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Abstract

Let tp(Z) be the first exit time of iterated Brownian motion from a domain D C R”" started at z € D and
let P;[tp(Z) > t] be its distribution. In this paper we establish the exact asymptotics of P;[tp(Z) > t]
over bounded domains as an extension of the result in [R.D. DeBlassie, Iterated Brownian motion in an
open set, Ann. Appl. Probab. 14 (3) (2004) 1529-1558], for z € D:

3
P[tp(Z) > t] ~ 172 exp (—En2/3)%/3t1/3> , ast — oo.

We also study asymptotics of the life time of Brownian-time Brownian motion (BTBM), Z ll =z4+XXY @),
where X; and Y; are independent one-dimensional Brownian motions.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction and statement of main results

Properties of iterated Brownian motion (IBM) analogous to the properties of Brownian motion
have been studied extensively by several authors [1-3,6-8,11,13,16,18,22,24]. Several other
iterated processes including Brownian-time Brownian motion (BTBM) have also been studied [1,
2,19]. One of the main differences between these iterated processes and Brownian motion is that
they are not Markov processes. However, these processes have connections with the parabolic
operator %AZ — %, as described in [2,13].
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To define the iterated Brownian motion Z; started at z € R, let X ,+ , X; and Y; be three
independent one-dimensional Brownian motions, all started at 0. Two-sided Brownian motion is
defined by

¥ {Xjr t>0
t= —
X(,,), t <O.

Then the iterated Brownian motion started at z € R is
Z;=z+X(Yy), t=0.

In R”", one requires X* to be independent n-dimensional Brownian motions. This is the
version of the iterated Brownian motion due to Burdzy; see [6].

In what follows, we will write f =~ g and f < g to mean that, for some positive C1 and C»,
C1 < f/g < Crand f < Cg, respectively. We will also write f(t) ~ g(¢), ast — oo, to mean
that f(t)/g(t) —> 1,ast — oo.

Let 7p be the first exit time of Brownian motion from a domain D C R”. The large time
behavior of P,[tp > t] has been studied for several types of domains, including general cones
[5,12], parabola-shaped domains [4,21], twisted domains [14] and bounded domains [23]. Our
aim in this article is to do the same for the exit time of IBM over bounded domains in R" and for
the exit times of BTBM over several domains in R".

In particular, the large time asymptotics of the lifetime of Brownian motion in general cones
have been studied by several people including Burkholder [9], DeBlassie [12] and Bafiuelos and
Smits [5]. Let D be an open cone with vertex 0 such that $"~! N D is regular for the Laplace-
Beltrami operator L g.—1 on the sphere §"=1. Then, for some p(D) > 0 (see [12] and [5]),

Pitp > t] ~ C(x)t PP ast — oo.

Now let D C R". Let tp(Z) = inf{t > 0: Z; & D} be the first exit time of Z; from D. When
D is a generalized cone, using the results of Bafiuelos and Smits, DeBlassie [13] obtained, for
ze D,ast — 00,

P p(D) <1
P.[tp(Z) > t]~ {1 'Int, p(D) =1
t—(p(D)+1)/2’ p(D) > 1.

For parabola-shaped domains, the study of exit time asymptotics for Brownian motion was
initiated by Bafiuelos, DeBlassie and Smits [4] to answer the question: Are there domains in
R" for which the distribution of the exit time is sub-exponential? They showed that, for the
parabola P = {(x,y) : x > 0, |y| < A/x}, A > 0, there exist positive constants A; and A
such that, for z € P,

—A; < 1itminff% log P;[tp > t] < limsupf% log P;[tp > t] < —A».
0 t—00

Subsequently, Lifshits and Shi [21] found that the above limit exists for parabola-shaped domains
P, ={(x,Y) e Rx R*1:x >0, Y| < Ax*},0 < o < 1 and A > 0, in any dimension, for
Z € Py,

l—a

lim t7<m) log P,[ty > t] = —I, (1.1)

t—00
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where
2 2 (1= ﬁ
I 1+o ”J(r{(i3)/2 r (2_"‘0!) 12
- o A22Be+D/e((1 — a) for) 1=/ I (L) (12)
2a

Here j(,—3),2 denotes the smallest positive zero of the Bessel function J,—3)/2 and I" is the
Gamma function.

Using the results for Brownian motion in parabola-shaped domains we established in [22]
with [ given by (1.2), for z € P,,

1-a
i == (222 (122) a2 6)

For many bounded domains D C R”, the asymptotics of P,[tp > t] are well-known (see
[23] for a more precise statement of this). For z € D,

—0o0

lim &' P[tp > 1] = W(Z)/ v (y)dy, (1.3)
D

where Ap is the first eigenvalue of %A with Dirichlet boundary conditions and ¢ is its
corresponding eigenfunction.

In [13], DeBlassie proved in the case of iterated Brownian motion in bounded domains for
z€D,

lim P log P.[tp(Z) > t] = — §n2/3)%/3. (1.4)
1—00 2

The limits (1.3) and (1.4) are very different, in that the latter involves taking the logarithm
which may kill many unwanted terms in the exponential. It is then natural to ask if it is possible
to obtain an analogue of (1.3) for IBM. That is, to remove the log in (1.4). In this paper we prove
the following theorem.

Theorem 1.1. Let D C R" be the bounded domain for which (1.3) holds pointwise and let A p
and r be as above. Then, for z € D,

3
2C(z) < liminfr= "2 exp <—n2/3)%/3t1/3) P.[tp(Z) > t]
t—00 2

3
< limsups "2 exp <§n2/3AZD/3t1/3) P.ltn(Z) > t] < nC(2),

t—00
where C(2) = Ap/21/3(¥(2) [}, ¥ (y)dy)*

We also obtain a version of the above Theorem 1.1 for another closely related process,
the so called Brownian-time Brownian motion (BTBM). To define this, let X, and Y, be
two independent one-dimensional Brownian motions, all started at 0. BTBM is defined to be
le = x + X(|Y;|). Properties of this process and its connections to PDEs have been studied
in [1,2] and [19]. Analogous to Theorem 1.1, we have the following result for this process.
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Theorem 1.2. Let D C R", Ap and v be as in the statement of Theorem 1.1. Let tp(Z') be the
first exit time of BTBM from D. Then, for z € D,

t—00

3
lim ~'/®exp <§2_2/3712/3)%/3t1/3> Pltp(ZY) > 11 = Cap)¥ (2) /D ¥ (y)dy,

where C(Ap) = n_1/6213/63_1/2A10/3. This limit is uniform on compact subsets of D.
Notice that the limits in Theorems 1.1 and 1.2 are different, even at the exponential level.
We obtain the following inequality between distributions of 7p(Z) and tp(Z by,

Theorem 1.3. Let D C R". Then, forall z € D and all t > 0,
Pltp(Z) > 1] < 2Po[tp(Z") > 1.

Remark 1.1. Notice that, from the theorems proved in this paper, the reverse inequality in
Theorem 1.3 cannot hold for all large ¢, in the case of domains D C R” considered (i.e. bounded
domains with regular boundary, parabola-shaped domains, twisted domains).

The paper is organized as follows. In Section 2 we give some preliminary lemmas to be used
in the proof of the main results. Theorem 1.1 is proved in Section 3. Section 4 is devoted to prove
Theorem 1.2 and some other results on the exit time asymptotics of BTBM over several domains.
In Section 5, we compare the exit time distributions of IBM and BTBM. In Section 6, we prove
several asymptotic results to be used in the proof of the main results.

2. Preliminaries

In this section we state some preliminary facts that will be used in the proof of the main
results.

The main fact is the following Tauberian theorem ([15, Laplace transform method,1958,
Chapter 4]). Laporte [20] also studied this type of integral. Let # and f be continuous functions
on R. Suppose that f is non-positive and has a global max at xg, f'(xo) = 0, f”(x9) < 0 and
h(xg) # 0 and ffoooh(x)exp(kf(x)) < oo forall A > 0. Then, as A — o0,

/OOO h(x) exp(Af (x))dx ~ h(xo) exp(Af (x0)), %- 2.1

It can easily be seen from the Laplace transform method that, as A — oo,

00 2437
/ exp(—A(x + x72))dx ~ exp(—3227%/3) TR (2.2)
0

Similarly, as t — oo,

/Ooexp (—a—; — bu) du ~ \/gzz/%‘/%z/%l/ﬁ exp(=3a'3p?327234173) (2.3)
0 u

This follows from Eq. (2.2) and after making the change of variables u = (atb=H1/ 3.
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Finally, we obtain, as t — oo,

o t
/ u exp <—“—2 - bu) du ~2 /%alﬂb—ltlﬂ exp(—3a'/3p?/327213:1/3), (2.4)
0 u

3. Iterated Brownian motion in bounded domains

If D C R" is an open set, write
t5(z) =inf{r > 0: X +z ¢ D},
and if / C R is an open interval, write
ny=n{)=inf{t >0:Y, & 1I}.

Recall that 7 (Z) stands for the first exit time of iterated Brownian motion from D. As in
DeBlassie [13, Section 3], we have by the continuity of the paths for Z, = z + X (¥;), if f
is the probability density of ‘Cl:)t (2),

o0 o
P.lep(Z) > 1] = / f Polny > 11f @) f ()dvdu. G.D)
0o Jo
The proof of Theorem 1.1. The following is well known:
4 1 2n + 1)2x? n + Dru
Pyln— tl=— ————t ) sin ——, 3.2
ol > 1] nr;)Zn—i—leXp( 2(u 4 v)? )sm u+v ©2)
(see [17, pp. 340-342)).
Let € > 0. From Lemma 6.1, choose M > 0 so large that
4 _zx 4 _zx
(1 —-e)—e 2 sinmx < Py[nop,1) >t] <(1+e€)—e 2 sinmx, (3.3)
bid b

for t > M, uniformly x € (0, 1). Letting 0 < § < 1/2, from the Jordan inequality for the sine
function in the interval (0, /2],

2x <sinmx <mx, x € (0,35]. (3.4)

For a bounded domain with a regular boundary, it is well known (see [23, pp. 121-127]) that
there exists an increasing sequence of eigenvalues, A; < Ay < A3---, and eigenfunctions ¥
corresponding to Ay such that,

Ptp <t]= ZeXP(—kkI)Iﬁk(Z) /D Vi (y)dy. (3.5)
k=1
From the arguments in [13, Lemma A.4],
d o0
f@) = EPZ[TD <itf]l= ];)\k exp(—Ax?) Y (2) /D Vi (y)dy. (3.6)

Finally, choose K > 0 so large that
A)(1 —€)exp(=Apu) < f(u) < A(2)(1 + €) exp(—Apu)
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for all u > K, where
A(2) =M¢1(Z)/Dlﬁ1(y)dy =M)1ﬁ(z)/Dlﬁ(y)dy~

We further assume that ¢ is so large that K < §/t/M. Define A for§ < 1/2, K > 0and M > 0

as
t 1-38 t

A={(u,v): K<u<é,/—, USV=,/——Ug.
M S M

On the set A, since § < 1/2, we have v > (é

By Egs. (3.3) and (3.4), P;[tp(Z) > t] = P[’l(—r[—,(z),rg(z)) > t]is

NG 2
> C! SR — —Ap(u + v))dvdu,
/ fl s @t v) exp ( IO v)2> exp(—Ap(u + v))dvdu

where C! = Cl(z) = 4(4/m)A(2)*(1 — €)3. Changing the variables x = u + v,z = u, the
integral is

St/M pJt/M z nzt
=c! [ / —exp <——2> exp(—Apx)dxdz,
7/8 X 2x

and, reversing the order of integration,

z n’t
=cC! / / —exp( )exp( Apx)dzdx
K/3

2
t
_ c1/2// Lexp (-7277) exp(—Apx)(82x% — K2)dx
K/é

Ll

+_

X
o Ji/M 72t
> §°C /2/ xexp| —= Jexp(—Apx)dx — I,
K/8 2)(2
where
1 ) 1 72t
1 =(C"/2)K —exp exp(—Apx)dx.
0 X 2 2

From the Laplace transform method, Eq. (2.1), there exists Co > 0 such that, as t — oo,
3
I~ C()t_l/6 exp (—Enz/ﬁ?frm) . 3.7

From Eq. (2.4), as t — oo,

© 72t [ (72
- —Apx)dx ~ 2 /—( —
/0 xexp( 2xz>exp( DX) 3 ( > )
Now, for some ¢; > 0,

K/8 72t
/(; X exp (—ﬁ—kpx) dx

172 3
)LBIII/Z exp <—§7r2/3ké/3t1/3) ‘

(3.8)
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252 2K2 K/a .
< T/ / xexp(—Apx)dx <e 1,
0

and
00 2 o0
t
/ X exp (—Lz) exp(—Apx)dx < / x exp(—Apx)dx
JiTM 2x N
= (V1/MA' +ApD) exp(—Apy/1/M).
Now, from Egs. (3.7)—(3.10), we get
3
liminfr~1/2 exp (2 2/3x§)/3z‘/3> P.ltp(Z) > 1]

t—00

172

2
> az(cl/z)z\/g (%) gl

For the upper bound for P[tp(Z) > t] from Eq. (3.10) in [13],

o0 o0 t
Pin@ =2 [ r. [n«m - +v2)]f(u)f(v)dvdu.

We define the following sets that make up the domain of integration:

Ar={w,v):v=>u>0,u+v=>.t/M},
Ay ={(u,v):u>0,v>K,u<v,u+v=<.t/M}
A3 ={(u,v):0<u<v <K}

Over the set A| we have, for some ¢ > 0,

/Al Pﬁ |:’7(0,1) W} f @) f(v)dvdu
< // f () f(v)dvdu < exp(—cy/1/M).
Ay

The Eq. (3.13) follows from the distribution of 7p from Lemma 2.1 in [22].
Since on A3, t/(u + v)2 > M,

./.[ “*” |:77(0 n = (u _i )2:| f(u)f(v)dvdu
7t
/ / ( 20u + )2) f @) f(v)dvdu.
2
< eXP< 8K2> / / f @) f()dvdu < exp ( 8Kt2) _

Let C; = Cy(z) = 2m(4/m)A(2)*>(1 + €)3. For the integral over A, we get,
t
P_u_ > — u) f(v)dvdu
//A2 e [’7(0,1) (u+v)2}f( ) f ()

K TTM—u 72t
<C ——— dvd
< 1/0 /K f(u)CXP< 3t )2 DU) vdu

911

3.9

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)
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1/2/1]M iM—-u T2t
C e — - A dvd
+ 1/K /M . Xp( a2 D(u+v)> vdu

=I1+1I (3.15)

Changing variables u +v =z, u = w,

M —
I_/ / exp( Yt )z)f(u)exp(—)»Dv)dvdu

2
/ / exp ( t> f(w)exp(—Apz) exp(Apw)dzdw

IA

2

exp(ApK) f(w)dwf exp <_n_2t) exp(—Apz)dz
0 0 2z

IA

3
< tY%exp (—5712/3)»%)/3t]/3> . (3.16)

Eq. (3.16) follows from Eq. (2.3), witha = 712/2, b= Ap.
Changing variables u + v = z, u = w,

1/2/i]M iM-u 72t
11 =C1/ / —exp(———AD(u—i—v))dvdu
u

K (u+v) 2 + v)?
1/2/t/M  pJt/M w nzt
= le / —exp (——2—k0z> dzdw
K 2w < 2
VITH 2/2 72
= Cj f / — exp <——2 — sz) dwdz (3.17)
2K K 2z 27
N 22
< Cl/S/ zexp(——2—)»Dz) dz
2K 2z
7 (72\"? 3
<1+ 6)(C1/8)2\/; (7) P ( 3 2/313)/%1/3) : (3.18)
Eq. (3.17) follows by changing the order of the integration. Also, Eq. (3.18) follows from

Eq. (2.4).
Now, from Egs. (3.13), (3.14), (3.16) and (3.18) we obtain

3
limsupr~ /2 exp (§n2/3ﬁ)/3t‘/3> P.tp(Z) > 1]

—>00

1/2

2
5(1+e)(%>2 %(%) Azl (3.19)

Finally, from Egs. (3.11) and (3.19) and letting e — 0,5 — 1/2,

3
2C(z) < liminfs~!/2 exp <—n2/3)%/3t1/3> P.[tp(Z) > t]
t—00 2

3
< lim supt_l/2 exp <§7r2/3)%/3t1/3) P [tp(Z) > t] < C(2),

—>0o0

where C(2) = Apv/27/3(¥ (2) [, ¥ ()dy)?. O
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4. The process Z}; Brownian-time Brownian motion

In this section we study Brownian-time Brownian motion (BTBM), Z ,1 started at z € R. Let
X, and Y; be two independent one-dimensional Brownian motions, all started at 0. BTBM is
defined to be Zt1 =x+ X(|Y;]). In R?, we require X to be independent one-dimensional iterated
Brownian motions. If D C R”" is an open set, write

Tp(z) =inf{t > 0: X, +z & D},
and if / C R is an open interval, we write
n; =inf{r > 0:Y; & I}.

Let 7p(Z") stand for the first exit time of BTBM from D. We have, by the continuity of paths,

Pltp(Z") > 11 = Pn(—=1p(2), Tp(2)) > 11. (4.1)

Theorem 4.1. Let 0 < B. Let & be a positive random variable such that
—log P[& > t] ~ ctﬂ, ast — o0.

If & is independent of the Brownian motion Y, then
log Pli s > 1]~ 2 H (2 er p > 2ICHB) g 2HB) [ 28/ C+H) B+,

ast — oQ.

Proof. The proof follows similar to the proof of Theorem 3.1 in [22], by integration by parts,

00
d
Plneg >t = /0 apo(n(,u’u) > t)P[& > u]du. “4.2)

We use the distribution of 7(_, ) given in (3.2). We use the asymptotics from Eq. (6.1) on the
set A={u>0: K <u < ./t/M}. For the lower bound we use Lemma 2.4 in [22], but for the
upper bound we use the deBruijn Tauberian Theorem as in [22, Lemma 2.2]. O

From Theorem 4.1 we obtain similar results for the asymptotic distribution of the first exit
time of Z! from the interior of several open sets D C R”.

Corollary 4.1. Let 0 < o < 1. Let Py, = {(x,Y) e Rx R" ! : x > 0,|Y| < Ax%}. Then, for
Z € Py,

1—

fim ¢ (55) log P,[ta(Z") > 1] = H(32) ( 3ta ) (1 +“>(M> 2 G) (35),

t—00 242« l—«a
where 1 is the limit given by (1.2).

Corollary 4.2. Let D C R? be a twisted domain with growth radius yrP, y > 0,0 < p < 1.
Then, for z € D,

1—

J D
tim =) 10g Pep(21) > 11 = —2(¥7) ( =7 ) <1 +p>(3+p)n(23fé’)zl(2;*25)
t— 00 2+2p - 5

where 1y is the limit given by the limit in [14, Theorem 1.1].
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Remark 4.1. Notice that there is only a constant difference in the limit of the asymptotic
distribution of 7p(Z) and in that of tp(Z") (compare with the results in Nane [22]).

Proof of Theorem 1.2. From Egs. (3.2), (3.6) and (4.1),

Pltp(Z") < 1] = /O POl > 11 (w)du

_dyy e, ay [ @nt D% Y 43
_;Zzzn—i-l kw"(z)/DWk(y) y/o GXP<—T— kbt> u. (4.3)

From Eq. (2.3), for each n, k we have, with a = M and b = Ay,

00 2 12 2t
/ exp (—% — )Lku> du
0 u

~ 7_[5/62]/6371/2(2” + 1)1/3%:2/31‘1/6 exp <—%(2n + 1)2/3712/3%/322/%1/3) ]

With this, Eq. (4.3) becomes

/0 Po[n(—v,v) > t1f(v)dv
4 o0 0 (
T I;nX:(:) 2

_ 3
x 7302163711225 4 1)1 33 3110 exp (—522/3(211 + 1)2/3712/%,3/3;1/3) . (44)

—1)"
n ]/\klﬂk(Z)/Dlﬁk(y)dy

To get the desired result, we must prove that the following series converge absolutely, which
implies that the first term in the series in (4.4) is the dominant term,

o o0 3
SN en+ 1B exp( 3 272300+ 1)Px 2/3A2/38/2> < o0
k=1 n=0

The series in n for k fixed is
O 3 2/3
> @n+ 1) exp <—§22/3(2n + 1223 5/2)
n=0
exp (—%2*2/3712/3&/ 35/2)

1—exp (—37204)752)

=

Since, for § > 0,
> 3
Zexp <—§2_2/3n2/3ki/38/3> < 00,
k=1

we are done. This follows from Weyl’s asymptotic formula for the eigenvalues Ar, Ap >
Cy Dk”/ 2 see [10], where Cy, p depends only on the dimension n and the domain D, independent
of k. From the above Eq. (4.4), the constant C(Ap) = & —1/6213/63— 1/2A1/3 where Ap = A is
the first eigenvalue of the Dirichlet Laplacianin D. O
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5. Comparison of IBM and BTBM

Proof of Theorem 1.3. From Eq. (3.10) in [13], we get

P.ltp(Z) > 1] = 2 /O / POl > 11 () f (v)dvdu

< 2/(; / Po[n(—v,v) > t1f ) f(v)dvdu G.1)

IA

2 /O /O Poliv) > 11 (u) f (v)dvdu

_>2 fo Poliv) > 11f (W)

= 2P [tp(Z") > 1]. (5.2)

The inequality (5.1) follows from the fact that (—u, v) C (—v, v). The equality (5.2) follows
from Eq. (4.1). O

Let ¢ be an increasing function. If we multiply the inequality in the Theorem 1.3 by the
derivative of ¢ and integrate in time, we get

E.(¢(tp(2))) < 2E.(¢(tp(Z"))).
In particular, for p > 1,

E.((tp(Z))?) < 2E((xp(Z"))P).

6. Asymptotics

In this section we will prove some lemmas that were used in Sections 3 and 4. The following
lemma is proved in [13, Lemma Al] (it also follows from more general results on “intrinsic
ultracontractivity”). We include it for completeness.

Lemma 6.1. As t — oo,

e sinx, uniformly for x € (0, 1).

4 a2
Py[no,1) >1t] ~—e 2
T

We will next prove similar results to Nane [22, Lemma 4.2] that will be used for the process
VAR

Lemma 6.2. Let B = {u > 0: t/u’> > M) for M large. Then, on B,

d Pol ~e 72\ mt ©.1)
— _ >t]~exp|——— | —=. .
du 0L (—u,u) P 81/[2 M3

Proof. If we differentiate Po[n—, ) > t], which is given in (3.2), we get

d Tt & n + 1)2x?
5, Pl > 11 =5 n;(zn + 1)(=1)"exp (—Tz) .

The result follows from this. O
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