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Abstract

Recently, several classes of permutation polynomials of the form (x2 4+ x +8)° +x over Fpm have been
discovered. They are related to Kloosterman sums. In this paper, the permutation behavior of polynomials
of the form (x” — x + 68)° 4 L(x) over Fm is investigated, where L(x) is a linearized polynomial with
coefficients in IF . Six classes of permutation polynomials on [Fpm are derived. Three classes of permutation
polynomials over F3m are also presented.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let F, be the finite field of ¢ elements, where g is a prime power. A polynomial f € IF,[x]
is called a permutation polynomial if the associated polynomial function f :c + f(c) from F,
into F; is a permutation of F,. Permutation polynomials have been a subject of study for many

* Corresponding author. Fax +61 2 9850 9551.
E-mail addresses: jyuan@ics.mq.edu.au (J. Yuan), cding@cs.ust.hk (C. Ding), hwang@ics.mq.edu.au (H. Wang),
josef@ics.mq.edu.au (J. Pieprzyk).

1071-5797/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.fa.2007.05.003


https://core.ac.uk/display/82084539?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

J. Yuan et al. / Finite Fields and Their Applications 14 (2008) 482—493 483

years, and have important applications in various areas, such as coding theory, cryptography, and
combinatorial designs. For an introduction to permutation polynomials, we refer the reader to
[6, Chapter 7].

We use Tr(-) to denote the trace function from Fon to Fy, i.e.,

Tr(x) =x+x2+x22 +-~-+x2m71.
For any e € [, define

Te = {)C (S Fzm

Tr(x) = e}.

Let ¢ be an integer in {1, 2, ..., 2" — 1}, and let the binary representation of ¢ be ¢ = Z?:ol ¢ -2t
with ¢; € {0, 1}. Define the weight of ¢ to be w(c) = f":_ol c¢;. We define a polynomial function
on Fom as

m—1 )
L.(x)= Z c,-x2 .
i=0

Given integers ¢, d € {0, 1, ...,2™ — 1}, we define a polynomial function on Fp» as
Lea(x)=Le(x)+ La(1/x)

with the understanding that L. 4(0) =0.

In the study of Kloosterman sum identities, Hollmann and Xiang [3] introduced Kloosterman
polynomials which are defined as follows.

Let e = w(c) (mod 2). The polynomial L. 4 :Fom — Fom is called a Kloosterman polynomial
on Fom if w(d) is even and L. 4 maps T bijectively onto T,.

Kloosterman polynomials are interesting because every Kloosterman polynomial gives rise
to a Kloosterman sum identity (see [3, Theorem 3.2]). It is proved in [3] that L 3(x) = x +
1/x 4+ 1/x2, L1 g(x) = x 4+ 1/x2 4+ 1/x*, and Ly 19(x) = x + 1/x> 4+ 1/x® are Kloosterman
polynomials on Fo» for all m, and it is conjectured that for all m > 1, Ly 4 is a Kloosterman
polynomials on [Fo= if and only if d € {0, 3, 6, 10}.

In this paper, we first prove the equivalence of Kloosterman polynomials of the form L 4
and permutation polynomials of a special form. Then we present six classes of permutation poly-
nomials over Fon with the form (x2 + x + 8)° + L.(x). Finally, we describe three classes of
permutation polynomials of similar formats over F3m.

2. A link between Kloosterman polynomials and permutation polynomials

The objective of this section is to describe the relationship between Kloosterman polynomials
L1,4 and permutation polynomials of a special form, and then present several classes of permu-
tation polynomials related to the Kloosterman polynomial L 1o.

Proposition 2.1. For any integer d € {0, 1, ...,2™ — 1} with w(d) being even, L1 4(x) = x +
L4(1/x) is a Kloosterman polynomial of Fom if and only if for any § € Fom with Tr(§) = 1, the
polynomial
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om_n 1
(La(x)+3) +x=m+x

is a permutation polynomial of Fom.

Proof. Assume that L 4(x) is a Kloosterman polynomial. For any § € Ty, a € Fom, consider the
equation

1

m—i—x:a. (1)

Since § € Ty, Tr(§) = 1. On the other hand, since w(d) is even, Tr(L4(x)) = O for all x. It then
follows that Ly (x) + & # 0 for any x € Fon. So x = a cannot be a solution of (1). Thus, Eq. (1)
is equivalent to

(x+a)(La(x)+8)+1=0. (2)
Let y = x + a, then y # 0. Equation (2) then becomes y(L4(y) + Lg(a) +6) + 1 =0. Hence
Lig(1/y)=1/y+La(1/(1/y)) = La(a) + 6. (3)

Since w(d) is even, L;(z) € Tg for any z € [Fom. Because Tr(8) = 1, we have Ly(a) + 6§ € T and
1/y € T. Since the function L 4 maps T injectively to T, there is a unique y € Fom satisfying
Eq. (3). Hence there is a unique x € o= satisfying Eq. (1). This proves that m +xisa
permutation polynomial of Fom.

Assume that for any § € Fo» with Tr(8) = 1, the function m + x is a permutation polyno-
mial of Fo». Now given any element b € Ty, consider the equation L 4(y) =y + Lg(1/y) =b.
Since L1 4(0) =0, let z =1/y. Then the equation becomes 1/z + L;4(z) = b. Since z # 0 and
L4(z) + b # 0, this can be reformulated as W + z = 0. From the hypothesis, this equation
has a unique root z € [Fo». Hence there exists a y € Fom such that Ly 4(y) =y + La(1/y) =b.
Moreover, Tr(y) = Tr(y + Lg(1/y)) = Tr(b) = 1 as w(d) is even. Hence we have y € T;. It then
follows that L1 4(y) =y + L4(1/y) maps T injectively to T, and hence L 4 is a Kloosterman
polynomial. O

In the remainder of this section, we present several classes of permutation polynomials related
to the Kloosterman polynomial Lj 19. We first present the following two lemmas that will be
needed in the sequel.

Lemma 2.2. Let m be a positive integer. Let u, v € Fom with u # 0. The equation x> +ux +v =0
has roots in Fom if and only if Tr(v/u?) = 0.

Lemma 2.3. (See [4].) Let m be a positive integer. Let k be an integer in {1,...,m — 1} with
ged(k,m) =1, and letr € {1,...,m — 1} be such that kr = 1 (mod m). Define the integer m’ by
kr =1+ mm’ and write o = 2. For a, B € {0, 1}, we define the polynomials

r—1

faX) =aTe(X) + Y X

i=0
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and

k—1

gp(X)=BTr(0) + Y X7\
j=0

The functions fy and gg have the following properties:

1. gp is a permutation on Fom if and only if k + fm =1 (mod 2).
2. For every x € Fom, we have fy(gg(x)) = gg(fu(x)) =x + o Tr(x) with

w=m'+ak + Br+afm.

The following proposition describes a class of permutation polynomials of Fp» related
to Ly 10-

Proposition 2.4. Let m be a positive integer, and let § be an element of Fom with Tr(§) = 1. Then

h(x) = (m)2 + x is a permutation function of Fom.

Proof. Assume there exist elements x, y in Fp» such that x # y and (x) = h(y). Then we have

1 2 1 2
pr— —_—— — 4
rt+y <x4+x+3> +<y4+y+8> @)

_( Ayt rx+y )2
x4+ +y+8))

S

Let s =x 4 y and r = xy, then s # 0. We write 52" as /5. Raising both sides of (5) to the
power of 2! we have

x4yt rx+y

ﬁ=(x4+x+5)(y4+y+5)~

(6)

We have (x* +x +8)(y* + y +8) = 1* + st (s> + 1) + 8s* + 1 + 85 + 2. Thus (6) becomes

4
st
= . 7
Vs 14+ st(s2+ 1) + 8s* + 1+ 8s + 82 )
Since s # 0, writing (7) as an equation in ¢, we have
- st? 4 (57 + 1)1+ 85 + 85 + 8% + (s +5) /s = 0. (8)

Writing T = 2 + (s + 1)t, we can rewrite (8) as

T+ (2 s+ 1)T +85* + 85 + 8>+ (s* +5)//5 =0. 9)
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We claim that s2 +5 + 1 # 0. Otherwise, suppose s> 4541 = 0. Then s* = 1. Since y = x +s,
wehave y* + y+8=x*+s* +x+s+8=x*+x+8 456> —1)=x*+x + 5. Thus (4)
becomes s = 0, which contradicts our assumption.

By Lemma 2.2, Eq. (9) has a solution T in Fo» if and only if A =0, where

85t 485 + 8%+ (s* +5) /s
A=Tr .
(s24+s5s4+1)2

On the other hand, we have

A_Tr(a(s4+s2+1)+5(s2+s+1)+52+(s4+s)/ﬁ)

st+s2+1
2 4
s+ N LTS
s24+s+1 s24+s+1 sh+s2+1
4
g SEONE
s+ 5241
(s* +5%)
1T
+ r(s(sg—i—s“—i—l)

7
s'+s
=1+4+Tr| ———— ).
(s8+s4+1>
Note that

sT+s . s+ DG 5241
sS4stH1 (s 4+ 52+ 1)2
s3+s
st4+5241
_s(sz—i—s—}—l)—i—s2
T st s+l

s s 2
s2+s+1 <s2—|—s+1>

So we have A = 1. Hence (9) has no solution 7" in Fo», and there do not exist distinct elements
x,y € Fom with h(x) = h(y). O

Remark. Proposition 2.4 can also be proved with the help of [3, Theorem 4.1] and Proposi-
tion 2.1. But we prefer the direct proof above.

As byproducts, in the case that m is odd, we have the following permutation polynomials of
the form (x2 4+ x +8) =2 + L.(x) over Fon.
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Corollary 2.5. If m = 1 (mod 4) and § is an element of Fom with Tr(§) = 1, then

| m-nj2
L(x) = —5—— 2
=T e ; !

is a permutation of Fom.

Proof. We apply Lemma 2.3, with k =2, r = (m + 1)/2, m’ =1, « =0, 8 = 1. Note that
g1(x) = x> 4+ x 4 Tr(x) is a permutation polynomial of Fpn. We have w = m’ + ak + pr +
apm=m'+Br=1+m+1)/2=0, and so fy(g1(x)) =x + o Tr(x) = x. Note that /| (x) =
m + fo(x). Hence

1

+x=h(x).
G102 +g1(x) +8)? e

ll(gl(x))z +f0(gl(x)):

(x4 +x+98)2

Thus [1(z) = h(gl_l(z)) is a permutation of Fo» since both g; and /& are permutations
of Fom. O

Corollary 2.6. If m =3 (mod 4) and § is an element of Fom with Tr(§) = 1, then

(m—1)/2

1 2i
Z x° +Tr(x)
i=0

l =——
0= e T
is a permutation of Fom.

Proof. We apply Lemma 2.3, with k =2, r = (m + 1)/2, m" =1, « =0, 8 = 1. Note that
g1(x) = X2+ x4+ Tr(x) is a permutation polynomial of Fym. We have w = m’ + ak + Br +
afpm=m'+Br=1+m+1)/2=1, and so fy(gi(x)) = x + o Tr(x) = x + Tr(x). Note that
lr(x) = m + fo(x) + Tr(x). It follows that

1

(g1(0)* + g1(x) + )2
1

BT T

(g1(x)) = + fo(g1(x)) + Tr(g1(x))

x =h(x).

Thus Ih(z) = h(gfl(z)) is a permutation of Fo» since both g; and h are permutations
of Fom. O

3. Two classes of permutation polynomials on Fam for odd m

In this section, we consider permutation polynomials over Fon of the form f(x) = (x2 +x +
8)* +Tr(x) where Tr(8) = 1. If m is even, then f(x) cannot be a permutation since f(0) = f(1).
For small values of odd m we ran a computer search and recorded the numerical results in Table 1.
Here S = {1 <5 <gq — 1: (x®> 4 x + 8)* + Tr(x) is a permutation polynomial of Fon}, and o is
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Table 1

Values of s such that (x2 + x 4 8)* + Tr(x) permutes Fom

m a’s minimal polynomial ) Values of s

3 B +a+l o3 1,3,5

5 @ +a?+1 o3 1,7,11,19,25

7 o +a+1 o 1,15,27,43,45,51,71,77,85,89,99, 113
9 o +at+1 o 1,31,57,71,103, 115, 171,173, 213,271,

291,307,313, 341, 391, 401, 409, 451, 481

a primitive element of Fy». From every cyclotomic coset modulo 2 — 1, we only record one
value of s.

In Table 1, the value s = 1 is explained by the following simple result, as x> 4 x has only two
zeros 0 and 1 in Fom.

Proposition 3.1. Let m be an odd integer, and let ¢ be an integer in {1,2,...,2™ — 1} with even
weight. Then L.(0) = L.(1) =0 in Fom. Assume that 0 and 1 are the only zeros of L:(x) in Fom.
Then L (x) + Tr(x) is a permutation polynomial of Fom.

Proof. Note that Tr(1) = 1 since m is odd. Assume that there exist a, b € Fon, a # b, with
L.(a) + Tr(a) = L.(b) + Tr(b). We consider the following two cases.

If Tr(a) = Tr(b), then we have L.(a —b) = L.(a) — L.(b) =0. Thus a — b =0 or 1. Since
a # b, wehave a — b= 1. Thus Tr(a) — Tr(b) = Tr(1) = 1. This is a contradiction.

If Tr(a) # Tr(b), then we have L.(a) = L.(b) + 1. Thus Tr(L.(a)) = Tr(L.(b)) + Tr(l) =
Tr(L.(b)) + 1. However, since the weight of c is even, we have that Tr(L.(a)) = Tr(L.(b)) =0.
This is also a contradiction.

Thus L.(x) 4+ Tr(x) is a permutation polynomial of Fon. O

All the remaining values of s in Table 1 are explained by the following result.

Proposition 3.2. Let m be odd and let § be an element of Fom with Tr(8) = 1. Let i, j be integers
with 0 <i < j <m — 1. Let e be any positive integer with (2' +27) - e =1 (mod 2™ — 1). Then

fx) = (x? +x +8)° + Tr(x)
is a permutation polynomial of Fom.

Proof. Since m is odd, it is easy to prove that gcd(2i +2/,2m —1) =1 (see e.g.[1, Lemma 2.1]).
Thus such an e exists for any i, j with0 <i < j <m — 1.

Assume there exist distinct elements x, y € Fo» such that f(x) = f(y) = a for some a € Fon.
We now claim that Tr(x) # Tr(y). Otherwise, suppose Tr(x) = Tr(y). Then we have (x> + x +
8)° = 2>+ y+8° Thus x> +x + 8 = y> + y + 8. It follows that (x + y)(x + y + 1) =0.
Since x # y, we have x =y + 1. Then Tr(x) = Tr(y) + Tr(1) = Tr(y) + 1 since m is odd. This
is contrary to the assumption that Tr(x) = Tr(y).

Now without loss of generality, assume that Tr(x) = 0 and Tr(y) = 1. We rewrite f(x) =a as

(x* +x +8)" =Tr(x) +a. (10)
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Raising both sides of (10) to the power of 2/ + 2/, we obtain that

P Hx+8= (Tr(x) +a)2i+2j,

which can be reformulated as
x2+x+5=Tr(x)(l+a2i+a2j)-|-a21+2j. (11)

Since Tr(x) = 0, taking the trace function of both sides of (11), we have Tr(a2i+2j) =1.
Similarly, we have the equation

Y +y+8=Tr()(1 +a* +a¥) +d*+?. (12)

Since Tr(y) = 1, we obtain that 1 = Tr(1) + Tr(a? *2'). Thus we have Tr(a® +?’) = 0, which is
a contradiction. O

4. Three classes of permutation polynomials on Fom for even m

In this section, we first prove that permutation polynomials of a particular form always appear
in pairs when m is even. We then describe three classes of permutations polynomials over Fom
for even m.

Two functions f and g from Fym to Fym are said permutation equivalent if f induces a
permutation of Fyn if and only if g induces a permutation of Fom.

Proposition 4.1. Let m be even, § be an element of Fom with Tr(8) = 1, and let h(x) be any
Sfunction from T to Fom. Assume that s and t are integers in {1,2,...,2™ — 1} such that w(s)
is even and w(t) is odd. Let f1(x) =h(Lg(x) +8) + L;(x) and fr(x) = f1(x) + Tr(x). Then f1
and f> are permutation equivalent.

Proof. Assume that f] induces a permutation of Fo». We now prove that f> also induces a per-
mutation of Fon. Assume there exist a, b € Fon with f>(a) = f2(b). We consider the following
two cases.

If Tr(a) = Tr(b), then from f(a) 4+ Tr(a) = fo(a) = f2(b) = f1(b) + Tr(b) we have fi(a) =
f1(b). Since f) is a permutation of Fo», we have a = b.

If Tr(a) # Tr(b), without loss of generality, assume that a € T and b € Ty. From f>(a) =
f2(b) and fo(x) = f1(x) + Tr(x) we have that fi(a) + 1 = f1(b). Leta =a + 1. Then we have
Ls(a) = Lg(a) since w(s) is even. Note that L;(a) = L,(a)+ 1 because w(z) is odd. We also have
Tr(a) =Tr(a + 1) = Tr(a) = 1 since m is even. Thus we have f1(a) =h(Ls(a) +6) + Ls(a) =
h(Lg(a) +8)+ Li(a) + 1= fi(a) + 1= f1(b). However, we have a # b since a € T1, b € Ty.
This contradicts the fact that f] is a permutation of Fo». Hence f> is a permutation of Fon given
that f; is a permutation of Fom.

By definition, we have

fi(x) = fa(x) + Tr(x) = h(Ly(x) +8) + Ly (x) + Tr(x) = h(Lg(x) + 8) + Ly (x),

where t' =2™ — 1 — ¢t. Since w(t) is odd and m is even, w(¢’) is odd. Hence by symmetry and
the proof above, f] is a permutation of Fom if f> is a permutation of Fom. O
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Applying Proposition 4.1 to [2, Lemma 1], Proposition 2.4 of this paper, and [7, Theorems 3.1
and 3.3], we have the following results.

Corollary 4.2. Let m be even, and let § be an element of Fom with Tr(§) = 1. We have the
following classes of permutation polynomials of Fom

o filx)= m + x 4+ Tr(x), where d = 3, 6, 10.

m—1 m/2—1__
o L) =Gy T T T

o f300) = (2 4+x+ 820/ 4 4 Tr(x).

5. Three classes of permutation polynomials on F3m

In the concluding remarks of [3], Hollmann and Xiang mentioned the fact that over Fam,
x> x — 1/x 4 1/x3 is injective outside T¢. This motivated us to consider whether m +x
is a permutation of [F3» where Tr(§) # 0.

In this section, we first prove the following result about quartic equations.

Lemma 5.1. Let m be a positive integer, and let b be an element of F3m with Tr(b) # 0. Then the
quartic equation

x4+ bx+1=0 (13)

has at most one solution in Fam.

Proof. Suppose on the contrary that (13) has two solutions x and x + a, where a # 0. Clearly
x # 0 and x # —a. We have then

{x4—x2~|—bx+1=0,

x4+a)—x+a)+b(x+a)+1=0. (14)

Hence

4 2
— b 1=0,
{x x* +bx + (15)

x>+ (a2—|— l)x—i—a3 —a+b=0.
It follows that a2 # 1 because Tr(b) # 0. By (15) we have

x4 bx4+1=0
{x x* 4+ bx + , (16)

(a2 — l)x2 +a(a2 — l)x —1=0.

Note that x # 0. The second equation in (16) yields

<%>2+Za(a2— 1)1

X

(a*—1)=0.

It then follows that
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(L+tw-a) -+ )

Therefore, a> — 1 must be a square. Assume that a> — 1 = A%, where A € F3n. Then by (17)

1

—=—(a*—a) £ (4’ - A4).

X
Hence Tr(1/x) = 0. But Tr(b) = Tr(—x3 4+ x — 1/x) = Tr(—1/x) = 0. This is contrary to the
assumption that Tr(b) # 0. The proof is completed. O

The first class of permutation polynomials on F3= is described by the following proposition.

Proposition 5.2. Let m be a positive integer, and let § be an element of Fam with Tr(5) # 0. Then

1 . .
Toags T X is a permutation of Fam.

Proof. It suffices to prove that the following equation

1

_ — 18
x3—x+8+x “ (18)

has at most one solution for each a € [F3m.
We rewrite (18) as

(P —x+8)x—-a)+1=0.

Set y = x — a. Then the above equation has the same number of solutions x as that of the
following equation:

y4—y2+(5—(a3—a))y+1=0
in y. The conclusion then follows from Lemma 5.1. O

We are now interested in values of s with 2 < s < 3™ — 2 such that (x3 —x+8) +xis
a permutation of F3». For small values of m, we recorded the experimental results in Table 2,
where « is a primitive element of F3», and Tr(8) # 0.

In Table 2, the values of s marked with ¢ are covered by Proposition 5.2, and those marked
with ? correspond to linearized permutation polynomials. We now explain those marked with ¢
and .

Table 2

Values of s such that (x> —x +8)% +x permutes Fzm

m o’s minimal polynomial ) Values of s

3 ad—a+1 o? 30,95 11,13¢, 16,214, 24, 25¢
4 at—a’ -1 o 9b.30, 40¢, 79¢

5 @ —a+1 ot 3b,9b 27P 810 974 121¢ 2414
6 a®—at+o?—a—1 o? 9b 816 364¢,727¢
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Proposition 5.3. Let g = p™ be a prime power. Let h(x) be a function defined over IF,. Let L(x)
be a linearized polynomial over ¥y such that for any a,b € Fy, h(a) — h(b) € ker(L) := {x €
Fy | L(x) =0}. Then f(x) = h(L(x) +c) +x is a permutation polynomial of F, for any c € IF,.

Proof. Assume there exist x, y € Iy such that f(x) = f(y). Then we have x — y =h(L(y) +
¢) —h(L(x) + ¢) € ker(L). So L(x) = L(y), which in turn implies x — y = h(L(y) +¢) —
h(L(x)+c) =0. Hence f is a permutation over F,. O

An example is the permutation functions 1(x> — x + ¢) + x of F3n, where 5 is the quadratic
character of F3» and ¢ € F3». This explains the values marked with ¢ above.
The following proposition explains the values of s marked with ¢ in Table 2.

Proposition 5.4. Let m be odd, and let b be any element of F3m. If m =3 (mod 4), then the
function

4.3m_3

f) =@ —x+b) 7 +x

is a permutation polynomial of Fzm.
If m =1 (mod 4), then the function

23" 1

fx)= ()c3 —x+b) S 4x
is a permutation polynomial of F3m.
Proof. We have #32=3 = 57! (mod 3" — 1) when m = 3 (mod 4) and 3= =5~! (mod 3" —
1) when m =1 (mod 4). Let a € Fzn. We need to prove f(x) = a has exactly one solution

in IF3HI .
Since m is odd, gcd(5,3™ — 1) = 1. f(x) = a is equivalent to

x3—x+b=(a—x)5.
Letx —a=y.Then y°> + (y +a)’ — (y+a)+b=0,ie,y’ +y> —y=—a’ +a — b. Since

gcd(5,3%" — 1) =1, y° + y* — y is a Dickson permutation polynomial [5]. So f(x) is a permu-
tationon F3n. 0O

It is open whether the remaining unexplained values of s in Table 2 lead to new classes of
permutation polynomials.

6. Concluding remarks

The Kloosterman sum K (a) over Fo» is defined for any a € Fom by

K(Cl)z Z (_I)Tr(ax+%).

x€eF3,

Helleseth and Zinoviev [2] proved two identities involving Kloosterman sums, and proved that
1/(x®> 4+ x 4+ 8)* + x is a permutation polynomial of Fo» where s = 1 or 2, and § is an element
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with Tr(§) = 1. in [7], more permutation polynomials of this form are derived. This paper is a
continuation of earlier works in [2—4,7].
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