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1. Introduction

The Lyapunov inequality and many of its generalizations have proven to be useful tools in oscillation theory, disconjugacy,
eigenvalue problems, and numerous other applications for the theories of differential and difference equations. For authors,
who contributed to the Lyapunov-type inequalities, we refer to Brown and Hinton [2], Cheng [3], Cakmak [4], Dosly and
Rehak [5], Hartman [7], Kwong [9], Lee et al. [10], Liapunov [11], Pachpatte [13-15], Panigrahi [16], Parhi and Panigrahi
[17,18], Pinasco [20], Yang and Lo [24], and the references quoted therein.

Although there is an extensive literature on the Lyapunov-type inequalities for various classes of differential equations,
there is not much done for the linear Hamiltonian systems. Recently, Guseinov and Kaymakcalan [6], and Tiryaki, Unal and
GCakmak [21] have obtained the Lyapunov-type inequalities for first order systems. The discrete and time scale analogues of
Lyapunov-type inequalities for certain type systems are also given by Unal, Cakmak and Tiryaki [22], Jiang and Zhou [8], and
Unal and Cakmak [23].

More recently, Napoli and Pinasco [12] have interested in the problem of finding the Lyapunov-type inequality for the
following quasilinear systems involving (p, q)-Laplacian operators

—(|u'"72w) = F1 ol 2ulv)?
—([V*Y = fa@0lul®|vIF2y

where f1, f are real-valued continuous functions for all x € R, the exponents satisfy 1 < p,q < oo, and the positive
parameters «, 8 satisfy
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p q
Their results are as follows:
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Theorem A. If system (1) with fj(x) > 0 for i =1, 2 has a real nontrivial solution (u(x), v(x)) such that u(a) =u(b) =0=v(a) =
v(b) where a, b € R with a < b be consecutive zeros, and u and v are not identically zero on [a, b], then the inequality

b a/p , b Bla
20+h g(b—a)“+ﬁ—1</f1(x)dx> (/fz(x)dx> (3)

holds.

This result was used by proving the following theorem which improves the lower bounds on the eigenvalues of the
problem

(| [""*w) = hareolul“2ulv|? "
—(V]"VY) = upreolul®iviE-2y

where r(x) be a positive function for all x € R.

Theorem B. There exists a function h()) such that u > h()) for every generalized eigenvalue (A, ) of problem (4), where h(}) is

given by
1 C a/B
hQx) = E (a/bi) ) (5)
A/P [ (x)dx
and the constant C is given by

2a+ﬁ
C= Ola/P(b _ a)aJrﬁfl .

(6)

In this paper, by using a similar technique to that of Napoli and Pinasco [12], we state and prove a generalized Lyapunov-
type inequality for a Dirichlet problem associated to the following quasilinear systems involving (p1, p2, ..., pn)-Laplacian
operators

p1—2 / _
—(Juy [ ")) = AL @) |ug ¥ 2ug [up |2 L Jup|®

p2—2 ’ _
—(Ju5]727"uh) = fa ) |uq | |u2]®22uz us|®s .. Jup|%

(7)

Pn—2 / —
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where n € N, f; are real-valued continuous functions for all x € R, the exponents satisfy 1 < p; < co and the positive
parameters «; satisfy

n

PR (8)

i1 Pi
fori=1,2,...,n. If n=1, then system (7) reduces to the following equation

()P 2u) + fr0lur P ~2uy =0 o

which is known as the half linear equation. Similarly, if n =2, then system (7) reduces to the system
p1—2 ’ _
—(Jus [777h)" = freolun |1 2ug |up |2

(w7 up) = FaGolun [ ju2 2 2us

which is the same system as (1).

The aim of this paper is to extend and generalize Theorems A and B of Napoli and Pinasco [12] to the general case. Our
motivation comes from the recent paper of Afrouzi and Heidarkhani [1].

We derive a Lyapunov-type inequality for quasilinear system (7), where all components of the solution (u(x), u2(x), ...,
uy(x)) have consecutive zeros at the points a,b € R with a <b in I = [tg, 00) C R. For the special cases of system (7), we
also derive some Lyapunov-type inequalities which relates not only points a and b in I at which all components of the
solution (uq(x), uz(x),...,un(x)) have consecutive zeros but also any point in (a, b) where all components of the solution
(u1(x), uz(x), ..., us(x)) are maximized.

Since our attention is restricted to the Lyapunov-type inequality for the quasilinear system of differential equations, we
shall assume the existence of the nontrivial solution (u1(x), uz(x), ..., un(x)) of system (7).

(10)
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2. Main results

The main result of this paper is the following theorem:

Theorem 1. If system (7) has a real nontrivial solution (u1(x), ua(x), ..., uy(x)) such that uj(a) =0 =u;(b) fori=1,2,...,n where
neN, a, b € Rwitha < b are consecutive zeros and u; fori =1, 2, ..., n are not identically zero on [a, b], then the inequality
n n b Qi/pi

[Ti€i—a' P + b —c)' P} < ]_[< / fi+(x)dx> (11)

i=1 i=1\g
holds, where |u;i(c;)| = maXq<x<p |Uj(x)| and ff(x) =max{0, fix)} fori=1,2,...,n.
Proof. It follows from u;(a) =0 =u;(b) for i=1,2,...,n where n €N, a,b € R with a < b are consecutive zeros and u;
fori=1,2,...,n are not identically zero on [a, b], one can choose c; € (a,b) such that |u;j(c;)| = maXqx<p [Uj(x)| > O for
i=1,2,...,n. From Rolle’s theorem, clearly ug(c,') =0 fori=1,2,...,n. Therefore, for c; € (a,b) and uq(a) =0, we have

€1

/ u (x) dx

a

lui(c)| =

c
</|u’1(x)|dx. (12)

By using Holder inequality on the integral of the right-hand side of (12) with indices p; and p], we obtain

1

C1 1 (5] 1
|us(c1)| <f|ua<x)|dx< (c1—a) </|u3<x>|‘” dx) (13)

where ;—1 + pl, =1. On the other hand, multiplying the first equation of system (7) by u; and integrating from a to ¢y and
1

taking into account that uq(a) =0 and u}(c;) =0, we get

C1 C1
/|u’1(x)|p1 dx=/f1(x)|u1(x)|a1|u2(x)|a2...|un(x)|a”dx. (14)

Therefore, by using (14) in (13), we have

1

a9 P1
lur(en| < (c1 — )P (/f1(x)|u1(><)}0”qu(x)!‘)‘2 ...Iun(X)Ia”dX>

L/ 7 o o (67 ﬁ
<=0 ([ £ 60luneo Juzto | . unco| " ax) (15)
a
If we take the pi-th power of both sides of inequality (15), and |u;(x)| is maximum at the point ¢; for i=1,2,...,n,

respectively, we obtain

1< uren)|* P uz(e)|™ .. Junlen)|*" (1 —a)"”(/fr(x) dx>. (16)
Now, since uq(b) =0, we get
b b
lur(c)| =|—u1(cn)| = /uQ(X)dx S/M(X)\dx (17)
C1 C1

and repeating the above procedure step by step, one can easily obtain

b
1< uren)]* P uz(e)|™ ...|un(cn)|“"(b—cl)m”(/fr(x)dx). (18)

€1
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Thus, summing up inequalities (16) and (18), we have

/fi(x)dw ur (e fua(e2)| "% . Junlen)| M1 — @) TP+ (b —cp)' TP (19)

By using similar manner, we get the following inequalities

/fj(x) dx > |ur (e |ua(e2) | usen)|"* - |un(en) | {(c2 — @) T2 4 (b — ) 7P2), (20)

—0On-1

/f,i(x) dx > ur(e)] ™" . un—1 oD | un(en) [P  en — @)1 TP + (b — cn)' PR, (21)

respectively. Raising inequality (19) to a power eq, inequality (20) to a power ey, ..., and inequality (21) to a power ey, and
multiplying the resulting equations, we obtain

n b € n
]'[(/fﬁ(x)dx) > {H{(ci—a)”’f +<b—c,-)”’f}e’}
=1\} i=1
% ’u](Cl)’(pl—al)el—alez—”'—alen (22)
« IUZ(CZ)’—0126‘1+(p2—a2)92—012€3—~"—0129n
N |un(cn)|—anel —--—Qnep_1+(Pn—0n)en
fori=1,2,...,n. Now, we choose e; such that |u;j(c;)| cancel out for i =1, 2,...,n in inequality (22), i.e. solve the homo-
geneous linear system
(p1—a1)er —area— - —a1ep =0
—oze1 + (p2 —az)ex —oges — - —ogen =0
" (23)
—0tpe1 — -+ — 0pen—1 + (Pn — dn)en = 0.
We observe that by hypothesis Zl 1 =1, this system admits a nontrivial solution, indeed all equations are equivalent to
n
€ Z Z ej (24)
Pj pl —
]#1 1#!
fori=1,2,...,n. Hence, we may take e; = % fori=1,2,...,n, and we get inequality (11) which completes the proof. O
Remark 2. The left-hand side of inequality (11) shows that ¢; for i =1,2,...,n cannot be too close to a or b, since the
exponents satisfy 1 < p;j <oo fori=1,2,...,n. We have fab fi+(x)dx <oofori=1,2,...,n, but
lim_ {ci—a)" P+ (b—c)' P} =0 (25)
ci—at
ci—>b~
fori=1,2,...,n
Since the function h(x) = x!~Pi is convex for x > 0 and p; > 1 for i =1,2,...,n, Jensen’s inequality h(y ) <
%[h(y) +h(z)] with y=cij—aand z=b—¢; fori=1,2,...,n implies
(i~ P4 b —c)' P > 2P —a)! P (26)

fori=1,2,...,n. Thus, by using inequality (26), Theorem 1 reduces to the following result:



80 D. Cakmak, A. Tiryaki / J. Math. Anal. Appl. 369 (2010) 76-81

Corollary 3. If system (7) has a real nontrivial solution (u1(x), u2(X), ..., un(x)) such that uj(a) =0 =u;(b) fori =1, 2, ...,n where
neN,a,b e R witha < b are consecutive zeros and u; fori =1, 2, ..., n are not identically zero on [a, b], then the inequality
n b @i/pi
2219 (h — gy 1= im0 ¢ H( / fifeo dx) (27)
i=1\
holds, where |u;j(c;)| = maXqg.x<p |Uj(x)| and fﬁ(x) =max{0, fi(x)} fori=1,2,...,n.

Remark 4. Let n = 1. If we compare inequalities (16) and (18) with the inequalities of (2.3) in Lemma 2.1 of Pinasco [19]
respectively, it is easy to see that the restricted condition, i.e. a bounded positive function, on the function r in Lemma 2.1
can be dropped. Thus, Theorem 1 (or Corollary 3) generalizes and extends Theorem 2.3 of Pinasco [19].

Remark 5. Let n = 2. If we compare Theorem 1 with Theorem A of Napoli and Pinasco [12], since (26) holds, we conclude
that Theorem 1 is more general than Theorem A.

Remark 6. Corollary 3 with n=2 and fj(x) > 0 for i =1, 2 reduces to Theorem A.

Remark 7. When o =p; for i=1,2,...,n, and for j#1i, a; =0 for j=1,2,...,n, we obtain the result for the case of
a single equation from Theorem 1 or Corollary 3.

Remark 8. Since

freo <|f®), (28)

the integrals of Lb ff(x) dx for i=1,2,...,n in the above results can also be replaced by ﬁlb |fix)|dx for i=1,2,...,n,
respectively.

Now, we present an application of the obtained Lyapunov-type inequality for system (7).
Let A; fori=1,2,...,n be generalized eigenvalues of system (7), and r(x) be a positive function for all x € R. Therefore,
system (7) with fij(x) = Ajair(x) >0 for i=1,2,...,n and all x € R reduces to the following system:

p1—2 ’ _
—(Juy |7 ) = Moar@)|ug [ 2 ug Jua |2 L ug [

p2—2 ,\/ -
= (| |7 up) = haorar o un 1 |uz ]2 2uzfus 3 ... || (29)

pn—2 ’ _
_(|U;1| " ué) = AnCnl () [ %1 . Jun—1 %=1 |up |2 up.

By using similar techniques to the technique in Napoli and Pinasco [12], we obtain the following result which gives lower
bounds for the n-th eigenvalue of ;. The proof of the following theorem is based on above generalization of the Lyapunov-
type inequality, as in that of Theorem 1.4 of Napoli and Pinasco [12].

Theorem 9. There exists a function hi1(A1, A2, ..., An—1) Such that Ay, > h1(A1, A2, ..., An_1) for every generalized eigenvalue
(M, A2, ..., Ap) of the quasilinear system (29), where |u;j(c;)| = maxg-x<p [Uj(X)| fori=1,2,...,nand
1 n(ci — a)17Pi 4+ (b — ¢;)\~Pi)i/pi\ Pn/n
hi(a, A2, .. 1) = —<H'_1 nl_l 5 1 . (30)
On ([Tizy Qiap)®i/Piy( [, r(x) dx)
Proof. Let (A1,A2,...,Ay) be a generalized eigenpair, and u1,us,...,u, be the corresponding nontrivial solution of sys-
tem (29). Fori=1,2,...,n and all x € R, by substituting A;c;r(x) > 0 for fj(x) in the Lyapunov inequality (11), we obtain
n n b a;i/pi
[Ti€i—a' P + b —c)' P} < n( / rictir (x) dx) : (31)
i=1 i=1 1\

Rearranging the terms, and by using condition Z'f:l % =1, we obtain

b

[Ti€i—a' P + b —c)' P} < (H(Mm)“"/p") ( / r(x) dx), (32)

i=1 i=1
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which gives
l_[?:1{(ci _ a)l—l’i + (b _ Ci)]—pi}a,-/p,- Pn/0tn
n—1 b < Anltn,
(=) Qaan@/Piy(f; r(x) dx)

and the proof is completed. O

Remark 10. Since h; is a continuous function, then hq(A1,A2,...,An—1) — 0o as any eigenvalue of A; — 0% for i =
1,2,...,n — 1. Therefore, there exists a ball centered in the origin such that the generalized spectrum is contained in its
exterior. Also, by rearranging terms in (33) we obtain

ﬁ)\‘?‘i/m S (l_[?zl{(ci —a)!"Pi 4 (b— Ci)l_pi}ai/pf> (34)
o (T @™ /P ([ r o dx)

It is clear that when the interval collapses, right-hand side of (34) goes to infinity. Hence, we obtain the desired generaliza-
tions of Napoli and Pinasco [12]’s result for one-dimensional nonlinear systems.

Remark 11. Let n = 1. If we compare inequality (34) with inequality (1.2) with n =1 in Theorem 1.1 of Pinasco [19], it is
easy to see that inequality (34) gives better lower bound than inequality (1.2) with n = 1. Thus, Theorem 9 generalizes and
extends Theorem 1.1 with n =1 of Pinasco [19].

Remark 12. Let n = 2. If we compare Theorem 9 with Theorem B of Napoli and Pinasco [12], we obtain h{(A1) > h(L) since
(26) holds. Therefore, Theorem 9 gives better lower bound than Theorem B.

Remark 13. Let n = 2. Theorem 9 with ¢y = # = ¢y or with inequality (26) reduces to Theorem B.
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