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A graph I' is distance-transitive if for all vertices w, ¢, x, y such that d(u, v) -
d{x, y) there is an automorphism # of I' such that uft == x, vh == y. We show how
to find a bound for the diameter of a bipartite distance-transitive graph given
a bound for the order | G, | of the stabilizer of a vertex.

In [10] Tutte initiated a study of s-transitive graphs by proving that for
an s-transitive trivalent graph s < 5. Sims [4] generalized Tutte’s result
to find a bound for the order | G, | of the stabilizer of a primitive permu-
tation group with a suborbit of length 3. Sims, Thompson, and Quirin [5, 3]
dealt with the case of a suborbit of length 4. Gardiner [2] gives bounds for
| G, | for an s-transitive graph of valency p -~ 1 (p prime).

A natural question is to ask when it is possible to convert a bound
for | G, ! into a bound for the diameter of a graph. In fact for s-transitive
graphs it is possible to show that for a particular valency and value of s
there can be infinitely many s-transitive graphs and so no bound for the
diameter in terms of | G, | is possible. We work in the more restricted
class of distance-transitive graphs. In the case of valency 2 the distance-
transitive graphs are just circuits and no bound for the diameter is possible.
In the case of valencies 3 and 4, bounds for the diameter were found in
[11. T6], [7]. and [8] together with a complete list of distance-transitive
graphs of valencies 3 and 4.

We consider distance-transitive graphs of valency greater than 4 and
assume that a bound for | G, | exists. The purpose of this paper is to show
how to find a bound for the diameter of a bipartite distance-transitive
graph of valency >4 given a bound for | G, |. Notice that if we attempt to
extend the result to any distance-transitive graph we can assume that the
automorphism group acts primitively on the vertices, since if it acts
imprimitively the graph is either bipartite or antipodal [9, Theorem 2]. If
it is antipodal but not bipartite the derived graph is primitive and a bound
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for the diameter in the primitive case would imply a bound for the diameter
in the antipodal case [9, Theorem 3].

DeriNiTION.  I7is a distance-transitive graph if for all vertices u, ¢, x, y
such that d(u, v) = d(x, y) there is an automorphism / of I" such that
uh = x, vh = y.

DErINITION.  Let I be a distance-transitive graph and for any vertex u
let I'(u) = {v | d(u,v) = i}. We define the intersection array of I" by

T
P(I‘) =10 a a -~ a - 434, 4
k b, by - by v by *

where d is the diameter of the graph, k is the valency and if # and v are
vertices such that d(u, v) = i then

¢; = | Tiy(u) N T'y(v),
ai = I Fi(ll) m Fl(v)i,
by = | Iy y(u) 0 Th(o).

These numbers are independent of the choices of v and ». Clearly
e, =1,¢;+a, + b, = k. Tt was shownin [9] that I < ¢, << ¢y < ' < ¢
andk = b, = b, > -+ = b,y . Wewrite k, = | I'(u)|. A simple counting
argument shows kb, = k; 164, .

Now suppose I to be bipartite and the intersection array to be

* 1 s 14 . . s £ JL ..Ii I'd
: @ @ 22 2 (Cb . ff_)
0 0 00 - - 0 0 0 0 0 oo : 4)2
‘ k k k =
k k—1 bg b3 cT bsl 'E‘ —2— 7 b32
We show that s, << 35, + 2 from which it follows that the diameter is

bounded since &, o1 ko > ki FeE and the bound on | G, | implies
a bound on s, . Assume s2 > 3s1 + 2.

LeMMA 1. Ift =2s, - | and N is the number of vertices at distance <t
from any chosen vertex u,

N> (21+1)

kt-
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Proof. Application of k;b;, = k,,;¢;,1 shows klerl = ks 4y == k,.
Then
1.
t—slzsl—l—l:[ ‘71 - 2t:—1
and

kot ky+ kot ke >k Tk ok
g BN :

LEMMA 2. Let 28, +1 << g << sy — | and choose x,, x, such that
d(x, , x,) = q. Suppose vertex y in {I'(x)) N I';_(x,)} is joined to b,(y)
vertices of {Li(x) NIy 1(x)} (i=0,1L.,g—1) and to ¢/ ()
vertices of {I';_1(e)) N I'y_i a(x)} (0 = 1, 2,..., q). Then

k .
_2— (’ = sl + 1:-"’ CI)
Ci (I = ], 2,..., Sl)

ﬁ
@  b'(»= i 2
Coqs (1 =4 — 855§ — 1)

(z)

(D) c'(y) =

(i=01,.,9—s5 —1)

3) | Ti(xy) N Iy_f(xo)| = PRy (1<i<ys)
ol
— 2L (qe1<i<g)
e o, Tlsis
k q—1i
e
ey C g—s5 <i<gq)

Proof. (1) y is joined to ¢; vertices z of I;_,(x;) and d(x,,z) <
dx;, )~ 1 < g — i+ 1. Since x,e I'(x,) and ze I';_(xy), d(x,, 2) >
qg—i-+1.HencezeI',_((x)) 0 I, ;y(x))andsoc, = ¢;(i =1, 2,..., q).

(2) yis joined to ¢,_; vertices z’ of I",_, ;(x,) and

d(x,,2) <dx,y)+d(y,2) <i+ 1.

Since x; € I'y(xy), z' € I'y_;_1(x5), d(x,,2") =i + 1. Hence 2’ € I';,;(x;) N
Pﬂ—i—l(xZ) S0 bz,(y) = cq—i (l = 05 1;-"9 q — 1)'
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(3) This follows from repeated application of
| Ti(x,) N Fq—z(x-:)i b/ = | I'iy(x) N Fu—i-1(x2)i Ciix - |

Now let ¢ = 2s; + 1, choose x, and choose x; € I'(xo), xo € I, ((xy) N
Fyx). xge Dyo(x)y 0 Ii(xg) 0 Doulxy). Let Wy = Fsl(xl) A Fr/~sl(x2)
and W, o I 4(x) 0O F,l,,\.l_l(xj). Then since b; = k/2 = c;]“, the
vertices of W, U W, together with the edges joining them form a (not
necessarily connected) bipartite regular graph B of valency k/2.

LeMMa 3. I (x) L (x0) = T (o) 0 Ty (50).

-5,

PrOOf From Lemm'd 2 ‘ F.\'l('\‘l) A Fdf.\‘l(x‘.:)i — i Fxl-‘rl(x()) N I‘Q—xl(x‘.’.)"
Since I (x;) N Ly x) C F\.ﬂ xgy 0 F,,,Sl(xz) the result follows. |

LEMMA 4. Foala) N Ty () = Ty abo) 0 Dpsg (%)
Proof. From Lemma 2
VU nx) N L ()l = Dy () 0 Dy (0]
Since I 4 y(x)) N Iy (x) D I olxy) 0 I 4(x,) the result follows. |

Now choose an automorphism # such that x,fi -+ x;, x4 == x, . Then

Wil = (T (x) O Ty () h
= (I aa(x) N o (x9)) A (Lemma 3)
= F.«ﬂ—1(x1) N qu.vl(xs)
= I a(x)n I i(x;) (Lemma 4)
= W,.

Also, since WyhC ]’,,,__\.lfl(x;;). Wi C L (x) and d(xy.x3) = ¢ - 1
W, N W,h = ¢. Hence W, consists of half of the vertices of the graph B,
and also it consists of half of the vertices of a graph Bh, isomorphic
to B, with vertices W, U W,

We now have vertices x;. x/re lxy). xge ', (x) 0 Ilxh),
xgh € Do) 0 Tixg) 0 Tppulxy) with Wy = T (ah) 0 Iy (x5),
Weh — F_Q1+1(x1!z) N I’Qﬂl_l(x;;). Repeating the process we find that
Woh, Wyt are the vertices of a graph BA* isomorphic to B. Hence we
obtain in this way a sequence of graphs B, Bh, Bh?, Bh®.... with Bh? having
vertices | Wit U WLk, Since the graph is finite and since we have
already found all edges adjacent to W, . W,h,... the only possibility is that
there exists vertex v € W,/ N W, for some j = 0. Suppose v is chosen so
that jis as small as possible. We show that in this case Wy = W .

Since W, C I’xl(xl), W, C ]"_\,ﬁl(xl) it can be seen from the intersection
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array that Woh C I, .5(xy), Wyh* C T o3(%y)seee, Woh™ st C I (x1). Thus
if wy € Woht=s wye Wy d(wy , wy) > 5, — 5. Hence j + 1 > 2s; — ) =
225, +2) = 2g +2s0j > 2q + 1. Then since (j — s;) — (¢ —51) > ¢
we can choose Z € Wohi=s, Z,c Wih*=1 such that d(Z,,v) = s,
d(Zy,v) = q— 8,dZy,Zy) = q. Then W, C 'y ((Zy), Wol' C I (Zy).
Let '€ I, (Z,) N Iy  (Z,) so v'e Wyl/ U Wohit U - U Wohi—2s1 and
ve WU WyU Wohu - U Wyt Since j > 2¢ + 1 these sets are dis-
joint except for vertices of Wy N W,/v. It then follows from

i Fsl(zl) N Fa—sl(Zz)l = l Wl ’ = l thj I that Fsl(.Zl) N Fq—.sl(zz)
- Wl == 1”/211j B

Hence we have seen that the graph consists of a “‘ring” of copies of the
graph B. We are now ready to obtain a contradiction. Suppose

() by > kj2 s0 by = (k/2) + 1. Let p = 25 -+ 1. The number M
of vertices at distance <p from any given vertex is given by

ap+ D(5)"

Clc‘_} cas CS‘

M<@Q2p+ DW=
Repeated application of k;b;, = k. ¢y gives

k(k — 1) by -+ by,
-
C1CaCs " €5, 5

SO

kst
Cr+D(5) " K
M < Tk =1 by~ b,

582b/16/2-4
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Combining this with Lemma 1 gives a contradiction so s, < 3s; -+ 2.

(2) Suppose b, = k/2. In this case the intersection array is

k k
* AT
1 2 2
0 0 0 0 (k >4)
k k
kK k—1 5 5
Then | W7 | = k/2 and so every vertex of W, is joined to every vertex

of W, and of W,h. Similarly every vertex of W,k and of W; is joined to
every vertex of W, . Hence if y,, y,€ W, , y, is joined to k vertices of
I',(y,) contradicting ¢, = k/2. Hence b, = k/2.

(3) If b, < k/2 the diameter is at most 3. If d > 3 choose w e I'y(u),
u' € I'y(u) such that d(u’, w) = 2. u, u’ are joined by ¢, arcs of length 2.
Hence ', w are joined by ¢, arcs of length 2 by distance-transitivity. Since
u' € Iy(u), we Iy(w), v/, w are joined by at most b, arcs of length 2, so
b, > ¢, , which is a contradiction.

In case of diameter 2 the graph is a complete bipartite graph and in case
of diameter 3 the graph is the incidence graph of a symmetric block design.
We have now proved the following theorem:

THEOREM. Let I' be a bipartite distance-transitive graph of valency >4
and suppose a bound for | G, | exists. Then a bound for the diameter of I' can
be found.
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