=

View metadata, citation and similar papers at core.ac.uk brought to you byl-i~ CORE

provided by Elsevier - Publisher Connector

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and
Applications

www.elsevier.com/locate/jmaa

Linear differential equations with entire coefficients of [p, g]-order in
the complex plane ™

Jie Liu?, Jin TuP*, Ling-Zhi ShiP

a Department of Natural Science, Nanchang Teachers College, Nanchang 330029, China
b College of Mathematics and Information Science, Jiangxi Normal University, Nanchang 330022, China

ARTICLE INFO ABSTRACT
Article history: In this paper, we firstly investigate the complex high order linear differential equations in
Received 15 July 2009 which the coefficients are entire functions of [p, g]-order and obtain some results which

Available online 7 May 2010

! . improve and generalize some previous results in Cao (2009) [3], Chen and Yang (2000) [4],
Submitted by L. Fialkow

Heittokangas et al. (2006) [12], Kinnunen (1998) [17], Tu and Yi (2008) [20].
© 2010 Elsevier Inc. All rights reserved.

Keywords:

Linear differential equations

[p, ql-order

[p. ql-type

[p, q] index-pair

[p, q] exponent of convergence of zero
sequence

1. Introduction and notations

The theory of complex linear differential equations has been developed since 1960s. Many authors have investigated the
complex linear differential equations

FO+A@F Y+ + A0 f =0 (11)
and

fO4+A@f 4+ M@ f =F@ (12)
and achieved many valuable results when the coefficients Ag(2), ..., Ax_1(2), F(z) (k >2) in (1.1) or (1.2) are entire func-

tions of finite order (e.g. [1,4,7,13,14,18,20]). L.G. Bernal, L. Kinnunen and J. Tu investigated the growth of solutions of (1.1)
and (1.2) individually when the coefficients in (1.1) or (1.2) are entire functions of finite iterated order (see [2,17,19]). The
properties of the solutions of (1.1) and (1.2) also have been studied by T.-B. Cao and ]. Heittokangas when the coefficients
are analytic functions in the unit disc (see [3,11,12]). In [15,16], O.P. Juneja and his co-authors investigated some properties
of entire functions of [p, g]-order, and obtain some results. In this paper, our aim is to make use of the concepts of entire
functions of [p, g]-order to investigate the complex linear differential equations (1.1) and (1.2).

We assume that readers are familiar with the fundamental results and the standard notations of the Nevanlinna’s theory
of meromorphic functions and the theory of complex linear differential equations (see [8,18]). First, we will introduce some

* This project is supported by the National Natural Science Foundation of China (Grant No. 10871076), the Youth Foundation of Education Bureau of
Jiangxi Province in China (Grant No. GJJ09463) and the Natural Science Foundation of Jiangxi Province in China (Grant No. 2009GQS0013).
* Corresponding author,
E-mail address: tujin2008@sina.com (J. Tu).

0022-247X/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2010.05.014


https://core.ac.uk/display/82086154?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:tujin2008@sina.com
http://dx.doi.org/10.1016/j.jmaa.2010.05.014

56 J. Liu et al. /J. Math. Anal. Appl. 372 (2010) 55-67

notations. Let us define inductively, for r € [0, 00), exp;r =e" and exp;,r = exp(exp;r), i € N. For all sufficiently large r,
we define log; r =logr and log;,r =log(log;r), i € N. We also denote expyr =r =logyr and exp_;r = log; r Moreover
we denote the linear measure and the logarithmic measure of a set E C (1, 00) by mE = fE dt and mE = and the
upper logarithmic density of E C (1, o) or (0, 1) is defined respectively by

—m(ENJ1,r]) —m(EN[O0,r])

densE= lim ————~ or densE= lim
r—00 logr r—1- —log(1 — r)

Et‘

We use p and M to denote a positive integer and a positive constant, not necessarily the same at each occurrence, and D
denotes the unit disc {z: |z| < 1}. Second, we will recall some notations about finite iterated order of entire functions or
analytic function in D (see [3,12,17,19]).
Definition 1.1. (See [17,19].) The iterated p-order of an entire function f(z) is defined by
log, T(r, f) ——_lo M(r, f)
op(f) = lim Lf im g“]if.

r—oo  logr r—00 logr

Definition 1.2. (See [17,19].) The finiteness degree of the iterated order of an entire function f(z) is defined by

0 for f polynomial,
i(fy=14 min{j e N: 0j(f) <oo} for f transcendental for which some j € N with o;(f) < oo exists,
00 for f withoj(f) =ooforall je N.

Definition 1.3. (See [17,19].) The iterated exponent of convergence of zero sequence of an entire function f(z) is defined by

log,n(r,1) ___log, N(r, 1)
ap(f)=T T —P 0 i
r—00 logr r—00 logr

Remark 1.1. The iterated exponent of convergence of distinct zero sequence of f(z) (i.e., Xp (f)) and the finiteness degree of
the iterated exponent of convergence f(z) (i.e., iy (f)) can be defined similarly (see [19]).

Definition 1.4. (See [12].) The iterated p-order of an analytic function f(z) in D is defined by
—logy 1 M. f)

—>1— logﬁ

oM p(f)

Definition 1.5. (See [12].) The iterated p-order of a meromorphic function f(z) in D is defined by

L log, T, f)
—>1- log 1=

Ob(f)

Remark 1.2. If f(z) is an analytic function in D, it is well know that o1(f) <om,1(f) <o1(f) +1 and on,p(f) =op(f)
(p > 2) (see [12]).

Definition 1.6. (See [3].) The iterated exponent of convergence of zero sequence of an analytic function f(z) in D is defined
by

logpn(r f) ___log, N(r, %)

)\p(f)— og1—1 rol-—log1—1)°

Finally, we will introduce the definitions of entire functions of [p, g]-order, where p,q are positive integers satisfying
p >q > 1. In order to keep accordance with Definition 1.1, we give a minor modification to the original definition of [p, q]-
order (see [15,16]).

Definition 1.7. If f(z) is a transcendental entire function, the [p, g]-order of f(z) is defined by

—log, T(r, f) ——log,q M(r, f)
Olp.q1 =0p.qi(f) = lim —2 = Tim —2* ,
r—00 logq r—00 ]ogq r

It is easy to see that 0 < oy q1(f) < oo. If f(2) is a polynomial, then oy q;(f) =0 for any p > q > 1. By Definition 1.7, we
have that oy1,11 = 01(f) =0 (), 02,11 =02(f) and opp11,1) =0pt1(f).
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Remark 1.3. If f(2) is an entire function satisfying 0 < oy, 4] < 00, then

(i) Op—n,q) =00 (N < P), O1p,gq—n] =0 (N <q), Oppyng+m =1 (n<p) forn=1,2,....
(i) If [p’, q'] is any pair of integers satisfying q¢'=p’ +q — p and p’ < p, then oy 1 =0if 0 < o7p g <1 and oy g7 =00
if 1 < opp,q < oo.
(iii) opp g7 =00 for ¢ —p">q—p and opp g7 =0 for ¢ —p" <q—p.

Definition 1.8. A transcendental entire function f(z) is said to have index-pair [p, q], if 0 < o7y q; < 00 and ojp_1,4—1] is not
a nonzero finite number.

Remark 1.4. If o7y p is never greater than 1 and oy, ,;; =1 for some integer p’ > 1, then the index-pair of f(z) is defined
as [m, m], where m =inf{p’: oy pj=1}. If oy q is never nonzero finite for any positive integer pair [p, q] and opy 17 =0
for some integer p” > 1, then the index-pair of f(z) is defined as [n, 1], where n =inf{p”: oy, 1) =0}. If oy q is always
infinite, then the index-pair of f(z) is defined to be [00, 00].

If f(z) has the index-pair [p,q] then o = oy, q) is called its [p, q]-order. For example, set f1(z) = €%, f2(z) = e, by
Remark 1.4, we have that the index-pair of f1(z) is [1, 1] and the index-pair of f,(z) is [2, 1].

Remark 1.5. Let f1(z) be an entire function of [p, q]-order o7 and let f,(z) be an entire function of [p’, g’]-order o3 and let
p < p’. The following results about their comparative growth can be easily deduced:

(i) If p’ — p > ¢’ — q, then the growth of f; is slower than the growth of f5.
(ii) If p’ — p <q —q, then f; grows faster than f5.
(iii) If p’ — p=q' — q > 0, then the growth of f is slower than the growth of f; if o3 > 1 while the growth of f; is faster
than the growth of f, if o3 < 1.
(iv) Let p’—p=q —q=0, then f; and f> are of the same index-pair [p, q]. If o1 > 02, then f; grows faster than f,, and if
01 < 07, then f; grows slower than f5. If o0y = 03, Definition 1.7 does not give any precise estimate about the relative
growth of f1 and f5.

Definition 1.9. The [p, q]-type of an entire function f(z) of [p, g]-order o (0 <o < o0) is defined by

——log, M(r, f)
Up.q1 = T[p,q](f) = rll)ﬂ;o (lopg 11° :
q—

Definition 1.10. The [p, q] exponent of convergence of the zero sequence of f(z) is defined by

___logyn(r, ¥)  ___log, N(r, +)
3 = I p f
Alp.ql = Ap.ql(f) = lim loggr A, loggr

Definition 1.11. The [p, q] exponent of convergence of the distinct zero sequence of f(z) is defined by

o ___logyii(r, ) ___log, N(r, })
3 = I p f
Mp.q) = Ap.q1(f) = lim loggr Jim, log,r

2. Main results
In this section, first we list some previous results that we are going to improve.

Theorem A. (See [17].) Let A(z) (j =0, ...,k —1) be entire functions satisfying max{op(Aj) | j=0,...,k—1} <03 (p € N), then
all solutions f(z) of (1.1) satisfy op11(f) < 03.

Theorem B. (See [4].) Let Aj(z) (j =1, ...,k — 1) be entire functions such that max{o (Aj) | j=1,...,k — 1} <0 (Ag) < oo, then
every nontrivial solution f (z) of (1.1) satisfies o2 (f) = o (Ao).

Theorem C. (See [20].) Let Aj(z) (j =0, ...,k — 1) be entire functions satisfying max{o (Aj) | j=1,...,k — 1} < 0 (Ap) and
T(Aj) < T(Ag) if o (Aj) =0 (Ag) > 0, then every nontrivial solution f(z) of (1.1) satisfies o2(f) = o (Ao).

Theorem D. (See [17].)If0 < p <ooands =max{j|i(aj) =p, j=1,...,k—1}, then (1.1) possesses at most s linearly independent
solutions f(z) withi(f) < p.
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Theorem E. (See [12].) Let p € N and o > 0. All solutions of (1.1), where the coefficients Ao(2), ..., Ax_1(z) are analytic in D, satisfy
om,p+1(f) <o ifand only if om p(Aj) <o forall j=0,...,k — 1. Moreover, if s € {0, ...,k — 1} is the largest index for which
om,p(As) = maXog j<k—110m,p (Aj)}, then there are at least k — s linearly independent solutions of (1.1) such that oy p11(f) =
om,p(As).

Theorem F. (See [17].) Let Ao(2), ..., Ax—1(2), F(2) be entire functions satisfying p = max{i(Aj) | j =0,...,k =1}, q =i(F). If
0<qg<p+1<o0,i(Ag)=p,andi(Aj) <porop(Aj) <op(Ag) forall j=1,...,k—1, then all solutions of (1.2) satisfy

i(H=i(H=p+1,  Aps1(f) =2p11(f) = 0p+1(f) = 0p(Ao0)

with at most one exceptional solution.

Theorem G. (See [17].) Let Ao(2), ..., Ak—1(2), F(2) be entire functions satisfying p = max{i(Aj) | j=0,...,k—1}, g =i(F). If
p+1=q <ooandoq(F) > max{o,(Aj)|j=0,...,k—1}, then

i(fHi=i(f)=q,  rq(f)=0q(f) =0q(F)
hold for all solutions of (1.2) with at most one exceptional solution.
Theorem H. (See [3].) Let p € N, H be a set of complex numbers satisfying dens{|z|: z€ H € D} > 0, and let Ag, A1, ..., Ax_1 be

analytic functions in D such that max{ow p(Aj) | j=1,2,...,k =1} <om, p(Ag) = 0 < oo and for some constants 0 < B < «, we
have, for all € > 0 sufficiently small

|Ao(@)| > expv{“(1 —]|z|>”}

1 o—¢& )
|Aj@)] gexpp[ﬂ<1_—|z|) } (j=1,2,...,k=1)

as |z| - 17 for z € H. Let F # 0 be analyticin D.

and

(i) If op1(F) > om,p(Ao), then all solutions f(z) of (1.2) satisfy op11(f) = op41(F).
(i) If op41(F) < om,p(Ao), then all solutions f(z) of (1.2) satisfy op41(f) = Ap+1(f) = Ap41(f) = om,p(Ao) > 0p(Ag), with at
most one exception solution fy satisfying 0p1+1(fo) < om,p(Ao).

In the following, we give our main results of this paper.

Theorem 2.1. Let Aj(z) (j=0,1,...,k — 1) be entire functions satisfying max{ojp.q)(Aj) | j # S} < 0[p,q1(As) < 0o, then every
solution f(z) of (1.1) satisfies op11,q1(f) < 0p,q1(As). Furthermore, at least one solution of (1.1) satisfies o1p11,q)(f) = 0(p,q1(As).

Theorem 2.2. Let Aj(z) (j=0,1,...,k — 1) be entire functions satisfying max{op q(A}) | j # 0} < 0yp,q(Ao) < 00, then every
nontrivial solution f(z) of (1.1) satisfies o1p1,q1(f) = 01p,q1(Ao).

Theorem 2.3. Let Aj(z) (j=0,1,...,k — 1) be entire functions satisfying max{o(p q1(Aj)) | j=1,...,k — 1} < 0[p,q)(Ag) < 0
and max{tip q(Aj) | 01p.q1(Aj) = 0p q1(A0) > 0} < T1p q1(Ao), then every nontrivial solution f(z) of (1.1) satisfies o(p1,q(f) =
O(p.q)(Ao).

Theorem 2.4. Let Ag, A1, ..., Ax_1 be entire functions, and let s € (0,...,k — 1) be the largest index for which oyp q(As) =
maxog j<k—1{0(p,q1(Aj)}, then there are at least k — s linearly independent solutions f(z) of (1.1) such that o1p1,q)(f) = 01p,q)(As).
Moreover, all solutions of (1.1) satisfy op41,q1(f) < 04 ifand only if o1p q1(Aj) <04 forall j=0,1,...,k—1.

Theorem 2.5. Let F(z) #0, Aj(z) (j =0,1,...,k — 1) be entire functions satisfying max{o(p q(Aj),op+1,q(F) [ j=1,...,
k — 1} < o1p,q1(Ao), then every solution f(z) of (1.2) satisfies

Mp+1,01(F) = Ap+1,01(f) = 0(p41,q1(f) = 01p.q1(A0)

with at most one exceptional solution fq satisfying o(p1,q1(fo) < 01p,q1(Ao)-

Theorem 2.6. Let F(z) #0, Aj(z) (j=0,1,...,k — 1) be entire functions satisfying max{op q1(Aj) | j=0,1,...,k =1} <
O(p+1,q1(F), then we have that
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(i) o1p+1,q1(f) = O[p+1,q1(F) holds for all solutions of (1.2).
(ii) Ap+1.q1(f) = op+1,q1(f) = O[p+1,q)(F) holds for all solutions of (1.2) with at most one exceptional solution fo satisfying
Ap+1.q1(f0) < op+1,q1(F).

Theorem 2.7. Let H C (1, 0o) be a complex set satisfying dens{|z|: z € H} > 0, and let Aj(2) (j=0,1,...,k—1) be entire functions
satisfying max{o(p q1(Aj) | j =0,1,...,k — 1} < oy, if there exists a positive constant o (a2 < o1) such that for any given &
(0 <& <aj —ay), we have

|Ao(2)| = expp1{(c1 — &) log, 1}, |Aj(2)| <expyyi{azlogyr} (zeH, j=1,....k—1),

then every nontrivial solution f(z) of (1.1) satisfies op11,q1(f) = o1.

Theorem 2.8. Suppose that H, Aj(z) (j =0,1,...,k — 1) satisfy the hypotheses in Theorem 2.7 and F(z) # 0, then we have the
following statements:

(i) If op+1,q1(F) > a1, then all solutions of (1.2) satisfy g[p+1,q](f) = 0p+1,q)(F).
(ii) If o1p+1,q1(F) < aq, then all solutions of (1.2) satisfy Aip+1,q1(f) = Ap+1,q1(f) = O(p+1,q1(f) = o1 with at most one exceptional
solution fo satisfying o(p4+1,q)(fo) < c1.

Remark 2.1. Theorems 2.1-2.3 are improvements and the extensions of Theorems A-C. As the counterpart to Theorem E,
Theorem 2.4 is also an extension of Theorem D. Theorem 2.5 and Theorem 2.6 are respectively the improvement and
extension of Theorem F and Theorem G. Theorems 2.7, 2.8 are the counterpart to Theorem H.

Remark 2.2. Besides the above theorems, there are still much work to do, such as the case in which the coefficients in
(1.1) or (1.2) are meromorphic functions of [p, g]-order and the case in which the coefficients in (1.1) or (1.2) are analytic
functions in D with [p, q]-order.

3. Preliminary lemmas

Lemma 3.1. (See [18].) Let g : [0, 00) — R and h : [0, o0) — R be monotone increasing functions such that g(r) < h(r) outside of an
exceptional set Eq of finite logarithmic measure. Then for any o > 1, there exists ro > 0 such that g(r) < h(r®) forallr > rg.

Lemma 3.2. (See [6].) Let f(z) be a transcendental meromorphic function, and let « > 1 be a given constant, for any given
& > 0, there exist a set E; C (1, 00) that has finite logarithmic measure and a constant B > 0 that depends only on « and (i, j)
(i, j integers with 0 <i < j) such that for all |z| =r ¢ [0, 1] U E;, we have

f(j)
7

~

j—i
(log® 1) log T (arr, f)} )

B[T(ar, D)
I

Lemma 3.3. (See [8,9].) Let f(z) be a transcendental entire function, and let z be a point with |z| = r at which | f (z)| = M(r, f). Then
for all |z| outside a set E3 of r of finite logarithmic measure, we have

fP@ <Vf(r)
f@ \ z

where v (r) is the central index of f(z).

J
> (1+o0(M) (eN),

Lemma 3.4. (See [5].) Let f1, ..., fi belinearly independent meromorphic solutions of (1.1) with meromorphic functions Ao, ..., Ax_1
as the coefficients, then

m(r, Aj) = O{log(lgﬁékT(r, W)} G=0.. k-1,

Lemma 3.5. (See [10].) Let f(z) = > nooanz" be an entire function, () be the maximum term of f(2), i.e., ;u(r) = max({|a,|r" |
n=0,1,...}, and let vy (r) be the central index of f(z), then:

(i) if lao| # 0, log 1¢(r) = log ao| + f3 “42 dt,

(ii) forr < R, M(r, ) < p(m{ve(R) + 2 1.
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Lemma 3.6. (See [19].) Let f(z) be an entire function of finite iterated order with i(f) = p, and let vy () be the central index of f (z),
then

—

r—oo logr

Lemma 3.7. (See [15].) Let f(z) be an entire function of [p, q]-order, and let v (r) be the central index of f(z), then

— log,ve(r
fim 080 V1 (1)

r—o0 logq r - U[p,q](f)-

Lemma 3.8. (See [17].) Let f(z) be a meromorphic function with i(f) = p, then
op(f) :Up(f/)-
Using the same proof of Lemma 3.8, we can easily prove the following lemma.

Lemma 3.9. Let f(z) be an entire function of [p, q]-order, then
otp.q1(f) = opp.q1 ()

Lemma 3.10. Let f(z) be an entire function of [p, q]-order satisfying oy, q1(f) = o5, then there exists a set E4 C (1, 00) having
infinite logarithmic measure such that for all r € E4, we have

log, T(r,
— ( f)=

o5 (rekEy).
r—00 logq r

Proof. By Definition 1.7, there exists a sequence {rp}> ; tending to oo and satisfying (1 + %)rn <Tp4+1 and

log, T (ry,
lim gp T(rn, f)

=0 =03,
% logyra p.q1(f) =05
there exists an n; (€ N) such that for n >n; and for any r € [r,, (1 + %)rn], we have

log, T (s, f) < log, T(r, f) - log, T((1+ Hra. f)
log, (1 + ry S loggr log, 1 ‘

Set E4 = U;inl [rn, (1 + %)rn], then for any r € E4, we have

log,, T (r, log,, T (rn,
og, T(r f): lim 08p (Tn f):

lim os,
r—00 logq r n—oo logq n
where
4+
= [ — 1
E=Y [ -l s(14;)-
n=ni n n=n

Lemma 3.11. Let f1(2) be an entire function of [p, q]-order with oy q1(f1) = 01 > 0, and let f>(z) be an entire function of p'.q1-
order with oy q/1(f2) = 02 < 00, if O1p,q1(f1) and oy q1(f2) satisfy one of the following conditions:

(i) p'—p=4q —q=0and oy ¢1(f2) < o[p.q(f1);
(i) p'—p<q' —q;
(i) p'—p=q'—q>0 01 ¢1(f2) < T;
(V) p'=p=q-q<00pq(fi)>1

then there exists a set Es C (1, oo) having infinite logarithmic measure such that for all r € Es, we have

I, f2)
m
r—oo T(r, f1)

=0 (re€kEs).
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Proof. (i) By Definition 1.7, if |z| =r is sufficiently large, we have

T(r, f2) <exp,{(o2 + &) loggr}. (3.1)

By 07p,q1(f1) =01 and Lemma 3.10, there exists a set Es of infinite logarithmic measure satisfying

log, T(r,
m 7&’ . fv =01 (re€kEs),
r—00 ]ogqr

then
T(r, f1) > exp,{(o1 —&)loggr} (reEs, p>q) (3.2)
where 0 < 2¢ < 01 — 02. By (3.1) and (3.2), we get

T(, f2) < expp{(o2 + €) log, 1}
T(r, f1) ~ exp,{(c1 — &)log,r}

—0 (reks,p=>2q)

then
T(r
im (r, f2)
r—oo T(r, f1)
(i) Since o7p,q1(f1) =01 > 0, o[y g7(f2) =02 <00 and p’ — p < q' —q, by Remark 1.3, we have o, ¢1(f1) = oo, then by
the similar proof of case (i), we have
T(r
im (r, f2)
r—oo T(r, f1)
(iii) Since p’ — p=q —q >0 and oy ¢(f,) <1, by Remark 1.3, we have oy q1(f2) =0, then by the similar proof of
case (i), we have
T(r, f2)
im
r—o0 T(r, f1)

(iv) Since p’ — p=q' —q <0 and oyp q)(f1) < oo, by Remark 1.3, we have oy, ¢1(f1) = oo, then by the similar proof of
case (i), we have

T(r, f2)
im
r—oo T(r, f1)

=0 (rekEs).

=0 (reks).

=0 (re€kEs).

=0 (re€kEs). O

Lemma 3.12. Let F(2) #£0, Aj(z) (j =0, ...,k — 1) be entire functions, let f(z) be a solution of (1.2) satisfying max{oyp, q1(A;),
Op,qi(F)1j=0,1,...,k =1} < o1p,q1(f), then we have Ap q1(f) = Aip,q1(f) = op.q1(f)-

Proof. By (1.2) we get

1 1/f® k=D
— == =+ A +--~+Ao>, (33)
f F ( f f

it is easy to see that if f has a zero at zg of order o (¢ > k), and Ao, ..., Ax_1 are analytic at zp, then F must have a zero

at zg of order o — k, hence

n<’,—)<kn(',—>+n<],—) (3'1)
f h ’ f 1 .

By the theorem on logarithmic derivative and (3.3), we have

and

k—1

1 1
m<r, T) < m(r, f) + ;m(r, Aj)+O0(logT(r, f)+logr) (r¢ Es). (3.6)

where Eg is a set of r of finite linear measure. By (3.4)-(3.6), we get
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k—1

1 — 1
T, f)= T<r, 7) +0(1)< kN(r, 7) +T@,F)+ Z T(r, Aj)+ O{log(rT(r, f))} (r ¢ Ee). (3.7)
j=0

Since max{oyp q(F), 0(p,q1(Aj) | j=0,1,...,k—1} < 0ypq(f), by Lemma 3.11, there exists a set Es having infinite logarith-

mic measure such that

T(r, F) T(r,Aj)} .

, —0 (rekEs, j=0,...,k—1). (3.8
innn TG, f) J :

Since f(z) is transcendental, we have

O{logrT(r, )} =ofT(r, /}. (3.9)
By (3.6)-(3.9), for all |z| =r € Es\Eg, we have T(r, f) < O{N(r, %)}. Then we get op,q1(f) < X[p,q](f). Therefore

Mp.agi(f) = pa(H) =0pq(f). O

Lemma 3.13. Let f(2) be an entire function of [p, q]-order satisfying oyp q1(f) = 06 (0 < 06 < 00), let T(p q/(f) = T1 > O, then for
any given 8 < t1, there exists a set E; having infinite logarithmic measure such that for all r € E7, we have

log, M(r, f) > B(logg_11)”® (r€ E7).

Proof. By Definition 1.9, we can choose a sequence {rj}]o.‘;1 tending to oo and satisfying
1 log, M(r;,
<1+—,)rj<rj+1, lim M:ﬁ.
j j—o00 (logq,l rj)es
Then there exists a jo (jo € N) such that for j > jo and for any given ¢ (0 < ¢ < 11 — ), we get
log, M(rj, f) > (t1 — &)(logg_1 7)°°. (3.10)
For any r e [rj, (1+ %)rj] (j = jo), we have

logq_l rj

1,
j—oo logg_qr

since B < 11 — €, there exists a j; (€ N) such that for j > j;, we have

log, 17\ B ]
( logqq,1 » ) > — ie., (t1—¢&)(logg_y1j)° > B(logg_11). (3.11)

Set j, = max{jo, j1} and E7 = U;?';jz [rj, 1+ %)rj], by (3.10)-(3.11), for all r € E7, we have

log, M(r, f) > log, M(rj, f) > (t1 — £)(log,_1 1)’ > B(logy_1 N,

where
a+3r;
> [ — 1
mEr =Y / ar_ Zlog(l—i——_):oo.
- r & j
=i i i=i2

Thus, we complete the proof of Lemma 3.13. O
4. Proofs of Theorems 2.1-2.8

Proof of Theorem 2.1. We divide the proof into two parts.
(i) First, we prove that every solution of (1.1) satisfies 0p11,¢(f) < 0p,q(As). By (1.1), we get

Y@ F @) P @
SHAk-l| == |+ -+ |A{] + -+ [Aol. (41)
'ﬂa f@ %)
Set oyp,q)(As) = 07, since max{op q(Aj) | j=1,...,k—1} < o7, for sufficiently large r and for any given ¢ > 0, we have

|Aj(2)| <exppyi{(o7 +&)logr} (j=0,1,....k—1). (4.2)



J. Liu et al. /. Math. Anal. Appl. 372 (2010) 55-67 63

On the other hand, by Lemma 3.3, there exists a set E3 C (1, +o00) having finite logarithmic measure such that for all z
satisfying |z| =r ¢ [0, 1]U E3 and |f(z)| = M(r, f), we have

(6)] j
ff(;)Z) = (Ufr(r)> (1+o0(M) (G=1,....k—=1). (4.3)
By (4.1)-(4.3), for all z satisfying |z| =r ¢ [0, 1]U E3 and |f(2)| = M(r, f), we get
k o
(vfr(r)> |14+ 0(D)] <kexpyiq{(o7+é) logqr}<UfT(r)> [1+0(1)], 44)

then

vy (r) < krexp,,q{(07 + &) log,r}.

By Lemma 3.1 and Lemma 3.7, we have o(p41,q1(f) < 0p,q(As).

(ii) Second, we prove that at least one solution of (1.1) satisfies oyp41,q1(f) = 0(p,q1(As). Assume that {f1, f2,..., f} isa
solution base of (1.1), then by the elementary theory of the differential equations, we see that f; (1 < j <k) are entire. By
Lemma 3.4, we have

mr, As) < Mlog(lrgai(kT(r, fn)>. (4.5)

\n\
By Lemma 3.10, there exists a set E4 C (0, c0) of infinite logarithmic measure such that
log, m(r, As)
m _

=0 A rekEy).
00 logqr [p,q]( s) ( 4)

Set Hp ={r: r € E4, m(r,As) < MlogT(r, fp)} n=1,...,k), by Lemma 3.4, we have Uﬁﬂ H, = E4. It is easy to see that
there exists at least one Hp, say Hi C E4 that has infinite logarithmic measure and satisfies
log, m(r, As)

m(r, A;) < Mlog T(r, f1), lim

L lqu " = O’[p’q](As) (l‘ S H]). (4.6)

From (4.6), we have

o1p+1,q1(f1) = O1p,q1(As).

On the other hand, by part (i), we have

O1p+1,q1(f1) < O1p,q1(As).

Therefore we have that at least one solution f satisfies ojp41,q1(f1) = 0pp,q1(As). O

Proof of Theorem 2.2. (1.1) can be written

f®(z) 9@ f'@)
= A o+ A .
fo TN T T T

—Ao (4.7)

By (4.7), we get
k—1 k f(k)
m(r, Aog) < y_m(r, Aj)—i—Zm(r, —) (4.8)
i=1 j= f
= j=1
Since max{o(pq(Aj) | j # 0} < 01p,q1(Ao) and by Lemma 3.11, there exists a set Es C (1, oo) with infinite logarithmic mea-
sure such that for all z satisfying |z| =r € E5, we have

log, m(r, Ao) m(r, Aj)

lim = 0] Ao), —_—
a0 o)

—0 (rekEs, j=1,...,k—1). (4.9)
r—0o0 logqr

By the theorem on logarithmic derivative, we have

f(j)
m<r, T) =0{logrT(r, f)} (¢Es). (4.10)

By (4.8)-(4.10), for all sufficiently large r € Es \ Eg, we have
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1
im(r, Ao) < O{logrT(r, f)}.
Hence

op+1,q(f) = 01p,q1(Ao).

On the other hand, by Theorem 2.1, we have

orp+1.q1(f) < opp q1(Ao).

Therefore every nontrivial solution f(z) of (1.1) satisfies op41,q)(f) = 0[p,q1(A0). O

Proof of Theorem 2.3. Set oy q1(Ag) =038 >0, Tjp q1(A0) =T2. If Aj(2) (j=0,...,k—1) satisfy max{ojp q(A}), j=1,...,
k—1} < o1p,q1(Ao), then by Theorem 2.2, it is easy to see that Theorem 2.3 holds. Thus we assume that at least one of A;(z)
(j=1,...,k—1) satisfies o7p q|(Aj) = 01p,q1(Ao).

Assume f =0 is an entire solution of (1.1), from (1.1), we get

f(k) f(kfl) f/
|A0|<’— + A || =—— |+ -+ A1]| =] (411)
f ‘ f f
By Lemma 3.2, there exists a set E; C (1, 00) of finite logarithmic measure, for |z| =1 ¢ [0, 1] U E5, we get
((z
’ff(z()) <B[™M.T@r, HT (G=1,....k), (412)

where B(> 0) is a constant. We choose B1, 8, satisfying max{z[p q1(A;) | 01p,q1(Aj) = O1p,q1(A0)} < B1 < B2 < T2. By Defini-
tion 1.7 and Definition 1.9, for sufficiently large r, we have
M(r, Aj) < exp,{pi(log,_;1)7}. (4.13)

By Lemma 3.13, there exists a set E7 of infinite logarithmic measure such that for |z]| =r € E7, we have

M(r, Ao) > exp,{B2(log,_1 18} (4.14)
By (4.11)-(4.14), for all z satisfying |Ag(z)| = M(r, Ap) and |z| =1 € E7 \ E2, we have

2%
expp{B2(log,_1 1)} <k-exp,{Bi(log, 1’} B[ - T(r, )] (4.15)
By (4.15) and Lemma 3.1, we get

1 T(r,
m 08p+1 (G >

ag.
r—00 logq r

On the other hand, by Theorem 2.1, we have that ojp1,4(f) < og holds for all solutions of (1.1), then we have that every
nontrivial solution f(z) of (1.1) satisfies oyp11,q;(f) =0p,q(A0). O

Proof of Theorem 2.4. We divide the proof into two parts.

(i) Set oyp q1(As) = 07, if s=0, by Theorem 2.2, it is easy to see that Theorem 2.4 holds.

If 1<s<k-—1, we need to prove that (1.1) possesses at most s linearly independent solutions f(z) satisfy-
ing oyp4+1,q)(f) < 07, we assume to the contrary of the assertion that (1.1) has s 4 1 linearly independent solutions
fo,1, ..., fos41 such that oppy1,q(fo,j) <07 (j=1,...,s+1). We now apply the standard order reduction procedure,
see [17, p. 393] or [18, p. 61], so we have that fo 1, ..., fo,s+1 are linearly independent solutions of

YO+ Aokc1@y® D+ + Ago(2)y =0,

where we use Agp, ..., Agk—1 instead of Ao, ..., Ax_1. For 1 <m <s, set
fm-tjr1) .
fm,j= <7 G=1,....,s+1-m),
fm-11
by the standard order reduction procedure, after m reduction steps, we know that fm 1, fm2,..., fms+1—m are linearly

independent meromorphic solutions of

y(kfm) + Am,kfmfl(z)y(kimil) +---+Ano(@@y =0,

where
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k—m+1 n f(n—_lj;])
Anj@= > (,H)Am_],n(z)m (j=0,....k—1), (4.16)

n=j+1

Apk-n=1foralln=0,1,...,m. We choose B3, B4 such that

max{opp.q(Aoj) | i=s+1.....k=1, opp+1,q1(fo.1)s - Op+1.q1(fos+1)} < B3 < Ba <07.
By the theorem on logarithmic derivative and (4.16), for each 0 <n <'s, we obtain

m(r, An)) < exppipsloggrt (r¢Ee, [=s+1—n,..., k—n—1). (417)
By Lemma 3.10, there exists a set E4 C (1, 0o0) with infinite logarithmic measure such that for all r € E4, we have

m(r, Aos) = expp{Balog,r}. (418)
By (4.16) and (4.18), for all sufficiently large r € E4, we have

1

m(r, Ans_n) > 3 exp,{Balog,r} > O{exp,{Bslog,r}} (m=1,....s). (4.19)

Set m =, after s reduction steps, we have that f;; is a meromorphic solution of

Y D 4 Agkm1 @y D 4 Ago(2)y =0,

and satisfies oyp41,q1(fs,1) < 07, so we have

(k—s) f(kfsf]) ’
1 s,1 s,1

Aso@) == — Ag e — o — A 2L (4.20)
’ fsa YT faa " foa

By (4.17) and (4.20), we have

m(r, As0) < Mexpp{B3log,r} (r ¢ Es),

this is a contradiction with (4.19) for n =s. Therefore (1.1) possesses at most s linearly independent solutions f(z) satisfying
O1p+1,q1(f) < O(p.q1(As).

(ii) By Theorem 2.1, it is easy to see that all solutions of (1.1) satisfy oppy1,q(f) <04 if o1p qi(Aj) <04 for j=0,1,...,
k — 1. On the other hand, we suppose that all solutions of (1.1) satisfy ojp41,4(f) < 04 and that there is at least one
coefficient A;(z) of (1.1) such that opp q)(Aj) > 04. Now, if s € {0, ...,k — 1} is the largest index such that

fof Ag) = max 10 A,
[p.q1(As) 0<j<k—1{ p.a1(A)}

then by part (i) of the present proof, (1.1) has at least k —s > 1 linearly independent solutions f such that op41,q)(f) > 0.
This is a contradiction, therefore oy, q1(Aj) <04 forall j=0,1,....k—1. O

Proof of Theorem 2.5. We assume that f is a solution of (1.2). By the elementary theory of differential equations, all the
solutions of (1.2) are entire functions and have the form

f=f+Cfi+Cfa+- +Cifi

where Cq,..., Cy are complex constants, f1,..., fi is a solution base of (1.1), f* is a solution of (1.2) and has the form
f*=Difi+Dafs+ -+ Difrs (4.21)
where D1, ..., Dy are certain entire functions satisfying
Di=F-Gi(fi..... i) W(fi..... 0" (G=1.....K), (4.22)
where Gj(fi,..., fi) are differential polynomials in f1,..., fy and their derivative with constant coefficients, and

W(f1,..., fr) is the Wronskian of fi,..., fy. By Theorem 2.2, we have oyy41,q(fj) = 01p,qi(A0) (j=1,2,...,k), then
by (4.21) and (4.22), we get

o1p+1,q1(f) < max{o(pi1,q1(f). Opp+1.q(F) | i =1,....k} < opp.q1(A0).

We affirm that (1.2) can only possess at most one exceptional solution fo satisfying ojp+1,q1(fo) < 0p,q1(A0). In fact, if f,
is another solution satisfying o(p41,q)(f«) < 01p,q1(Ao), then o(p11,q1(fo — f+) < O[p,q1(A0). But fo — f, is a solution of (1.1),
this contradicts Theorem 2.2. Then oyp11,q)(f) = 0(p,q1(Ao) holds for all solutions of (1.2) with at most one exceptional
solution fy satisfying oyp11,q(fo) < 0(p,q1(Ao). By Lemma 3.12, we get that
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Mp+1.01(F) = Ap+1.0(f) = 0ppt1,q1(f)
holds for all solutions satisfying o(p+1,q)(f) = 0[p.q1(Ao) with at most one exceptional solution fy satisfying o(p41,q1(fo) <
0[p‘q](A()). O

Proof of Theorem 2.6. We divide the proof into two parts. Suppose that f(z) is a solution of (1.2) and that {f1, f2,..., fk}
is a solution base of (1.1).
(i) By the similar proof in (4.21)-(4.22), we get
Op+1,q1(f) < max{a[pﬂ,q](fj), O(p+1,q1(F) ’ ji=1,..., k} < max{a[p,q](Aj), O(p+1,q1(F) ’ j=1,...,k— 1}.
Then by the hypotheses, we get

o1p+1,q1(f) < Oopps1,q1(F). (4.23)

On the other hand, by a simple order comparison from (1.2), we have

o1p+1.01(F) < max{oppi1.q(Ap). oppr1.q () | i =1.....k—1}.

Since o(p,q)(Aj) < O[p+1,q(F), we have

o1p+1,q1(F) < opr1.q1(f). (4.24)

By (4.23)-(4.24), we get 0(p41,q1(f) = O[p+1,q1(F).

(ii) We denote ofp41,q)(F) =010 > 0. Let fo be a solution of (1.2) satisfying A(p4+1,q1(fo) <010 and f be a solution of (1.2)
such that f # fo. Let us assume A(p41,q)(f) < 010, by the similar method in [17, Lemma 1.8, p. 390], fo can be represented
by the form

fo(2) =U(2)e"?,

where U and V are entire functions satisfying Ajp+1,q)(U) = 0(p+1,q1(U) <010 and opp41,q] eV =o1p.
Set g = f — fo, we see that g is a solution of (1.1). By Theorem 2.1, we get o[p41,4(8) < max{oppq(Aj) | j=

0,....k—1} < opps1,q(F) =010. We now apply the second fundamental theorem of Nevanlinna for the function
U(z)ev(z)
g2
and obtain
U U U U
(1+ 0(1))T<r, —ev) < N(r, —ev) + N<r, 0, —ev) + N(r, -1, —ev>
g g g g
<N(,0,8)+N(@r,0,U) +N(,0, f), (4.25)

outside of a possible exceptional set Eg of finite linear measure.
Let us denote y = max{Ajp41,q)(f), o[p+1,q1(U)}, then y < o719, from (4.25), for any ¢ > 0, and for sufficiently large r ¢ Eg,
we have

Uy
T r,ge <exppi1{(y +e)loggr} (r¢Eg).

Using Lemma 3.1, we get

o Uev <
[p+1.q] ge Y-

Since o(p41,q1(U) < 010, O1p+1,q1(&) < 010, Op+1,q] (e¥) = 010, then we have o719 < y, this is a contradiction with y < oo,
therefore, we must have Ajp41,q1(f) =010. O

Proof of Theorem 2.7. Let Hy = {r = |z|: z € H}, since dens{|z|: z<€ H} > 0, then H; is a set of r of infinite logarithmic mea-
sure. By the hypotheses that ofp q1(Ao) < @1 and |Ag| > exp,q{(a1 — €)logyr} (z € H), it is easy to obtain op q)(Ao) = a1.
By the similar proof in (4.11)-(4.12), for sufficiently large |z| =r € H1 \ E; and for any ¢(0 < € < o1 — @2), we have

expy41{(a1 — &) logyr} <B-[r™M . T(2r, )]

By (4.26), we get

-k -exppyq{azlog,r}. (4.26)

Op+1,q1(f) = a1 (4.27)
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On the other hand, by Theorem 2.4, we have oyp41,q)(f) <1 if opq(Aj) <aq for j=0,1,...,k — 1. Therefore by (4.26)
and (4.27), we have that every nontrivial solution f(z) of (1.1) satisfies ojp41,q(f) =a1. O

Proof of Theorem 2.8. (i) It is easy to obtain that all solutions of (1.2) satisfy oyp+1,q)(f) = O(p+1,q)(F) by a simple order
comparison. On the other hand, by the similar proof in (4.21)-(4.22), we can obtain that all solutions of (1.2) satisfy

op+1.q(f) < opps1,q1(F)

if o[p4+1,q1(F) > ar1. Therefore all solutions of (1.2) satisfy o(p11,q1(f) = o(p+1,q(F)-
(ii) Since o7p41,q)(F) < a1 = 0[p,q(Ao), by the similar proof in Theorem 2.5, we have that all solutions of (1.2) satisfy

Mp+1.01(F) = Ap+1,01(f) = 0pp1,q1()) =1

with at most one exceptional solution fy satisfying o(p41,q)(fo) <a1. O
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