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Abstract

The coefficients of the characteristic polynomial ofrar n matrix are derived in terms of the eigenvalues and
in terms of the elements of the matrix. The connection between the two expressions allows the sum of the products
of all sets ofk eigenvalues to be calculated using cofactors of the matrix.
© 2005 Elsevier Ltd. All rights reserved.
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1. Motivations

In order to derive general stability conditions for a first order three-dimensional discrete dynamic
the oefficients of the characteristic polynomial of the Jacobian evaluated at equilibrium need to be
expressed in terms of the three eigenvaludgslh order b extend his stability analysis technique to a
first ordern-dimensional discrete dynamic the coefficients of the characteristic polynomialrofam
Jacobian evaluated at the equilibrium must first be expressed in terms of the eigenvalues and in terms of
the elements of theagobian. Thus, given am x n matrix A = [ajj], ajj € R, we wish to @étermine
the relatonship between the eigenvaluesfdand the coefficients of the characteristic polynoraiék)
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and the relationship between the coefficients of the characteristic polynomial and the real elements o
the matrix.

2. The coefficients of the char acteristic polynomial in terms of the eigenvalues of A

We can express the characteristic polynomial as
CX)=(X—=A)(X—=22) -+ (X —AKk) - (X — An)

wherel; are the eigenvalues of the matdx Expanding the above form clearly shows that the coefficient
for x"~1 is the negative of the trace é¢fand the magnitude of the constant term is the determinaAt of

Cx) =x"—tr(AX" 14+ ... 4 (=) det(A).
Note that the signs of the coefficients alternate. We have, by convention, made the sign of the 1 coefficien
of x" positive:

Cx) =x"—tr(AX" 4. 4 (—D*ex" K4+ .+ (=D det(A).

Next we need to show by induction that is the sum of all products ok eigenvalues. Thusy
Y all sets of’s MiAj--A1 andcy = trace, ¢y = det(A). Considerthen = 3 case:

CX) = (X —A)(X = A2)(X — A3)
= X3 — (M + A2 + A3)X2 + (AMh2 4+ A1h3 + A2A3)X — A1AoAs
= X3 — C;|_X2 + COX —C3
= x3 — tr(A)X? + cox — det(A).
Now assume that
CX)=(XX—=2A)(X—=2A2) - (X—=2AK) -+ (X — An)
CX) = X" —cix" T eox" 2 — .+ (DK K 4 (=) e,

Next we will consider a new expand€ix) = (x — A)C(X):

Cx) = (x = WX —erx™ L eox" 2 — o (= DRex K 4 (=1)en]
= X" X"+ ex™ T — 4 (= DKo (= D)Neax — AX™ + Acx™ T
— X" % — o — (—D)MRgx" K — - (=)™ e

Now we collect on powers of:
Cx) = X" — A+ X" + [hcy + CoIx" L — o+ (= DK¥[hee1 + c X" KL ()M

and therefore, by induction, the coefficient xJt X can be seen to be the sum of all productskof
eigenvalues. The sign of that coefficientis1)" .
Thus the characteristic polynomial can be expressed as

Cx) =x"— [ > ,\} X" 4 [ > M} X"2 o (—DK [ > M..x} xnk
setsof 1 sets of 2 sets of k

+ ---(—1)”[ > AAA..A:|.

setsof n
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An alternative proof can be found ir2]] Next the characteristic polynomial will be expressed using
the elements of the matri&, C(x) = (—1)" det[ A — x1], with the sgn factor,(—1)", used s tha the
coefficient ofx" is +1. The coefficients will now be generated by differentiatyx) as a determinant.
The formula for thekth derivativeof a general determinant will now be shown.

3. Thekth derivative of a deter minant

Theorem 1. The kth derivative of a determinant of then x n matrix M = [mj; ] is given by the formula

y My1(t) maa(t) --- mMan(t)
d Tmpg(t) moa(t) -
dtk
Mp2(t) Mp2(t) -+ Mpp(t)
dimu®) d4miat)  dMmn®)
dtke dtke dtke
i k! dempy(t)  d2mya(t)
T L, Wk de o a
ks B demu(®) demupt)  dem()
dtke dtke dtke

where mijj (t) arereal functionsof t € R.

Proof. Express the determinant as a sum of products:

detwy =220 20 T | = 3 soren [T
Mp1(t) Mp2(t) -+ Mpp(t) =% i=1

Take thekth derivative with respect tbusing the generalized Leibniz rule to differentiate the products:

k k k! n

d ! dki M ;
wdel(M) = n; sgn(r) IZ: kilko! -« - kp! E dtk
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dimyy(t)  dimyat) dtmyn (t)
dtke dtke dtke
S k! demyy(t)  demya(t)
= A
A demp®) dempa®)  dempn ()
dtke dtke dtke

4. The coefficients of the characteristic polynomial in terms of the elements of A

Next let us express the characteristic polynomial as
C(x) = (—1)"defA —xI].

It is known that the oefficient of thex"~1 term in C(x) is the negative of the trace of the matux

and the constant term is the determinantofTo calculate the coefficient of the* term, %%Ck— lx—0
will be constructed from elements of the matri, using the hove-derived derivative of a determinant
formula. The elements ok are all real constants and all the determinants in the sum below kvbe®

or 1 are zero:

& n gk a1—X a2 -+ AQn
1 (-1 a1 App— X -
———(=D"defA—xl] = —
k!dxk( ) det ] K dxk .
an1 an2 - 8in—X
1 dkc P11 P12 -+ Pin
p21 ......
=—— |x=0 = (=D" >
k Ix e e
ke ax i=1...k
pii = -1, pij = pji =0 Pnyz oo e Pnn
else Pyj = amj

Thus the coefficient of th&* term in C(x) can be generated by summing tﬁb) determinats of the

matricescreated by replacingof the diagonal elements of matrixwith —1 and the emaining elements
in those corresponding rows and columns with 0.

Example 1. Consicer the matrix

12341
10514
A=(12345
45412
13452
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The coefficient of thex? term in the characteristic polynomial oA can be calculated by summing the
(2) = 10 deternmants:

-1 0 00 -10 0 O -100 O -1000 O

0 -100 0 0 01 0 050 0051 0

0O 0 34535+/0 0-100+]0 23 0 84+|0 2340

0 0 41 0501 0 00-10 0541 0

0O 0 45 0 3 05 0 340 0 000-1
1 0 0 4 1030 1 0340 12 0 O

0-1 00 0-10 0 0-100 0 100 O

+00 -100+{1 0 3 0 54+/1 0 34 0/+00-10

4 0 01 0 00-10 |4 0410 00 0 -10
1 0 0 5 1040 0 0 00-1 130 O

12 0 40 123 0 O

10 010 105 0 O

+00-10 0|+|123 0 0|=273

45 010 000-1 O

00 0 0-1 000 0 —1

and mutiplying by (—1)°. Thus the coefficient ok? is —273. We also know that the sum of all ten
products of three eigenvalues is 273. This is of course valid regardless of the eigenvalues being real or
complex or dstinct.

5. Conclusions

Of course in the above example the characteristic polynomial can be calculated directly. The real
strength of this concept occurs when each real element in the matrix in question is a complicated
expression involving parameters, such as occurs in many mathematical models. This method can be
used in the derivation of the stability conditions for a first order two-dimensional discrete dyriZmic [
and for the derivation of the stability conditions for a first order three-dimensional discrete dyrdgmic [

In an upcoming work the stability conditions for a first order four-dimensional discrete dynamic and
stablity conditions for a first orden-dimensional discrete dynamic will be derived using the results of
this work.
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