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1. Introduction

It was shown in [6] that ifM is aΣ-CS module, i.e., a module such that every dir
sum of copies ofM is CS, thenM is a direct sum of uniform modules. However, wh
it is known that every countablyΣ-injective module is alreadyΣ-injective, a countably
Σ-CS-module need not even have an indecomposable decomposition [4, 12.19]. A
problem is then to find out if there exists a cardinalℵ such that eachℵ-Σ-CS moduleM
(i.e., eachM such that every direct sum of copies ofM indexed by a set of cardinalit
ℵ is CS) has an indecomposable decomposition. This problem was studied in [7],
it was shown that every quasi-continuousℵ1-Σ-CS module is a direct sum of unifor
modules. But this response involves the quasi-continuity of the module as an add
condition and so in the same paper it was asked (cf. [7, Remark 2.9]) whether everyℵ1-Σ-
CS-module is already a direct sum of uniforms.

The main result of this paper (Theorem 2.6) provides an affirmative answer to
question. Not surprisingly, bearing in mind the fact that cardinal numbers play an imp
role in this result, the proof relies on infinitary counting arguments based on set-the
results introduced by Tarski in the 1920s that were also used by Osofsky in module
(cf. [10]). Since the analogous result for theΣ-CS case [6] has a much stronger hypothe
and does not depend on cardinality assertions, it seemed reasonable to expect that
have a proof not requiring counting arguments. On the way to our main result, we
in Corollary 2.4, that this is indeed the case by proving the existence of indecomp
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decompositions forΣ-CS-modules in a much more direct and simpler way, using
module-theoretic methods.

Throughout this paper all ringsR will be associative and with identity, and Mod-R

will denote the category of rightR-modules. By a module we will usually mean a rig
R-module. We refer to [2,11] for all undefined notions used in the text.

2. Results

Recall that a submoduleK of anR-moduleM is said to be closed (inM) whenK
has no proper essential extensions inM. If L ⊆ M, then a closed submoduleK of M
that containsL as an essential submodule (we then writeL ⊆e K) is called an essentia
closure ofL in M. The moduleM is called CS (or an extending module, cf. [4]), if eve
closed submodule is a direct summand. An (internal) direct sum

⊕
I Li of submodules o

a moduleM is called a local direct summand ofM if
⊕

i∈F Li is a direct summand ofM
for every finite subsetF ⊆ J . If, furthermore,

⊕
i∈I Li is a direct summand ofM, then we

will also say that the local direct summand
⊕

i Li is a summand ofM.
Recall also that ifM is a module,σ [M] is defined as the full subcategory

Mod-R whose objects are all the submodules ofM-generated modules [11].σ [M] is a
Grothendieck category and hence it has injective hulls. The injective objects ofσ [M] are
just theM-injective modules.M is called quasi-injective when it is injective inσ [M] and
Σ-quasi-injective when every direct sum of copies ofM is quasi-injective. The quas
injective hull ofM is precisely the injective hull ofM in σ [M]. We will denote by|X| the
cardinality of a setX.

We begin with a technical lemma which will be very useful later on.

Lemma 2.1. Let M be a CS-module and p :M → N be an epimorphism. If there exists
a submodule X ⊆ M such that X ∩ Kerp = 0 and p(X) ⊆e N , then Kerp is a direct
summand of M .

Proof. Let K = Kerp and L an essential closure ofK within M, which is a direct
summand ofM becauseM is CS. SinceX ∩ K = 0 by hypothesis andK is essentia
in L, we also have thatX ∩ L = 0. It is then easily checked thatp(X) ∩ p(L) = 0 and,
sincep(X) is essential inN , it follows thatp(L) = 0 and henceL⊆K. ThereforeK = L

is a direct summand ofM. ✷
By [4, 2.4, 8.2], ifM is a CS-module whose quasi-injective hull isΣ-quasi-injective,

thenM has an indecomposable decomposition. Moreover, aΣ-quasi-injective module
is a direct sum of indecomposable quasi-injective modules, but the converse is n
(see B.L. Osofsky’s example for a non-artinian commutative self-injective local ring i
24.34]). However, we have:

Lemma 2.2. If M is a CS-module whose quasi-injective hull is a direct sum of uniform
modules, then M itself is a direct sum of uniform modules.
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Proof. LetM be CS andQ the quasi-injective hull ofM. Suppose thatQ is a direct sum
of uniforms butM is not. Then, by [7, Lemma 2.6] there exists an essential local d
summand

⊕
N
Mn of M and an elementx ∈ M such thatxR ∩ (

⊕
N
Mn) �⊆ ⊕

F Mn for
any finite subsetF ⊆ N. Now, for eachn ∈ N, letQn be an essential closure ofMn in Q.
Then

⊕
N
Qn is a local direct summand ofQ and, in fact, a direct summand ofQ by [8,

Theorem 2.22]. Since ⊕
N

Mn ⊆e M ⊆e Q

we see thatQ= ⊕
N
Qn. Thus there exists a finite setF ⊆ N such thatx ∈ ⊕

F Qn and so

xR ∩
(⊕

N

Mn

)
⊆ xR ∩

(⊕
N

Qn

)
∩M ⊆

(⊕
F

Qn

)
∩M =

⊕
F

Mn,

which is a contradiction and completes the proof.✷
The next result is a module-theoretic version of Oshiro’s [9] characterization of

Σ-CS rings as the ringsR such that the class of projective rightR-modules is closed unde
essential extensions, cf. also [4, Corollary 11.11]. Recall that, for a moduleN , AddN
denotes the class of all the modules isomorphic to direct summands of direct su
copies ofN .

Theorem 2.3. Let M be a right R-module. Then the following conditions are equivalent:

(i) M is Σ-CS.
(ii) M is CS and AddN is closed under N -generated essential extensions, for each direct

summand N of M .

Proof. Suppose first that (i) holds. Since the class ofΣ-CS-modules is closed und
direct summands, we can takeN = M and suppose thatX belongs to AddM andY is
anM-generated essential extension ofX. We then have an epimorphismp :M(I) → Y

for some setI and, sinceX ∈ AddM, we can assume that the canonical inclusionj of X
into Y factors throughp, i.e., there existsq :X → M(I) such thatp ◦ q = j . Therefore,
p(q(X))) = Im(p ◦ q) is an essential submodule ofY and, sinceq(x) ∩ Kerp = 0, it
follows from Lemma 2.1 that Kerp is a direct summand ofM(I). This shows thatY
belongs to AddM.

For the converse, suppose now thatM is CS and, for each direct summandN of M,
AddN is closed underN -generated essential extensions. IfI is a set andQ denotes
the quasi-injective hull ofM(I) then, becauseQ is anM-generated essential extensi
of M(I), we have thatQ belongs to AddM. Thus, by Kaplansky’s theorem [2, 26.1],Q is
a direct sum ofc-generated modules, wherec = max(ℵ0, |M|) and, using [4, 2.4], we se
thatQ is in fact aΣ-M-injective module (and aΣ-quasi-injective module). Moreover,
follows from Lemma 2.2, thatM is a direct sum of uniform modules, sayM = ⊕

i Mi .
For eachi ∈ I , let M̃i be the quasi-injective hull ofMi . Then, our hypothesis implies th
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M̃i ∈ AddMi and, sinceM̃i has the exchange property, we have thatM̃i
∼= Mi , so that

eachMi is a quasi-injective module. Then it follows from [3, Theorem 3.3] thatM is a
Σ-CS-module. ✷

As a consequence of the preceding results we obtain a module-theoretic proof
existence of indecomposable decompositions forΣ-CS-modules.

Corollary 2.4. Every Σ-CS-module is a direct sum of uniform modules.

Proof. It follows from the proof of Theorem 2.3 that the quasi-injective hull of ev
Σ-CS-module isΣ-quasi-injective, and hence it has an indecomposable decompos
Then the result follows from Lemma 2.2.✷

We are now going to improve this result by showing that, as in the injective case,
exists a fixed cardinal such that if the direct sums of copies of a module indexed b
cardinal are CS, then the module has an indecomposable decomposition. First, we
useful lemma, which is very likely known, but whose proof we include for completen

Lemma 2.5. Let M ⊆e Q and X a closed submodule of Q. Then X ∩M is closed in M .

Proof. By [4, 1.10], it is enough to show that ifX ∩M ⊆ Z ⊆e M, thenZ/(X ∩ M) ⊆e

M/(X ∩ M). To prove this, letm ∈ M such thatm /∈ X; we must show that there exis
r ∈ R such thatrm ∈ Z but rm /∈X ∩M. SinceZ ⊆e M ⊆e Q, we have thatZ ⊆e Q and
soX+Z ⊆e Q. SinceX ⊆X+Z ⊆e Q andX is closed inQ we have, again by [4, 1.10
that (X + Z)/X ⊆e Q/X and so there existsr ∈ R such thatrm ∈ X + Z but rm /∈ X.
Then we see thatrm ∈ M ∩ (X + Z) = (by modularity)(M ∩ X) + Z = Z. However,
rm /∈X and hencerm /∈X ∩M, completing the proof. ✷

We are now ready to give our main result.

Theorem 2.6. Every ℵ1-Σ-CS-module is a direct sum of uniform modules.

Proof. Using Lemma 2.2, it is enough to show that the quasi-injective hullQ of M has an
indecomposable decomposition. Suppose, on the contrary, that this is not the case
by [8, Theorem 2.22], there exists a local direct summand

⊕
I Qi in Q which is not a

direct summand. In particular,
⊕

I Qi is not M-injective. By Baer’s criterion (cf. [11
16.3]), there exists a cyclic submodulemR ⊆M and a submoduleX ⊆mR, together with
a homomorphismt :X → ⊕

I Qi which does not have an extension tomR. Since eachQi

is M-injective, so is each sum
⊕

F Qi , with F a finite subset ofI , and so we have tha
Im t �⊆ ⊕

F Qi for every finiteF ⊆ I . If we denote bypi :
⊕

I Qi → Qi the canonica
projection, this implies that there exists a countable infinite setJ ⊆ I such thatpj ◦ t �= 0
for eachj ∈ J .

Let nowπ :
⊕

I Qi → ⊕
J Qj be the canonical projection and setg = π ◦ t . Let Q′

be anM-injective hull of
⊕

J Qj contained inQ. By the M-injectivity of Q′, there
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exists h :mR → Q′ extendingg. Let x = h(m) and choosexj = mrj ∈ X such that
pj ◦ t (xj ) �= 0. Then we see thath(mrj )= xrj ∈ Img andpj (xrj )= pj ◦ t (xj ) �= 0.

Now, sinceJ is countable, we have by [6, Lemma 2.1] that there exist subsetsA,K ⊆ 2J

such that:

(i) A is a partition ofJ with |A| = ℵ0 and|A| = ℵ0 for everyA ∈A.
(ii) A⊆K, |K| = ℵ1 and|K| = ℵ0 for eachK ∈K.
(iii) K ∩K ′ is a finite set for allK,K ′ ∈ K such thatK �=K ′.

Consider, for eachK ∈ K, M-injective hulls in Q′ of
⊕

K Qj and
⊕

J−K Qj ,
respectively, say,QK , and Q′

K , so that, as
⊕

J Qj is essential inQ′, we have tha
Q′ = QK ⊕ Q′

K . Now, let eK ∈ End(Q′) be the idempotent corresponding toQK under
this decomposition, so thatQK = eKQ

′ and Q′
K = (1 − eK)Q

′. Then we have tha
eK |Qj = 1Qj if j ∈ K and eK |Qj = 0 if j /∈ K. SetxK = eK(x) andYK = QK ∩ M;
observe thatYK ⊆e QK asM ⊆e Q. SinceQK is anM-injective hull of

⊕
K Qj in Q′

and hence inQ, it is a direct summand ofQ and so, asM ⊆e Q, YK is a closed submodul
of M by Lemma 2.5. Then, sinceM is CS, we see thatYK is, in fact, a direct summan
of M.

We know thatQK is anM-generated module (see [11, 16.3]) and so, if we conside
countable subset ofQK :

∆K := {
pi(xrj )

∣∣ i ∈K, j ∈ J
} ∪ {xK}

there exists a countable setΩK and a homomorphism:

πK :M(ΩK) →QK

such that∆K ⊆ ImπK . Consider now the morphismqK :YK ⊕ M(ΩK) → QK induced
by πK and the inclusion ofYK in QK . SinceYK is a direct summand ofM andΩK is
countable,YK ⊕ M(ΩK) is a direct summand ofM(ℵ0) and hence a CS-module. Sin
qK(YK)= YK ⊆e QK andYK ∩ KerqK = 0, KerqK is a direct summand ofYK ⊕M(ΩK)

by Lemma 2.1. Hence ImqK is isomorphic to a direct summand ofYK ⊕ M(ΩK). Call
MK = ImqK ⊆QK = eKQ

′.
Let nowf :

⊕
KMK → ∑

KMK ⊆ ∑
KQK ⊆Q′ be the epimorphism induced by th

inclusions of theMK in Q′. LetN = ∑
AMA = ⊕

AMA ⊆ ∑
KMK , where the equality

follows from the fact thatA is a partition. Then it is clear thatN ∩ Kerf = 0. Moreover,
since

⊕
J Qj ⊆e Q

′ and
⊕

AQA contains
⊕

J Qj , we have thatN = ⊕
AMA ⊆e⊕

AQA ⊆e Q
′. Thus we see thatN ⊆e Imf . Now, for eachK ∈ K, MK is a

direct summand ofM(ℵ0) and |K| = ℵ1, hence
⊕

KMK is a direct summand o

M(ℵ0)
(ℵ1) = M(ℵ1). SinceM is ℵ1-Σ-CS, so is

⊕
KMK , and hence it follows from

Lemma 2.1 thatf :
⊕

KMK → ∑
KMK is a split epimorphism. Letε :

∑
KMK →⊕

KMK be such thatf ◦ ε = 1∑
KMK

.
Since A is a partition ofJ , we know that, for eachi ∈ J , there existsAi ∈ A

such thati ∈ Ai . If we call ei :
⊕

J Qj → ⊕
J Qj the morphism induced by theith

projection then, by construction,ei(xrj ) ∈MAi for eachj ∈ J . In particular, the countabl
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set {ei(xrj )}i,j∈J is a subset of
∑

AMA ⊆ ∑
KMK . Let thenZ be the submodule o∑

KMK generated by this set. SinceZ is countably generated, there exists a counta
subsetJ ⊆ K such thatε(Z) ⊆ ⊕

J MK . But K is uncountable and so there exis
K0 ∈ K−J . Choose anyi ∈K0. Sincexri ∈ ⊕

J Qj andeK0|Qj = 1Qj , for j ∈K0, while
eK0|Qj = 0 if j /∈ K0, we have thatxK0ri = eK0(xri) = ∑

j∈K0
ej (xri). Now, {ej }j∈J is

a set of orthogonal idempotents of End(
⊕

J Qj ) and soei(xK0ri )= ei(
∑

j∈K0
ej (xri))=

ei(xri) �= 0, becauseej (xrj ) �= 0, by construction, for eachj ∈ J .
Let now α :

⊕
KMK → ⊕

J MK and β :
⊕

J MK → ⊕
KMK be the canonica

projection, and injection, respectively, and consider the homomorphism:

ζ = f ◦ β ◦ α ◦ ε :
∑
K

MK →
∑
K

MK.

Observe that, sincef ◦ ε= 1,β ◦α|⊕J MK
is the inclusion, andε(Z)⊆ ∑

J MK , we have
that ζ |Z is the canonical inclusion ofZ in

∑
KMK . On the other hand, Imζ ⊆ ∑

J MK

and soζ(xK0) ⊆ ∑
J MK . Thus there exists a finite set{K1, . . . ,Kn} ⊆ J such that

ζ(xK0)⊆MK1 + · · · +MKn . Let nowF =K0 ∩ (K1 ∪ · · · ∪Kn). ThenF is finite because
K0 /∈ J and soK0 �= K1, . . . ,Kn. SinceK0 is an infinite set, there existsj0 ∈ K0 − F .
Now, as we have seen,xK0rjo = ∑

j∈K0
ej (xrj0) ∈ Z. Therefore, as the restriction ofζ to

Z is the inclusion, we have:

xK0rj0 = ζ(xK0rj0) ∈MK0 ∩ (MK1 + · · · +MKn)⊆QK0 ∩ (QK1 + · · · +QKn).

Using now [6, Lemma 2.1], we haveQK0 ∩ (QK1 + · · · + QKn) = ⊕
F Qi , whereF is

finite, as we have shown before. Therefore,ej0(xK0rj0) ∈ ej0(
⊕

F Qj ) = 0, sincej0 /∈ F .
But this is a contradiction because we have shown thatei(xK0ri ) �= 0 for eachi ∈K0. This
contradiction completes the proof.✷

We do not now whether everyℵ1-Σ-CS-module is aΣ-CS-module, although th
preceding proof underscores the differences between both concepts and sugge
maybe this is not the case. The following result, however, exhibits another prope
Σ-CS-modules which is also enjoyed byℵ1-Σ-CS-modules.

Corollary 2.7. The quasi-injective hull of an ℵ1-Σ-CS-module is a Σ-quasi-injective
module.

Proof. Let M be anℵ1-Σ-CS-module andQ its quasi-injective hull. LetQ′ be a quasi-
injective hull of Q(ℵ0). Then Q′ is also the quasi-injective hull of theℵ1-Σ-CS-
moduleM(ℵ0) and soQ′ has an indecomposable decomposition by Theorem 2.6. B
Theorem 2.22], every local direct summand ofQ′ is a direct summand and soQ(ℵ0) =Q′
is a quasi-injective module.✷

Finally, we give a necessary and sufficient condition for anℵ1-Σ-CS-module to be
Σ-CS.
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Corollary 2.8. Let M be a right R-module. Then the following conditions are equivalent:

(i) M is a Σ-CS-module.
(ii) M is an ℵ1-Σ-CS-module such that every uniform direct summand of M has local

endomorphism ring.

Proof. By [1, Proposition 2.3] a uniformΣ-CS-module is quasi-injective and so
implies (ii). The converse follows from Theorem 2.6 using [3, Proposition 3.1].✷
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