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Abstract: Nonlinear congruential pseudorandom number generators based on inversions have been introduced and
analysed recently. These generators do not show the simple lattice structure of the widely used linear congruential
generators which are too regular for certain simulation purposes. In the present paper a nonlinear congruential
generator based on inversions with respect to a power of two modulus is considered. It is shown that the set of points
formed by consecutive pseudorandom numbers has a more complicated lattice structure: it forms a superposition of
shifted lattices. The corresponding lattice bases are explicitly determined and analysed.
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LetZ,={0,1,2,...,m—1} and Z% = {1, 3,...,2* — 1} for m, « €N. Suppose a, b € Z 5.,
a=1 (mod 4), and b =2 (mod 4). Define a nonlinear generator by

X, =a-x; +b (mod2%), n=0, (1)

where x~! is the unique element in Z % satisfying x-x~' =1 (mod 2%) for x € Z % and where
x, € Z%. The conditions on a, b, x, guarantee that (1) has maximal period length 271 (see. [2]).
Let Z* be the set of odd integers. Define f, : Z* - Z 3., n> 0, by

fo(x) =x (mod 2%), fi(x)=a-x"'+b (mod 2%),

fn(x) Efl(fn—l(x)), n>2
For deN, d > 2, define n € Z , such that 2" = ged(d, 2*7 7). Let

V:‘i’xo = {(fj-d(xo),---,fj.d+d_1(x0)) |_]€ Zza—1_,,}
= {(L"Z"('xo),---,f}'.zw_,_d_l(xo)) |]€ Zza_lﬁ,,}

be the set of nonoverlapping d-dimensional vectors which are generated by (1).
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Lemma 1. f,s(x)=x (mod 2%*Y) for € Z, and x € 7%

Proof. The case B =0 is obvious, since fi(x)=x=1 (mod 2) for every x€Z3.. If B> 1, let 4,
b € Z,s1 be such that 3= a (mod 2#*') and b= b (mod 2°*). Then d=1 (mod 4) and b=2
(mod 4), which implies that the nonlinear generator

- —_~ =1, 7 (. 1AB+1\ N

X,y1=4-x, +0 \Inoda < J, A=V,
has maximal period length 28§

f5(x) =x (mod 2#*1)

£ e — W e —
10T CVCIy X © £ 58+1. U

Ylx=2""1y+ x5, yEZLyar ).
By Lemma 1, the set V;,,XO can be written in the form

Vi xy= {(x, fi(x)se s faa(x)) ix & Zz“(zrlﬂ, x(’;)},
and hence it suffices to consider starting values x, € Z %,-1. Let

G, ., ={g€2’|g=v+2"4,veV,,, tc1)

be the periodic continuation of ¥, with period 2% Put w = max([3(a+ 1)}, n+ 1) and

V,(z)= {(x, [(X) e fiy (X)) | x € Z z }

forzeZ%. Let
G,(z)={ge2/|g=v+2%4, veV,(z), icz’)

be the periodic continuation of V,(z) with period 2% Obviously the sets G,(z), z€ Z 3., are
mutually disjoint and

Gd,xo = U Gd(z)

2€Z,.(2" 1, x4)

for any starting value x, € Z 3+1. It is proved below that each set G,(z) for z ¥ 1s a grid, i.e,
o chiftad lattina and ha tha of 29771 «yberids for every starting
a >ttt 1atuuve, auu ucul,c l.llC bCl- Ud Xo ID a DUPULPUDLLIUII Ol 2 o2U suuo vl UVUl_y oLtal iy

value x, € Z %+1. Define functions «a,, Z —-Z3%, n€N, by
a,(z)=(=a)" (2 fi(z) ... - £,-1(2)) 7" (mod 2%).
Yemma 2. Let z€ Z.. Then

fu(x) =a,(z) - (x—z) + £,(z) (mod2%) )
foralln €N and x € Z ,.(2°, z).

Proof. Suppose z€ Z% and x=2“-y + z for some y € Z. Let z~! be the inverse of z in Z}
Put x 1= —29-y.2z724+ 27!, Then x-x~'=1 (mod 2%) since 2 - w > a. Hence

L2y +z)=a(z) 29y + fi(z) (mod 2%). (3)
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If zeZ% and x=2%-y+z € Z,.(2% z), then (2) is the same as (3) for n = 1. If (2) holds for
some n > 1, then applying (3) one gets
furr(x) Efl(fn(x)) Efl(an(z) 2%y +fn(z))
= 0‘1(fn(z)) ca,(z) 2%y + fi(£,(2))
a,11(2) - (x —2) + f,41(2) (mod 2%). O

Theorem 3. The set G,(z) is a grid with shift vector
gol(z) = (Z, f1(2)’---,fd—1(z))

and the basis
gi(z) =2 (1, “1(2)’---a“d—1(z)),
& (z)=1(0,2%0,...,0),

fll

g,(z)=(0,0,...,0,2%).

The theorem follows by an argument similar to that of the proof of the theorem in [1], using
Lemma 2.
Summarising one can state the following result.

Result. For any starting value x,€Z %+ the set G,, is a superposition of 29771 orids
Gy(2), 2 €L (2", xo).

Remark 4. If w=7+1, ie, n+1>[3(a+1)], then the set G, ., 18 a pure grid, since
Z,.(2"*", x,) consists of one element.

It is analysed below whether in the case w={[3(a+ 1)]> 71+ 1 some of the sets G,(z) are
spanned by the same basis when z varies over Z ,.(2""?, x,).
Lemma5. Letd>3, a>3, w=[3(a+1)), z, ZEZ%. Then
(i) z*=7? (mod 2°7*),
and
(i) z=2 (mod2*"¢72),
if and only if

(f(2)) = (£(2)" (mod2™*) and f,(2)=1,(2) (mod277*72),  n
Proof. The lemma is proved by induction. That (i) and (ii) hold if and only if
(fo(Z))2 = (fo(/’-'~))2 (Il’lOd 20‘_“’) and fo(z) EfO(Z) (mOd 2a~w—2)

is obvious. Now assume that

(£,(2))’ = (£(2))* (mod2°~*) and f,(z)=F,(£) (mod 24~*"2)

\%
o
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for some n > 0. Then

(fia(2)) =(a*+2-a-b-£,(2) + 8- (£,(2))) (£,(2))*
(a+2-a-b-£,(2) + 8 (£,(£)))- (£,(2) "

(fn+1(5))2 (mod 2%7“), since b=2 (mod 4)

and

fe(D)=a-(£(2) " +b=a-(£(2)) " +b
=f,,1(Z) (mod 2*7°72), since f,(z)=1 (mod2). O
Lemma 6. The congruence z* = €* (mod 2°) has exactly four different solutions in Z%, o= 3, for
€ € 73, namely:
z; =€ (mod 2%), z,=2""1"+¢€ (mod 2°),

z;= —e (mod 2°%), z,=2""1—¢ (mod 2%).

Proof. Consider the congruence x? =1 (mod 2%). Then (x + 1) - (x — 1) = 0 (mod 2%) and hence
x+1=0 (mod2f) and x—1=0 (mod2* %)

for some suitable integer 8 with 1 < 8 < a — 1. Therefore
x=2P.y~1 and x=2°%.8+1

for some integers y and 8. But these equations are satisfied only for B=1orf=a—1.If B=1,
then either =0 or § =1 and hence x;, =1 and x,=2*"'+1.If B=a—1,theny=0o0r y=1
and hence x; = —1 and x,=2%"" — 1. The result follows by putting x =z-¢~! (mod 2%). O
Theorem 7. Let w =[3(a+1)]>n+ 1.
() If 3<a<7, then all the sets G,(z) are spanned by the same basis for z € Z ,.(2"*1, x,).
(II) If a> 8, then exactly two lattice bases are equal if either a =0 (mod 2) or a =1 (mod 2)
and w=mn+ 2, and exactly four lattice bases are equal if a =1 (mod 2) and w > + 2.

Proof. (I) If 3 < a <7, then for w = [3(a + 1)] it follows that @ — w < 3 and hence g}(z) = g}( %)
(mod 2%) for all z, Z € Z 5., since the congruences (i) and (ii) of Lemma 5 are always satisfied as
z2=1 (mod 8) for z=1 (mod 2).

(IT) First consider the case d > 3. Suppose z, Z € Z3.. Put ay(z) =1 (mod 2%). Then a,, (z)
= —a-(f,(z))"% a,(z) (mod 2%). Hence it follows from Lemma 5 that

(1) z2=%? (mod 2°7%),
and

(i) z=7% (mod 2% “"2),
if and only if a,(z)=ea,(%) (mod 2*7°) for 1<i<d—1. Therefore G,(z) and G,(Z) are
spanned by the same basis if and only if (i) and (ii) above are satisfied. By Lemma 6 the
congruence z>'= € (mod 2%~ “) has solutions

z;=¢€ (mod 2*7%), 2, =271+ ¢ (mod 2°7%),

zy= —e (mod 2%7°), 2,=2"""1—¢ (mod 2*“) fore€Zk ..
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Obviously z, = z, (mod 2°7“7?), z, =z, (mod 2*"“"?) and z, # z; (mod 2° “~?) since & — w —
2>2.

If a=0 (mod?2), ie, w=a—w=13a and £€Z,.(2""}, x,), then z, =% (mod 2“) and
z,=2%"“"1 + 7 (mod 2*) are the only solutions of the congruences (i) and (ii), since the other
solutions z, = —Z (mod 2“) and z,=2%"“"! — 7 (mod 2°) of (i) do not satisfy (ii). It is obvious
that z;, =z, = 7= x, (mod 2"*1), since n + 1 < w.

If a=1 (mod?2),ie, w=a—w+1=%3a+1) and £€7Z,.2""", x,), it follows, as in the
case of a =0 (mod 2), that z, = 7 (mod 2°), z,=2%"“"' + 7 (mod 2%), z;=2°"“ + z; (mod 2°),
and z,=2%"“+ z, (mod 2“) are the solutions of the congruences (i) and (ii). If w > 7 + 2, then
all four solutions belong to Z,.(2"*!, x,), and if w=m+ 2, then only z, and z, belong to
Z,.(2", xp).

In the case d =2, (i) is equivalent to g;(z) = g,(£) (mod 2%). It can be shown similarly to the
case of d > 3 that (i) has exactly four solutions for a = 0 (mod 2) and exactly eight solutions for
a=1 (mod2). Since =1 and —x,% x, (mod 4) only half of these solutions satisfy the
congruence z = x, (mod 4). O
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