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1. Introduction

In this section, we elaborate on some basic definitions and facts that will be used later. Throughout the paper the word
graph is used for a finite simple graph with a prescribed set of vertices. A homomorphism o : G —> H from a graph G to a
graph H isamap o : V(G) —> V(H) such that uv € E(G) implies o (u)o (v) € E(H). The existence of a homomorphism is
indicated by the symbol G — H.Two graphs G and H are homomorphically equivalent if G — H and H —> G (for more
on graph homomorphisms see [6]).

In [3] Bondy and Hell define v(G, K), for two graphs G and K, as the maximum number of vertices in an induced subgraph
of G that admits a homomorphism to K, and using this they introduce the following generalization of a result from Albertson
and Collins [1].

Theorem A ([3]). Let G, H and K be graphs where H is a vertex-transitive graph. If there exists a homomorphismo : G — H
then V@O ~ [VH)I
V(GK) = v(HK)"

[m]

n

Hereafter, we denote by [m] the set {1, 2, ..., m}, and denote by ( ) the collection of all n-subsets of [m]. Suppose

m > 2n are positive integers. The Kneser graph KG(m, n) has the vertex set ([':]), inwhichA ~ Bifand onlyif ANB = (. It

was conjectured by Kneser [7] in 1955 and proved by Lovasz [9] in 1978 that x (KG(m, n)) = m — 2n + 2.
The local chromatic number of a graph was defined in [4] as the minimum number of colors that must appear within
distance 1 of a vertex. Here is the formal definition.

Definition 1 ([4]). Let G be a graph. Define the local chromatic number of G as follows.
¥(G) = min max [{c(u) : u € V(G). dg(u, v) < 1},
c veV(G)

where the minimum is taken over all proper colorings ¢ of G and dg(u, v) denotes the distance betweenuandvinG. H
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The local chromatic number of graphs has received attention in recent years [2,8,10-12]. Clearly, ¥ (G) is always bounded
from above by the chromatic number, x (G). It is much less obvious that ¥/ (G) can be strictly less than x (G). In fact, it was
proved in [4] that there exist graphs with ¢ (G) = 3 and yx (G) being arbitrarily large.

One can define ¥ (G) via graph homomorphism. In this regard, local complete graphs were defined in [4]. We consider
the following definition for local complete graphs.

Definition 2 ([4,8]). Let n and r be positive integers where n > r. Define the local complete graph U (n, r) as follows.
VUM, 1) ={(aAlac[n,AC n],|Al=r—1,a¢A}

and
EWU(n,r)) ={{(a,A), (b,B)}lacB,becA}. 1

The following simple lemma reveals the connection between local complete graphs and local chromatic number. Note
that a restatement of the next lemma is proved in the course of proving Lemma 1.1 of [4].

Lemma A ([4]). Let G be a graph. The graph G admits a proper coloring ¢ with n colors and maX,cv) {c(W)| u € N[v]}| <r
if and only if there exists a homomorphism from G to U(n, r). In particular ¥ (G) < r if and only if there exists an n such that G
admits a homomorphism to U(n, r).

In [8] the local complete graphs have been generalized as follows.

Definition 3 ([8]). Let n, r and t be positive integers where n > r > 2t. Let U;(n, r) be a graph whose vertex set contains all
ordered pairs (A, B) such that |A| = ¢, |B|=r —t,A,B C [n]and AN B = @. Also, two vertices (A, B) and (C, D) of U;(n, 1)
are adjacentif AC DandC CB. ®

Remark. Note that U;(n,r) = U(n,r), while U;(r,r) = KG(r,t). Hence the graph U;(n,r) provides a common
generalization of Kneser graphs and local complete graphs U(n, r) in [8]. In this paper, the graph U;(n, r) is termed local
Kneser graph.

In the next section, some results concerning the local Kneser graphs are presented. In this regard, as a generalization of
the Erddés-Ko-Rado theorem, we characterize the maximum independent sets of local Kneser graphs. Next, we introduce
some upper bounds for their chromatic number and local chromatic number.

2. Local Kneser graphs

In this section, we study some properties of the graph U, (n, r). First, we characterize the maximum independent sets of
U (n, r). To begin we compute the independence number of U; (n, r). Now, we introduce some notations which will be used

throughout the paper.
Assume that o is a permutation of [n], R C [n] and |R| = r. It should be noted that o provides an ordering for [n],
ie,o0(1) < 0(2) < --- < o(n). Define min, R as being the minimum member of R according to the ordering o, i.e.,

min, R def o (min{o ~'(r)|r € R}).
Define

Vi ®((A,B) |[AUB =R, |A| = tand AN B = o}

and set
def .
g & {(A, B) € Vg minR € A} .
Also, define

Sa dIEf U IrT,R~

RC[n], [R|=r

The independence number of U, (1, 1) has been computed in [8] as follows. It is clear that the induced subgraph of U, (n, )
obtained by the vertices in Vj is isomorphic to the Kneser graph KG(r, t) and it is denoted by KGg(r, t). That is the reason
that the graph U, (n, r) is called the local Kneser graph. It is straightforward to check that forevery o € Sy, I, g is a maximum
independent set of KGg(r, t). Also, one can easily see that S, is an independent set in U;(n, r) of order (’r’) (::}) Hence,
a(Ue(n,r) = (") (r_l). The reverse inequality a(Uy(n, 1)) < () (;:}) follows from the Erdés-Ko-Rado theorem. In

r t—1

fact, once the chosen r-set is fixed, such as R, the induced subgraph KGg(r, t) has the independence number (;:} ) Thus,

we know a (Ug(n, 1)) = () (:})
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Also, in view of Bondy and Hell’s theorem [3], one can obtain the inequality o (U; (n, r)) < (;’) (::} ) Indeed, KG(r, t) is
a subgraph of U, (n, r). Hence, we have KG(r, t) — U¢(n, ). If we set K & K7 in the Bondy and Hell theorem, then we have
O _ OO
(H) ~ a(U(n, 1))’

t—1

r t—1
Now, we are ready to show that for every maximum independent set S in U, (n, r) there exists a permutation o € S, such
thatS = S,.

Consider a maximum independent set S in U;(n, r). Note that |S| = ('rl) (::} ) One can easily see that for every R C [n]

Hence, a(Ug(n, 1)) < (7) (::}) Consequently, a(Ug(n, 1)) = (7) (r_1> and S, is a maximum independent set of U; (n, r).

(|R| = r), Vg N S is a maximum independent set in KGg(r, t). By the Erd6s-Ko-Rado theorem [5], if r > 2t, then there is an
X(S, R) € Rsuch thatx(S, R) € () p)evyns A

Lemma 1. Let S be a maximum independent set in U, (n, r) wheren > r > 2t. Also, assume that R, R are two distinct r-subsets
of [n].If x(S,R) =x € RNR, thenx(S,R) € RNR"\ {x}.

Proof. Assume that x(S, R) = x and x(S, R') = z. We prove this lemma by induction on |R \ R'|.

Let |[R\ R'| = 1.Then there are u € Rand v € R' such thatR = (R"\ {v}) U {u}.Ifx(S,R) = z € RN R\ {x}, then there exist
(A,B) € Sand (A", B’) € SsuchthatA,BC R, x € A, u,z € BandA',B CR,ze A, x,v e B,A C B,A C B.Hence, (A, B)
and (A, B') are adjacent, which is a contradiction.

Suppose that k > 1and the lemma holds for [R\R'| < k.Now, let [R\R'| = k.On the contrary, assume thatz € RNR’\ {x}.
Choosey € R\ R'andy € R\ RandsetR” = (R'\ {y'}) U {y}. Since |[R \ R"| = 1 < k, we have x(S,R") ¢ R N R" \ {z},
consequently, x(S,R”) € {y, z}. On the other hand, |[R \ R’| = k — 1 < k, hence, x(S,R") ¢ RN R"\ {x}. However,
{y,z} € RNR"\ {x} whichis a contradiction. =

Now, we characterize the maximum independent sets of local Kneser graphs.

Theorem 1. Let S be a maximum independent set in U;(n, r). Then there exists a permutation o € S, such that S = S,.

Proof. Suppose that S is a maximum independent set in U; (n, r). We define a directed graph Ds whose vertex set and edge
set are

V(Ds) ={1,2,...,n}

and

E(Ds) € {(i.j) | IRC [n], IRl = r,i #], {i.j} € R.i = x(S., R}, respectively.

Assume that d; > d, > --- > d, is the out degree sequence of Ds where d; is the out degree of v; fori = 1,2,...,n.
In view of Lemma 1, one can see that Ds is a directed graph whose underlying graph is a simple graph. Consequently,

IS| = (iﬁ) (I:}) + (rdf]) (Zj) + 4 (rdj]) (::}) However, (rﬂ) + (rdj) + ot (T‘E) is maximized when
dy=n—1,dy=n-2,...,dy,_y41 =1 — 1. Moreover, (;‘:}) + (?:f) 4+ (;j) = (;‘) Now choose a permutation

o € Sysuchthato (i) = vifori=1,2,...,n—r + 1. Obviously,S =S,. &

From the above discussion, the directed graph Ds is related to the independent set S of U (n, r). Conversely, suppose that
D is a directed graph on [n] such that its underlying graph is a simple graph. Now, we want to construct an independent set
Ip which is related to D. Set

Ip={A,B)|3ien];A,BCNT(@)U{i},icA, ANB=o, |A|=t |B| =1 —t},

where NT(i) = {j | (i,j) € E(D)}. As the underlying graph of D is a simple graph, one can see that I, is an independent set

in U¢(n, r). It is easy to see that for any maximum independent set S in U;(n, r) we have Ip, = S.

Clearly, f : U;(n,r) — KG(n, t) is a homomorphism where f ((A, B)) A, Therefore, x (Us(n, 1)) < n — 2t 4 2. The

chromatic number of local complete graphs has been investigated in [4].

Theorem B ([4]). Let n and r be positive integers where n > r. We have x (U(n, r)) < r2" log, log, n.

Here we introduce an upper bound for the chromatic number of local Kneser graphs.

Theorem 2. If n, r and t are positive integers where n > r > 2t, then

xUe(n, 1)) < (r: In (?) +rin (em .
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Proof. If r = 2t, then U;(n, r) is a matching which implies that x (U;(n, r)) = 2 and the assertion follows. Thus, suppose
thatr > 2t 4+ 1. Assume that o, 03, . . ., oy are [ random permutations of S, such that they have been chosen independently
and uniformly. For each vertex (A, B) € V(U;(n, 1)), define & g, to be the event that (A, B) & | S,,. Obviously, (A, B) € S,
if and only if there exists a € A such that a precedes all elements of AU B\ {a} in 0. Clearly, Pr(&u 5) = (1 — %)l. Consider

a random variable X where X (o1, . .., o)) = |V(U(n, 1)) \ USa - Clearly, EX) = () () (1 = HL It is well-known that

1+x <e*and (Z) < (%)q, consequently,

0 =() () (1-7) = () (D)«

Ifl = (? In(en) — % Inr 4+ rin(er) — riInt], then one can check that E(X) < 1. Hence, x (Us(n, 1)) < (? ln(%) +
rin(¥)]. =

Theorem 2 immediately yields the following corollary.

Corollary 1. Let n and r be positive integers where n > r. We have
en

xUn, ) < Pz In (7) +r ln(er)—‘ )
In other words, the previous corollary shows if we have a proper coloring for a graph G with n colors which assigns at most r
colors in the closed neighborhood of every vertex, then x (G) < [r? ln(%) + rIn(er)]. The two upper bounds in Theorem B
and Corollary 1 are complementary.
Note that KG(r, t) is a subgraph of U, (n, r), consequently, r — 2t +2 is a lower bound for the chromatic number of U; (n, 1)
while here we show that r — 2t + 2 is an upper bound for the local chromatic number of U; (n, r).

Lemma 2. Assume that n, r and t are positive integers wheren > r > 2t. Then ¥ (U (n, 1)) <r — 2t + 2.

Proof. Let (A,B) € V(U;(n,1)),A = {ai,az,...,a;} and B = {by, by, ..., bt} such thata; < a; < --- < a; and
by < b, < --- < b,_;. Now, we show that there exists a graph homomorphism from U;(n,r) toU(n—t+1,r — 2t + 2).To

see this, define f ((A, B)) &ef (minA, B*) where minA = a; and B* &ef {b1,ba, ..., br_211}.1f (A, B) and (C, D) are adjacent in
U (n, r), then obviously min A € D*, min C € B* and min A # min C. Therefore, f is a graph homomorphism, as desired. B

The aforementioned lemma motivates us to propose the following question.

Question 1. Assume that n, r and t are positive integers where n > r > 2t. Is it true that ¥ (U;(n, 1)) =r — 2t + 2?
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