-

View metadata, citation and similar papers at core.ac.uk brought to you by .{ CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com

- 4 d M
AP . MATHEMATICAL
»~ ScienceDirect ANALYSIS AND
APPLICATIONS

J. Math. Anal. Appl. 337 (2008) 1002-1009

www.elsevier.com/locate/jmaa

On the bilateral series 55

Zhizheng Zhang **, Qiuxia Hu®

& Department of Mathematics, Luoyang Normal University, Luoyang 471022, PR China
b College of Mathematics and Information Science, Henan Normal University, Xinxiang 450001, PR China

Received 26 January 2007
Available online 24 April 2007
Submitted by B.C. Berndt

Abstract

The purpose of this paper is to derive two transformation formulae which imply relations between basic and bilateral basic
hypergeometric series. Some special cases of them are also discussed.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

It is commonly known that one can derive a bilateral basic hypergeometric series from a unilateral series. For ex-
ample, one can get bilateral basic hypergeometric series from terminating unilateral series by making use of Cauchy’s
method (see [1,6-8]). In [3], Chen and Fu also present another method of obtaining bilateral basic hypergeometric
series. In [5] and [2], the authors used the method of [3] to find new semi-finite forms of bilateral basic hypergeometric
series and obtain two expansions of an .y, series in terms of r ,¢,_1 series, respectively.

Here, we mainly make use of a method already used by Bailey [1] to obtain two relations between basic and
bilateral basic hypergeometric series. The main idea of this method is to decompose one very-well-poised unilateral
series into two unilateral well-poised series, and then suitably shift the index and rearrange the order of one summation.
In special cases (when the special parameter a of the original very-well-poised series has been specialized as a — ¢
or a — 1), we can obtain a bilateral basic hypergeometric series by combining these two unilateral series. We will use
this method to establish two transformation formulae. In addition, we also discuss special cases of these two relations.

Throughout this paper, we will adopt the following definitions and notations. For |g| < 1, g-shifted factorial is
defined by

n

(a;q)o =1, (a;q)nzn(l—aqi_l), n=1,2,...,

i=1
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o0

(@; @)oo = l_[(l - aq"),

n=0

Also, we shall frequently use the following more compact notations:

(ar,az,....am; @n=(ar; Qnaz; Qn - -+ (@m; @n,

(ar,a2,...,am; @)oo = (a1; q)oc(a2; @)oo * ** (Am’ oo
and
(—g/a)q®
(@ q) = —L2 9
(q/a; @k
The basic hypergeometric series ¢, and the bilateral basic hypergeometric series s are defined by
— (a1.a ar; q) 1
a, az, ..., dar, _ s U2y oo ry 4 )n n (’7) +s—r _n
' ) | = _1 2 <,
s |:b1, by, ..., by 1 :| ;(g,blybL---’bs;Q)n[( r'e ]
and
— (a1, @ ar; q)
ay, a2, ..., 4y, _ s sy ooy Upy n n (") S—r n
r Y ) | = _1 2 Z,
1/“[191, by, ..., by } 2 Gr b gy D]

n=—oo

respectively. For more details, in particular on convergence of the respective series, and the definitions of well-poised
and very-well-poised, see [4].

2. Main results

In this section, we will make use of the following Bailey’s three-term transformation formula for VWP-balanced
g7 series:

a, qa'?, —qa'?, b, c, d, e, f. a’q’
847 12 12 s qs T
a’s, a'’s, aq/b, aq/c, aq/d, aqle, aq/f bcdef
_ (ag,aq/de,aq/df aq/ef eq/c, fq/c,b/a, bef/a;q)o
(aq/d.aq/e,aq/f aq/def, q/c,efq/c,be/a,bf/a; q)c
effc, qlef/o)'? —qlef/o)'/? aq/bc, aq/cd, effa, e, f
X 8¢7 12 1/2 ; g,bd/a
(ef/c)'/, (ef/c)'’*, bef/a, def/a, aq/c, fq/c, eq/c
(aq.bq/a.bq/c.bq/d bq/e.bq/f.d. e, f.aq/bc,bdef/a* a’q/bdef; q)o
(ag/b,aq/c,aq/d,aq/e,aq/f bd/a,be/a,bf/a,def/a,aq/def,q/c,b*q/a; q)o
X 5 b /a, qba~'/?, —gba~'?, b,  bc/a, bdja, bela, bffa  a’q*
897 ba=1/2, —ba~1/2, bg/a, bqg/c, bqg/d, bgle, bq/f’q’bcdef

+b/a

(D
provided |%| < 1and |bd/a| < 1. See [4, Appendix II (IL.37)].

Theorem 2.1. For (|%|, |bd/q|) < 1, we have

Tﬂ[ b, c, d, e, f . q—41|
b, aPle, a*ld, qPle, aP/f T bedef
_ (q.q%/de.q?/df.q/ef.qe/c.af . b/q. bef/q: @)oo
(q%/d.q*/e.q*/f, q*/def.q/c,qef/c,be/q.bf/q; @)oo
effe. qlef/o)?. —qef/o)' 2. ¢*/be. q*fcd. eflg. e [
[ ©f/OV2 —(ef/oV2 beflq. defla. qife. fqfc. eq/c"””"/q]

X g7
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b (g.b.bq/c.bq/d.bq/e.bq/f.d.e. f.q*/bciq)e  (bdef/q>.q*/bdef: @)oo
q (q%/b.q*/c,q%/d,q?/e.q*/f.bd/q,be/q; @)oo (bf/q.def]q.q?/def,q/c,b?; q)oo

wogg| 10 ba' o =ba' bejq, bdfq, beq, bfja. 4 @
b2, —bg™'2, bgjc. ba/d, bafe. bq/f' T bedef |
Proof. Taking a — ¢ in (1), we may rewrite
& a, qa'’?, —qall?, b, c, d, e, f - a’q?
87 a?,  —a'?, aq/b, aq/c, aq/d, aqle, aqlf’ " bedef
_ 1 ﬁ;i(l__qzk+1) (b,c,d,e, [;q)k ( q* >k
l—q = (q*/b.q*/c.q*/d.q*[e.q*/f: @)k \bedef
_ 1 f (b.c.d.e. f1q) (q“ )"
1 —q = (@*/b.q*/c.q*/d.q*[e.4*/f; @i \bedef
i (b,c.d,e, f3q)x <q6 )"
—q = (q?/b.q?/c.q*/d.q*/e.q?/f; @)k \bedef
_ 1 i (b.c.d.e. f1q) (q“ )"
1 —q &= (q*/b.q?/c.q*/d.q*/e.q*/f: @) \ bedef
_ 4 f (byc.d,e, f39)—k-1 <q6 )"”
l—q = (¢°/b.q*/c.q*/d.q*/e.q*/f: q)—k—1 \ bcdef
_ 1 i (b.c.d.e. f1q) (q“ )"
1 —q = (@°/b.q*/c.q*/d.q*[e.q*/f; @i \bedef
L f (bc.d,e, f3q)k <q4 )"
l—q = (q*/b.q*/c.q*/d.q*/e.q*/f: @)k \ bcdef
1 c d e f q* ]
— k) k) ) ; , . 3
I—q 51/,5[ 2b, @, @*ld, g*fe, aif’ 4 bedef 3)

In the above process, we substitute the index k of the second summation in (3) with —k — 1. Then, by the formula (1)
we get

1 w[ b, c, d, e, f q* }

1—q b, a*le. a*1d. e 21f T bedef

_ (q*.q%/de.q?/df.q*[ef. qe/c.qf |c.b/q. bef/q: @)oo
(q%/d.q%/e,q?/f.q*/def,q/c,qef/c.be/q,bf|q; @)oo

|:€f/C, Q(ef/c)l/z’ _q(ef/c)l/zv qz/bC, qz/Cdv ef/q’ e, f

X 847 (ef/oO)'?,  —(ef/o)V2,  bef/q, deflq. q*/c. fqle. eqlc

b (q*,b,bg/c,bq/d,bq/e.bg/f.d.e, [.q*/bc; @)oo (bdef/q* ¢’ /bdef; )
q (q*/b.q*/c.q*/d,q*/e.q*/f.bd/q,be/q; @)oo (bf/q.def/q.q?/def,q/c,b?; @)oo

b’/q, bg'%  —bg',  bc/q, bdlq, be/q, bflq. 4"
bg~'2, —bg~'2, bg/c, bg/d, bqle, bq/f T bedef

5 g, bd/q]

X 7106

which completes the proof of (2). O
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Corollary 2.2. For |q| < 1 and bede = ¢31", we have

. %[ c, d, e, q" qq] (1—q)(g* q*/bc,q?/bd, q* [cd; q)n
2/b @/, q*d, q*le, ¢*™ (q%/b,q%/c,q%/d, q*/bcd; q)n

which is just Ex. 5.18(iv) in [4].

s

Proof. When we take f = ¢ ™" in (2), the second term on the right-hand side of the identity (2) vanishes. Therefore,
we have

y [ c, d, e, q " . q q]
5Vs N s
2b, @Ple. Pld, ¢Ple. ¢
_(q.q%/de,q*"/d,q*"" Je,qe/c.q' " [c,b/q, beg™ " q) oo
(q%/d.q%/e,q>*", q> " [de,q/c,q'"e/c,be/q, bg™' " @)oo

eq"/c, qleq /)2, —qleqT" /)2 g*/be,  q?[cd, eqT'T", e, g™
(eq™"/)V2,  —(eq™"/)/?, beqT'™", deqT'™", q%*/c, q'"/c, eq/c’

X 87

q,bd/q}
_ (q.q%/de.q*™"/d. q>*" [e.qe/c.q' " /c.b/q.beq” " @)oo (eq' " /c.q?/ceiq)n
(q%/d,q*/e,q*", q>*" [de,q/c,q'"e/c,be/q, b1 @)oo (q2/c,q' 7"/ 3 q)n

q ", e, eqil*”, bcdeq%’”'
X4¢3|: beq—l—n deq—l—n ceq—l—n » 4,4

_(q.q*/de.q*"/d, q**" Je.qe/c.q" " [c.b/q.beq” " @)oo (eq' " /c.q*/ce; q)n
(q?/d,q*/e,q*> ™, q* de,q/c,q1e/c,be/q,bg™ " @)oo (g2 /c,q' " /C5 @In

_ (1—q)(q*, q*/bc,q?/bd, q*/cd; q)n

~ (q%/b.q?/c.q?/d, g [bcd; q)n

with bede = g1, This is just the result we want. O

In the above process, we make use of Watson’s transformation formula:

12 _ggl2 b d —n
a, qga qa B ) c, B e, q 2 24n
8¢7[ a2 —a' ag/b, agle, agld, aqfe, ag't 1 /b“’e}
(ag,aq/de; q)n |:q_”, d, e, aq/bc ]
= AT A : 4
@a/d,aqje;n * P aq/b, agje, deg~ja’ 1 @
provided |a?q®*" /bcde| < 1. See [4, Appendix III (I11.18)].
Corollary 2.3. For |¢3 /bcef|, |b| < 1, we have
c, e, f 3
D q, bce
“‘”“[ b e, q¥e. gift T f}
_ (U —qg/a( —=q/f)eq/c, fq/c,b/q,bef/q5 oo
(1—qg/ef)(q/c.efq/c.be/q,bf/q;q)eo
X8¢7[€f/cv qlef/o)' 2, —qlef/o)'?, q*/be, qlc. ef/q, e, f 'qbi|
(ef/o)V?  —(ef/o)'? bef/q. ef. q*/c. fqlc. eq/c’ T
b (q.b.e, f.q?/bc.bef/q.q?[bef.q*/ce.q?/cf. 4 [ef; @)oo )

q(@2/b.q?/c,q?/e,q%/f.be/q,bf/q, ef, q/ef.q/c.q3/beef; @)oo’
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Proof. Taking d =¢q in (2), we get

c, e, f . 3
41//4|: 2/b qZ/C’ 6]2/6, q2/f’ q.9 /bcefi|
_ (q.q/e.q/f.q*/ef.eq/c. fq/c.b/q, bef/q; @)oo
(q.9%/e.q?/f.q/ef.q/c.efq/c,be/q.bf/q; @)oo
X8¢7[ef/c, qlef/o?  —qlef/o)V?  q*/be, qlc, ef/q, e, f g b}

(ef/OV?,  —(ef/o)'?  beflq, ef. q*/c. fqlc. eq/c
b (q,b.bq/c,bq/e,bq/f.e, 4> /bc;d)oc  (bef/q.q*/bef; @)oo
g (G%/b,q%/c.q*/e.q%/f.be/q; @)oo (Bf/q.ef.q/ef.q/c,b* @)oo

b2/q,  bq'/? —bq'’?,  bc/q, belq, bf/q 3 ]
. 2 ) L ’ ’ ’ 0 g, bCe °
[ b~V —bg V2, bajc, baje. ba/fi TP

By certain simplifications and the summation formula of nonterminating ¢¢s series,

é a, qa'?, —qa'l?, b, c, d ag/bed | = (ag,aq/bc,aq/bd,aq/cd; q)o
693 a'?,  —a'?, aq/b, agqc, aq/d’q’ a (ag/b,aq/c,aq/d,aq/bcd; q)so

(see [4, Appendix II (I1.20)]), we get

X 6Ps5

C1 e?

m[ b e e qzj;f;q,f/bcef}
(I —=q/e)(1—q/f)eq/c, fq/c.b/q.bef/q; @)oo
~ (L—gq/ef)(q/c.efq/c.be/q.bf/q: @)oo
[0 QIR ateliolt S ale effe. e F ]

(ef/o)'?, —(ef/o)'?,  befla, ef. q*/c. falc, eqc

b (q.be, f,q*/bc,bef/q, q* /bef, q*[ce, q*[cf, a*/ef s Do
q (q/b,q?/c,q*/e.q*/f. be/q,bf/q.ef,q/ef.q/c.q>[becef; @)oo

Corollary 2.4. For |¢>t" /bce|, |q| < 1, we have

C, e, q " 3+n
4‘”“[ b e gfe. gt D /bce]

q
(1—q/e)(1—q"*")(g*/be,q*/ce;)n , . [q™", eq '"", e,  bceqg 2" .
= — 1 2 2 € 4¢3 bea—1—" —n —1-n 5 499 (6)
(1 —q'*"/e)(q=/b,q~/c; @n eq , eq ", ceq

Proof. Let f = ¢ ™" in (5). Then, the second term on the right-hand side of (5) vanishes and by (4) the first term on
the right side of (5) equals

(1—q/e)(1—q" ™) (eq/c,q' ™" [c,b/q, beq™ ™" @)oo (eq' ™" /c. q? [ce; q)n
(1 —q'*1/e)(q/c.eq' =" /c,be/q,bg™' " q) o (q*/c.q' " /c: q)n

_ —1—n —2—n
q7 ", eq , e, bceq _
><4¢3[ beq—\", eq~", ceq\~" " q,q]
_(I—gq/e)(1 —q"")(q?/be, q*/ce: q)n gy [ eq™'", e,  bcegT>"
T =g 0@ b e, beq ", eq™", cegmim 11

as desired. O

Note. The symmetry of the right-hand side of Eq. (6) with respect to interchanging b and e is also a consequence of
the Sears transformation (Eq. (8.3) in [9]).
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When bce = ¢"*2 in (6), we get the following summation formula:

Corollary 2.5.

’

1//[ c, e, q" ]_(l—q/e)(l—q””)(qz/be,qz/ce;q)nen
el b, @Ple. iPle. @ T T T A= o aR/b e

where bce = g"t2.

Corollary 2.6. For |q%/def| < 1, we have

e, f (q.q°/de.q?/df.q*/ef: @)oo
3‘”3[ 2a, gPle, giypt 944 ] @2/d. a2 a2/ 1. q2/def s )0’
which is just Ex. 5.18(ii) in [4].

Proof. If taking bc = g? in (2), the second term on the right-hand side of (2) reduces to zero and g¢7 term equals
one. Then we can get

3%[ ‘ [ /def} (q.q°/de, g*/df.q*/ef.eq/c, fq/c.b/q.bef]q; @)oo
/d a*le. ¢2/f (q%/d,q?/e,q*/f.q*/def.q/c,ef q/c,be/q. bf|q; @)oo
_ (q.q%/de, q*/df.q*ef.be/q.bf/q.q/c.efq/c: @)oo
 (q%/d.q*/e.q?/f.q*/def.q/c.efq/c.be/q.bf/q; @)oo

_(q.q%/de.q*/df.q*/ef D)oo

 (q%/d.q*/e.q?/f.q*/def; @)oo

as desired. O
Similarly, when choosing a — 1 in (1), we get the following transformation formula:

Theorem 2.7. For |g%/bcdef|, |bd| < 1, we have

c, d, e, . q2
51//5[61/19 q/c. q/d, qle, Cl/f’q’bcdef:|
_(q.q/de,q/df q/ef.qe/c.qf/c,b,bef; q)oo
" (q/d.q/e.q/f.q/def.q/c.qef/c.be,bf:q)o

wopy [ 116 a2 —qlef/o) 2 qfbe. qfed. ef. e f
e (ef /2, —(ef/O)V2,  bef, def. qje. fale, eqfc’ T
n b(q, bq,bq/c,bq/d,bg/e,bq/f,d, e, f,q/bc;q) (bdef,q/bdef; q)oo
(q/b.q/c.q/d,q/e q/f,bd, be;q) (bf,def.q/def,q/c,b?q; @)oo
b, —bq, bc, bd, be, bf q°
X6¢5[ ~b, bgjc, bg/d, bqle. bq/f’ bcdef} )

Proof. We specialize (1) by choosing a — 1. The series on the left-hand side becomes

(g/b.q/c.q/d,q/e.q/f; Dk

a, qa'’?, —qa'?, b, c, d, e, VN
8h7 12 12 14>
al/?, a’s, aq/b, aq/c, aq/d, aq/e, aq/f " bcdef
o0
b,c,d,e, f;
:1+§ (1+4¢* ( LD (02 ppeder)*

(b,c,d,e, f;q)k s (b,c.d,e, [ \ .
Z: bcd + bcd
= (q/b.q/c.q/d.q/e.q/f: Cl)k( q*/bc ef) z;(q/b,q/c,q/d,q/e,q/f;q)k (q°/bcdef)
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= (b,c.d.e, f;q)k — (b,c,d,e, f;q)—k

2 /bedef)* +
2 b ale.ad.aje.affn @ ) ¥ L G ae aid ale.qifa)

(q3/bcdef)_k

> (b.ed.e figh 2 kLo (b,c,d e, f;q)k 2 k
B bedef) + bedef)",
g(q/b’Q/C’Q/d’q/e’q/f;q)k speded) kgl (@/b,q/c,q/d, qle.q]f; (47/bedef)

The above two series are combined to the bilateral 55 series in (7). The corresponding specialization of the right-hand
side of (1) to the right-hand side of (7) is immediate. O

Note. The ¢¢5 series in Eq. (7) is not very-well-poised.
Next, from (7) we are led to get two results which are just Ex. 5.18(i) and Ex. 5.18(iii) in [4].

Corollary 2.8. For |q/def| < 1, we have

d, e, f. _(q.q/de,q/df,q/ef; q)c
Vs [Cl/dv q/e. q/f’ q’Q/def}  (q/d.q/e.q/f.q/def: @)oo’
which is just Ex. 5.18() in [4].

Proof. We simply take bc = g in (7). The first series on the right-hand side becomes one, while the prefactor of the
second series vanishes. O

Corollary 2.9. When bede = g™, we have

51/f5[b’ c, d, e q_".qqi|:(CIaC]/bC,‘]/bd,CI/Cd;CI)n
q/b. q/c, q/d, qfe, " T (q/b,q/c,q/d,q/bed; @)y’

which is just Ex. 5.18(iii) in [4].

Proof. When taking f = ¢~ and bede = ¢!+ in (7), we get

b, c, d, e, q
51/IS[q/b, q/c, q/d, qle, q”"’q’q}

(q.q/de,q'™"/d,q' " Je.qe/c.q" " [c,b,beq™"; q)oo
T (q/d.q/e.q"" g ]de. q/c.q e/c.be. g @)oo
s | 4" /C q(eq_‘”/C)ll/f, —q(eq_‘"/C)ll/zz, q/bc, q/ed. eq", e q‘”;qvbd]

| (eg™"/c)/=,  —(eq™"[c)/=, beq™", deq™™, qfc, q "/c, eq/c

_(q.q/de.q"t"/d,q'" e, qe/c,q' " [c, b, beq™"; )00 (eq' " [c, q/ce; q)n
(q/d.q/e.q"t". q" " /de. q/c.q'"e/c.be,bq™": @)oo (q/c.q" " /Ci@)n

—n n

" e eq™", L
X4¢3 beq_”, deq—n’ Ceq—n’ q’q:|

_(g.q/de.q"t"/d.q"" [e.qe/c.q' " [c.b.beq™"; @)oo (eq' " ¢, q/ce: q)n
" (q/d.q/e.q"t". q' " [de,q/c.q'"e/c.be.bgT" @)oo (q/Ciq " /Ciq)n
_(q,q/bc,q/bd,q/cd; q)n

~ (q/b.q/c.q/d.q/bcd; q),’

where we have used formula (4). O
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