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1. INTRODUCTION

The concepts of a vector space category and a subspace category were
introduced by Nazarova and Rojter [13]. They use it in their solution of the
second Brauer—Thrall conjecture [13]. Vector space categories are also
successfully applied by Ringel [17] in the investigation of one-relation tame
algebras and by the author in [23].

Let F be a division ring. We recall from |13, 16] that a vector space
category KK, is an additive category K together with a faithful additive
functor |—|: K - mod(F) from K to the category of finite-dimensional right
vector spaces over F. The subspace category 7% (K,) of K, is defined as
follows. The objects of Z(K,) are triples (U, X, ¢) where U is a finite-
dimensional right vector space over F, X is an object in K and ¢: U, — | X|,
is an F-linear map. The map from (U, X, ¢) into (U’, X', ¢') is a pair (u, 1)
where u € Hom(U, U’) and h: X > X’ is a map in K such that |h|¢o =¢'u.
The factor space category 77 (K,) of K, is defined analogously. There is a
pair of additive functors

_ S
7K =7 ()

defined by taking the cokernel and the kernel, respectively.

Subspace categories of vector space categories play an important role in
the representation theory of artinian rings. A principal motivation for them is
the following useful observation of Nazarova and Rojter in [13] (see also
[16,24]). To any simple ideal S in an artinian ring 4 one can associate a
vector space category W, with F=End(S5)°®, an additive functor
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T: mod{A)— Z(K,)°® and a proper ring epimorphism ¢&: 4 —A4’. Under
some assumptions any indecomposable A-module which is not a A’-module
via & can be reconstructed from an indecomposable object in Z (K) by the
functor T. If Ext}(S,S)=0 then the functor T is full (see [I6,
Proposition 3.2] and [24, Theorem 1.1] for a more detailed discussion). It
follows that the classification of indecomposable A-modules is reduced to the
classification of the indecomposable objects in #(IK,.) because we can
suppose by induction that A'-modules are known.

The aim of this paper is to present methods for the computation of the
indecomposable subspaces of arbitrary vector space categories.

Following an idea of Drozd [8] we define right peak rings and two
additive functors from #(K;) and 77(K) to the category mod,(R) of
finitely generated right modules with essential projective socles over
appropriate right peak ring R. The functors are used for the computation of
the indecomposable objects in # (IX;) as well as in mod,,(R). They play a
role of the Coxeter functors |5, 21].

By a right peak ring we mean a semiperfect ring R whose soc(Ry) is
essential and it is a finite direct sum of a copy of a simple projective right
module. Elementary properties of the category mod,,(R) we need in this
paper are included in Section 2.

In Section 3 we study Krull-Schmidt vector space categories with a finite
number of pairwise nonisomorphic indecomposable objects. If K, is such a
vector space category and K ..., K, are all pairwise nonisomorphic indecom-
posable objects in K we associate to K, the right peak ring

E K;
Re=(o ")

with E=End(K,® - ®K,)and ;K. = /K, ® - ®K,|-. We suppose in
this paper that R, is either schurian with the constant dimension property
(see Section2) or that R, is an artinian Pl-ring (ie, R, satisfies a
polynomial identity). In both cases R, has a Morita duality. Our basic tool
we use in this paper are the functors

mod,(R,) -7 (K,) 2= 7 (K,) ~% mod (R )
-

as well as the Coxeter scheme of K, defined in Section 3. They give a
constructive method for the study of the indecomposable objects in # (Ky)
provided it is of finite type and R is a schurian finite-dimensional algebra
over a field (Theorem 3.11). They also yield a useful formula for the
calculation of the almost split sequences in mod,(R) provided R is a right
peak artin algebra (Corollary 3.7).
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In Section 4 we study modules over artinian Pl-rings of the form

G oM,
R‘(O S)

where G is a division ring. Using the properties of the functor H proved in
Theorem 3.3 together with [17, Sect. 2.5] we prove that if S is of finite
representation type then there is an equivalence of categories

mod(R)/[mod(S)] = mod,,((R)«)

where K, = Homg(; Mg, mod(S)) and [mod(S)] is the two-sided ideal in
mod(R) generated by mod(S) considered as the full subcategory of mod(R)
via the ring epimorphism R — S. If R is a right peak ring and mod,, (§) is of
finite type then there is an equivalence of categories

mod,,(R)/[mod,(S)] = mod (R z)x)

where K; = Homg(; M, mod,,(S)) and mod_,(R) is the full subcategory of
mod,,(R,) consisting of modules having no injective direct summands. As a
consequence we get a constructive method for solving schurian vector space
Pl-categories of finite type and useful information about the structure of their
subspace categories {(Theorem 4.4). If K. is such a vector space category
then the method allows us to reduce in finite number of steps the
classification of indecomposable objects in Z(K,) to the well-known
classification of the indecomposable modules over hereditary Pl-rings of the

form
G N
(o %)

where G and F’ are division rings and (dimg N)(dim N,.) < 3 (see [7]).

In Section 5 we extend the differentiation algorithm [4] from ¢-hereditary
1-Gorenstein rings to right peak rings. It follows that the algorithm can be
used in the investigation of subspace categories of vector space categories.

The results of this paper are accounced in [24]. They were presented at
the Annual Algebra Conference in Chiba (Japan) in July 1982. A particular
case when KK, is special schurian was studied in [22]. It was shown there
that special schurian vector space categories correspond to /-hereditary right
QF-2 artinian rings under the map K, — Ry. In this case mod,(R) is the
category of /-hereditary Ry-modules in the sense of [4, Definition 1.3]. It
follows that the results of this paper extend some of the results in [3]. In our
study of the socle projective modules we follow some concepts in [3, 4].

Throughout this paper Mod(R) denotes the category of all right R-
modules and mod(R) is the full subcategory of Mod(R) consisting of finitely
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generated modules. Given a module X we denote by E(X), P(X), soc(X) and
top(X) the injective envelope, the projective cover, the socle and the top of X,
respectively. The direct sum of ¢ copies of X is denoted by X'. The Jacobson
radical of R will be denoted by J = J(R). Finally, we denote by R°? the ring
opposite to R.

2. RIGHT PEAK RINGS AND THEIR SOCLE PROJECTIVE MODULES

DEeFINITION 2.1, A ring R is called a right peak ring if soc(R,) is
essential in R and has the form P' where P is a simple projective module. In
this case P is called the right peak of R. R is said to be a left peak ring if
R is a right peak ring.

PROPOSITION 2.2. Let R be a basic semiperfect ring. The following
statements are equivalent:
(a) R is a right peak ring.
(b) R has a triangular form

where F is a division ring, A is a semiperfect ring and M, is an A — F-
bimodule which is A-faithful and finite dimensional over F.

(¢) R has the form

F1 1M2 an an+1
2M1 F2 2Mn 2Mn+l
Rx| :
an nMZ Fn nMn+l
o o0 - 0 F,.,

where F ..., F, are local rings, F,,, is a division ring, M; are F;—F-
bimodules, M, are finite dimensional over F, ., , the multiplication is
given by F; — F -bilinear maps

Cip M, ® M, —» M,

with ® = ®r,» and the map
M _’HomF (iMn+1’iMn+l)

un+1 i

adjoint to ¢, , is injective for all i andj.

481/92/2:17
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Proof. (a)=>(c) Let R=P, ®-.- ®P,,, be a decomposition of R
into a direct sum of indecomposable right ideals and suppose that P, is
simple. If we put

F,=End(P,),  ,M;=Hom(P,,P,)

and if we take for c;; the morphism composition map then obviously R is
isomorphic to the matrix ring required in {c). Since soc(R,)= P!, , then
Cin 41 are injective and (c) follows.

(c)= (b) Obvious.

(b)=(a) If Sc<soc(R,) is a simple nonprojective module then the
kernel of the projective cover f: P(S)— S map is nonzero. Hence, via the ring
isomorphism in (b), f corresponds to an element '/ € 4 such that f'M =0; a
contradiction. Then the proof is complete.

Throughout this section we suppose that R is a semiperfect right peak ring
and we fix a decomposition

R=P @ @Pn@Prﬂl

where P, are indecomposable right modules. We identify R with its matrix
form in Proposition 2.2 and we identify P; with the indecomposable ith row
ideal.

The ring R is called schurian if F,,..., F,,  are division rings.

Suppose that R is a right peak schurian ring. If R is artinian we associate
to R a value scheme (I,,d) where I, ={l,.,n+ 1} and d is a pair of
n+1xn+ | matrices (d;;), (d;;) with

d;;=dim(; M), and dy = dim. (;M}) for i=j.
We put d);,=d,;=0 for all i. Usually we will consider (I,d) as a set of

point I, together with a set of dashed arrows

. dydi .
PPN

with d;; and d]; nonzero. We will write i ——~—j if d;; = d;= 1; we write

(djjyd;j) .
*J

if ;M;# 0 and there is no s # i,/ with ;M;# 0 and (M, + 0.
Note that if P,,, is a right peak of R then there is a valued arrow in
(Iz,d) from arbitrary j into n+ 1. This fact motivates the name “peak.”
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PrOPOSITION 2.3. Suppose R is a schurian right peak ring. Then

(@) c;;=0foralli+]j.

(b) If M, is a simple F,—F, -bimodule for any i, then for any
i+#j either M;=0 or ;M;=0. In this case (l,,d) is a valued poset with a
unique maximal element and R has an upper triangular matrix form.

Proof. (a) If c;;;#0 then there are nonzero maps g:P;— P, and
Jf:P;— P; such that ¢;(f® g) =fg = 1. Hence i= and (a) follows.
(b) Suppose that . M;#0 and ;M;#0. If P, , is a right peak of R
then by our assumption and Proposition 2.2 the composed map

i n+1

L ®Cjin+ Cijn+1
iMj®jMi®iMn+1 iMj®jMn+1 M

is a nonzero surjection. On the other hand the map is zero because we know
from (a) that ¢;; = 0. We get a contradiction, which finishes the proof.

Now we give a simple example of a right peak ring which is not an upper
triangular matrix ring.

ExAMPLE. Let K be a field and

K K K?
R=|K K K.
0 0 K

We take for ¢,,,: K ® K> - K’ the projection on the first coordinate, for
¢,;: K® K?— K? the projection on the second coordinate and c,,, =
€y, =0. It is clear that R is a right peak ring and (I, d) has the form

A module X, will be called socle projective if soc(Xy) is a projective and
an essential submodule of X,.

Given a ring R we denote by Mod,,(R) the category of all socle projective
right R-modules. We will denote by mod,,(R) the full subcategory of

-Mod,,(R) consisting of finitely generated modules. Finally, we denote by
mod,;(R) the category of finitely generated right R-modules with injective
top.

If R is a right peak ring of the form 2.2(c) then we will identify in this
paper any right R-module X with a system (X, ;0,); j<n4+, Where X; is the
right F-module Hom,(P,,X) and ;¢;: X;® ;M;~ X, is the corresponding
Flinear map induced by the multiplication in R (see [4, 20]).
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Throughout this paper we will frequently use the following charac-
terization of modules in mod,(R) and in mod,(R).

PropOsSITION 2.4. Let R be a semiperfect ring of the form 2.2(c) and let
X = (X,, ;0;) be a finitely generated right R-module.

(a) IfP,,,is a right peak of R then soc(X) is projective and essential
if and only if the map

w19 X > HomF,,H(iMnH’XnH)

adjoint to ., ¢, is injective for any i < n.

(b) If P§ is a left peak of R then top(P,) is a unique injective simple
right R-module and top(X) is injective if and only if the map
0,: X, ® M, > X, is surjective for any i. Here P{ = Hom,(P,, R).

Proof. First we note that 10 (x®g)=xg  for any
x€ X,=Homy(P;, X) and g€ M, ,=Homg(P,,,,P;). In order to prove
(a) suppose that soc(X) is projective and take a nonzero element x in X,.
Since there is a commutative diagram

P,.~x—) X

with /' 0, then , ., 9,(x ® g) =+ 0 and therefore , ¢, is injective.

Conversely suppose that ,, @, is injective for all ; and let S be a simple
submodule of X. If #: P,— S is the projective cover of S then there is
g€ M, such that , ,0,(t® g)=1tg+#0. Hence S is projective and (a) is
proved. The proof of the statement (b) is similar and we leave it to the
reader.

Suppose R is a right peak schurian ring of the form 2.2(c). Following
Ringel [15] we say that the bimodule M, has the constant dimension
property if the dimensions of the iterated dual bimodules ;M7 'Y and
i{MJ" 7 over F, and F; are finite and equal to dj; and d,;, respectively. Here
we put

iNf = Hoka(iNj’ F,)

for k=i,j and any F; — Fbimodule ;N;.

We say that R has the constant dimension property if R is a schurian
artinian and the bimodules ;M; have the constant dimension property for all
i #J.
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We recall from |7, Proposition 1.3] that any schurian artinian Pl-ring has
the constant dimension property.

In the study of schurian vector space categories we will need the following
simple result.

ProPOSITION 2.5. Suppose that A=P,® --- @ P, is a basic schurian
right artinian ring with the constant dimension property, P,..., P, are
indecomposable right ideals in R and let

A=End(Q,® - ©0Q,)
where Q; is the injective envelope of top(P;).
(a) If G;=End(P,) and ;N;=Hom(P;, P;) then for every j the module
Q; is finitely generated and has the form
Q=N ; \NL G}, o\ Ny o NI, )

where W2 Ni® (N;— N} is such that its G dual corresponds via the
isomorphism  Homg (,N; ® N, G;)) = Hom; (,N;, ,N;) to  the map
€yt ¢N;— Homg ((N;, (N;) adjoint to c,;;. Moreover A has the form

23 n—11 nl

Gl INZ an-1 an

12 n—12 n2

/T““ 2N1 Gz 2Nn-1 2Nn
N]n NZn Nnvln G

ntt1 nt'2 n<tn—1 n

and there is a Morita duality D: mod(A4) - (mod (A7),

(b) If A is a right peak ring then A is also a right peak ring and
(1, d) coincides with (I;,d).

(c) If A is a left peak ring then Q,...., Q, have injective tops, Aisa
left peak ring and (1,,d) coincides with (I;,d).

Progf. We recall that given a finitely generated projective right A-module
P we have a pair of adjoint functors

Mod(End(P)) == Mod(4)

defined by formulas r(Y,)=Hom,(P,Y), L(X)=Homg,y,(Hom ,(P,4),X).
The functor L is full, faithful and carries over injectives into injectives.
Moreover rL =~ id.

Now taking for P the module P; we get the indecomposable injective A-
module L(G;) which is obviously the injective envelope of top(P;) and has
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the form required in the statement (a). Note also that we have a right A-
module decomposition A =P; @ --- @ P}, where

P;=Hom(Q,® - ® Q,. Q)
is indecomposable. Since we have G, — G -bimodule isomorphisms

Hom (P}, P{)= Hom,(Q,, 0;) = ;N
then (a) follows.
In order to prove (b) suppose that P, is a right peak of 4. We will prove
that P;, is a right peak of A. For this purpose take a nonzero map f: Q; - @,
i #j. By our assumption there is a commutative diagram

P(Qj)—"—/> o’
lt //“’
g

where ¢ is a projective cover of Q;, u is a monomorphism and Q' is a direct
sum of copies of Q,. The restriction g of the map w to a suitable summand
0, of Q' has the property gf # 0. It follows from Proposition 2.2 that P} is a
right peak of A. The remaining part of (b) is a consequence of (a).

Now suppose that P? is a left peak of A. Then by Proposition 2.2 the map
C,; is injective for all i and j. Hence the map ;¥ is surjective for all i and j
and by Proposition 2.4 top(Q;) is injective. Then in view of the duality D the
module (P])* is a left peak of A. Since the remaining part of (c) follows from
(a) the proof is complete.

A module N in mod,(R) is said to be sp-injective if N is injective with
respect to those monomorphisms in mod,,(R) whose cokernels have
projective socles.

ProrosiTioN 2.6. If

A M
R= A4 F
(0 F)

is a right peak ring and My = Hom.(,M,., F) is A-noetherian then

F MY
RV= A F
(o ")

is a left peak ring and there is an equivalence of categories

V:mod,,(R)— mod,(R")
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with the following properties:
(a) Let K,L,N be modules in mod,(R). A sequence

0-K->L->N-0
is exact in mod(R) if and only if the induced sequence
0->V(K)->V(L)->V(N)-0

is exact in mod(R").
(b) A4 module X in mod,(R) is sp-injective if and only if X =V ~'(Q)
where Q is an injective module in mod(R") and E(V(X)) € mod (R ").

Proof. Since , MY is a faithful 4-module then by Proposition2.2 R" is a
left peak ring. Let X be a module in mod,(R). By Proposition 2.4 X can be
identified with a triple (X,,X/,t) where £ X, ® ,M - X{ is an F-
homomorphism such that its adjoint map 7 X} — Hom(, M, X]) is
injective. We put V(X)= (Y}, Y5,s) where Y.= X}, Y| =Cokerf{ and
s: Y ®p (;MF)- Y7 is the composition of the cokernel map with the
natural isomorphism Y;. ®, (, M) = Hom,(,M,, Y}.). We define V on maps
in a natural way and we get a covariant additive functor. By Proposition 2.4
V(X) is a module in mod,;(R") and V is dense. Now it is easy to check that
V is an equivalence satisfying (a) and (b). We leave it to the reader (compare
[4, Propositions 1.6 and 1.7]).

Our previous results together with [18] yield

COROLLARY 2.7. Let R be a right peak ring. If R is either an artinian
Pl-ring or has the constant dimension property then every module in
mod,,(R) has an sp-injective envelope in mod,(R). Moreover there is a
duality DV: mod,(R)— mod,,((R")?).

We finish this Section by a useful result on rings having both the left and
the right peaks.

PROPOSITION 2.8. Let R be a schurian artinian ring with a right peak
P, and suppose that R has the constant dimension property. The following
three conditions are equivalent:

(a) E(Ry) is projective.
(b) R isa right QF — 3 ring.
(¢) R has a left peak P%=Hom,(P,,R) and d, ,=di,, =1

Furthermore, if E(R}) is projective then E(P, ) is a unique indecomposable
projective-injective right R-module, any indecomposable module X in
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mod,(R) with X, + 0 is isomorphic to E(P,,,) and any indecomposable
module Y in mod,(R) with Y, , # 0 is isomorphic to E(P,, ).

Proof. (a)=(b) E(P,.,)is a faithful projective module.

(b)=>(c) IfR is aright QF — 3 ring then E(P, ) is projective and by
Proposition 2.2 the module Hom,(E(P,, ), R) is a left peak of R satisfying
the condition (c).

(c)= (a) It is enough to prove that P, = E(P, ). For this purpose we
note that by our assumption and Proposition 2.2 the F;-homomorphism

~ . n+1
Crins1 /My~ Hom, (M, .M, )= M,

adjoint to c;,,, is injective for every i. Then we have defined an R-
monomorphism & P, — E(P,.,). Since P} is a left peak of R then by
Proposition 2.2 the F;-homomorphism

= . ~ 1
Ciins1: My~ Home (M, M, )= M,

adjoint to ¢,;,,, , is injective. Now in view of the constant dimension property
Cins1 18 bijective for every i. Hence ¢ is an isomorphism and (a) follows.

Now suppose that E(R,) is projective. If X is an indecomposable module
in mod ,(R) with X, # 0 then there is a nonzero map P,— X which is an
isomorphism because P, >~ E(P,,). If Y is an indecomposable module in
mod,,(R) with Y, , # O then there is a commutative diagram

Pn+lc_—) Y
L
Pl

with u# 0 and the projective cover of Y has the form P{ - Y. Hence
ut, # 0 for some k. Since End(P,) is a division ring then u is an isomorphism
and the proof of the Proposition is complete.

Remark 2.9. (a) Suppose [ is a finite partially ordered set and F is a
division ring. Denote by I* the enlargement of I by a unique maximal
element and by I, the enlargement of I by a unique minimal element. Then
the incidence ring FI* of I'* with coefficients in F is a right peak ring, FI, is
a left peak ring, (FI*)" = FI,, mod,,(FI*) is the category I-sp of I-spaces in
the sense of Gabriel (see [17]) and mod,(FI,) is the category I-fsp of I-
factor spaces, i.e., FI,-modules (X,.,,-(pj),._je,¢ such that ;¢;: X;— X, is an
epimorphism for j < i in I,. In this case the functor V:I-sp > I fsp carries
over an I-space (U, Uy, with U, U into (X,,;p;) where X,=U,
X;=U/U; and ;¢;: X; > X; are the natural epimorphisms for all i <jin I,.
Note also that (I,.,d) is the poset I*.
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(b) Suppose that 02 ={X,,.,X,} is a set of finitely generated
indecomposable socle projective modules over a right peak artinian ring R. If
the right peak P, , belongs to £ then the ring

E=End(X,® - ®X,)
is a right peak ring. If, in addition, E(P,, ) belongs to 2 then R is both a
left and a right peak ring. This observation plays a key role in the definition

of a differentiation of a right peak ring with respect to a smooth indecom-
posable projective right module (see Section 5).

3. A COXETER SCHEME OF A VECTOR SPACE CATEGORY

A vector space category K is called semiperfect if X is a Krull-Schmidt
category and every indecomposable object in K has local endomorphism
ring.

Throughout this paper K, is a vector space catagory defined by the
faithful additive functor

|—|: K - mod(F)

where F is a division ring. We will suppose (for simplicity) that the number
of isomorphism classes of indecomposable objects in K is finite and we fix
their representatives X,,..., K,,.

We call K. schurian if the semiperfect ring

E=EndX,® - @K,

is schurian. We put

F, ,=F and F;=End(X}) for j=1,.,n,

and we define F; — F,-bimodules ;K, by the formulas
iKni1= | Kilr for ign,
K;=K(K;,K;) for i,j<n, i#}j,
where K(K;, K;) denotes the group of all maps from K] into K, in K.

Since the E — F-bimodule

EKF=EIK1 @ - ®Kn|F
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is E-faithful then by Proposition 3.1 the ring

E K
RM:(O EFF>

is a right peak ring and there is a ring isomorphism

F1 1K2 lKn 1Kn+l
ZKl Fz ZKn 2Kn+1
nKl nKZ Fn nKn+1
0 0 - 0 F,,

where the multiplication in the matrix ring is given by the F, — Flinear
maps ¢;,:  K; ® ;K- ;K defined by the formula

cys(f®g)=/g for ijs<n,
=|f1(g) for s=n+1, ij<n

The ring Ry is called the right peak ring associated to K. The vector
space catagory K. is said to be artinian if R is both left and right artinian.

We are going to define for any schurian vector space category K, with the
constant dimension property for R a Coxeter scheme which is a sequence of
functors having properties analogous to the Coxeter functors {5, 21]. For
this purpose we need the following definitions and notations.

We denote by 7 (K.) the factor space category defined as follows. The
objects of 7 '(K,.) are triples (¥, X, t) where X is an object in K, ¥ is a finite-
dimensional right F-module and ¢:|X|- V is an F-linear map. A map
VX, )-(V',X',t') in 7 (K,) is a pair of maps (f, g), f€ Hom,(V, V"),
£ € K(X,X') such that ¢’ | g| = /1.

The category 77(K,.) has a useful matrix interpretation similar to that one
given in [22].

If (V, X, ¢) is either an object of 7 (Kz) or an object of Z () we define
its coordinate vector edn(V, X, t) € Z"*' by the formula

edn(V, X, £) = (S; s Ss Sni1)

where s,,, =dim V., and X2 K}'® .- @K If all s,,...,s, are nonzero
then (V, X, ¢) is called exact.

Now suppose that R is a right peak schurian ring. For any module
X = (X}, ;p;) in mod,,(R) we put

dim X = (X500 X0 X, 4 1)
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where x; =dim(X,);,. If P, , is not a direct summand of X and the
projective cover of X has the form P(X) =P} ® --- @ P;" then we put

edn(X) = (S, Sps Spiv)

where s, , =dim(X,,,). If all s,,...,5,,5,,, are nonzero we call X exact
(compare [3, 8]).
Now we define a pair of additive functors

#(Ky) 2= 7°(K,)
S+

by formulas § (U, X, 1) = (Coker t, X, t'), ST (V, X, t) = (Ker t, X, t") where
¢t' and ¢” is the cokernel and the kernel map, respectively. We define S~ and
S* on morphisms in a natural way.

The proof of the following simple lemma is left to the reader.

LEMMA 3.1. The functors S~ and S* have the following properties:

(a) Let A be an indecomposable object in 7°(K.). Then S*4 =0 if
and only if A=(F,0,0). If STA+0 then there is an isomorphism
S StA=A.

(b) If A and B are indecomposable objects in 7 (K,) such that
ST4#0 and S*B+#0 then S* induces an isomorphism Hom(4, B) =
Hom(St4,S*B).

(c) The properties (a) and (b) with S* and S~ interchanged.

The following simple result plays an important role in our further con-
sideration.

LemMa 3.2. Let X, be an arbitrary vector space category and let pr(E)
be the category of finitely generated projective right modules over the ring
E=End(K,®--- ®K,). Then

(a) There exists an equivalence of categories w: K — pr(E) such that
the diagram

K —=5 mod(F)

[* Ao

pr&)

is commutative up to a natural equivalence w(—) ® Kgs—|—|.
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(b) w induces a full and faithful embedding
w7 (Kg)—> mod(R ).

The image of w* consists of all R modules (X;, X/, 0: X' ® Kp—- X}[)
with X in pr(E) and dim X} finite.
Proof. We put o(—)=KEK,® - ®K,,—). It is well known that w is

an equivalence of categories.
We recall from [12] that there are equivalences of categories

E — F-bimodules = Add{(pr(£) ® pr(F)°P, .« ¢)

~ Add(pr(E), Add(pr(F)°°, .« £))
~ Add(KK, mod(F))

and the bimodule K, corresponds to the functor |—| via the composed
equivalence. If K:pr(E)® pr(F)°® —+ /£ is the functor corresponding to
K, then the Yoneda Lemma and the adjoint formula yield

(X)) ® pKp= K(W(X)a F)=|X|,

and (a) follows. Since (b) is an immediate consequence of (a) then the proof
is complete.

Remarks. (1) Lemma 3.2 remains valid if we replace the division ring
F by an arbitrary artinian ring. This generalization is useful in solving
matrix problems which are more general then the classification of indecom-
posables in Z(K,). An interesting example of this kind is the category of
representations of a pair of partially ordered sets.

(2) It follows from Lemma 3.2 that the category #Z () is equivalent
to the category of ,K,-matrices in the sense of Drozd [9] (published in
19721).

Following an idea of Drozd |8] we define a functor

H:7°(K;) > mod,,(Ry)
as the composition of two functors
7" () <> mod(R ) = mod,,(R )

where w* is the full and faithful embedding in Lemma 3.2 and @ is the left
adjoint functor to the natural embedding mod,(Ry) <> mod(R y).

Since
E K,
R — EAYE
" (0 F)
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then any right R-module X is a triple (X, V., ) where : X' ® K, — V. is
an F-linear map. X is in the image of w™ if and only if X/, is a projective E-
module. It is easy to see that

O(X) = (X, Vi, 1)

where X/ is the image of the map F: X - Hom,(; Ky, V,.) adjoint to ¢ and ¢’
is the map adjoint to the inclusion X7 > Hom (K, V).
We denote by 7 ,(IK,.) the full subcategory of 7 (I<,) consisting of objects
without direct summands of the form (0, X, 0} where X is an object in K.
For any objects A and B in an additive category % we put

J(A,B)={fE€ %4, B), 1, — gfis invertible for all g € #(B, 4)},
J*(4,B)={t€J(A4, B), t = gf with fE J(4, X), g € J(X, B)}

(see [12]).

Finally, we say that a module X over a right peak ring R has a perfect
projective cover if the kernel of the projective cover P(X) - X has the form
Pl , for some t(compare [3]).

One of the main results of this paper is the following theorem.

THEOREM 3.3. If K. is a semiperfect vector space category then the
Sunctor H: 77(K ) » mod,,(R ) has the following properties:
(1) H is full and dense.
(2) A morphism h:A—- B in 7 (K.) belongs to the kernel of the

natural epimorphism

a: (4, B)—» Hom, (H(A), H(B))

induced by H if and only if h can be factored through an object (0, K, 0)
where K is an object in K. If A and B are indecomposable objects in 7 (K,.),
H(A) is not simple and H(B) has a perfect projective cover then a is an
isomorphism.

(3) H(A)=0if and only if A = (0, K, 0) for some object K in K.
(4) If A and B are indecomposable objects in 7 y(K.) then a map
h: A — B is irreducible in 7°(K,) if and only if H(h) is irreducible.
(5) H induces a representation equivalence of categories
H:7 y(Kg) - mod,(R )
such that cdn(4) = cdn(H(A)) for any object A in 7 \(K,). Moreover, if

cdn(d) = (Sy5s Sy» Spit)
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and HA) = (Xi’j(oi)iJ<n+1 =X, Xpy 1,0 X' @ g Kp> X, ) then
$;= dim(Xi/I\—,i)F,»/J(F,-)

where

/\7,.=Im <X1®J(Fi)® @Xf®,jKiﬂ’Xi)

izl
and the E-projective cover of X} has the form
Pii@ - @Pr> X0
where I3j is the E-projective cover of the simple E-module top(P;).

Proof. Suppose that 4 is an indecomposable object in 7 (IK,.) and let
wtA)=X=XL, V1), OX)= (X}, Vy,t'). Then either t=0 or ¢ is
surjective. In the first case either X; =0 and V.=F or A has the form
(0, K;, 0). In the second case X} is the E-projective cover of X{. Hence the
property (1) easily follows. In order to prove (2) suppose that w*(B)=
(Y, We,s) and H(B)= (Y[, W,.,s'). We note that X; and Y are
projective. If w*(h)=(f,g) and H(h)=0 then g=0 and we have a
commutative diagram

X, 25 XP——0
P, — 0
Y, 25 Yi——0

where P, is the projective cover of Ker p’ and f=u’u. Hence (2) and (3)
follow.

(4) It follows from (2) that H induces an isomorphism
(4, B)/J*(4, B) = Hom(H(A), H(B))/J*(H(4), H(B)).

Since A and B are indecomposable then H(4) and H(B) are also indecom-
posable. Then f: 4 —» B (resp. H(f')) is irreducible if and only if /" is not an
isomorphism and f& J*(4,B) (resp. H(f)¢& J*(H(A), H(B))). Hence (4)
follows.

Since the statement (5) follows immediately from (1) by applying standard
projective cover arguments the proof is complete.



VECTOR SPACE CATEGORIES 549

Remark (3). In the case when dim |K|. = 1 for j = 1,...,, n the functor H
was defined in [22] by a slightly different formula not involving projective
covers.

We can use the functor @ to prove that there are almost split sequences in
mod,(R) provided R is an artin algebra with a right peak (compare [2]).
We have the following result.

ProprosITION 3.4. Let R be an artinian right peak ring.

(a) If 0 X-"Y is a left minimal almost split monomorphism [1] in
mod(R) and X is a module in mod,(R) then 0—- X" O(Y) is a minimal
left almost split monomorphism in mod,,(R) where u' is the composition of u
and the natural epimorphism Y — O(Y).

(b) If R is an artin algebra then for any module X in mod,(R) there
exist a left and a right minimal almost split maps in mod,(R).

Proof. (a) follows immediately from the fact that any map Y — Z with Z
in mod,(R) has a factorization_through Y- 6(Y). Now in view of the
duality DV:mod,(R) - mod; (R V)P the statement (b) follows from (a)
because we know from [1] that there are almost split sequences in mod(R).

Given a vector space category K, we define a new vector space category
K which is the category K°? together with the composed functor

]0

kP L=1% mod(#)°P 4225 mod(F°°)

where (—)* is the F-duality. Note that there is a ring isomorphism
Ry. = (R))° which implies

Ry =RY
(we use the notation in Proposition 2.6).

Now suppose that R, is either schurian with the constant dimension
property or is an artinian Pl-ring. We define a functor

G 7 (Kp)— mOdsp((RlK)*)
as the composition of four functors

7 (Kp) =5 7 (1K) 22 (mod,,(Ry. )

J vop

(mod,(RP))°P —2— mod,,(R )«

where (U, X, t)* = (U*, X, t*), V is the equivalence in Proposition 2.6,

(R, )5 = (RSP
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and D is a Morita duality (see Proposition 2.5 and [18]). It follows from
Proposition 2.5 that if R has the constant dimension property then

F, 1K;2 1Krlzn xKrlz”++11
2K%1 F, szxn 2fon++11
(RrK)*= : : :
nI("lt1 anz Fn nK:rrLll
0 o .. 0 F,,

In order to formulate main properties of the functor G we need some
notation.

Let R be a right peak ring with the constant dimension property and
suppose that its value scheme (I,,d) has no oriented cycles. We define
reflections

AR AR i=1l.,n+1,
by the formula 8,(x, .., X, 1) = (Vysewr Vuyy) Where y; = x; for j# i,
Vi=diy X —(d Xy + o A A X X d X+ +digx,)
for i< n and
Vo1 = X1ty X+ + 1%,
The composed map
8=81 "'8n8n+1

will be called the Coxeter transformation of the scheme (I, d).

Suppose that (I,,d) is symmetrizable in the sense that there are natural
numbers f,...,f,,, such that d;;, f;=f,d; for all i and j. We associate to
(I, d) the rational Tits quadratic form

n+1 n n
G(X ) pes X 1) = 2 xxzfz + Z x,-xjf,-d,fj— (Z xifidz{nH) Xpyi1-
i=1 ij=1 i=1
iz

If e,,..,e,,, is the standard basis of @"*' and B is the symmetric bilinear
form associated to g then B(e;, ;) =/,

2B(x, ¢;)
B(e;, €))

6,(x)=x—

¢;

and g(x) = q(§;(x)) for x€ Q"*' and i=1,...,n+ 1.
By an easy induction we can prove the following useful result.
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LeEMMA 3.5. If1,,d) has no oriented cycles then

18X s X 1) = (P Vi)

ifand only if y, = x,,, and

.24 Ji j+x+yt+ z dljyj dt{n+1xn+l

J=i+1
fori=1,.,n

The proof is left to the reader.
Let us denote by %,(I;) the full subcategory of Z(I.) consisting of
objects having no direct summands of the form (0, K, 0) with K+ 0.

THEOREM 3.6. Let K. be a semiperfect vector space category and
suppose that the ring R, has a Morita duality. Then

(a) The functor G has the properties (1)-(4) and the first part of (5)
in Theorem 3.4 with H, 7" (X)) and G, Z (K,.) interchanged.

(b) If Ry has the constant dimension property and (lg,,d) has no
oriented cycles then

cdn(G(4)) =38, --- §,(cdn(4))

for any indecomposable object A in %,(IK) such that the modules H(A*) and
G(A) have perfect projective covers.

Proof. (a) follows immediately from Theorem 3.4 and the definition of
G. In order to prove (b) suppose that H(A*) and G(4) have perfect
projective covers and let

cdn(d) = (S, S,0 1) CAO(G(A)) = (S| pr S}y 1),
dim H(A*) = (X, e X4 1)h dim G(A) = (x} oy X1, ).

Consider the module w*(4*) = (. P, V, h) over the ring R . = (R, TP where
h: (- K£)® ,P— .V is an F-linear map. By our assumption P is projective

of the form P= (P ® .- @ (PE)" where P} =Hom(P;,E) (see
Theorem34) Moreover h: , P — Hom, (. K%, V)_E K, ®pV 1s injective,

dim ,P = (X, X,) and VH(A*)—(V,EY t) where .Y =Cokerk and
£ EKF® V- Y is the natural epimorphism. Hence x; = j’ 1dys; +s; for

i# n + 1. Since obviously dim VH(4 *) = dim G(4) then using the same type
of arguments as above we conclude that x; =37, ,s/d};+s;fori#n+ 1.

481/92/2-18
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Consequently the equality Y=Cokerh yields s,,,=s,., and
X;+x{=dj,,,5,,, for i=1,..,n Then the required equality follows from
Lemma 3.5 and the proof is complete.

Now suppose that R is either an artinian PI-ring or an artinian schurian
ring with the constant dimension property. We define two maps

At
|mod,,(R))| ':‘*—__’ {mod,(Ry ), Ry = (R )y,

where |mod,(7)| denotes the set of isomorphism classes of modules in
mod,(T). We will call 4* and 4~ Coxeter maps of R .

Let N= (X, Vg, t: Xy ® ;K. — Vi) be a module in mod,,(R). Consider
the sequence

0— W, %P, ® K, 8y,

where v: P, — X, is the projective cover of X and W= Ker t(v ® 1). Let

W: P — Hom,(; K7, W)= e K ® (WF)

be the image of w under the composed isomorphism

Hom, (Wy. Py ® ;K ;)2 Hom,((P; ® ;K )'> W)
=~ Homg(Hom,(P,, . K%), W%)
= Homp(; K7 ® £(PE) W)
= Hom,(P;, Hom,(; K%, Wr))
where Y% = Hom,(Y,, E). Note that if f€ P% and g € (K} then
W) =1g@Sw

where [g® f]: Pr ® Kp— F is defined by the formula
[e®/1(p®Kk)=g(f(p) - k).

Now consider the module (.Y, Wi, u) where u: ;K ® (Wy)— Y is the
cokernel of w. We put

A*N=D(, Y, WE, u)

where D is the duality in the definition of G.
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The map 4~ is defined analogously.
Now suppose that N is not projective. If p: P(N)— N is the projective
cover of N then the module

N = P(N)/soc(Ker p)

is isomorphic to N’ = (P, V¢, t(v ® 1)). Indeed, by the projectivity of P(N)
there is a commutative diagram

0 > Kerp » PIN) 2> N —— 0

'
b id (w®1),id)
0 — Ker p’ —— P(N) 25 N'—— 0

and it is ealsy to see that soc(Ker p) = Ker p’, as required. Since obviously
Kerp' = (U;,;w;) with U, ,=W, and U;=0 for i#n+1 then the
cokernel of the map j:Homg (P(N), Ry)— Homg (Kerp',Ry) is iso-
morphic to the R{P-module (, Y, WL, u). On the other hand Coker j, is the
transpose module tr N.

Since we know from Proposition 2.2 and Lemma 3.2 that any right peak
ring is of the form R =R, with K = pr(4) then the above remarks together
with Proposition 3.4 yield

CoROLLARY 3.7. Let R be an artinian right peak ring which is either a
Pl-ring or has the constant dimension property. If N is an indecomposable
nonprojective module in mod.,(R) and L is an indecomposable non-sp-
injective module in mod (Ry) then

A*N=DtrN, A L=@trD(L)

where tr is the Auslander’s transpose. If, in addition, R is an artin algebra
then Ry = R and there are almost split sequences in mod,(R) of the forms

054" NoX->N-0,
0-L->Y->AL-0.

Remark (4). The Corollary 3.7 gives a useful method for calculating
almost split sequences in mod,,(R). It was already applied by Biinermann
[6] in a particular case when R is an incidence ring FI* of a partially
ordered set (see Remark 2.9). In this case the maps 4" and 4~ coincide with
the corresponding functions F and F of Drozd [8).
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DEFINITION 3.8. Let K, be a schurian artinian vector space category
such that the ring Ry has the constant dimension property. The Coxeter
scheme of K is the following infinite diagram Cox(KK,)

CER AWK T e H(KL) T (R e #(K,) 7 (k) e e

A T NA T N

. mOdw(R _ l) mOdsp(RO) mOdsp(R l)
2%, l at, J a7 J af
o *T |m0dsp(R—])| *‘r |m0dsp(R0)' — |m0dsp(Rl)| —
-2 lcdn -! lcdn o lcdn 4
_‘S, Zn+l _5> ZrHrl _—5_; /n+l __s_>
e 5-1 PRy ' s

where K, =K., Ry =Ry, K, are vector space categories for i=+1, +2,..,
R, =Ry, R;, ;= (Ry)x, H; and G, are the functors H and G taken for the
category IK,, 4; and A; are appropriate maps 4% and 47, § is the Coxeter
transformation of the value scheme (Ig,,d) and the middle vertical arrows
denote functions which assign to each module its isomorphism class.

It follows from Lemma 3.2 and the definitions of H and G that Cox(KK[)
exists and is uniquely determined by K, up to a natural equivalence.
Moreover, since any semiperfect right peak ring R has the form R = R then
any schurian right peak ring with the constant dimension property admits a
Coxeter scheme.

Remarks. (5) If K, has infinitely many pairwise nonisomorphic
indecomposable objects the Coxeter scheme of K. can be defined
analogously. In this case we replace the ring R, by an appropriate factor of
the tensor category of the species (F;, ;,K{") with an obvious commutativity
condition (see [20]).

(6) The notion of the vector space category and its Coxeter scheme
admit useful generalizations. The obvious one we get by taking instead of the
division ring F a product of division rings. In this case the corresponding
ring R, has a projective and essential right socle. A particular case of it was
considered in [14]. A more interesting generalization we get by taking for F
a hereditary artin algebra (compare [25]).

We denote by mod (R) (resp. by msp(R)) the factor category of
mod,,(R) modulo the ideal consisting of all maps which admit a
factorization through a projective (resp. sp-injective) module. The
corresponding Hom functor is denoted by Hom and Hom, respectively.
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THEOREM 3.9. Let Cox(K;) be the Coxeter scheme of a schurian
artinian vector space category W, for which R has the constant dimension
property. Then

(1) The ring R; has the constant dimension property and (I,,d"") is
isomorphic to (I, , d) for every i.

(2) If A is an indecomposable object in 7°(K,) then
AFHA)=G,S*(A) and H{A)~A; G,S*(A) provided the terms are
nonzero.

(3) The functors S*G,, H; and H,S~, G, induce two equivalences of
categories

Klf -
r_no—dsp(Ri) ? mod sp(Ri+ 1)

each inverse to the other. Moreover A N= AN and A; M =47 M for
every module N in mod,,(R;) and every M in mod (R, ).

(4) Al categories mod,(R;) have the same number of indecom-
posables.

(5) Let N and M be indecomposable modules in mod,,(R;). Then
(i) 4} N=0ifand only if N is projective. If A} N #0 then
A; A} NN and End(N)/J? = End(4] N)/J%.
(i) A4;_;N=0 if and only if N is sp-injective. If A;_ N + 0 then
A4/, 47 \N=N  and  End(N)/J*=End(d4; ,N)/J*.

(i) If (Ig,,d) has no oriented cycles, A7 N+ 0 (resp. A7 N #0)
and the modules V" 'D~'A} N, A} N (resp. V-'D~'N, 4;_,N) have perfect
projective covers then

cdn(d; N) = 8(edn(N)) and Hom, (M, N) = Hom,, (4 M, 4/ N),

(resp. cdn(d;_,N)=08(cdn(N)) and Homg (M, N) = Hom, (4, M,
A4;_;N)) provided Af M + 0 (resp. 4,_ M + 0).

Progf. Since R;, ;= (R,), then (1) follows form the remark after the
definition of G because R has the constant dimension property.

(2) follows immediately from the definition of A* and 4.

(3) Denote by ¥; (resp. by B,;) the two-sided ideal in the category
77(K;) (resp. in # (IK,)) consisting of maps having a factorization through a
direct sum of objects of the forms (F, 0, 0), (0, K;,0) and (|X|, X, id). It is
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easy to see that an indecomposable object 4 in Z7(K,) is of one of the forms
(K;|,K;,id), (F,0,0) if and only if H,(4) is nonzero projective. Then by
Theorem 3.3 H, induces an equivalence

77(K)/U;— mod ,(R,).

Next we note that an indecomposable object B in Z(I,) is of one of the
forms (F,0,0), ((K;},K;,id) if and only if H(4*) is nonzero projective in
mod,,(Ry;). Since there is a commutative diagram

(mod,,(Ry;))*” — (mod,(R?))°

[’ I
mOdti(RiVH) < mOdsp(Ri+l)

then by Proposition 2.6 H(A4*) is projective if and only if G,(4) is sp-
injective. Consequently G, induces an equivalence

Z (K;)/B;—» mod (R, ,)

which together with the equivalence 7 '(K,)/%, =~ # (K,)/®B, induced by S~
(see Lemma 3.1) proves the statements (3), (4) and (i), (ii) in (5). The
isomorphisms of appropriate endomorphism rings modulo J* in (i) and (ii)
follow from Theorems 3.3 and 3.6, and an obvious observation that if X is
an indecomposable nonprojective (resp. non-sp-injective) module then any
endomorphism of X which can be factored through a projective (resp. sp-
injective) module belongs to J* End(X).

In order to prove (iii) suppose 47 N+ 0. Then S*N+#0 and from the
definition of S+ it follows that

5,. (cdn(N))=38,, (cdn(N)) = cdn(S* N) = cdn O(S " N)*.

Thus (iii) follows from Theorem 3.6 and the theorem is proved.
From the proof of Theorem 3.9 immediately follows

CoroLLARY 3.10. Let K. be a vector space category. If Ry is an
artinian PI-ring then the statements (2), (3), (4) and (5)(i)-(ii) are true.

We finish this section by a useful characterization of schurian vector
space K-categories of finite representation type which extends the result of
Drozd [8].

THEOREM 3.11. Let K. be a schurian vector space category such that
the ring Ry is a finite-dimensional algebra over a field K. Then the value
scheme (Iy,,d) is symmetrizable and the quadratic form q associated to
(Ig, d) is weakly positive (i.e., q(x)> O for any nonzero X € Z"*' with
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nonnegative coordinates) if and only if Z () is of finite representation type.
Moreover, if q is weakly positive then:

(a) For every indecomposable module X in mod,,(R,) there is an
indecomposable projective R ~module P; such that End(X) = End(P)) = F;. If
in addition X and A* X are exact then

cdn{4* X) = d(edn(X)) and Hom(¥, X) =~ Hom(4*N, 4% X)

Jor every indecomposable module N in mod,,(R ) with 4*N +# 0.

(b) If X is an indecomposable module in mod,(R ) with End(X) = F;
then g(cdn(X)) = f;.

(c) For every indecomposable module X in mod(R,) there is an
integer j such that A¥/X is either projective or is not exact (note that in
Cox(Kz) 4F = A" for alli).

(d) Every indecomposable module in mod (R ) is uniquely determined
by its composition factors.

Proof. Suppose that #(Ky) is of finite representation type. Given
§ = (S1 s 82 S,41) € N1 we consider the algebraic variety

X, =Homg (P{'@® -+ ® P, Q%+1)

where @ is the injective envelope of the simple projective module P, ;.
There is an obvious action of the algebraic group

6,= GIQ"") X GIP @ -+ @ Pi)

on X,. Note that f, g € X, belong to the same ® qorbit if and only if the R
modules Im f and Im g are isomorphic. Since by Theorem 3.3 mod,(R ) is
of finite representation type then there is only finitely many G -orbits in X,.
Hence we conclude that dim ®, > dim X, and therefore g(s) > 0 (we take for
Ji in the form g the dimension of the division ring F,= End(P;) over the
field X).

Suppose conversely that g is weakly positive. In view of Theorems 3.3, 3.6
and 3.9 the statements (a)~(c) can be proved by applying arguments of
Drozd [8]. In particular one can show that every exact module in mod,(R )
has a perfect projective cover (compare |8, Lemma 2]). Next we conclude
from (b) that mod ,(Ry) is of finite representation type because the set of
indecomposable modules N in mod,(Ry) with g(cdn(N))=f; is finite (see
[8, Appendix|]). Furthermore, N is determined up to isomorphism by cdn(N).
Then (d) follows from the equality

i-1

xi=s,~+ Zd,’_,s], ién,
i=1
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established in the proof of Theorem 3.6, where dim N = (x,,..., x, . ,), because
without loss of generality we can suppose that N is exact and therefore N has
a perfect projective cover by a remark above. The theorem is proved.

Remark (7). In the case R is a schurian right peak PI-ring and M, s
a simple bimodule for any j=1,..,n the previous results allow us to
introduce the notion of preprojectivity and of preinjectivity in mod,,(R) in a
way similar to that in [3,21]. Criteria for mod,,(R) to be of finite type
similar to those in [3,21] can be given. In particular one can prove that
mod,(R) is of finite type if and only if the preprojective component in
mod,,(R) is finite. In this case there is no oriented cycle of irreducible maps
in mod,(R).

4. A TRIANGULAR REDUCTION

Our main purpose in this section is to describe an algorithm for the
classification of the indecomposable subspaces of schurian vector space
categories of finite type. The algorithm is obtained by combining the results
in Section 3 together with the method applied by Ringel (17, 2.5, 2.6]
(compare [13]).

Let

F M
R = F S)
(o "5

be an artinian ring with a division ring F and an F — S-bimodule . M. Then
mod(R) can be identified with the category =(.Ms) of all triples
X = (Xp, X{,t) where X} is a finite-dimensional vector space over F, X! is a
module in mod(S) and #: X' ® .M — X} is a homomorphism of S-modules.
The map adjoint to ¢ is denoted by

t: X} —» Homg (. Mg, XY).

The category K* =Homg(.Mg, mod(S)) together with the embedding
functor |—|: K® - Mod(F) will be denoted by K} (see [17]).

Suppose that K = K® has finitely many pairwise nonisomorphic indecom-
posable objects and that Im [—| € mod(F). If R is either an artinian PI-ring
or is schurian with the constant dimension property we define the functor

G, : mod(R) -~ mod,((Ry)s)
as the composition of two functors
mod(R) —*» 7 (i) —% mod,,((Ry)+)

where K, = KX and @(X) = (X}, Homg(, My, X}), t) see [17,2.5]).
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If KR has infinitely many nonisomorphic indecomposable objects the
functor G, can be defined analogously. In this case we replace mod,,((R y)x)
by the category of socle projective representations of an appropriate species
with a commutativity condition (see [20] and Section 6A).

Note that there is an obvious embedding of mod(S) into mod(R). We
denote by [mod(S)] the two-sided ideal in mod(R) consisting of those R-
homomorphisms that admit a factorization through an S-module. The factor
category of mod(R) modulo the ideal [mod(S)] is denoted by
mod(R )/[mod(S)]. Finally, we denote by M3 the full subcategory of mod(R)
consisting of modules having no direct summands in mod(S).

We have the following reduction theorem which generalizes (17, 2.5, 2.6]
and (23, Proposition 2.2].

THEOREM 4.1. (1) The functor G . is full, dense and induces a represen-
tation equivalence

GI+ : g‘ng - mOdsp((R\K)*)
as well as an equivalence of categories
mod(R)/[mod(S)] = mod , (R )x).

(2) # mod(R)=# mod(S) + # mod,(R) where # means the number
of indecomposable modules.

(3) If X and Y are indecomposable modules in My then the map
fi X > Y is irreducible in mod(R) if and only if G (f) is irreducible.

(4) Suppose f":X{-Y{ is irreducible in mod(S). If
Homy (Mg, X{)=0 then (0,f"):(0,X{,0)- (0,Y¢,0) is irreducible in
mod(R). If Homyg(M ,X{)#0 and Homy(Mg,Y{)=0 then (0,f"):
(Homg(, Mg, X2), X¢,id) - (0, Y{,0) is irreducible in mod(R).

Proof. (1) Tt follows from Theorems 3.3 and 3.6 that G_(f)=0 if f
belongs to ([mod(S)]. Conversely, suppose [f=(f".f"}: (X}, X, 0)—
(Y;,Y¢,u) is a map in mod(R) such that G, (f)=0. Without loss of
generality we can suppose that X and Y are indecomposable and ¢+ 0,
u + 0. It follows from Theorems 3.3 and 3.6 that /' = 0. Since the diagram

X — Homg(, My, X!)
ol
Y} — Homg(- My, Y¥)

is commutative then f has a facturization X — (0, Y{, 0) » Y, as we required.
Since obviously G, is full and dense then it induces the equivalence required
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in (1). Now in order to prove that G, is a representation equivalence it is
enough to show that the residue functor M5 — mod(R)/[mod(S)] reflects
isomorphisms. For this purpose suppose f: X — Y is an isomorphism modulo
[mod(S)] where X and Y are in M3. Then there is an R-homomorphism
g: Y- X such that 1 — gf and 1 — fg have a factorization through S-modules.
It follows that 1 — gf'€ J(End(X)), 1 —fg € J(End(Y)) [19, Lemma 1.1] and
hence gf and fg are invertible. Consequently f'is an isomorphism, as required.

(3) It follows from (1) that the kernel of the surjection
Hom,(X, Y) » Hom(G , (X), G, (¥))
induced by G, is contained in J*(X, Y). Hence there is an isomorphism
Hom,(X, Y)/J*(X, Y) = Hom(G , (X), G , (Y))/J*(G ,(X), G, (Y))

and (3) follows.

Since (2) is a consequence of (1), the first part of (4) is proved in |17, 2.6|
and the second one can be easily verified using the definition of the
irreducible map, then the theorem is proved.

Now suppose that R is an artinian right peak ring. It follows that S is a
right peak ring and soc(My) is projective. Note also that an R-module
X = (X;, X¢,t) has a projective socle if and only if X¢ has a projective socle
and f is injective.

Let KR be the category K* =Homg(M;, mod(S)) together with the
embedding functor |—|:[K® > Mod(F). Suppose that K =KX has finitely
many pairwise nonisomorphic indecomposable objects and that
Im |—| < mod(F). If Ry is either an artinian Pl-ring or is schurian with the
constant dimension property we define the functor

G+ ' modsp(R) - mOdsp((R\R)*)

as the composition of two functors
mod,,(R) 2 # (K,) =5 mod ,(Rg)s)

where K,=K® and @'(X)= &(X). Finally, we denote by M3 the full
subcategory of M3 consisting of socle projective modules.

Using the same type of arguments as in the proof of Theorem 4.1 we can
prove the following result.

THEOREM 4.2. (1) The functor G + is full and induces a representation
equivalence

G, M3 - mod ,(Ri)x)
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as well as an equivalence of categories
mod,,(R)/[mod,,(S)] = mod ;,(Rz)y)

where K, =RK® and mod_,((Rg)x) denotes the full subcategory of
mod ((Ry)y) consisting of modules having no injective summand.

(2) #mod,,(R) =# mod,,(S) + # mod,(R) — 1.

(3) If X and Y are indecomposable modules in M5 then the map
S: X - Y is irreducible in mod,(R) if and only if G (f') is irreducible.

(4) Let f":X¢—-Y{ be an irreducible map in mod(S). If
Hom (M, X{)=0 then (0,f"):(0,X%,0)- (0, YZ,0) is irreducible in
mod,,(R). If HomyM;, X5)#0 and Homy(Mg,Y{)=0 then
0,f"): (Homg(z Mg, X¢), X¢,1id) = (0, Y¢, 0) is irreducible in mod,(R).

As an immediate consequence of Theorem 4.1 and Remark 2.9 we get

COROLLARY 4.3.  If the ring R in Theorem 4.1 is such that the right peak
ring Ry with K, = KR is isomorphic to the incidence ring FI* of some finite
partially ordered set I* then G, induces a commutative diagram

I
mod(R)——&——> I—sp
X 4(‘;+
mod(R)/[mod(S})]
where 7 is the residue class functor and G + is an equivalence of categories.

Now we consider an artinian ring A4 of the form

LS N,
a=(4y %)

where F is a division ring and ¢N,. is an § — F-bimodule such that dim N, is
finite. Then we have a vector space category

Tr=mod(S)® (N,
and we define a functor
H, : mod(4) - mod,,(Ry), Te=T48,
as the composition of two functors
mod(A) -5 77 (T#) 2 mod,,(R+)

where W(X,, X2, X' ® (Np—> X)) = (X, X' ® (N, ).
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Using the same type of arguments as in the proof of Theorem 4.1 one can
prove the following

THEOREM 4.1'. The functor H  is full, dense and there is a commutative
diagram

mod(4) ——— mod,,(R )

o

mod(4)/[mod(S)]

where m is the residue class functor and H . Is an equivalence of categories.
The statement (2)}-(4) in Theorem4.1 with R, K, G and A, T, H
interchanged are also true.

The reduction procedure given by one of the functors G,, G, and H,
will be called a triangular reduction.

DEFINITION. A right peak ring R is called sp-representation finite if
mod_,(R) is of finite representation type.

THEOREM 4.4. Let R be a basic nonsemisimple schurian right peak PI-
ring. The following conditions are equivalent:

(a) R is sp-representation finite,
(b) R is artinian and there is a ring isomorphism

G M
R ¢ 5)
(o “s

where S is sp-representation finite right peak Pl-ring, G is a division ring
and R with K; = KX is sp-representation finite schurian PI-ring.

(c) There are sp-representation finite schurian right peak Pl-rings S,
R’ and a proper ring epimorphism R — S such that

mod,,(R)/[mod,(§)] =~ mod (R’).

(d) There are a sequence 0=, = A, < --- < A, = mod,(R) of full
subcategories of mod,,(R), division Pl-rings G;, G} and G,— G|-bimodules
N with (dimg, NV)dim N{) < 3 such that

G, N© )

Qli/[mi-llgm()ds_p (0 G’

i=1,.,m.
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Progf. First we will prove by induction on r=# mod (R) that (a)
implies (b) as well as the following condition:

(e(R)) End(X) is a division Pl-ring for every indecomposable module X
in mod,(R).

Since r is finite then any bimodule ;M , in the matrix presentation of R
in Proposition 2.2 is simple (see [7]). Moreover, since ¢, , is injective for
all i and j then dim.(;M;) and dim(;M;), are finite and therefore R is
artinian. Now we conclude from Proposition 2.3 that R has the form
required in (b) and # mod,(S) <r. By the inductive assumption (e(S))
holds and therefore the category KX is schurian. Note also that the
dimension of Homg(;M, Y) over G is finite for any indecomposable
module Yy in mod,(S) because otherwise one can construct infinitely many
pairwise nonisomorphic indecomposable modules in mod,,(R) of the form
(G, Homg(; Mg, Yg),u,), t=1,2,... Then we are in the position of
Theorem 4.2 and therefore # mod,,(Rg) < r provided S is not a division ring.
Thus (e(Ry)) holds and hence (b) and (e(R)) follow from Theorem 4.2. If §
is a division ring then (b) and e(R)) follow from [7].

The implication (a)=> (d) can be proved similarly. Since (b) = (c) follows
from Theorem 4.2 and each of the conditions (b)-(d) implies (a) the theorem
is proved.

COROLLARY 4.5. Let R be a schurian artinian PIl-ring with soc(Ry)
projective. Then R is of finite representation type if and only if

~ G GMS)
R=<0 S

where G is a division ring, S is of finite representation type, soc(Sg) is
projective and the ring R with K, = KX is schurian and sp-representation
finite PI-ring. In particular, mod(R) is schurian when R is of finite represen-
tation type.

Proof. Use Theorem4.1 and apply arguments in the proof of
Theorem 4.4.

Note that Theorems 3.11 and 4.4 describe two different algorithms for
solving schurian vector space Pl-categories of finite representation type and
for calculating their indecomposable subspaces. It follows from Theorem 4.4
that if (K[ is of finite type then functors H and G , allow us to reduce in a
finite number of steps the classification of indecomposables in Z (IK;) to the
well-known classification of indecomposable modules over hereditary PI-

rings of the form
G Ng
(o %)

481/92/2-19
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where G and F are division Pl-rings and (dim;N)(dim N..) < 3. Note also
that Theorems 4.1 and 4.4 describe a constructive method for the
classification of indecomposable modules over a large class of triangulated
Pl-rings of finite representation type including schurian factors of hereditary
Pl-rings. The method is illustrated by Corollary 4.5.

We finish this section by giving useful criteria for K} to be a vector space
category.

LEmMA 4.6. Let R be an artinian ring of the form

_(F pMs)
R‘(o S

where S is a ring of finite representation type and let Kf=
Hom(, My, mod(S)). Then the ring Ry with K =IK} is left artinian. R is
an artinian right peak ring if and only if the dimension of the right vector
space Homg (Mg, X) over F is finite for any indecomposable module X ¢ in
mod(S).

Proof. Since S is of finite representation type then End (X) is an artinian
ring for any module X in mod(S) and the left End(X)-module Homg(Y, X) is
artinian for any X and Y in mod(S) (see |21, Sect. 2]). It follows that the
ring £ is artinian and the left E-module K (in the notation of Section 3) is
artinian. Hence R, is left artinian and the required equivalence easily
follows.

LeEmMMA 4.7. Suppose F is a division Pl-ring, S is an artinian PI-ring
and Mg is an F — S-bimodule such that M and Mg are both finitely
generated. Then dim Homg(-My, Xg)p is finite for any X in mod(S) and
K, = Homg(. Mg, mod(S)) is a vector space category. If, in addition, S is of
[inite representation type then the right peak ring R is artinian.

Proof. The second part follows from the first one and Lemma 4.6. The
first part will be proved by induction on m where J(S)"=0 and
J(S)" 1 #0.

If m=1 then S is a semisimple Pl-ring and the lemma follows from
[7, Proposition 1.3]. If m > 2 then we consider the exact sequence of F — §-
bimodules

0 — MJ(S)™"' > M - M/MJ(S)"~' - 0.

Since S is a Pl-ring then the minimal injective cogenerator in Mod(S) is
finitely generated [18] and therefore it is enough to prove the lemma for X
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finitely generated and injective. Given such module X we consider the
induced exact sequence of right F-vector spaces

0 - Homg(, M/MJ(S)™ ', X) > Homg(, M, X) » Homg(, MJ(S)" ™", X) - 0.

The dimensions of the left- and of the right-hand terms in the sequence are
finite by the inductive assumption. Hence also dim Homg(-M, X); is finite
and the proof is complete.

5. A DIFFERENTIATION

We show in this section how the differentiation algorithm defined for ¢-
hereditary 1-Gorenstein rings in [4] can be extended to right peak rings. The
extended algorithm can be successfully applied in the investigation of
arbitrary vector space categories.

Let R be a basic right peak ring. We keep the notation of Section 2.

DEFINITION 5.1 (compare [4]). An indecomposable projective right R-
module P, is called smooth if F, is a division ring, dim,(M,, )=
dim(;M,, ), =1, there is no j#s, n+ 1 in I with (M;+#0, ;M, , #0,
Csjnt1 # 0, every nonzero map c,,, ., is surjective, the right peak ring

T=End( ® Pj) with s7={j E Ly, M, %0}

jelg\sV

has up to isomorphisms only finitely many indecomposable modules
L,,...,L,in mod,(T) and

I=End(L,® - ®L,)

is an artinian ring with the left Morita duality.

Note that I' is a right peak ring. If T has a Morita duality then I is also a
left peak ring.

If P, is smooth then R has the form

S M
R~ N T
*(o 7

where § = End(®;¢,v P;) is a right peak ring and

sMT‘_‘HomR< ® P, @ Pj)'

felx\sV jes¥
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Following [4] we consider the commutative diagram

(mod,,(I"°?))°° —2— mod,(I") —— mod,(T,)

k |

mOdsp(T) . > ‘j/sp(Ts)

where I'" is the ring Morita dual to I', T, is such that T5V=I“ . y is the
Yoneda embedding given by y(L)=Hom (L,L, ® --- @ L,) and 7, (T) is
the category of sp-injective modules in mod,(7,). It follows from

Proposition 2.6 that 7 is an equivalence of categories. The right peak ring

' § fNTS
8=y 7")

s

with § = End(®,,v\; P;) and sN7, = 1(Homg (@)1, v Pj» Diesvys) P)) is
called the differential of R with respect to P,.
Following [4] we define the functor

&, : mod,(R)— mod,,(R])

as follows. Let SMsz t(¢M;). According to Proposition 2.4 any module X
in mod,,(R) can be identified with a triple (Xg, X7,t) where Xg is and S-
module, X7 is a module in mod, (7)) and

1: Xg—» Hom (M, X7) = Homrs(sMTSo T(X7))
is an S-monomorphism. Then the F -linear map
t,: X; - Hom, (M, , 1(X7)) = soc(z(X}))

is injective and similarly as in [4] one can find a submodule Y, of 7(X7
such that soc(YT_r)zlm t,. A simple analysis shows that there is a fac-
torization

Xs—1 Hom, (sN;, 7(X7))
HomTS(S_N T, YTS)

where X% is the image of X, wunder the restriction functor
mod,(S) - mod,,(S). We put @(X)= (X§, Yy, 7). We define @, on maps
in a natural way. If we denote by mod;,(R) the full subcategory of mod,(R)
consisting of modules having no direct summands Y with ¥, =0 then using
the same type of arguments as in [4] one can prove
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THEOREM 5.2. If R is a right peak ring and P, is a smooth indecom-
posable projective right R-module then R; is a right peak ring and @,
induces an equivalence of categories

mod,,(R)/[mod,(T)] = mod,(R})
as well as a representation equivalence
@;: mod;,(R)— mod,(R;).

We note that in contrast to the Nazarova—Rojter differentiation and to the
differentiation of ¢-hereditary 1-Gorenstein rings in [4] our differentiation of
right peak rings requires no restriction for the width of I, \s" and for the ring
R. The only condition we need is that P is smooth. Unfortunately, we do not
know how to define a differentiation with respect to a non-smooth projective
inR.

It would be useful to have a differentiation with respect to a pair of points
for right peak rings analogous to that one of Zavadskij [26]. It could be
successfully used in the study of schurian vector space categories of tame

type.

Remark 5.3. The assumption that the ring T in the differentiation
procedure is sp-representation finite is not essential. If T is not sp-
representation finite then we define I' as the ring (without unity) of the
category mod,(7) and we easily modify the definition of R}.

6. FINAL REMARKS

A. The results of this paper can be successfully applied in the
investigation of tame algebras in a way similar to that in {17]. Since in this
case vector space categories with infinitely many indecomposable objects
appear rather frequently we show for the convenience of the reader how the
results of this paper can be extended to this more general case.

Let K, be an arbitrary vector space category. Suppose K, { € I, is a set of
representatives of indecomposable objects in K, F,=End(K;) and
K;=WK(K;,K;) for i,j€ 1. Suppose also that F; are local rings for all i.
Denote by I* the set I enlarged by an element m and put F,=F,
1K= |K;lp for i€ L Consider the species .#x=(F,, K)); e, With the
commutativity condition ¢ = (c,;, ) defined by the formula in the definition of
Ry in Section 3 (see [20]). Following {20] we denote by 2(#;,c) the
category of finitely generated representations of .#, satisfying the
commutativity condition ¢ and by 2, (#, ¢) the full subcategory of +(.#, ¢)
consisting of representations with finitely generated projective and essential
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socle. It is easy that (X;, ;9,); jc, is an object in ».,(#;, c) if and only if
dim(X, ) is finite and the Flinear map ,@;:X;— Hom, (;K,,X,) is
injective for all ;€ 1. If I is finite then there is an equivalence of categories
25p(#i, €) = mod,(Ry). Similarly as in Section 3 one can define functors

H: 7 V(Ml“) - /‘sp(/frm C), G: ?/(IKF) - 4’51)((/[%)* E c*)

and one can extend Theorems 3.3, 3.6 and 3.9 to this more general situation.
A counterpart of Theorems 4.2 and 5.2 is also true. The details are left to the
reader.

B. By a generalized vector space category (or a vector space
category over several division rings) we mean an additive category K
together with a faithful additive functor |—|: K -» mod(F) where F is a finite
product of division rings. The categories # (K,,) and 7 '(K,.) are defined in a
natural way. It is an easy observation that most of the results of this paper
also remain true for generalized vector space categories if we replace right
peak rings by semiperfect rings with essential and projective right socle. Note
that a corresponding generalized triangular reduction derived from
Theorem 4.2 (with a finite product of division rings instead of G) allows us
to shorten the reduction procedure. For example, we consider the ring

F 0 F F
F F F
R =
G F
O
F

where G < F are division rings with dim F; =dim F = 2. The generalized
triangular reduction reduces in one step the classification of indecomposable
modules in mod,(R) to the one in

G F
mod,, < 0 F) and in mod,,

o o M
S M
O M

over hereditary rings, whereas the usual reduction is longer.

It is easy to see that a differentiation algorithm analogous to that in
Section 5 can also be defined for semiperfect rings with essential and
projective right socle and can be applied in the investigation of generalized
vector space categories. The algorithm was already applied in [14] in the
study of socle projective modules over hereditary algebras.

It would be interesting to have a diagrammatic characterization of
representation finite generalized vector space categories similar to that
announced in {11].
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C. Our interpretation of % (IK;) in terms of mod,(R) allows us to
apply the covering technique [10] to the non-schurian vector space
categories of finite type and connect them with the schurian ones. We will
discuss the problem elsewhere.

D. By a slight generalization of the results in [22, Sect. 2] we get a
useful Kleisli category interpretation of the factor space category 7 (K,).

Note added in proof. In this note we want to formulate some useful consequences of the
results of the paper which are often used in applications of vector space categories.

7.1. It is useful to consider the glrx)nctor H*: #(K,)- (mod ,(Ry.))*" which is the
composed functor 7/ (IK,) AN (KE)oP fubits (mod,,(Ry.))°". The functor H* is full, dense and
Ker H* = |(0, K, 0),...., (0, K, 0} |.

7.2. Suppose that ¥, is of the poset type, i.e.. I, is schurian and dim|K,|, = 1.
dim,, |K;|=1 for i= 1., n Then [=1,, —{n+ 1} is a poset. Ry =F/*. mod,,(Ry)=
mod,,((Ry)y) = I-sp, and mod,,(Ry.) = ["-sp (see Remark 2.9). If

H:7 (Kp)» I-sp,  G:#(K)»Lsp,  H*:#(K,)~I"sp

are the compositions of H, G, H* with the corresponding equivalences above then [22] yields
the following result. Given an indecomposable object C= (Up, X, ¢), X=K'@ --- ®K}",
such that H(C)= (M, M,), G(C)=(L,L,), H*(C)= (N, N,) are nonzero then M=L = U,
N=U}, and

My=1m( @ |K5L, 5 X1 U) L =Ker((Up =5 1X] 7 @ [KY).
i<y izj
. u; @
Ny=1m( @ K375 X7 Ug)

iz

sj:dim(Mj/X M,.) :dim( N L,/L,) :dim(N,/‘\_‘ N,-> :
¥ F Fop

i<j i>j i

where u; and 7; are the natural embeddings and projections, respectively.

7.3. In the situation of Section 4 the functor
H* = H*®: mod(R) - (mod,(Ry.))°"

is full, dense and Ker H* = [mod(S)]. H* is very useful in studying modules over arbitrary
artinian rings R.

7.4. In view of 7.2 Corollary 4.3 can be completed as follows. Let I:I*j: mod(R) —
I°"-sp be the composition of H* with the corresponding equivalence in 7.2 and let Z=
(U, Ys,¢) be an indecomposable right module over R=(} %) with U.#0 and
Y= L@ --- @L;" where L ..., L, are pairwise nonisomorphic indecomposable modules in
mod(S). We put K,;=Homy(,My,L;) and I={l,.,n}. If G'(Z)=M' M), H*(Z) =
(N,N;)then M' =U,, N=U} and

5= dim( N M) = dim(N,/ SN
F rop

i>j i>j
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For a discussion of these results and covering type results for vector space categories we
refer to the author’s note, A module-theoretical approach to vector space categories
(“Proceedings, Conference on Abelian Groups and Modules, Udine, 1984, Springer-Verlag,
Vienna).

Let us also mention that in the author’s note Representations of partially ordered sets,
vector space categories and socle projective modules (Paderborn, 1983, pp. 1-141),
F-moduled categories I, over an arbitrary ring F are studied as well as corresponding
categories #/(K,) and 7 '(K,) are developed. Most of the results of this paper can be
generalized to the case of moduled categories. This allows us to get a generalization of
Zavadskij’s [26] differentiation with respect to a pair of points for right peak rings and to
obtain its functorial interpretation (see the author’s note, On vector space categories and
differentiations of right peak rings, in “Proceedings, International Conference on Represen-
tations of Algebras IV, Ottawa, Carleton University, August 1984”),
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