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Abstract

We consider a generalizatiop(Xo, X1) p,,p, Of the method of means to arbitrary non-
degenerate functional parameter. In this case non-trivial embeddio, X1),,,,; C
(X0, X1)go,q, take place. We find necessary and sufficient condition for such embedding
if 1<go<po<oo and 1<g1 < p1<oo or 1< pg<gp<oo and 1< py <g1 < oo,
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1. Introduction

Recently in[11] a new family ¢(Xo, X1)p,.p; Of real method constructions was
introduced. The main advantage of this family is that all interpolation Orlicz spaces for
couples ofL, spaces could be described by these constructions. This family includes
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Janson functor$Xo, X1), 4, which generalize to quasi-concave function parameters the
famous Loins—Peetre construction. For quasi-power functional parametiee family

¢ (Xo, X1)po,p. Was considered also ii3]. Non-trivial embedding are possible between
the spaces of this family. The sufficient condition for the embedding were found in
[6]. In the present paper we are going to prove that in a lot of cases the conditions
found in [6] turns out to be necessary.

2. Preliminary remarks

We denote byp(s, #) a positive function of two real positive variablesandt. Recall
that such a function is called an interpolation function if it is homogeneous of the degree
one, i.e.1¢p(s, t) = @(4s, At), and is an increasing function of both variables. In what
follows we shall also suppose thats, 1) — 0 and¢(1,¢t) — 0 ass — 0 andt — 0.

As usual this property is denoted asc ®g. It is well known that any interpolation
function ¢ can be identified with the quasi-concave functip@r) = ¢(1,¢). Recall
that interpolation functionp and corresponding quasi-concave functiem@) is called
non-degenerate i € ®g and ¢*(s,t) = 1/p(1/s, 1/t) € Do.

Recall that for any functionp € ®¢ there exists so called balanced sequence
{umtmem, WhereM is an interval of integers [2]. We are not going to discuss here
the definition and the properties of the balanced sequences of interpolation function
referring to [2] for details. However we recall that there are several ways to construct
a balanced sequence for a given functipre ®o, (see [4,1]). For instance it may be
constructed inductively byig = 1 and

mH‘(PUMHl)’”m+UK“m)>
p(Um) Upy (U 11)

Note that non-degenerate functions may be characterized by the domain il
the balanced sequence being equalto
As usuall,, denotes the space of real sequenggs},,cv such that

1/ro

1€l = (Z |ém|r°) <00
meM

andlrl(ual) denotes the weight sequence space such that

1/r1
-1
11, ity = <Z |Emity |’1> < o0,

meM

Recall also the definition of th& -functional with respect to a Banach coupléy, X1}.
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Let {Xo, X1} be a Banach couple; € Xp + X1, s > 0, t > 0. Denote by

K(s,t,x;{Xo, Xah = inf slxollx, +7llxalix,,
X=Xx0+xXx1

where infimum is taken over all representations @f as a sum ofxg € Xo and
x1 € X1. The functionK (s, t) is concave and it is uniquely defined by the function
K (1, ¢, x; {Xo, X1}) which is also denoted b¥X (z, x; {Xo, X1}).

We need only the following nice property of the balanced sequences. If we denote
now by, = {@(1, um)lnem, then for any balanced sequenge,},cv Of the given
interpolation functionp and any XKrg, r1<oo we have

@(s, 1) < K (5,1, by {lrgs Ly (u,H}). (1)

Definition 1. Let {Xp, X1} be any Banach couple, lep € &g and 1< pg, p1<oo.
Denote byp(Xo, X1)po,p, the space ofc € Xo + X3 such that

x = Z o1, uy)w, (convergence inXg+ X1),
meM

where w,, € Xo N X1 and {||lwyllx,} € Ipor {umllwmllx,} € Ip, and {um}mem is @
balanced sequence of the interpolation functian

The norm ing(Xo, X1) po.p; iS Naturally defined.

In the case ofp(s,1) = s %% 0 < 0 < 1 these spaces were introduced by
Lions and Peetre and were called the spaces of means[{}eeln this case we
take {u;}tnez = {2"}mez. In the case of quasi-power functions again we can take
{umtmez = {2"}mez (see [3]). Recall that quasi-power functions lay between power
functions in the following sense. Any quasi-power functipris equivalent toy (s1~%

1%, s1-0101) for some interpolation functiory and some 0O< 0, 01 < 1.

This definition of the spaceg(Xo, X1)p,,,, Makes clear interpolation properties and
linear structure of these spaces. In what follows we use the description of the spaces
@ (Xo, X1)po,py In terms of theK-functional (see [11]) and the Calderon—-Lozanovskii
construction.

Recall that the Calderon—Lozanovskii construction allows to introduce an intermediate
Banach latticep (X, X1) with the help of two Banach latticeXp and X1 and an
interpolation functionp. The spacep(Xg, X1) consists ofx € Xg+ X1 such that

x| = @(|xol. [x1])

for somexg € Xg andx1 € X;.
Let now {Xo, X1} be any Banach couple, let be any non-degenerate interpolation
function from ®g, and let I< po, p1<oo. Then it turns out thak € ¢(Xo, X1) po, py
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is equivalent to

(K (L, vy, %3 {X0, XU hmemt € @Upgs Lps (01, )

where K (s, 1, x; {Xo, X1}) is the K-functional of the elementk € Xg + X1, and
{vm}mewm IS @ balanced sequence of the functikis, ¢, x; {Xo, X1}).

We were unable to use this description as a definition of spac&s, X1),,, ,, from
the very beginning because even the linear structure of the sp@Xe Xi),,.p, is
unclear from the description above as well as interpolation structure since the interval
of integersM depends on the elemert As we see in what follows this description
is very convenient for study of embedding properties.

We prove in[6] that the following embedding is valid.

Theorem A. Let ¢ and s be non-degenerate interpolation functionst 1< po, p1, o,
g1<o0o. If {p(L upm)} € Yy, lrl(u,;l)), where {u,,} is a balanced sequence of the
function ¢, and ro_l = (qo_l — p51)+, rl_l = (ql_l — p1_1)+, then

©(Xo, X1) po,pr C ¥ (X0, X1)go,91-

The objective of the present paper is to prove that in the casgp8fqo, p1>q1
the sufficient condition{o (1, uy)} € Y, l,l(ugl)) turns out to be necessary for the
corresponding embedding.

3. Main theorem

We want to show that the following theorem is true.

Theorem 1. If interpolation functionsp and s are non-degenerate and such that

@ (X0, X1)po.p1 C ¥ (X0, X1)go.q1

for somepo>qo, p1>¢1 and any Banach coupléXp, X1}, then

(o, )}y € Y(lng, Ly (upyh)),

where{u,,} is a balanced sequence for the interpolation functignand rgl = qgl —

-1 -1 -1 -1
Po "1 =41 —P1 -

The proof of this theorem is based on the orbital description of the spaCEs,
H1) po,p. @Nd Y(Hop, H1)g 4, In the case of Hilbert couple§Ho, H1} (see[6]). This
description uses the Neumann—Schatten classes of operators mapping Hilbert spaces.
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As usual the ideal of linear bounded operatdrsmapping Hilbert spacéd into
Hilbert spaceG, such that

tr(T*T)P/? < 00,

where p < oo, will be denoted byS,(H — G). It will be convenient in this paper to
denote byS.(H — G) the space of all linear bounded operators mapgihmto G.
(Recall that usuallySoo(H — G) is used for the ideal of all compact linear operators
mappingH into G.)

Let {Fp, F1} be some couple of Hilbert spaces andd¢ebe an interpolation function
from @g, then we denote by, any element fromFy + F1 such that

K(S, [7 b(/); {F07 Fl}) = ¢(Sv t)'
For brevity we also denote
K(s,t,b; {Ho, H1}) = @p(s, 1),

for any b € Ho + Hi.
By the way so we have

Po, = P-

Theorem B (Kravishvili [6]). If the interpolation functionp is non-degeneratethen the
spacep(Ho, H1)p,, p, COiNcides with the orbit of the elemeby, € Fo+ F1 with respect
to linear operatorsT : {Fo, F1} — {Ho, Hi} such thatT € S,,(Fo — Ho)NSp, (F1 —
Hy).

Recall that the orbit of the elemei, is equal to the set of all elements from
Hp + Hj having the formT (b,) whereT runs over the space of operatdfs, (Fo —
Ho) N S, (F1 — Hi). So we have that the spag® Ho, Hi1)p,,p, CONSists exactly of
elements of the forn¥ ().

The question whether there exists such an elemgrand the corresponding couple
of Hilbert spaces for any turns out to be not so complicated because we can take the
sequencgo(1, u,,)} as b, and the couple of weighted sequence spaégdo(u;, 1)}
as {Fp, F1}. Indeed in view of (1) we obtain what we need.

Proof of Theorem 1. The first step is to present the spak@y, H1)qo,4; @S @ union of
spaces)(Ho, H1) p,,p, for appropriate family of interpolation functiors For this end

we use the following factorization property. It is well known that any linear operator
To € Sqo(Fo — Hp) may be presented as a product of linear operaﬂférs Fo —

Fo, Ty - Fo — Ho for some Hilbert spaceFo, where Ty € S,((Fo — Fp), and

Ty € S,,O(Fo — Hp). (Recall that 1ro + 1/po = 1/qo0 by definition.) The similar
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representation takes place for any operafore S, (F1 — Hip). It turns out (see
[9]), that if some operatol maps the Hilbert coupl¢Hp, Hy} into the Hilbert couple
{Fo, F1}, andT € Sp,(Fo — Ho)NS,, (F1 — H1), then there exists a couple of Hilbert
spaces{Fo, Fl} and operatord” : {Fo, F1} — {Fo, Fl} T" : {Fo, Fl} — {Ho, Hi}
such that? = 7”7’ and T’ € S,,(Fo — Fo) NS, (F1 — Fl) and 7”7 ¢ S,,O(Fo —
Hp) N Spl(Fl — Hj).

Hence if x € y(Ho, H1)49.q; Which meansx = T'(by), thenx = T”T’(bl/,) which
implies x = T"(b), whereb = T'(by). Thus

x € Orb(b, Spo(Fo — Ho) N Sy, (F1 — H1) = @, (Ho, Hy),
where
b € Orb(by, Syo(Fo — Fo) N S,y (FL — Fy)).
Thereforeb € y(Fo. F1),y.,, by Theorem B. In view of Z) the latter is equivalent to

{0p(L vm)} € Y(lig, Ly (U 1)), ®)

where {v,,} is a balanced sequence for the interpolation functigis, 1) = K (s, 7, b;
{Fo, F1}).
Thus we get

W (Ho, H1)go.1 = |_J @5(Ho, H1) po.ps.
b

where {¢, (1, v)} € Y(lrg, Ly (v, 1))
Let us return to the proof of the theorem. By assumption for any Hilbert couple we
have ¢(Ho, H1) p,p; C W (Ho, H1)gg,q1» Which now means

¢(Ho, H1) py,py C U ¢p(Ho, H1) po, p1 - (4)
b

Thus if we prove now that the spaee(Ho, H1) ., coincides with one ofp,(Ho,
H1) po,p1» More precisely thaip(s, 1) =< ¢,(s,t) for someb € Y (Fo, F1)ro., then
everything will be done.

First let us note that since the spages{o, X1)p,,,, are K-monotonic (se¢5]), the
embedding (4) easily translates to arbitrary Banach couples. Thus we have

¢(Xo, X1) po,p1 C U ©p(X0, X1) pg, p1- (%)
b
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In particular it is true for any couples of weighted spa¢es,(Uo), L,,(U1)}. So

P(L po(U0): Lpy (U1)) po.p1 € | @3 (L po(U0). L py (U1) pg, py.-
b

Since (11)])
(p(Lpo(UO)v Lpl(Ul))po,pl = (P(Lpo(UO)’ Lpl(Ul))a

where we use the Calderon—-Lozanovskii construction from the right side. Hence

P(Lpo(U0), Lpy(U1)) C | 0 (L po(Uo), Lpy (U1)). (6)
b

It turns out that embedding similar t®&)(is valid for any coupleL,(Wo), Ly, (W1)},
wheresg< po and s1 < po.

Lemma 1. If so< po and s1 < po, then

@(Lsy(Wo), Ls; (W1)) C U @p(Lsy(Wo), Ly (W)
b

where b runs over all elements such tHak, (1, v,,)} € Y, l,l(v,;l)).

Proof. The proof is based on the exactness in the interpolation theorem for the
Calderon-Lozanovskii construction for operators mapping a coplg(Uo), L, (U1)}
into a couple{L,(Wo), Ly, (W1)}, if so<po ands1< po. This exactness was recently
proved in[12]. It is shown in [12] that for any interpolation functiop and any
y € @(Lg(Wo), Ly, (W1)) there exists a linear operatdt : {L,,(Uo), L, (U1)} —
{Ls,(Wo), Ly, (W1)} and an element € ¢(L ,,(Uo), L, (U1)) such thatTx =y, if the
couple{L ,,(Uo), L, (U1)} is Ko-full.

Let us return to the proof of Lemma 1. If we take now ang ¢(Ls,(Wo), Ly, (W1))
and someKo-full couple {L ,,(Uo), L, (U1)}, then we findx € ¢(L,,(Uo), Lp,(U1))
and an operatofl" : {L,,(Uo), L, (U1)} = {Ls,(Wp), Ly, (W1)} such thatTx = y. In
view of (6) we havex € ¢,(L,,(Uo), L,,(U1)) for someb. Hence by interpolation
property of the Calderon—Lozanovskii construction (see [8]) we obtair T'(x) €
¢y (Lsg(Wo), Lg; (W1)) what we need. Lemma 1 is provedd

Recall that we denote byy and r1 indices satisfying to Aro = 1/g0 — 1/po and
1/r1 = 1/q1 — 1/p1. It is easily seen that conjugate indice§ and r; satisfy to
inequalities

ro<po. ri<pi.

(Recall that by definition Aro +1/ry =1, 1/r1 4+ 1/r; = 1).
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Thus we are able to apply Lemma 1 to coup{ésé(Wo), Lri(Wl)} and we have

O(Lyy (W), Ly (W) C | 93 (Lyy (Wo). L,y (W),
b

Let us again recall that the Calderon—Lozanovskii construction coincides with the con-
struction ¢(Xo, Xl)réﬁri on couples{L,E)(Wo), L,i(Wl)}. Hence we get

O(Lyy(Wo). Ly W)y 1 € [ 05(Lyg(Wo). Ly (W) 10 @
b

for couples with arbitrary weights.
Now again we apply th&-monotonicity of the functorp(Xo, Xl)rc’)qri and deduce
from (7) that

@ (Ho, Hl)r(’),ri C U ¢y (Ho, Hl)ré,ri
b

for any Hilbert couple{Hp, H1}. o

Recall thatb everywhere above runs over the spap@o, F1)r.r, = Orb(by, Sy,
(Fo = Fo) N Sy (F1 — F1)).

Thus any element € ¢, (Ho, Hy), is an image ob with respect to some operator
T' € S, (Fo — Ho) N S, (F1 — Hy), i.e.y = T'(b), andb = T"(by), where 7" ¢
Si(Fo — Fo) N S, (F1 — F1). Hencey = T'T" (by), where the product”’T” is a
trace class operator, i.4. € S1(Fo — Hop) N S1(F1 — Hjy). Theorem B now implies
that y € y/(Ho, H1)1,1.

Hence

@(Ho, Hy),y ;1 C U @p(Ho, H1), v = W(Ho, H1)11.
b

Thus we have shown that embedding

¢(Ho, H1) po,py C Y(Ho, H1)go,q1 8)
implies embedding

@(Ho, Hy),; ,» C (Ho, H1)11. )

Now we apply the description of conjugate space §@Xo, X1)p,, p, (See[5]). Evi-
dently we have

[¢(Ho, Hl)ré,ri]o C [¥(Ho, H)111° (10)
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as a consequence d)( whereY? denotes the closure dfgN X1 in the corresponding

Y. Since[¢p(Xo, Xl)po’pl]o* = o* (X}, XI)p{),pi for regular couplegXo, X1} and non-
degenerate functiong (see [5]), then (10) implies

lrb*(HO*ﬂ Hj_k)OO,OO C ¢*(H6kﬂ Hj_k)ro,ry (11)

Since the category of all conjugate regular Hilbert couples coincides with the category
of all regular Hilbert couples we obtain

V*(Ho, H1)oo,00 C @™ (Ho, H1) g, ;- (12)

Thus we have shown that embeddir®) {(mplies the embedding (12).
Now applying this implication to the embedding (12) itself we conclude that

¢(Ho, H1)oo.00 C Y(Ho, H1)rg.ry (13)
since (¢*)* = ¢, and Yrg—1/oco =1/rg, 1/r1 — 1/oco = 1/r1.

Let consider {3) for the couple{l, lz(u,;l)}, where {u,,} is a balanced sequence
for the functiong(s, 1). As we see from (1) fob, = {¢(1, u,,)} we have

K(s,t,by; {I2, l(upH)}) < (s, 1).

So we have thab, € ¢(l2, l2(1;})) 00, 00- INdeed

bo = {@(L um)} € loo(1/9(L, tm)) = @(loo, Lo, "))

So in view of (L3) we obtain

(o, um)} € Y(lz, L2(upt))rg.rs -

Again applying ) we conclude that

(0L, um)} € Y(lrg, Ly (1)),

So we have shown thap(Xo, X1) g, p, C ¥(X0, X1)go,q. iMplies {o(L, uy)} € (g,
l,l(u,;l)), what was necessary to prove. Theorem 1 is provéd.

Note in conclusion that ifpg<qo and p1<qi1 then the condition{¢(1, u,,)} €
U(lrg, L (uh)), Whererg® = (g9 — poH+ andrt = (g1 — pyH+, turns out to
be necessary as well. Indeed, the characteristic function of the interpolation functor
@ (Xo, X1)po,p1 IS €quivalent top*, and the characteristic function of the interpolation
functor (Xo, X1)40,4: iS €quivalent taj*. This fact may be verified directly or easily
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follows from the orbital description of these functors. Recall that characteristic function
of an interpolation functor appears when we restrict the functor to rank one couples,
so we claim that by definition up to equivalenggxR, fR) ., = ¢* (o, p)R. Hence

the embeddingp(Xo, X1)po,p1 C ¥ (X0, X1)g0,q1 iMmplies Co* >* for some constant

C, or Cyy > ¢ which corresponds t¢p (1, u,)} € loo (/Y (1, up)) = Y(lso, loo(u,;l)) or

{o(L, um)} € Y(ln, Ly (u; D)) in the casepo<go and p1<q.
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