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The toughness of a graph G, denoted by #(G), is defined as the largest real number ¢ such
that the deletion of any s vertices from G results in a graph which is either connected or else
has at most 5/t components.

Chvital who introduced the concept of toughness in [2] conjectured that if G is a graph and k
a positive integer such that k |[V(G)| is even and ¢(G) = k then G has a k-factor. In [3] it was
proved that Chvital’s conjecture is true. The main purpose of this paper is to present two
theorems which imply the truth of Chvital’s conjecture as a special case.

All graphs considered are simple and finite. We refer the reader to [1] for
standard graph theoretic terms not defined in this paper. Let G be a graph. Given
a function f:V(G)— Z"*, we say that G has an f-factor if there exists a spanning
subgraph H of G such that dy(x) = f(x) for every x € V(G). If f is the constant
function taking the value k then an f-factor is said to be a k-factor. Thus a
k-factor of G is a k-regular spanning subgraph of G. If X and Y are subsets of
V(G) then e(X, Y) denotes the number and E(X, Y) the set of edges of G having
one end-vertex in X and the other in Y.

A subset I of V(G) is an independent set of G if no two elements of I are
adjacent in G and a subset C of V(G) is a covering set if every edge of G has at
least one end in C. It is not very difficult to deduce that a set I = V(G) is an
independent set of G if and only if V(G)\I is a covering set of G (Theorem 7.1 of
(1]).

Tutte [5] proved the following theorem.

Tutte’s f-factor theorem. A graph G has an f-factor if and only if
90(D, S:f) + 2 (F() ~do-p(x) < 2, f(x)

for all sets D, ScV(G), DNS =@, where q;(D, S;f) denotes the number of
components C of (G — D) — S such that e(V(C), S) + Xicvc)f(x) is odd.
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He also noted that for any graph G and any function f

96(D, S; f) + Zs(f(X) ~dg_p(x)) — ZDf(X)E ;G)f(x)(mod 2). (%)
Let G be a non-complete graph and let ¢+ be a real number. If for every
vertex-cutset S of G, |S| = tw(G — S), then we say that G is t-tough. The largest ¢
such that G is t-tough is called the toughness of G and is denoted by #(G). If
G =K, t(G) is defined as n—1, and G is said to be t-tough if and only if
t=sn-—1.
Chvatal introduced the concept of toughness in [2] and made the following
conjecture.

Chvatal’s conjecture. Let G be a graph and k a positive integer such that
k |V(G)| is even and G is k-tough. Then G has a k-factor.

In [3] it was proved that Chvatal’s conjecture is true. The main purpose of this
paper is to present two theorems (Theorem 1 and Theorem 3) which imply the
truth of Chvatal’s conjecture as a special case. The first of these theorems is as
follows.

Theorem 1. Let G be a graph, a and b two positive integers and suppose that

(b+a)+2(b—a)
4a
(b+a)Y+2(b—a)+1
4a

when b = a(mod 2)
HG)=

when b # a(mod 2)

If f is a function from V(G) into Z* such that
() Yrevic)f(x) is even, and
(ii) a<f(x)=<b for every x e V(G),

then G has an f-factor.

Clearly Theorem 1 implies the truth of Chvital’s conjecture, in the case when
a=b =k. In addition to Theorem 1 we shall also obtain the following result,
which is stronger than Theorem 1, for the case 1sa<b=<2.

Theorem 2. Let G be a 2-tough graph. Then for any function f:V(G)— {1, 2}
such that ¥,cvc)f(x) is even, G has an f-factor.

Before stating the second main theorem of this paper it is necessary to make
the following definition.

Let G be a graph and let g and f be two integer-valued functions defined on
V(G), such that g(x)<f(x) for all x € V(G). Then a [g, f]-factor of G is a
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spanning subgraph F satisfying g(x) <dr(x) <f(x) for all x eV
and f(x)=b for all xeV(G), then we will call such a

la Wl fantar
lu, Ul LAVLUAL .«

Theorem 3. Let G be a graph and a, b be two positive integers such that b = a. If

HG)=(a—1) +% and a |V(G)| is even when a = b, then G has an [a, b]-factor.

For the proofs of Theorem 1 and Theorem 2 we shall need the following
lemmas.

Lemma 1. Let H be a graph and S,, . . . , S,_, be a partition of the vertices of H
such that if x € S; then d(x) <j. (We allow S; =0.) Then there exists a covering set
C of H and an independent set 1, such that

b—-1 b—-1

2, (b =iei= 2 (b =)

1= =

where |[I N §;| = i;

i=1,...,b—1
mMCﬂ&=q}ﬂWWW]

Proof. We proceed by induction on the number of vertices of H. If [V(H)| =1,
the lemma clearly holds. Let m = min{j | S;#@} and choose y €S,,. Put H' =
H— ({y} UNg(y)) and define S; =S, NV (H').

If V(H)={y}UNy(y), the lemma will clearly hold if we put /={y} and
C = Ny(y). So suppose that V(H) # {y} U Ny(y). Then by induction there exists
a covering set C’ and an independent set ' of H' such that

b—1 b—1
2 (b=ij =<2 jb—i,
j=1 j=1
where ¢, =|C'NS;|and ij = |I'NS]|. Put I=1'U {y} and C = C' U Ny(y). Then
b—1 b—-1
2, j(b == 2 j(b = ))ij + m(b —m)
1= 1=
b—1
= > (b-j)]+mb—m).
j=1
But since dy(y) <m and m = min{j | S; # @}, it follows that
b—1 b—-1
Z(b—Dqu%@—ﬂq+nﬂb—m)
j=1 j=

Hence

b—1 b—1
-21 jb —pi;= 21 (b-c. O
j= =
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Lemma 2. Let a and b be two positive integers where b=a and let G be a
complete graph on at least ((a + b)*+2(b — a))/(4a) + 1 vertices. Then for any
function f :V(G)— Z~ such that

() Zeeve)f(x) is even, and

(ii) a<f(x)=<b for every x € V(G),
G has an f-factor.

Proof. Suppose that there exists a function f which satisfies conditions (i) and (ii) -
of the lemma, but G does not have an f-factor. Then by Tutte’s theorem, (i) and
(*) there exists D, S < V(G), D NS =0 such that

q6(D, ;) + Es(f(X) —dg_p(x)) = %f(X) +2. )

Now since G is complete gs(D, S;f)=<1, and since a<f(x)<b, X, .sf(x)=
b|S| and ¥, .p f(x) =a |D|. Thus (1) implies

b|S|— 2 dg_p(x)=a|D| +1. @

x€eS
Define H =G — D and let |V(H)| = m. Clearly H is a complete graph. Then since

2+2(b - 2+2(b—
(b+a) (b a)+1,|D'>(b+a) b a)+1_m
4a 4a

V(G)I=

Thus (2) implies

>(b+a)2+2(b—a)+

—am+1
4 a am

bm—m(m—1)

since |S|<m and dy(x) =m — 1 for every x € V(H). So

(b+a)2:2(b—a)+

bm—m*+m+am= a+1 3)
Define f(m) =bm — m*+ m + am. Then the function f(m) attains its maximum
value when m = (b +a + 1)/2. So bm —m? + m + am < (b + a + 1)*/4 and there-
fore (3) implies (b +a + 1)°/4= (b +a + 1)*/4+ 3 which is a contradiction. So
the Lemma holds. O

The following lemma was also stated in [2] and its proof is omitted.
Lemma 3. If a graph G is not complete, then t(G) < 36(G).
Lemma 4. Let G be a t-tough graph which is not complete and let f be a function

from V(G) into Z* such that t = f(x) =1 for every x € V(G). Suppose that there
exist D, S < V(G), DNS =% and D US #@ such that

(i) o((G—D)—8)+ Lres (f(x) —dg_p(x)) > Xrcp f (%),
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(ii) for every Dy, Soc V(G), DyNSy=8 and DyU S+ 8 which satisfy (i),

1S] =< 1S0l-
IL T — T C) 4l e £nce prsozny +» = C©
if L =00}, inen jor evéery X € o
(a) dL(x) + dG_D(x) $2f X)— 1, and

(b) di(x)=f(x) -2

Proof. We can assume that S # @, otherwise there is nothing to prove. First we
show that |D U S| = 2. Suppose that |S| =1 and |D|=0. Then by (i),

o(G = 8)> 2 (dg(x) = f(x)). 4

x€eS
But f(x) <t for all x € V(G) and by Lemma 3 d(x) = 2¢. Thus (4) implies,
(G —-8)>t|S|,

which contradicts the toughness of G.
(a) Suppose that there exists u € S such that d;(u) + d;_p(u) =2f(u). Define
S'=S\{u} and D' =D U {u}. Since @((G—D")—S5")=w((G—-D)-S5),

2 (f(x)—do-p(x))= ES (f(x) = d-p(x)) + dr(u) ~ (f(u) ~ d_p(u))

xeS’
and
> f)= 3 f0) +f@)
we have

o(G=D)=8)+ 2 (f() ~do_p(x))

= w((G — D)= 8) + 2 (f(x) — de_p(x)) + dr(x) = (f(u) — di_p(u))

x€S

> 2, fx) +f(w)

xeD

= 2 f@).
xeD’
This contradicts the minimality of S. Therefore d, (x) + dg_p(x) <2f(x) — 1 for
allxeS.
(b) Now suppose that there exists veS such that d,(v)=f(v)—1. Let
S'=8\{v} and W =(G — D) — S§'. Clearly DU S"' @ because |D U S| =2. Since
w((G-D)-S8)=zw(G-D)-S5) - (dw(v) - 1),

xeS’

> (f(x) = de_p(x)) = ES (f(x) — d—_p(x)) — (f(v) — dG_p(V))
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and dg_p(v) = dy (v) + d (v) we have

o((G—-D)—-S8")+ ES (f(x) —dg_p(x))> 2 f(x).
. xeS’ xeD
This contradicts the minimality of S. Therefore d,(x)=<f(x)—2 for every
xes$. O

Proof of Theorem 1. Suppose that there exists a function f which satisfies the
conditions of the theorem, but G does not have an f-factor. Then by Tutte’s
theorem there exists a pair of disjoint subsets of V(G), D and S, such that

qc(D, $;f) + ZS (f(x) = dg-p(x))> 2 f(x). )

xeD
Since X, cv(c)f(x) is an even number, we can conclude that g5(9, 9; f) = 0. Thus
DUS#0 (6)

Also since for any graph G, |V(G)|=¢(G) + 1, by Lemma 2 we can assume that
G is not a complete graph.

Let A=max{ds_p(x)|x €S}, L=G[S] and put R={xe S |d.(x)=0}, R, =
{xeR|dg_p(x)=i}, |IR|I=r, and M={xeS|d. (x)=1}. Define S;={xe
M|dg_px)=i}, |S|=s;, T=8$USU---US,_; and H=G[T]. Since for
every element of S; we have that dy(x)=<i, by Lemma 1 we can find a covering
set C' and an independent set I’ of H, such that

2 b )< 2 j(b =i @

where [I'NSj|=ij and |C’'NSj|=c; for every j=1,2,...,b—1. We may
assume that I’ is a maximal independent set of H. We now choose a maximal
independent set I of G[M], such that I' ¢ I. Putting C = M\I we have C’' c C, by
the maximality of I'. Alsoif we put ,=1INS§;, |L|=i;, C;=CNS;and |C;| =¢; for
1sj= A, then

ij=i; and ¢;=c¢; for 1sjsb-1 ®

Now let © be the set of components of W=(G—-D)—S and put Y=
{He Q|e(x, RUI)=0 for every xe V(H)}, X,={HeQ|e(x, RUI)=2 for
some x € V(H)}, X, =OQ\(X; UY). Let |Y|=y, |X;| =x, and |X,| = x,. Suppose
that X, ={H,, ..., H,,} and choose z; € V(H;) such that e(z;,, RUI)=1 for all
1si<sx, Hweput U=DUCU((NRUDND V(WO z1, 25, . . ., Z,})s

A A
|U|<|D|+2ﬁ,~+21fr,-—(x1+x2) )
j=1 j=
and

w(G——U)B_er+_§A:i,-+y. (10)
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Let #(G)=t. We next show that d;_p(v)<b for some veS. If for every
element v of S dg_p(v)=b+1, then by (5) ga(D, S;f)>Y.enf(x) —
Yies(f(x) — (b +1))=a |D| + S| and since by (6) D US #0, we contradict the

fact that G is t-tough.
Now by Lemma 3, 2t <d(v) <dg-p(v) + |D| for all v € S. Thus choosing v e §
such that d;_p(v) <b we have |D| =2t — b and since t = b

|D|=t (1)
We next show that
|U| = tw(G — U). (12)

If (G — U) >1 then (12) follows immediately from the fact that G is ¢-tough. If
(G — U) =1 then the inequality follows since |U} = |D}=1¢ by (11).
Using (9), (10) and (12)

Mo

. ;+
i=1 J

s

A A
|D|+Zji,+2jr,—(x1+x2)>t( r,+y).
j=1 j=1

I

0

i

Hence

iD= o((G — D)~ S)+§1 (= i, +§0(t—f)rf
and since by (5)

o((G-D)-S)>a|D| —gs (b~ dg_p(x)),

we have R \
ID|>a|D| - (b—dg_p(x)) + Z (t—j); + E (= ;.

xeS

Since

> (b—dg_p(x)) = 2 (b —j)i; + 2 (b —j) + 2 (b -,

x€eS
A A A
IDI>a D]+ 23 (t=b)i+ 2, (t = b)r; + X, (j—b)c;. (13)
j=1 j=0 j=1
Now if I' =@ then C,UC,U---UC,_, =, since
b—1 b-—1 A
(b —j);< 2 j(b —j)i;, and therefore by (13) |D|>a |D|+ Y, (¢t - b)r,
j=1 j=1 j=0

which is a contradiction since it implies that |[D| > |D| because t = b. Hence we
deduce that I' #@. If |I'| =2 then by the toughness of G, [D UN(I')| = tw(G —
(D UN(I")). Hence

b-—1 b—1
|D| + leiiBt 21 ij. (14)
1= =
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Moreover the conclusion remains valid if |I'| =1, since if I' = {v} |D UN(v)| =
d(v) =2t by Lemma 3. Multiplying both sides of (14) by (a — 1) we have

(@—1)|D|=(a-1) Z €~ i (15)
But

(@a—-1D)(—j)=jb—j)—(—b) (16)

when ¢ = (bj — j°+ b + ja — j)/a = f(j), and the function f(}) attains its maximum
value, when j=(b+a—1)/2 if b#a(mod2), and when j=(b+a)/2 if
b =a (mod 2). Thus (16) holds when ¢ = ((b + a)* + 2(b — a))/4a if b =a (mod 2)
and when t=((b +a)*+2(b —a) + 1)/4a if b #a (mod2). So using (16), (15)
implies

b—1

(@-1)|D|= gfw - = 3 (- b

j=1
Substituting in (13) gives
b—1 A A
IDI>D|+ 2 jb = )i+ 2 (¢ = b)r; + 2 (j = b)g
j=1 j=0 j=1

and since t = b, we have

b—1 b-1 A
> b=j> 2 jb—ji+ > (j—b)
j=1 j=1 j=b+1

which contradicts (7) and (8).
Therefore the theorem holds. [

Proof of Theorem 2. Suppose that there exists a function f which satisfies the
conditions of the theorem, but G does not have an f-factor. Then by Tutte’s
f-factor theorem there exist D, S ¢ V(G), D NS =, such that

q6(D, $;f) + ZS (f(x) —dg-p(x)) > ZDf(x)-
Since X, cv(c)f(x) is even we can conclude that gg(@, #;f) =0. Thus D US #4.
Also since 1=<f(x) <2,

o((G-D)—-$§)+ 2S(2—dc_D(X))> |D|. a7

We may assume that G is not a complete graph because if G = K, the theorem
clearly holds and if G = K,,, where n =4, the theorem holds by Lemma 2.

Now suppose that S is minimal with respect to (17), and to the condition that
DUS+#8. If L=G|[S], then by Lemma 4, d;(x)=0 and ds_p(x)=<3 for all
elements x of S. Define R,={xeS l de_p(x) =i} and |R)=r; where i=



Toughness of graphs and the existence of factors 89

0,1,2,3. Let Q be the set of components of W=(G—-D)—S and put
Y={HeQ|e(x,S)=0 for every xe V(H)}, X, ={H e Q| e(x, S) =2 for some
xeV(H)}, X,=\(X,UY). Let |Y|=y, |Xi/=x,;, and |X,|=x,. Define
X,={H,, ..., H,} and choose z; € V(H,) such that e(z;, S)=1for all {, 1 si=<

X, Put U=DU(NS)\{z, ..., z,,}). Then
3
|UI<ID|+ 2 jr; = (1 + x2) (18)
j=1
and
3
o(G-U)=D ri+y. 19)
j=0

We next show that de_p(v) <2 for some veS. If for every element v of
S, dg-p(v) =3, then by (17) @((G — D) —S)>|D|+|S|, and since DU S #,
we contradict the fact that G is 2-tough.

Now by Lemma 3, 4 <d(v)<ds.p(v)+ D] for all v e S. Thus choosing v e S
such that d;_p(v) =<2 we have

|D|=2. (20)
We next show that
|Ul=220(G — U). 21

If w(G — U)>1 then (21) follows immediately from the fact that G is 2-tough. If
(G — U) =1 then (21) follows since |U|=|D| =2 by (20).
Using (18), (19) and (21),

3 3
DI+ 35—+ 1) =2( 3+ ).
j=1 j=0

Hence |D|= w((G —D)—S)+ X}o(2—j)r; and since by (17), o((G — D) —
S$)> D]+ Yres(dGg-p(x) —2), we have |D|>|D| which is a contradiction.
Therefore the theorem holds. O

Theorem 1 and Theorem 2, in the case when a = b = k, are best possible. This
can be seen from the graph given in [3], which does not possess a k-factor and
whose toughness is arbitrarily close to k.

Although we do not know if Theorem 1 is in general best possible, we give an
example of a graph G such that #(G) is arbitrarily close to (b +1)*/4 ((b(b +
2))/4) if b is odd (even), and G does not possess all possible f-factors, where
1=<f(x)=<b for every x € V(G).

Let y be an even number. Then V(G) = X, U X,, where |X,| = (y(b + 1)*)/4 —
2 if b is odd and | X,| = (y(b)(b +2))/4 — 2 if b is even, and X, is a set of y copies
of Kyo(Kp+1)2) if b is even (odd). We form G by joining every element of X to
all the other vertices of G. Now define f: V(G)— Z* such that f(x) =1 for every
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x € X; and f(x) = b for every x € X,. Then if we put D = X, and § = X, we have,
46(D, $;f) + 2, (b —dg_p(x)) > D,
x€eS

since Y,.s(b—dg_p(x))=(b/4)(b+2)y when b is even and X,.s(b—
de_p(x))=((b +1)*/4)y when b is odd. Hence G does not have an f-factor.
Now #(G) = | X,|/@(G — X,) because for every vertex-cutset T of G

T 1 X4 .
w(Gl_lT)Zw(G—le) since  |T|=|X,| and (G -T)<w(G-X)).
Thus
(b +1)? 2< b(b+2) 2>
= _“((G)=——"-<
HG)="—— (O =77

if b is odd(even) and so when y— o, t(G) is arbitrarily close to the values we
stated.

In order to prove the second main theorem of this paper we will use the
following generalization of Tutte’s theorem due to Lovisz [4].

Lovisz’s theorem. Let G be a graph and g and f be integer-valued functions
defined on V (F) such that g(x) <f(x) for all x e V(G). Then G has a g, f-factor
if and only if

96(D, S) + Zs(g(x) ~dg-p(x)) < 2 f(x)

xeD

for all disjoint sets D,ScV(G), where qg(D,S) denotes the number of
components H of (G—D)—S such that g(x)=f(x) for all xeV(H) and
e(S, V(H)) + Lrevn f(x)=1(mod 2).

The following lemma is a corollary of Lemma 1.

Lemma 5. Let H be a graph and S,, S, . . ., S,—1 be a partition of the vertices of
H such that if x € S; then d(x) <j. (We allow S;=8.) Then there exists a covering
set C of H and an independent set I such that

(@a—Dey+(@—2)c, 4+ +coy<(@—1D((@a— iy +(@—2)ix+ -+ +i,-1)
where [N S;| =i;and |CN S| =¢;, forevery j=1,2,...,a—1

Lemma 6. Let G be a graph and a, b be two positive integers such that b =a.
Suppose that there exists D, S ¢ V(G), D NS =@ such that

> (a—dg_p(x))>b|D]. (22)

x€eS

If S is minimal with respect to (22), then dg_p(x) <a —1 for every x € S.
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Proof. It follows immediately. O

Proof of Theorem 3. The theorem is true for the case a = b by Theorem 1. So we
can assume that b >a. Suppose that G does not have an [a, b]-factor. Then by
Lovisz’s theorem there exists D, S < V(G), D NS =@ such that

2 (a—dg_p(x))>b D (23)
xX€S
since g(x) =a and f(x) = b for every x € V(G). In addition if we assume that S is
minimal with respect to (23), then by Lemma 6 we will have that

dg-p(x)<a-1 (24)

for every x € S. Define S;={x e S|dg_p(x)=i} for O<i=<a-—1, |S}=s; and
H=G[$USU---US,_)]. Since for every element of §; we have that d,(x) < i,
by Lemma 5 we can find a covering set C and an independent set I of H, such
that

(a—Dey+- -+ s@a—D(a— iy + - - +i,_y), (25)

where [INS;|=i; and [CNS;|=c; for 1<j<a—1. We may assume that [ is a
maximal independent set of H. Put U=DUCU(N{I)NV(W)) where W =
(G —-D)~S. Then

a—1
|UL=|D| + 2, ji; (26)
j=1

and

a—1

o(G—=U)= D i;+s, (27)

j=1
Now let #(G) =t¢. Since G is t-tough, then
[U| 2 tw(G — U) (28)

if w(G — U)>1. Moreover (28) holds if w(G — U) =1 since for every element v
of S
|Ul=dg_p(v)+ |D|=d(v)=¢t+1,

because by Lemma 3 and the definition of toughness, for the case when G is

complete, 6(G)=t+ 1.
Using (26), (27) and (28)

a—1 a—1
ID|+ 2, ji; =t 2, i;+tso (29)
j=1 j=1

Now from (23) we have

-1 a-—1
]

as0+iS_‘, (a—);+ >, (a—j)c;>b|DJ.

=1 i=1
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Thus using (29),

a—1 a—1 a—1

aso+ 2, (@ =)+ 2 (a—j)e;> 2 bt —j)i; + bis,.
j=1 j=1 j=1

So X5 (a —j)e; > LiZ) (bt — jb — a +j)i; and since t =a — 1 +a/b it follows that
Yiot(a—j)g> L (ba—b—jb+j)i.  Using (25) XiZ (a—1)(a—j)i;>
Yol (ba—b—jb+))i. But (@a—1)(a—j)<(ba—b—jb+j)foralljl<j<a-
1. This contradiction completes the proof of the theorem. O

Although all the graphs that we considered in this paper were simple, the
theorems that we have proved hold also for multigraphs (with loops), since a
multigraph has the same toughness as its underlying graph.
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