The case of the 
particular as opposed to the universal quantifier has been treated by 
several authors. Rao and Rao gave the necessary and sufficient conditions 
for the existence of some 3-connected realization [6]. Their result has been 
generalized to n-connected graphs by Wang and Kleitman [7]. The 
condition for the existence of some n-connected multigraph realization 
has been obtained by Hakimi [4]. 

The case of forcibly tz-connected sequences has been treated by 
Chartrand, Kapoor, and Kronk, who gave a degree condition similar 
to the P&a condition for forcibly Hamiltonian sequences [2]. A theorem 
of Chvatal’s [3] on the strongest monotone degree condition for a sequence 
to be (tz - 2) forcibly Hamiltonian generalized the P&a condition and 
may be utilized directly to yield a condition for forcible II-connectedness: 
this result is stated here as Theorem 1. 
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THEOREM 1. Let G be a graph with p( 23) points, and let 2 d n < p - 1. 
Then G is n-connected if 

d, < i -t n - 2 * d(p-i-n+z) > p - 1 

holds for each i satisfying 

1 <i< P-US-1 \ \ [ 3 2 . 

Theorem 1, however, is neither stronger nor weaker than the Chartrand, 
Kapoor, and Kronk theorem. A generalization of both of these latter 
two results was given by Bondy [l]; it is stated here as Theorem 2. 

THEOREM 2. Let G be a (p, q) graph with the non-decreasing (p 3 2) 
partition IT(G) = (dI , d, ,..., d,) and let 1 < n < p - 1. G is n-connected 
if: 

d, 3 i+n-- 1, for 1 <i<p-dD-,,,-1. 

The relative strengths of Theorems 1 and 2 may be easily demonstrated 
by the following corollary, which is equivalent to Theorem 2. 

COROLLARY. Let G be a (p, q) graph (p 3 2) with rzon-decreasing 
partition 17(G) = (dI , cl, ,..,, d,,) and let 1 < n ,( p - 1, G is n-connected 

if 

for each i such that 

l< ,i< ‘-‘+I 
[ 1 2 * 

Proof. Assume to the contrary that di 3 i + n - 1 or cI,-,+~ > p - i 

for 1 < i < [(p - n + 1)/2] <,j, where j is the smallest integer with 
dj<j+Iz-1 and 1 -<j<p - dD+tl - 1. Certainly ,j > I as 
17 < p - 1. Thus dj-1 3 j - 1 + II - 1, and dj = j + n - 2. 
Furthermore, since j = tij - 12 + 2 :<; p - II + I, d, -< d,-,+, _ Thus, 
j -I- II - 2 = rl, < dD-,+l < p - .j - 1, which yields the contradiction 
2j<p-n++. 

It is shown here that Bondy’s theorem gives the strongest monotone 
degree condition for forcible n-connectedness. The following concepts 
utilized by Chvital [3] are reviewed here: 

Graph c is said to majorize G if II(e) 3 II(G), i.e., $ > di for 
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i = 1, 2,..., p. For a given value of n let pn[LI(G)] denote a condition 
predicated on II(G). Then in a theorem of the type 

p,[I$G)] =- K(G) 2 17. 

pn will be called rrzonotone if 

for all graphs e which majorize G. It is easily verified that the Chartrand, 
Kapoor, and Kronk conditions as well as those of Theorems 1 and 3 
are all monotone. 

The condition pN will clearly be a strongest monotone condition if, for 
any G and 17 such p,[n(G)] is false, there is a graph G* which majorizes G 
and has K(G”) < n. Finally K,;,,, denotes a complete graph on n? points, 
and 17, denotes the null graph. It is now shown that Bondy’s condition 
is “best” in the above sense. 

THEOREM 3. The conditions qf’ Theorem 2 are the strongest monotone 
degree conditions,for a graphic sequerlce to be forcibly n-connected. Namely, 
if k is the smallest integer srrch that 

then G is 777qjorized b2’ the non-u-connected <graph 

Proof. From the range of i in the corollary to Theorem 2, it is clear 
that p - k - n + 1 > 0. Hence there exists a graph G* which is the 
disjoint union of two complete graphs K,: and K(u-li-n+I) together with an 
additional n - 1 points of degree p - 1. Clearly G* has K(G*) = n - 1. 
Furthermore, it is easily shown that the conditions are indeed monotone. 

Now let 

II = (cl,*, rl,* ,.... drj*), 

then 

k+n-2. for 1 < i < k, 
di*= p-k-l, 

1 

for k+l <i<p--n+l, 
P- 1, for p - II + 2 < i < p. 

Now as I7 is non-decreasing, di* 3 di for 1 < i < k. 
Also, di* > d, forp 3 i 3 p - II + 2, as the maximum possible degree 
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in any graph is p - 1. The desired inequality for the middle range of i 
follows from the assumption 

k<p--p-,+,-l, 

which implies that 

di < d,-,+l < p ~- k - 1 = d,” 
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