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Abstract

Let Q< R? be a bounded domain of class C>**, 0 <« < 1. We show that if u is the solution of
Au = 4 exp(2u) which tends to + o0 as (x,y)—0Q, then the hyperbolic radius v = exp(—u) is
also of class C>** up to the boundary. The proof relies on new Schauder estimates for
degenerate elliptic equations of Fuchsian type.
© 2003 Elsevier Inc. All rights reserved.

1. Introduction

Let QcR? be a bounded domain of class C*™, with 0<a<1. Consider the
Liouville equation

—Au+4e = 0. (1)
Let % be the set of solutions of (1) which belong to C***(Q), and consider

Ug = sup u.
ueU

It is known (see [5,14], the survey [2] and its references) that

1. ug is finite, positive and smooth in Q.
2. ug is the limit of the sequence (u,) of solutions of (1) equal to n on 9Q, as n— oo;
it is called the maximal solution of (1) on Q, and dominates all solutions, thus
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[99)

providing a universal bound on any classical solution of (1), independent of its
boundary data.

If Q' <=Q, then ug<ug in Q.
. If Q is simply connected, one can recover a Riemann map for € from the

hyperbolic radius

vo = exp(—ug).

. The metric vy%(dx* + dy?) on Q has constant negative curvature; it generalizes the

hyperbolic (Poincaré¢) metric on the unit disk.

. Denote by d(x,y) the distance of (x,y) to the boundary. It is of class C>** near

the boundary. As d —0,
luo/In(2d) — 1] = O(d)

[3, Theorem 4], vo = 2d + o(d) [2, p. 204], and |Vuvg|—1 [1, Theorem 3.3].

. If Q is (convex and) of class C***, then vge C**#(Q) for some >0 [6, Theorem

2.4].

An accurate knowledge of the boundary behavior of vg has two applications:

1.

The actual numerical computation of ug rests on the solution of the Dirichlet
problem for (1) on the domain {d > h}, where / is small, taking for Dirichlet data
the beginning of the expansion of ug [2, Section 3.3]. The better this expansion is
known, the more accurate the computation.

. If vg admits an expansion to second order, one finds formally

vo = 2d — d*(x + o(1)), (2)

where x is the curvature of 0Q. It follows that u is convex near any boundary
point at which x> 0. This is a local result which does not require Q to be convex as
a whole. This computation is justified by Remarks 7 and 8, in Section 6 of the
present paper.

There is a extensive literature on the issue of boundary blow-up; see [1-3,9,12-17]

and their references for further details.

We prove in this paper:

Theorem 1.1. If Q is of class C***, then vq is of class C*** near and up to the
boundary.

Remark 1. Theorem 1.1 was conjectured in [2, p. 204]. The result is optimal since x is
precisely of class C*, and not better in general.
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Remark 2. Since ug is smooth inside Q, we need only investigate its boundary
behavior. Interior bounds on ug may be obtained by comparison with the exact
solutions on balls containing, or contained in Q.

Remark 3. From Theorem 1.1, it follows that vg solves

UQAUQ = |VUQ|2 -4

up to 0Q in the classical sense.

An outline of the proof is presented in the following section. It uses auxiliary
results proved in the other sections of the paper.

2. Outline of proof and organization of the paper

The procedure consists in reducing the problem to a regularity problem for a
degenerate equation of Fuchsian type, and to prove estimates which play the role of
the boundary Schauder estimates for the Laplacian. The Fuchsian form shall also
make it easy to find new sub- and super-solutions.

The reduction of a nonlinear PDE to Fuchsian form (see [11] and its references)
has been useful for constructing explosive solutions for problems of hyperbolic type;
we adapt it to elliptic problems: for the problem at hand, let us define the
“renormalized unknown” w by

vo = 2d + d*w(x,).

This new unknown solves, near the boundary, the nonlinear Fuchsian equation
2

d
L 2Ad =
w + 2Ad >t dw

RwVw - Vd + d|Vw|*] — 2dwAd, (3)

where
L =div(d®V) -2 =d*A+2dVd -V - 2. (4)

Recall that an elliptic equation is Fuchsian if (i) its characteristic form,
divided by d?, is uniformly positive definite; (ii) the first-order terms are O(d)
and (i) the terms of order zero are bounded near the boundary. There is a
sizable literature on weighted Schauder estimates for elliptic problems, see [7,8] for
instance.

Eq. (3) needs only to be studied in the neighborhood of the boundary. Let us
therefore introduce a C>** thin domain @' < Q, on which d is of class C*** and does
not exceed §<1/2, such that O’ consists of two portions of class C>**, of which one
is 0Q and the other will be called I.
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Eq. (3) may be rewritten as a linear equation with w-dependent coefficients: for
any f, we define

d2
2+dw

M, (f) = [2fVw-Vd +dVw - Vf] —2df Ad. (5)

We therefore have
(L— M,)w+2Ad = 0.

A comparison argument, similar to the one in [1] for instance, yields
Theorem 2.1. w and d*V'w are bounded near 0Q.

This theorem is proved in Section 4. It provides just enough regularity on the
coefficients of L — M,, to put it within the scope of the analogue, for the operators at
hand, of the C'** estimate for elliptic operators (Theorem 5.1, proved in Section
5.2). We apply this result in Section 5.5, and obtain

Theorem 2.2. If § is small, dw and d*N'w belong to C“‘(Q')7 and dV'w is bounded near
0Q.

Next, one subtracts from w a function wy such that w — wy is sufficiently flat, and
which has the regularity we expect w to have. The function wy is constructed in
Section 6; the result is:

Theorem 2.3. If ¢ is small, there is a function wy such that wy, dVwy, and d*Vw,
belong to C*(Q'), and

Lwy+2Ad =0

near 09.

It follows that d?wy is of class C>** near the boundary. Letting w = w — wy, we
construct sub- and super-solutions which show (Section 7) that

Theorem 2.4. There is a constant y such that
W] <ydIn(l/d)
near 0.
Thanks to a sharpened C'** estimate (Theorem 5.2, proved in Section 5.3), one

also proves that L is equal to the product of d by a function of class C‘“(Q’). Using

then a scaled C*** estimate (Theorem 5.3, proved in Section 5.4), it follows (Section
5.6) that
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Theorem 2.5. If § is small, d*Wwe C**(Q').

Theorem 1.1 follows.

Section 3 collects basic notation and computations which will be used in the paper.
Section 4 gives the first comparison argument, proving Theorem 2.1, and Section 7
the sub- and super-solution argument showing that w is flat near the boundary.
Section 6 gives the construction of wy. All general-purpose Schauder-type estimates
are collected in Section 5.

3. Preliminary computations

We collect simple formulae which will be useful in the sequel, and which follow by
direct computation. Fix a point P on 0Q, which we take as origin of coordinates in

R?; define the change of variables (x, )+ (T, Y), where
T=d(x,y) and Y =y.

It is well-defined near the boundary, and of class C***. We may also assume, by
performing a rigid motion, that dd/dx = 1 and dd /0y = 0 at P; the y-axis is then
tangent to the boundary at P. The Jacobian of the change of variables is dy, which
equals 1 at P; the change of variables is therefore invertible, and of class C***
together with its inverse, if (x,y) is small.

If k denotes the curvature of the boundary, and subscripts denote derivatives,

K
|Vd| - 11 Ad = _1 — TK’ (6)
Ox =d0r, 0, =d,0r+0y, d,=dy, (7)
Aw = wrr + wyy + 2d,wry + wrAd. (8)
Let
D =Tor, A" = Orr + Oyy.
We find

e U[—Au+4e*] = Lw + 2Ad — M., (w), 9)
with L given by Eq. (4) and M,, by (5), and
vd-Vw=dw,+dw, = din +d,(dywr + wy)

=wr +dywy,
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Lw =d*Aw +2dVd - Vw — 2w
=T*Aw + 2T (wr + dywy) — 2w
=T*(A'w+ 2dywry + wrAd) + (2D — 2)w + 2Td,wy

=T*wrr +2(D — V)w + T(Ad)wr + 2Td,dy(D + 1)w,

L=1Ly+ Ly,
Ly=(D+2)(D—1)+ T3, (10)
Ly =2Td,(D + 1)dy + T(Ad)D. (11)

We also need the spaces C@*“(U), for k=1 or 2, and any UcQ:

Definition 3.1. We say that ue Ci;*(U) if T/ue C'**(U) for 0<j<k. Its norm is the
sum of the ||77ul| )i

It is equivalent to require that 7VV/ue C*(u) for 0<j<k.

There are two auxiliary domains which will be used for localization.

The first is the domain Q' = Q already mentioned, which is such that 0Q' = 9QUT.
The second is defined in the (7', Y) coordinates, by

Q' ={(T,Y):0<T<0,|Y|<0},

where 0 will be chosen small in 6.2. Note that since d,(P) = 0, it is O(0) over Q", and
therefore

||LleCi(‘Q-,,)<C0HW||C?2;«(Q”)7 (12)

where c¢ is independent of 0.

4. Proof of Theorem 2.1

By comparison with the maximal solution on balls entirely contained in Q, we
obtain interior bounds. It suffices to find bounds near the boundary. We write u
instead of ug, for short.

0Q satisfies a uniform interior and exterior sphere condition at every point.
Furthermore, there is an ry >0 such that any point P such that d(P)<ry admits a
unique nearest point Q on the boundary. Making ry, smaller if necessary, we may
assume that there are two points 4 and 4’ such that the balls B, (4) and B,,(A4’) are
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tangent to 0Q at Q and furthermore
QicQcL,,

where Q; = B, (4) and Q, = By, (A")\B,,(A4’). The line segment AQ is a radius of
B, (A).

Let u, and ; be the maximal solutions of (1) on Q, and Q; respectively. They are
known explicitly: they are radial, and satisfy the conclusion of Theorem 1.1.
Therefore, exp(—u.) = d(2 + dw,) and exp(—u;) = d(2 + dw;), where w, and w; are
bounded over 4Q, by a quantity which depends only on ry, and not on A4.
Remark 4. In fact, for any point P, if r = AP, ¥’ = A'P, we have v;(P) = ro — r*/r,
and v,(P) = 4n'Inrg cos(Lln r’)r’ [2, p. 201].

21n Fo

Since solutions to (1) decrease as £ increases, we have
u.<u<u; over B, (A4).

Therefore, w is bounded over the segment AQ.
In particular, |w| is bounded over {P:d(P)<ry} by some number M, since P lies
on the corresponding segment A4Q. Therefore,

2d — Md* <exp(—u)<2d + Md*.

We now use scaling and regularity estimates (as in [1, Theorem 3.3], [10, Lemma
2.2, p. 289]) to derive gradient bounds from pointwise bounds. Consider P such that
d(P) = 20 with 3o <ry. For (x,y) in the unit disk, let

P, =P+ (ox,0p)
and
us(x,y) = u(P;) +Ino.

One verifies that u, solves (1).
Since ¢<d(P,)<30, we have, for ry so small that 2d+ Md* is an increasing
function of d for d<ry,

206 — Ma® <exp(—u(Py)) = o exp(—u,(x,y)) <66 + IMa’,
hence
2 — Mo <exp(—u,(x,y))<6+9Ma.

It follows that exp(—u,) is bounded and bounded away from zero on the unit ball if
g is small. It follows that u, itself is bounded. By interior regularity, it is bounded in

C! on the ball of radius one-half. Applying this result at the origin, we find, recalling
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that o = 3 d(P),
u(P) and dVu(P) are bounded near 0Q.

Since u = —In(2d + d*w) = —Ind — In(2 + dw),
dVu = —Vd — (2 + dw) 'd[wVd + dVw],

and since |Vd| = 1, and we already know that w is bounded, we find that
w(P) and d*Vw(P) are bounded near 9Q.

5. Two types of Fuchsian operators
5.1. Scaled Schauder estimates

Theorems 2.2 and 2.5 follow from general Schauder estimates for linear Fuchsian
operators, applied to L — M,,. We need to distinguish two types of operators,
according to the regularity of their coefficients.

An operator A is said to be of type (I) (on a given domain) if it can be written

A = 0i(d*d"8;) + db'0; + c,
with (a”) uniformly elliptic and of class C*, and ', ¢ bounded.

Remark 5. One can also allow terms of the type 9;(h"u) in Au, if b" is of class C*, but
this refinement will not be needed here.

An operator is said to be of type (11) if it can be written
A=d*d 9, +db'o, + e,
with (a”) uniformly elliptic and &’, b', ¢ of class C*.

Remark 6. One checks directly that types (I) and (II) are invariant under changes of
coordinates of class C>**. In particular, to check that an operator is of type (I) or
(IT), we may work indifferently in coordinates (x,y) or (T, Y) defined in Section 3.
All proofs will be performed in the (7', Y) coordinates; an operator is of type (II)
precisely if it has the above form with d replaced by T, and the coefficients a?, b, ¢
are of class C* as functions of 7" and Y; a similar statement holds for type (I).

The basic results are

Theorem 5.1. If Ag = f, where | and g are bounded and A is of type (1) on Q', then
dVg is bounded, and dg and d*V g belong to C*(Q L 0Q).
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Theorem 5.2. If Ag = df , where f and g are bounded, g = O(d*), and A is of type (1)
on Q' then ge C*(2' LOQ) and dge C'**(Q LOQ).

Theorem 5.3. If Ag = df, where f € C*(Q LOQ), g = O(d*), and A is of type (II) on
Q| then d*g belongs to C*™*(Q L0Q).

Let p>0 and #<1/2. Throughout the proofs, we shall use the sets

Q= {(T,Y):0<T<2 and |y|<3p},

Ql = {(Ta Y) <T<L2 and |y|<2p}7

0, ={(T,Y):5<T<I and |y|<p/2},

1
03 ={(T, Y):0<T<5 and |y|<p/2}.

We may assume, by scaling coordinates, that Qc'. It suffices to prove the
announced regularity on Qs.

5.2. Proof of Theorem 5.1

Let Af = g, with A4, f, g satisfying the assumptions of the theorem over Q, and let
¥o be such that [y|<p.
For 0<e<1, and (T, Y)eQy, let

fE(Tv Y) :f(STvyO +8Y)a
and similarly for g and other functions. We have f; = (4g), = A.f;, where
A, = 0(Taldy) + TH}0; + ¢,
is also of type (I), with coefficient norms independent of ¢ and y,, and is uniformly
elliptic in Q.
Interior estimates give

||g8||C“1(Q2)<M1 = Cl(“f:ﬁ”L%(Ql) + ||98HL‘7~(Q1))' (13)

The assumptions of the theorem imply that M, is independent of ¢ and yj.
We therefore find,

|eVg(eT,yo +eY)| < M, (14)

e[ Vg(eT, yo +eY) — Vg(eT', yo) < M(|IT — T'| + | Y])* (15)
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if% <T,7T'<1and |Y|<p/2. It follows in particular, taking ¥ =0, =<1, T =1,
and recalling that |yy| <p, that
tVg(1,y)| <My if [y|<p,i<1. (16)

This proves the first statement in the theorem.
Taking ¢ = 2t<1, T = 1/2, and letting y = yg +¢Y, ' =T,

21|Vyg(t,y) = Vg(£', yo) <K My (|t = | + |y — yo)*(21) ™

for |y — yo| <pt and 1</ <2< 1.
Let us prove that

Vg (t,y) = *Vg(7, yo)| < Ma(|t = £ + |y = yo|)* (17)
for |y, |y0|<p, and 0<¢<7 <3, which will prove
Vge C*(03).

It suffices to prove this estimate in the two cases: (i) ¢t = ¢ and (ii) y = yo; the result
then follows from the triangle inequality. We distinguish three cases.

1. If t = ¢, we only need to consider the case |y — yg| = pz. We then find

PVg(t,y) — Vg(t,y0)| <2M11<2M |y — yol/p-

2. If y=yp and t<7¥ <2t<1, we have ¢+ ¢ <27, hence
2Vg(1,0) = *Va(t', y0)| < 2|V g(t,y0) = Vg(£', y0)| + [t = £|(t + ) [V g (', yo)|
< M2 — ) 4 2M |t — 1

< M|t -1

3. If y = yg, and 2¢<'<1/2, we have t + /' <3(¢ — t), and
Vg1, y0) = 2Vg(t', yo)| < My (1 + 1)

<3M |t 1.

This proves estimate (17).
On the other hand, since g and TVg are bounded over Qs,

TgeLip(Q3) = C*(Qs).

This completes the proof.
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5.3. Proof of Theorem 5.2

281

The argument is similar, except that M, is now replaced by M;3e*, with Mj;

independent of ¢ and yy. It follows that

[tVg(t, y)| < M3t if |y|<p, t<1.

(18)

Taking ¢ =2¢<1, T =1/2, and letting y =yo +¢Y, ¢ =¢T’, and noting that

(T — T+ Y] = (I — ] + |y — yol)*, we find
2|Vy(1,y) = Vg(t', yo) < M5(|t = '] + |y = yol)*
for |y — yo|<pt and 1< <2¢<1. Let us prove that
1Vg(1,y) = IVg(t', yo) | S Ma(lt = U] + |y = o)
for [y, [yo|<p, and 0<¢<7 <4, which will prove
TVgeC*(05).

We again distinguish three cases.

1. Ift =7, |y — yo| = pt, we find

1IVyg(t,y) = Vg(t,y0) | <K2M31* <2M;3(|y — yol/p)"

2. If y =yp and <7 <21<1, we have |t — ¢'|<t<7, hence

[tV g(1,30) — IV g(7 yo)| < S Ms|t — {'|* + |t = /| |Vg(l, yo)|

< M3‘t _ [/|1(%+ t/lfoctrafl)<2M3|t_ l‘/‘a.

3. If y = yp, and 2¢<¢'<1/2, we have <7 <3(¢ — 1), and
[tVg(t,y0) — IV g(t', yo)|< M5(1" + 1)

<2M;(3|t —1))*.

Estimate (19) therefore holds.
The same type of argument shows that

ge C*(0s).
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In fact, we have, with again ¢ = 21, ||g,;||C1(Q2) < Ms&”, where M's depends on the r.h.s.
and the uniform bound assumed on f. This implies

l9(2,9) = (¢, o) |< Ms(|t = 1 + |y — yol)"
if t<?<2t<1 and |y — yo| <pt. The assumptions of the theorem yield in particular
|g(tay)|<M5t“7

for t<1/2 and |y|<p.
If pt<|y — yo|<p, and 1< 1/2, we have

l9(2,5) — g(t, yo) | 2Mst* <2 M (@)
If 2:<'<1/2 and y = yy,
lg(t, v0) — g(', yo) IS Ms(¢* + 1) <2M5(3|t — 1))
If 1</ <2t<1/2, we already have
l9(2,v0) — g(t', yo) | < Ms|t — ¢'|".

The Holder continuity of g follows.
Combining these pieces of information, we conclude that

ge C™(0s),

5.4. Proof of Theorem 5.3

We must now use interior C2™* estimates, rather than C!** estimates. We
therefore have, instead of Eq. (13),

gell 220y < Callgsl L= 0,y + 1 el lcxgoy)- (20)

The assumptions guarantee that this quantity is O(¢*). The previous argument
ensures that g and dVg belong to C*(Q3); furthermore, we also have

[PVPg|<Met”,  for [y|<p,1<1
and

AIV2g(t,y) — V3a(d, po) | < Ms(|t — '] + 9])%,
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for

1<r<2t<1 and |y|<pt.

1. If pt<|y — yo| <p, and 1< 1/2, we have

IV (t,y) = V2g(1,70) | <2Mst* <2Ms (%) .

2. If 2t<?' <1 and y = yy,

12V2g(t, y0) — 12V2g(7, y0)| < Mo (" + 1) <2M(3|t — 7).

3. If 1</ <2t<1, we have

|252g(1,y0) = 2V2g(1', yo)| < M|t — 7" + [t = £|(t + £)[V2g(7', o)
< M(,|Z _ [/|9< + ‘l _ t/|a<tl—a(2t/)M61/o(—2

< 3Mglt — 7).

It follows that
tzvzge C“(Q;;)

By inspection, the second derivatives of #?g are all of class C*, taking into account
the fact that g and Vg are themselves of class C*. We conclude that

T?ge C***(Q5).

5.5. Proof of Theorem 2.2

Since d is C***, and Theorem 2.1 gives us that w and d>Vw are bounded, we have
near 0Q

1. operator L — M,, is of type (I),
2. (L— M,)w and w are bounded.

Theorem 5.1 therefore applies. The desired conclusion follows.
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5.6. Proof of Theorem 2.5

It suffices to show that d* is of class C>** near (and up to) 9Q.
Eq. (3) now takes the form

Lwv = M,,(w),

where we know from Theorem 2.4 that w = O(d In(1/d)) and from Theorem 2.2 that
dVw is bounded.
Using the expression of M,,(w), we find that

LwedL™.

Since L is of type (I), Theorem 5.2 now tells us that w and dV are of class C*.
Thanks to the regularity of wy, we infer that w and dVw are C*. We therefore find
that in fact,

LwedC”.

Since L is also of type (II), Theorem 5.3 now enables us to conclude that
d*Wwe C*,

6. Construction of w( and proof of Theorem 2.3

We localize the problem, and work on the set Q" = (0,6) x {|Y| <0} associated to
a point P on the boundary, as described in Section 3. Recall that, performing a rigid
motion if necessary, we may assume that Vd = (1,0) at P. One then performs the
change of coordinates (x,y)+— (T, Y), where T =d(x,y) and Y = y.

Recall also, from Section 3, that in coordinates (7,Y), L takes the form
L= Ly+ L;, where

Ly=(D+2)(D—1)+T%3.

Furthermore, ||L, W”c«(d”) <c(0)||w]

@) where ¢(0) is small if 6 is small.

Throughout, we will be only interested in regularity near 7T = Y = 0.
We shall prove that equation

Lwy = k(T7 Y)

admits, for ke C*(Q"), such that k(T,—0) = k(T,0), a solution in C™(Q"), which
is periodic of period 20 with respect to Y. Using a partition of unity, it follows that
Lwy = k admits, near the boundary of 2, a solution having the regularity properties
required in Theorem 2.3.
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6.1. Solution of Low, = k(T,Y)

Let F| : C*(Q")— C*(T>0) denote a bounded extension operator, such that for
any function k, Fi[k] (i) vanishes for T>2, (ii) is 20-periodic in Y and (iii) coincides
with k in Q".

Let

Fr: CHQ")— C*(T>=0)

kk,

where

. do
k:/l FK](To, ¥) %2,

a2

Note that (D — 1)k = —k. Since J{* 6*2do< o, one checks that k is indeed in
C*(T>0). We also have, for T =0, (0, Y) = k(0, Y). Since Dk = k — k, we find
that DK also is of class C*.

Next, find A(x,y) by solving
Ah+k=0,

with h=0 for T=0, hy =0 for T =0, and periodic boundary conditions in
Y:h(T,Y +20)=h(T,Y); h is therefore in C>**(Q"), by the usual Schauder
theory. In particular, Dh = Thy =0 for T =0 and T = 0.

Finally, let

wi = T72[(D — 1)h].
Note that w; = T-'D(h/T).
Remark 7. Since / is of class C?,
WT,Y)=hr(0, Y)T+%hTT(O, Y)T*(1+0(1)),

and  Thy(T,Y) = hr(0,Y)T + hrr(0, Y)T?(1 +0(1)). For T =0, we find
wi(0,Y) =1hrr(0,Y). Since h=0 for T =0, we have hyy(0,Y)=0.
Therefore, wi(0,Y) =1 4'h(0, Y) = —1k(0,Y) = —1k(0, Y). If k = —2Ad, we find

wi(0,Y) = —«(Y).
Let us now prove that wj e Cif‘“(Q”), and that
G:CH(Q") > C5(Q)
kI—>W1,

is a bounded operator.
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First, let us transform the definition of /. Suppressing the Y dependence, we have

T = /OlhT(Ta) do,

D(h/T) = /01 Tohrr(To) do,

and finally,

1
wi :/ chrr(To) do,
0

which proves that
wi e CH(Q").
But we also have
A'(Dh) = (Thy)yp + (Thy) yy = DA'h+ 2hyp = —Dk + 2hre CH(Q").

Since Dh = 0 for T = 0 and T = 0, and Dh is bounded over Q" we find that
Dh also is of class C***(Q"),

using the usual Schauder estimates for this equation for DhA. This proves
T?wy = (D — 1)he C*(Q").

Since  Dw; =T72(D—1)(D—2)h=T72[D(D—1)—2(D - 1)]h = hyr — 2wy,
(D + 2)w, is of class C*, and

Tw e C'H(Q").
Finally, let us show that Low; = k.

Lowi =(D +2)(D— 1)T2(D — 1)h+ (D — 1)d%h
=T72D(D-3)(D—1)h+ (D - 1){-T2D(D - 1)h — k}
=T72D(D—1)(D—-3)h—T3(D—-3)D(D—1)h—(D—- 1)k
=k.

This completes the proof.
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6.2. Solution of Lwy + 2Ad =0

We now treat equation (Lo + L;)wyo = —2Ad by a perturbation argument. The
previous section provides a bounded operator G : C*(Q" )—»Cf;’“(Q” ), which is a
right inverse for Ly. We must now solve

wo = G[—2Ad] — G[Llwd.

Since, by Eq. (12), w— G[Lw] is a contraction on C;:’“(Q”) if 0 is sufficiently small,
the result follows from the contraction mapping principle.

Remark 8. For woeCi:r“(Q” ), it now follows from the definition of L; that L;wy

vanishes for T'= Y = 0. It follows from Remark 7 that wy(0,0) = Ad(0,0) = —«(0).
Theorem 2.4 shows that w(T,0) = wy(7,0) + O(T In T'), hence

o(T,0) = 2T — T*(k(0) + o(1)),

which justifies expansion (2) in Introduction.

7. Construction of sub- and super-solutions and proof of Theorem 2.4

We prove Theorem 2.4, using the information that w and dVw are bounded
(Theorems 2.1 and 2.2).

Let uy = —In[2d + d*w 4], where w4 = wo + Ad In d. This function u, is, for d <1,
an increasing function of A. Taking Q' smaller if necessary, we may assume that w
and wy are bounded, and |dw| and |dw,| are both less than one over €'; also, recall
that 0Q = 0QuUT.

Furthermore,

Lo(TInT)=D+2)(D-1)TInT=T(D+3)DInT = 3T,
and Li(TInT) = O(T*In T);
Lws+ 24+ dws)Ad = AT(3+ O(TInT)) 4+ 2TwoAd.
Let us choose 4 large enough and Q' (i.e., the parameter §) small enough so that
U_4<usiy
on I', and

Lws+ 24+ dw )Ad=T

Lw_s4+ 2+dw_4)Ad< —T.
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over €. We then find, by inspection of the expression for M,, w,, that
y 1msp p 4
(L— M, )wa+2Ad=T(1 +y(A,T)),

where (4, T) = O(T In T) for fixed 4. We conclude from (9) that u, is a super-
solution of (1) near the boundary if A4 is large and positive.
Similarly, u#_,4 is a sub-solution near the boundary if A4 is large and negative.
Let us show that wy<w<w_, over Q.

Lemma 7.1. For any real A, u —uy = O(d) and V(u —uy) = O(1) as d—0.
Proof. Since the function ¢+ 1n(2 + ¢) has a bounded derivative over [—1, 1].
u—ug=In2+4+dw) —In2+dwy) = O(d(w —w4)) = O(d)

since w and w, are both bounded.
Next,

_ V(dw) V(dwy)
V(s = u) T24dw 2+dwy
B woo w n dVw _ dVwy
T 24dw 2+dwy 24+dw  2+dwy

=0(1)

since dVw and dVw, are both bounded. This completes the proof. [

Lemma 7.2. Let u; and u, be respectively a sub- and a super-solution of class
CY(Q'UT) of Eq. (1) on Q. Assume that u; <uy on T, and that (u; — u3)(x,y) = O(d)
and V(u; — up)(x,y) = O(1) as (x,y)—>0Q. Then uy<uy on Q'.

Remark 9. This type of argument is taken from [4], see also [15].

Proof. Let ¢ be a smooth cut-off function equal to 1 if d > 20, zero if d <o, and such
that 0<@<1 and |Ve¢|= O(1/0). Testing the equation —A(u; —uy) + 4(e" —
") <0 with @(u; — uz),, which vanishes both on 0Q and on I', and using the fact
that (u; — up)(e" — €2) >0, we find

/ o|V[(u — uz)+]|2 dx dy + / (uy —u2) Vo - V(u —up) dx dy<0.
d>o

o<d<20

Consider now the second integral: it extends over the set where g <d <2a, which has
measure O(o); the integrand on the other hand is, using the assumptions on u; — uy,
O(o) x O(1/6) = O(1). This second integral therefore tends to zero with ¢. It
follows that V[(u; —uy),], hence (u; — uy),, vanishes identically, hence u; <uj, as
desired. [
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Applying this result to u_4 and u, and then to u and u,, we find that u_ 4 <u<uy
on Q.
This implies that wy <w<w_4, hence

|w—wo|<AdIn(1/d).
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