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We investigate semiclassical backreaction on a conical naked singularity space–time with a negative 
cosmological constant in (2 +1)-dimensions. In particular, we calculate the renormalized quantum stress–
energy tensor for a conformally coupled scalar field on such naked singularity space–time. We then 
obtain the backreacted metric via the semiclassical Einstein equations. We show that, in the regime 
where the semiclassical approximation can be trusted, backreaction dresses the naked singularity with 
an event horizon, thus enforcing (weak) cosmic censorship.

© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Naked Singularities (NSs) in gravitation theory are irksome: the 
curvature tensor and the energy density can ‘blow up’; the space–
time fabric may fail to resemble a smooth manifold and it may not 
be possible to continue geodesics past them; the laws of physics 
and standard features like causality may be violated [1]. If sin-
gularities are hidden behind an event horizon, however, one can 
safely ignore the problem because no causal signal can reach an 
outside observer from the troublesome region. It is in the spirit
of Penrose’s Cosmic Censorship hypothesis that NSs do not occur 
in nature [2]. In its weak version, this hypothesis essentially states 
that, generically, no ‘naked’ (i.e., without an event horizon) space–
time singularities can form in Nature. NSs have been seen to form 
in some settings in (3 + 1)-dimensions, e.g., [3,4], although how 
‘natural’ and ‘generic’ these settings are may be a matter of debate; 
in higher dimensions, NSs have been seen to form in [5]. However, 
in none of these works, quantum effects were taken into account. 
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That naturally leads to the question of whether NSs are stable un-
der quantum effects or else, for example, these effects lead to the 
formation of an event horizon.

Quantum effects on a curved background space–time, however, 
are notoriously difficult to calculate. One way to incorporate quan-
tum effects is to include them in the energy momentum tensor 
and to solve the ‘semiclassical’ Einstein equations (Eq. (2) below) 
for the backreaction on the metric. The quantized stress–energy 
tensor for matter fields suffers from well-known ultraviolet diver-
gences and so it must be appropriately renormalized (see, e.g., [6]). 
Such renormalization and obtention of the corresponding back-
reacted gravitational field, however, is very hard to perform in 
practice in (3 + 1)-dimensions unless the background space–time 
is highly-symmetric –such as pure de Sitter or pure anti-de Sit-
ter, (A)dS, space–times–, which is not the case for a black hole 
or NS space–times in (3 + 1)-dimensions. On the other hand, in 
a space–time with one dimension less it is possible to make sig-
nificant analytical progress while the results still yield an impor-
tant insight into the physical processes that take place and into 
what one might expect there to happen in similar settings in 
(3 + 1)-dimensions.

In this paper we will investigate conical defects/excesses in 
(2 + 1)-AdS space–time. These are a particular class of NSs that do 
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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not seem to give rise to catastrophic phenomena. Like in an ordi-
nary cone, the curvature singularity is a Dirac delta distribution at 
the tip. The source that produces this curvature can be identified 
with a point particle, which can also be understood as a removed 
point from the manifold [7]. The geometry with the conical sin-
gularity is obtained by identification under a Killing vector in the 
universal covering of anti-de Sitter space–time, CAdS3, in complete 
analogy with the 2 + 1 (BTZ) black hole [8,9]. Since the identifica-
tion does not change the local geometry, the conical singularity is 
a locally AdS space–time.

The static circularly symmetric metric in Schwarzschild-like co-
ordinates, −∞ < t < ∞, 0 ≤ r < ∞, 0 ≤ θ ≤ 2π ≈ 0, is given by

ds2 = −
(

r2

�2
− M

)
dt2 +

(
r2

�2
− M

)−1

dr2 + r2dθ2, (1)

where the mass M is an integration constant and the cosmolog-
ical constant is given by � = −�−2 [8]. This metric corresponds 
to a family of extrema of the vacuum Einstein–Hilbert action in 
(2 + 1)-dimensions. In three dimensions, black holes and conical 
singularities are just different parts of the spectrum of pure gravity, 
with black holes occupying the mass range M > 0 and naked con-
ical singularities corresponding to 0 > M �= −1. The case M = −1
corresponds to AdS3.

The naked singularity is of a conical type at r = 0, with deficit/
excess angle � ≡ 2π(1 − √−M): for 0 > M > −1 there is an an-
gular defect, while for −1 > M there is an angular excess. For 
M → 0− the conical deficit approaches 2π and the NS under-
goes a topological transition: the cone becomes a cylinder. On the 
other side of the transition there is a black hole of vanishing mass 
M = 0+ . As shown in [10], conical singularities can also carry an-
gular momentum J , with M ≤ −| J |. In the extreme case M = −| J |, 
these spinning particles, like the extreme black holes counterparts 
(M = | J |), are BPS states, admitting a supersymmetric extension 
and enjoying perturbative stability [11].

The identification vector ξ in CAdS3 that produces the black 
hole has norm ξ · ξ = r2. Thus, the region where ξ is spacelike 
(r2 > 0) is defined as the BTZ space–time. The region where the 
vector is timelike is excised in order to avoid the closed timelike 
curves produced by the identification, generating a causal bound-
ary at r = 0. On the other hand, the conical singularity is produced 
by identifying with a rotation Killing vector η ≡ �∂θ , in AdS3, 
where θ is the azimuthal angle and � is the conical deficit around 
r = 0. This Killing vector is spacelike everywhere and therefore 
does not produce closed timelike curves. However, the identifi-
cation gives rise to a conical singularity at r = 0, the fixed point 
of η. The opposite of a conical defect, an angular excess, is also a 
NS with a “negative angular deficit”, which is not produced by an 
identification, but by an insertion of an angular wedge.

These features make conical singularities in AdS3 as acceptable 
as black holes. The question we wish to address, then, is, what 
happens in the geometry of a conical singularity when one in-
cludes vacuum fluctuations of some matter field: does the conical 
defect of the NS grow? What is the fate of the singularity? In this 
paper we investigate precisely this issue on a non-rotating, naked 
conical singularity space–time in (2 + 1)-dimensions with a nega-
tive cosmological constant and find that quantum effects create an 
event horizon surrounding a curvature singularity.

This paper is organized as follows. In Sec. 2, we calculate the 
renormalized expectation value of the stress–energy tensor for a 
scalar field in a NS space–time after reviewing the corresponding 
literature result in a black hole space–time. In Sec. 2.2 we ana-
lytically calculate the quantum-backreacted metric. We finish in 
Sec. 4 with a discussion of our results. We use units c = 1, G = 1/8
throughout.
2. Renormalized stress–energy tensor

In [12] it was shown that quantum fluctuations of a scalar field 
with periodic boundary conditions around a black hole make its 
horizon radius grow.1 Hence, a black hole will remain a black 
hole if the quantum fluctuations are included. Here we explore 
the effect of quantum fluctuations on a conical singularity: does 
the conical singularity remain naked, or do the quantum correc-
tions dress this singularity with an event horizon? Our analysis 
shows that the latter is the case. A similar question in flat (zero 
cosmological constant) (2 + 1)-dimensional space–time was raised 
by Souradeep and Sahni [15] and by Soleng [16], who showed that 
quantum effects on a conical singularity in flat space turn it into 
a (2 + 1)-dimensional ‘Schwarzschild-like’ space–time with grav-
itational attraction. In flat 2 + 1 space–time, an analogous ques-
tion was also addressed in the context of an accelerated C-metric 
in [17].

In order to address the above question, we consider the semi-
classical Einstein equations

Gμν − �−2 gμν = κ
〈
T̂μν

〉
ren

, (2)

where Gμν is the Einstein tensor for the metric gμν and κ = 8πG . 
These equations determine the perturbed metric via the renormal-

ized expectation value of the stress–energy tensor (RSET), 
〈
T̂μν

〉
ren

, 
of the matter field in some quantum state. We consider as quan-
tum source a conformally coupled scalar field without a mass pa-
rameter, whose (unrenormalized) expectation value of the stress–
energy tensor is given by [6,20]:

〈T̂μν(x)〉 = lim
x′→x

h̄

4

[
3∇x

μ∇x′
ν − gμν gαβ∇x

α∇x′
β

− ∇x
μ∇x

ν − 1

4�2
gμν

]
G(x, x′), (3)

where x and x′ are space–time points. Here, G(x, x′) is Hadamard’s 
elementary two-point function, i.e., the anticommutator 〈{�̂(x),
�̂(x′)}〉, where �̂(x) is the quantum scalar field. The quantum state 
of the field where the expectation values of the stress–energy ten-
sor and of the two-point function are evaluated is determined by 
imposing boundary conditions on the solutions of the field equa-
tions. In the present analysis, we choose for the two-point function 
G(x, x′) for the scalar field to satisfy ‘transparent’ boundary condi-
tions [12]. Imposing transparent boundary conditions corresponds 
to quantizing the scalar field using modes which are smooth on 
the entire Einstein static universe [18,19].

We first review the calculation of the RSET existing in the lit-
erature in the case of the black hole and afterwards we derive our 
new results in the case of the NS.

2.1. Black hole case (M > 0)

In the BTZ black hole case, the RSET in Eq. (3) when the scalar 
field satisfies ‘transparent’ boundary conditions takes the form [12,
20]:

κ〈T̂ μ
ν〉ren = lP

r3
F B H (M)diag(1,1,−2), (4)

in {t, r, θ} coordinates, where lP = h̄G is the Planck length and 
F B H (M) is a function that we give in Eq. (8) below. The two-
point function in the BTZ black hole case can be calculated via the 

1 This result was extended to non-conformal coupling for the massless black hole 
in [13] and to the four-dimensional planar massless black hole metric, in the con-
formal case, in [14].
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method of images from the two-point function in AdS3, taking ad-
vantage of the fact that the black-hole manifold MBT Z is obtained 
by an identification of the universal covering space CAdS3 of AdS3
under one of its isometries. Explicitly, MBT Z ≈ AdS3/Hξ , where 
Hξ is the discrete group obtained by applying a Lorentz boost ξ
[9]. The method of images then leads to an expression for the 
two-point function in MBT Z in terms of the two-point function 
in CAdS3 for a scalar field � with periodic boundary conditions 
�(θ) = �(θ + 2π) (where the coordinates other than θ are sup-
pressed):

G B H (x, x′) =
∑
n∈Z

GC AdS3(x, Hn
ξ x′). (5)

The two-point function in CAdS3 is (e.g., [20–23]),

GC AdS3(x, x′) = 1

4π

1

|x − x′| , (6)

where |x − x′| = √
(x − x′)a(x − x′)a is the geodesic distance be-

tween x and x′ in the embedding space R2,2. Representing the 
points in CAdS3 as embedded in flat R2,2 as 

(
xa

) = (T1, X1, T2,

X2)
T , where T1,2 are time coordinates and X1,2 spatial ones, the 

identification takes the form

Hξ =

⎛
⎜⎜⎝

cosh(2π
√

M) sinh(2π
√

M) 0 0
sinh(2π

√
M) cosh(2π

√
M) 0 0

0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ . (7)

By noting that the space–time is locally AdS, it follows that the 
two-point function in Eq. (5) is renormalized by subtracting the 
two-point function in CAdS3, Eq. (6); this amounts to merely sub-
tracting the n = 0 term in Eq. (5) [24,15,21]. Finally, combining 
Eqs. (5), (6) and (7), the RSET for a black hole is obtained as in 
Eq. (4), where [20]

F B H (M) = M3/2

2
√

2

∞∑
n=1

cosh
(

2nπ
√

M
)

+ 3
(

cosh
(

2nπ
√

M
)

− 1
)3/2

. (8)

2.2. Naked singularity case (M < 0)

It is possible to find the expressions corresponding to Eqs. (4), 
(5), (7) and (8) for the NS space–time with −1 < M < 0, because 
the conical defect space–time is also obtained by an identification 
in the AdS3 geometry given by (1) with M = −1. The only dif-
ference is that the identification Killing vector η is not along a 
boost, but a spatial rotation that generates the angular deficit. The 
coordinate transformation between the coordinates in R2,2 and 
t̄ ≡ √−Mt , r̄ ≡ r/

√−M and θ̄ ≡ √−Mθ in the NS space–time is 
[10]:

T1 =
√

r̄2 + �2 cos
(
t̄/�

)
, X1 = r̄ cos θ̄ ,

T2 =
√

r̄2 + �2 sin
(
t̄/�

)
, X2 = r̄ sin θ̄ . (9)

Note that the angle θ is now on the X1–X2 plane (as opposed to 
on the X1–T1 plane in the BTZ black hole case). In these barred 
coordinates, Eq. (1) becomes

ds2 = −
(

r̄2

�2
+ 1

)
dt̄2 +

(
r̄2

�2
+ 1

)−1

dr̄2 + r̄2dθ̄2. (10)

As θ has a period of 2π , then θ̄ has a period of 2π
√−M , which 

clearly represents a conical singularity. This NS is obtained from 
CAdS3 under the identification of θ̄ and θ̄ + 2π

√−M , which is 
obtained by the matrix
Hη =

⎛
⎜⎜⎝

cos(2π
√−M) sin(2π

√−M) 0 0
− sin(2π

√−M) cos(2π
√−M) 0 0

0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ , (11)

in coordinates 
(
xa

) = (X1, X2, T1, T2)
T , where the angular deficit is 

� ≡ 2π(1 − √−M) ∈ (0, 2π). The resulting NS metric is given by 
Eq. (1), where −1 < M < 0.

The two-point function for a conformally-coupled and massless 
scalar field satisfying ‘transparent’ boundary conditions in NS can 
be given by the method of images (cf. [15,12,20]) in the case of 
an angular deficit � = 2π(1 − 1/N) (i.e., M = −1/N2), with N =
1, 2, 3, ... . In this case, the two-point function is given by

G N S(x, x′) =
N−1∑
n=0

GC AdS3(x, Hn
ηx′) = 1

4π

N−1∑
n=0

1

|x − Hn
ηx′| . (12)

In the conical geometry this sum contains a finite number of 
terms because for two points on the surface of a cone there is a 
finite number N of geodesics connecting them.2

For � �= 2π(1 −1/N), the method of images does not apply and 
the two-point function must be computed as a sum over the field 
modes on the cone. The construction in this case follows the pro-
cedure of [15], where instead of the Bessel function that appears in 
the expression for the two-point function in flat conical space, one 
finds associated Legendre functions with continuous degree and 
order [26]. In this way, the two-point function is found to be con-
tinuous in M and coincides with the expression in Eq. (12) when 
M = −1/N2 (i.e., � = 2π(1 − 1/N)). In the case of angular ex-
cesses (M < −1, � < 0), Eqs. (9), (10) and (11) also apply, there is 
a unique geodesic joining two space–time points and the method 
of images fails to be adequate as well.

The rationale is the same as in electrostatics: the method of im-
ages for a point charge between two conducting plates forming an 
angle θ = 2π/p produces a finite number of images for rational p, 
otherwise the required images are infinitely many and densely dis-
tributed. This does not happen in the black hole case, for the same 
reason that the method of images for two parallel plates does not 
depend on the separation between the conductors, and also re-
quires an infinite countable number of images, as in Eq. (5).

In analogy with the black hole case, the two-point function (12)
is to be renormalized by dropping the n = 0 term. The RSET in this 
case is then given by

κ〈T̂ μ
ν〉ren = lP

r3
F N S(M)diag(1,1,−2), (13)

in {t, r, θ} coordinates, with

F N S(M) = (−M)3/2

2
√

2

N−1∑
n=1

cos(2nπ
√−M) + 3(

1 − cos(2nπ
√−M)

)3/2
. (14)

We note that F N S (M) can be obtained from F B H (M) by analytic 
continuation, except for the important difference that Eq. (14) pos-
sesses a finite sum (as opposed to Eq. (8)) and consequently F N S

is manifestly finite. We also note that both F N S(M) and F B H (M)

are positive definite within their respective mass ranges.
The value of F N S (0) may be easily obtained by taking the limit 

M = −1/N2 → 0− (i.e., N → ∞ and � → 2π ) in Eq. (14) and ap-
plying L’Hôpital rule. One readily finds

2 This can be easily understood considering a cone in R2: For 0 < � < π there 
is a unique geodesic connecting two points (N = 1). For � = π , N = 2; for � =
4π/3, N = 3; in general, for � = 2π(k − 1)/k, N = k. Finally, for � → 2π the cone 
approaches a cylinder and the number of geodesics becomes infinite [25].
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Fig. 1. Schematic description of the roots of Eq. (18). The black (straight) curve is the 
right hand side of Eq. (18) and the blue (dotted) and red (dashed) curves are the 
left hand side of Eq. (18) for, respectively, M < 0 and M > 0. The radius r+ where 
the black and blue curves meet corresponds to the horizon of the backreacted NS 
geometry; the radius r+BH where the black and red curves meet corresponds to 
the horizon of the backreacted black hole geometry; the radius rBH where the red 
curve crosses the horizontal axis corresponds to the horizon of the classical BTZ 
black hole.

F N S(0−) = ζ(3)

2π3
, (15)

where ζ is the Riemann zeta function. This value is the same as 
the limit M → 0+ in Eq. (8).

3. Backreacted metric

In [12], the backreaction on the geometry produced by a cor-
rection of the form

κ〈T̂ μ
ν〉ren = A(M)

r3
diag(1,1,−2), (16)

as in Eq. (13), was computed, showing that the metric takes the 
form of the exact solution in the presence of a conformally coupled 
scalar field. Following the same steps, in our case we find

ds2 = −
(

r2

�2
− M − 2lP F N S(M)

r

)
dt2

+
(

r2

�2
− M − 2lP F N S(M)

r

)−1

dr2 + r2dθ2. (17)

This metric now has an event horizon since the equation

r2

�2
− M = 2lP F N S(M)

r
(18)

has one positive root for any value of M since F N S > 0 (see Fig. 1).3

For M < 0 the horizon radius is given by

r+ = b

3
+ M�2

b
, with (19)

b =
(

27F N S(M)�2lP + 3�2
√

81F N S(M)2l2P − 3M3�2

) 1
3

> 0.

The above metric has a curvature singularity at r = 0, as shown by 
the Kretschmann scalar

K = Rαβγ δ Rαβγ δ = 12

(
1

�4
+ 2(lP F N S(M))2

r6

)
. (20)

Thus, similarly to the backreacted black hole [12], a curvature sin-
gularity at r = 0 is generated. However, this singularity would lie 

3 The other two roots are complex.
inside a horizon with a radius that vanishes for lP → 0. For r � r+ , 
the geometry approaches AdS space–time.

It is interesting to consider two different limits. The first one 
consists of taking lP → 0 with finite M . From Eq. (19) one obtains

r+ = 2lP F N S(M)

−M
+ O (l3P /�3). (21)

Note that in the classical limit, lP → 0, r+ goes to zero, while the 
two complex roots of Eq. (18) approach ±i�

√−M . This means 
that the positive real root is a purely quantum effect that en-
forces cosmic censorship. No matter how large the conical defect 
is, quantum corrections of the vacuum would dress up the naked 
singularity.

For the expansion on the right hand side of Eq. (21) to make 
sense one cannot take M → 0− . This limit, with small but finite lP , 
can be explored from Eq. (18), which gives

r+ = (lP �2ζ(3))
1
3

π
+ O (M). (22)

4. Discussion

The backreacted metric Eq. (17) shows a horizon forming at 
a finite radius r+ . However, for finite M the horizon radius is of 
order lP . This indicates that, in order to resolve a region of size 
r ∼ r+ , it would be required to go into the strong quantum gravity 
regime, casting doubt on the meaning of the classical description 
of space–time. Classical notions like metric, distance and curvature 
are meaningful for coarser resolutions, which can be applied for 
large distances and far away from the horizon. Thus, for finite M
the classical theory breaks down for r → 0 and there is no ground 
to claim that a space–time singularity –naked or otherwise– exists, 
because we have no theoretical framework to describe the space–
time for r � r+ .

For small M , on the other hand, Eq. (22) implies r+/� ∼
(lP /�)1/3, which means r3+ ∼ �2lP and, therefore, in the semiclas-
sical approximation, r+ � lP . This gives support to the interpreta-
tion of r+ as a classical notion so that the claim that a horizon 
forms may be trusted. Moreover, as mentioned earlier, in the limit 
M → 0+ Eq. (8) coincides with Eq. (15),

F B H (0+) = ζ(3)

2π3
= F N S(0−) . (23)

Hence, one can expect that quantum corrections on a conical sin-
gularity with a deficit angle approaching 2π , turn it into a state 
indistinguishable from a small mass black hole.

The Kretschmann invariant Eq. (20) shows a strong curvature 
singularity forming at r = 0, which seems to make matters worse 
than in the original conical singularity. However, as we saw in the 
previous discussion, for finite M the semiclassical approximation 
is inadequate for describing the central region of the space–time. 
In the small M approximation, however, the semiclassical approx-
imation can be trusted and the central singularity –if any– would 
be hidden by a horizon. In this latter case, substituting Eq. (22) in 
Eq. (20) gives K (r+) ∼ 18/�4, which is 50% greater than the classi-
cal value.

In [27], brane-localized black holes in AdS4 were interpreted, 
via AdS/CFT, as quantum-corrected BTZ black holes. In the classical 
NS regime, it was noted that no calculation of the stress energy 
tensor of a conformal field in conical (M < 0) AdS3 space–time 
was found in the literature to compare with, nor of its backre-
action. Our paper fills this gap in the literature and confirms, in 
agreement with the analysis of [27], that quantum effects can cen-
sor singularities.



248 M. Casals et al. / Physics Letters B 760 (2016) 244–248
The analysis presented here can be extended to include an-
gular momentum M < −| J |. Among the spinning cases, the ex-
tremal ones, M = −| J |, are particularly interesting because they 
are BPS configurations and not expected to receive quantum cor-
rections [10]. We leave these questions for future work. Another 
interesting case to study is the conformally coupled scalar field 
system in 2 + 1 gravity, where a soliton with negative mass ex-
ists, which represents a non-trivial vacuum for hairy black hole 
sector [28].
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