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Abstract

In this article, we study the structure of Verma modules of N ¼ 1 super Virasoro algebras.

As applications, we construct Bernstein-Gel’fand Gel’fand type resolutions. This article is

the detailed and expanded version of Iohara and Koga (C. R. Acad. Sci. Paris Ser. I 328

(1999) 381).
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1. Introduction

It is known well that the Virasoro algebra plays significant roles both in theoretical
physics and in mathematics. The basics of its representation theory, e.g., the
structure of Verma modules over it, were studied by Feigin and Fuchs
[FeFu1,FeFu2]. In [FeFu2], they studied not only the structure of Verma modules
but also the structure of Fock modules (to be precise, representations realized on
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semi-infinite wedges). Its ðN ¼ 1Þ-super generalization, which is also important for
its applications to theoretical physics, has two sector called the Neveu–Schwarz
sector [NS] and the Ramond sector [R]. Although, the structure of Verma modules
was partially studied in [As] for Neveu–Schwarz sector, there seems to be no
reference where the structure of Verma modules for the Ramond sector was studied.
In this paper, we will study the structure of Verma modules over the N ¼ 1 super
Virasoro algebras, and will construct the Bernstein–Gel’fand–Gel’fand (BGG) type
resolutions of the irreducible highest weight modules. In the next paper [IK2], we will
study the structure of Fock modules over N ¼ 1 super Virasoro algebras.
One of the most crucial differences between the representation theory of non-super

algebras and super algebras comes from the fact that a non-trivial morphism
between Verma modules is not necessarily injective in the case of super algebras.
Indeed, there are non-trivial and non-injective morphisms between Verma modules
in the case of Ramond algebra, whereas in the case of Neveu–Schwarz algebra, any
non-trivial morphism between Verma modules is a monomorphism (see Proposition
3.3). What is surprising is that we could obtain a complete description of the non-
trivial and non-injective morphisms between Verma modules over the Ramond
algebra in Theorem 4.4. Moreover, the structure of Verma modules over the N ¼ 1
super Virasoro algebras is completely described in Theorems 4.1–4.3. The BGG type
resolutions of the irreducible highest weight modules over them are obtained in
Theorem 5.1 as an application.
This paper is organized as follows. In Section 2, we recall the definition of the N ¼ 1

super Virasoro algebras and some formulae which will be used in the later section. In
Section 3, we will study the basic properties of Verma modules. To be precise, the
Shapovalov type determinant formula is recalled in Section 3.1. In Section 3.2, we will
show that for each weight subspace, the maximal possible dimension of the space of
singular vectors is 1 for the Neveu–Schwarz algebra (Proposition 3.1) and is 2 for the
Ramond algebra (Proposition 3.2). The injectivity of a morphism between Verma
modules will be studied in Proposition 3.3. In Section 4, more detailed structure of
Verma modules will be presented. Indeed, the classification of highest weights of
Verma modules will be managed in Section 4.1. In Sections 4.2–4.4, the structure of
the Jantzen filtration of Verma modules over N ¼ 1 super Virasoro algebras will be
given. As an application, we obtain a detailed description of the structure of Verma
modules in Section 4.5. In Section 5, the BGG type resolutions are constructed
(Theorem 5.1), and the characters of the irreducible highest weight modules over the
N ¼ 1 super Virasoro algebras are computed as an application (Theorem 5.2). Finally,
in Section 6, we will make a few remarks on the structure of a module for the Ramond
algebra, what is sometimes called a Verma module in a literature. In Appendix A; we
list up some data that will be used in a concrete computation.

2. Preliminary

In this section, we present our framework of the representation theory of N ¼ 1
super Virasoro algebra.
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In Section 2.1, we introduce all of the objects considered in this article. In Section
2.2, we consider some suitable categories of representations of N ¼ 1 super Virasoro
algebra and state some general formulae.

2.1. Definitions

Here, we recall the objects that will be considered in this article, the N ¼ 1 super
Virasoro algebras and Verma modules, etc.
The Lie superalgebras we are going to consider are the following:

Definition 2.1. The N ¼ 1 super Virasoro algebras Vire ðe ¼ 1
2
; 0Þ are the Lie

superalgebras

Vire :¼"
nAZ

CLn" "
mAeþZ

CGm"Cc;

which satisfy the following commutation relations:

deg Ln ¼ %0 ðnAZÞ; degGm ¼ %1 ðmAeþ ZÞ; deg c ¼ %0;

½Lm;Ln� ¼ ðm � nÞLmþn þ dmþn;0
1
12
ðm3 � mÞc;

½Gm;Ln� ¼ ðm � 1
2nÞGmþn;

½Gm;Gn� ¼ 2Lmþn þ dmþn;0
1
3
ðm2 � 1

4
Þc;

½Vire; c� ¼ f0g:

Vir1
2
and Vir0 are called the Neveu–Schwarz and the Ramond algebra, respectively.

Furthermore, Vire is Z-graded by setting

h :¼ CL0"Cc

and

ðVir1
2
Þn :¼

CL1
2

n
if nA2ZWf0g;

CG1
2

n
if nA2Zþ 1;

h if n ¼ 0;

8>>><>>>: ðVir0Þn :¼
CLn"CGn if na0;

h"CG0 if n ¼ 0:

(

By definition, Vire satisfies the following decomposition:

Vire ¼ Vir
%0
e"Vir

%1
e ; Vir

%0
e :¼"

nAZ

CLn"Cc; Vir
%1
e :¼ "

mAeþZ

CGm:
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Moreover,Vire possesses the following triangular decomposition:

Vire ¼ ðVireÞþ"ðVireÞ0"ðVireÞ�; ðVireÞ7 :¼ "
7nAZ40

ðVireÞn:

Below, we define the objects that will be treated in this article.
Namely, we introduce Verma modules, irreducible highest weight modules of

ðg :¼ÞVire; pre-Verma modules and quasi-Verma modules for Vir0:

For lAhn and tAZ2; let

Ct
l :¼ C1tl

be the one-dimensional h-module defined as follows:

1. deg 1tl ¼ t:
2. h:1tl ¼ lðhÞ1tl for any hAh:

The g0-modules Pðl; tÞ; QðlÞ (defined only for e ¼ 0) and Vðl; tÞ are given as

follows:

Pðl; tÞ :¼ Ind
g0
h Ct

l;

QðlÞ :¼ C
%0
l"C

%1
l;

Vðl; tÞ :¼
Ct

l if e ¼ 0 and lðL0Þ ¼ 1
24
lðcÞ;

Ind
g0
h Ct

l otherwise;

(

where the g0-module structure on Vðl; tÞ for e ¼ 0 and lðL0Þ ¼ 1
24
lðcÞ is defined by

g
%1
0:1

t
l :¼ 0;

and the g0-module structure on QðlÞ is defined by

G0:1
t
l :¼ ðlðG2

0ÞÞ
1
21

%1�t
l :

Note that Pðl; tÞ; QðlÞ and Vðl; tÞ become g
X

:¼ g0"gþ-modules via

gþjPðl;tÞ ¼ gþjQðlÞ ¼ gþjVðl;tÞ :¼ 0:

Definition 2.2. 1. The Verma module Meðl; tÞ with highest weight ðl; tÞAhn � Z2 is
defined by

Meðl; tÞ ¼ Indg
g
X

Vðl; tÞ:

2. For e ¼ 0; the pre-Verma module Nðl; tÞ with highest weight ðl; tÞAhn � Z2 is
defined by

Nðl; tÞ ¼ Indg
g
X

Pðl; tÞ:
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3. For e ¼ 0; the quasi-Verma module M̃ðlÞ with highest weight lAhn is defined by

M̃ðlÞ :¼ Indg
g
X

QðlÞ:

We define irreducible highest weight modules by the following proposition.

Definition-Proposition 2.1. For each ðl; tÞAhn � Z2; there exists a unique maximal

proper Z2-graded submodule Jeðl; tÞ of Meðl; tÞ; and hence we define the irreducible

highest weight module Leðl; tÞ with highest weight ðl; tÞ by

Leðl; tÞ :¼ Meðl; tÞ=Jeðl; tÞ:

2.2. Categories of Vire-modules

In this section, we set g ¼ Vire for simplicity. We first introduce some categories of
left g-modules and some functors. Then, we will briefly review on some homological
algebras that will be used in the later sections.
For a Z-graded vector space V ; let us denote the Z2-graded decomposition of V by

V ¼ V
%0"V

%1;

where V
%0 and V

%1 signify the even (resp. the odd) parts of V : The dual Vn of V

should be understood as

Vn :¼ HomðV ;C1j0Þ;

where C1j0 is the ð1j0Þ-dimensional vector space.

Definition 2.3.

1. Mode is the abelian category of g-modules defined as follows:
(i) ObðModeÞ consists of all left Z2-graded g-modules.
(ii) HomModeðV ;WÞ :¼ HomgðV ;WÞ for V ;WAObðModeÞ:

2. ModZ2

e is a subcategory of Mode defined as follows:

(i) ObðModZ2

e Þ ¼ ObðModeÞ:
(ii) Hom

Mod
Z2
e
ðV ;WÞ :¼ Hom

%0
gðV ;WÞ for V ;WAObðModeÞ:

A subcategory CZ2

ðg;hÞ of ModZ2

e is defined as follows:

Definition 2.4. Category CZ2

ðg;hÞ is the full subcategory of ModZ2

e whose objects consist

of the h semi-simple Z2-graded g-modules M; i.e., M satisfies

M ¼"
mAhn

Mm and Mm ¼ M
%0
m"M

%1
m ;

where Mt
m :¼ Mm-Mt:
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For MAObðCZ2

ðg;hÞÞ; we set

PðMÞ :¼ fmAhnjMmaf0gg:

Definition 2.5. We say that MAObðCZ2

ðg;hÞÞ is h-diagonalizable if dim MmoN for any

mAPðMÞ:

For lAhn; set

DðlÞ :¼ fmAhn j ðm� lÞðL0ÞAð1� eÞZX0; ðm� lÞðcÞ ¼ 0g:

Two categories O and OZ2 are defined as follows:

Definition 2.6. 1. Let O be the full subcategory of Modg given by MAObðOÞ if and
only if M ¼ "mAhn Mm with dim MmoN and

fmAhnjMmaf0ggC
[

i

DðmiÞ

for finitely many fmigChn:

2. Category OZ2 is a full subcategory of CZ2

ðg;hÞ whose objects consist of the h-

diagonalizable g-modules M with the following properties: There exists finitely many

elements fmigChn such that

PðMÞC
[

i

DðmiÞ:

Next we recall two fundamental functors, the parity shift functor P (cf. [Manin])

and the functor ð�Þc of taking the contragradient dual defined on ModZ2

g and OZ2 ;

respectively.

Definition 2.7.

1. The parity shift P : ModZ2

e -ModZ2

e is the functor defined as follows: For M ¼
M

%0"M
%1AObðModZ2

e Þ;
(i) ðPMÞ%0 :¼ M

%1 and ðPMÞ%1 :¼ M
%0 as C-vector space and PM has the g-

module structure given by

g:ðPvÞ :¼ ð�1Þdeg gPðg:vÞ;

where g is a homogeneous element of g and Pv denotes the element of PM

which corresponds to vAM:
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(ii) For fAHom%0
gðM;NÞ; define f PAHom%0

gðPM;PNÞ by

f PðvÞ :¼ Pf ðPvÞ;

where vAPM:
2. ð�Þc : OZ2-OZ2 is the functor defined as follows:

(i) For MAObðOZ2Þ; let Mc :¼ "mAPðMÞ ðMmÞn be the restricted dual of M: We

regard Mc as a g-module via

ðx:f ÞðvÞ :¼ f ðsðxÞ:vÞ;

where fAMc; vAM and xAUðgÞ are homogeneous elements and s is the
anti-involution of g satisfying sðgnÞ ¼ g�n for nAZ:

(ii) For fAHom%0
gðM;NÞ; we define f c :¼t fAHom%0

gðNc;McÞ; where tf denotes

the transpose of f :
We call Mc the contragredient dual of M:

It is easy to see that the functors P and ð�Þc enjoy the following properties.

Lemma 2.1. 1. P is covariant and exact, and further P2 ¼ 1
Mod

Z2
g
:

2. Let C be CZ2

ðg;hÞ or OZ2 : Then C is stable under P; i.e., P :C-C is well-defined.

3. ð�Þc
is a contravariant and exact functor, and further ððMÞcÞcDM for

MAObðOZ2Þ:

Finally, we state two formulae which are well-known for Lie algebras.

Since the category CZ2

ðg;hÞ has enough projectives, Ext
p
C is nothing but the relative

extension bi-functor. For simplicity, let us set

Peðn; tÞ :¼
Ct

n e ¼ 1
2
;

Pðn; tÞ e ¼ 0;

(
Neðn; tÞ :¼ Indg

g
X

Peðn; tÞ:

Proposition 2.1 (E.g., Rocha-Caridi and Wallach [RW1]). Let Nðn; tÞ be the pre-

Verma module with highest weight ðn; tÞAhn � Z2: Then, for VAObðCZ2

ðg;hÞÞ; we have

Ext
p

CZ2

ðg;hÞ
ðNeðn; tÞ;VÞCHom

%0
hðCt

n;Hpðgþ;VÞÞ:

In particular,

Hom
CZ2

ðg;hÞ
ðNeðn; tÞ;VÞCHom

%0
hðCt

n;VgþÞ;

where Vgþ :¼ fvAV jgþ:v ¼ 0g is the gþ-invariant of V :
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Proof. By the Frobenius reciprocity, we have

Ext
p

ðg;hÞðNðn; tÞ;VÞ ¼Ext
p

ðg;hÞðInd
g
g
X

Peðn; tÞ;VÞ

DExt
p

ðg
X
;hÞðPeðn; tÞ;VÞ:

Since the functor Hom
%0
g0
ðPeðn; tÞ; �Þ ¼ Hom

%0
hðCt

n; �Þ is exact, we get

Ext
p

ðg
X
;hÞðPeðn; tÞ;VÞDHom

%0
g0
ðPeðn; tÞ;Hpðgþ;VÞÞ

¼Hom
%0
hðCt

n;Hpðgþ;VÞÞ: &

Remark 2.1. As the above proof indicates, the following formula does not hold in
general:

Ext
p

ðg;hÞðM0ðn; tÞ;VÞDHom
%0
g0
ðVðn; tÞ;Hpðgþ;VÞÞ:

The following relation between homologies and cohomologies is a corollary of
Lemma 2.1.

Proposition 2.2. Let V be an object of OZ2 : Then, we have an isomorphism

Hnðgþ;VcÞCHnðg�;VÞ

as g0-modules.

3. Verma modules I: basic properties

In this section, we will study some basic properties of Verma modules over the
N ¼ 1 super Virasoro algebras.

For ðl; tÞAhn � Z2 satisfying lðL0Þ ¼ h and lðcÞ ¼ z; we denote Meðl; tÞ; Nðl; tÞ
and M̃ðlÞ by Meðz; h; tÞ; Nðz; h; tÞ and M̃ðz; hÞ; respectively. Moreover, we may
sometimes omit t:

3.1. Determinant formulae

In this subsection, we recall the Shapovalov type determinant formulae for Verma

modules. For simplicity, all of the formulations are given only for t ¼ %0AZ2:
Let s be the anti-involution of UðVireÞ defined by sðLnÞ ¼ L�n ðnAZÞ; sðGmÞ ¼

G�m ðmAeþ ZÞ and sðcÞ ¼ c: We denote the projection UðVireÞ-UððVireÞ0Þ with
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respect to the direct sum decomposition

UðVireÞ ¼ UððVireÞ0Þ"ðUðVireÞVirþe þ Vir�e UðVireÞÞ

by p; and the projection onto the even subspaces of UððVireÞ0Þ by p%0: Moreover, let

evl ðlAhnÞ be the evaluation map defined by

evl : UððVireÞ0Þ
%0DC½hn�-C; P/PðlÞ:

For nAð1� eÞZX0; set

Meðz; hÞn :¼ fuAMeðz; hÞ j L0:u ¼ ðh þ nÞug:

Definition 3.1. 1. The bilinear form /;S defined by

/;S :Meðz; hÞ � Meðz; hÞ-C;

ðx:vz;h; y:vz;hÞ/evðz;hÞðp
%0
3 pðsðxÞyÞÞ;

where we set vz;h :¼ 1#1z;h; is called a contravariant form on Meðz; hÞ:
2. For each nAð1� eÞZX0 and tAZ2; choose a basis of Meðz; hÞtn; and denote it by

fv1; v2;y; vrg: Then, we set

deteðz; hÞtn :¼ detð/vi; vjS1pi;jprÞ:

The determinant deteðz; hÞtn is called the Shapovalov type determinant.

The explicit form of the determinant deteðz; hÞtn can be described as follows.

For e ¼ 0; 1
2
and nAð1� eÞZX0; let us set

peðnÞ :¼ ð1
2
þ eÞ dim UððVireÞ�Þn;

where we set

UððVireÞ�Þn :¼ fuAUððVireÞ�Þ j ½L0; u� ¼ nug:

Then, the determinant deteðz; hÞtn has the following expression:

Theorem 3.1. For e ¼ 0; 12; tAZ2 and nAð1� eÞZ40 such that Meðz; hÞtnaf0g; we have

1. if e ¼ 0 and h ¼ 1
24

z; then

det0ðz; hÞtnp
Y

a;bAZX0;
1pabp2n;

a�bA1þ2ZX0

Ca;bðzÞp0ðn�12abÞ;
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where we set

Ca;bðzÞ ¼ abz þ 3
2
ð2a� bÞða� 2bÞ;

2. otherwise we have

deteðz; hÞtnp h � 1

24
z

� 	de;0p0ðnÞ Y
a;bAZX0;
1pabp2n;

a�bA1�2eþ2ZX0

Fa;b;eðz; hÞpeðn�12abÞ;

where we set

Fa;b;eðz; hÞ ¼

½h þ 1
24
ða2 � 1Þðz � 15

2
Þ þ 1

8
f2ðab� 1Þ � ð1

2
� eÞg�

�½h þ 1
24
ðb2 � 1Þðz � 15

2
Þ þ 1

8
f2ðab� 1Þ � ð1

2
� eÞg� if a4b;

þ 1
64
ða2 � b2Þ2

h þ 1
24
ðz � 3

2
Þða2 � 1Þ if a ¼ b:

8>>>><>>>>:

Proof (Sketch). For e ¼ 1
2
; the result is well-known (see, e.g., [KW]). For e ¼ 0; we

may prove as follows. Notice that there is an isomorphism:

M̃ðz; hÞD
M0ðz; hÞ ha 1

24
z;

M0ðz; hÞ"PM0ðz; hÞ h ¼ 1
24 z;

(
ð1Þ

and via this isomorphism, one can naturally define a contravariant form, hence also

the Shapovalov type determinants, on M̃ðz; hÞ: Taking care of the degree of the
determinants, we obtain the results in a way similar to [KW]. &

Remark 3.1. 1. Regarding Fa;b;eðz; hÞ as a polynomial in h; its discriminant is zero if

and only if zAf3
2
; 27
2
g:

2. The relation between Fa;b;0 and Ca;b can be described as follows:

Fa;b;0 z;
1

24
z

� 	
¼ 1

242
Ca;bðzÞ2:

3.2. Singular vector

In this subsection, we will compute the dimension of the vector subspace of
ðVireÞþ-invariants in Meðz; hÞn for nAð1� eÞZX0:

First, for the Neveu–Schwarz algebra Vir1
2
; we have the following:
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Proposition 3.1. Let z; hAC and nA1
2ZX0: Then, we have

dim fM1
2
ðz; hÞng

ðVir1
2
Þþp1:

To prove this proposition, we introduce a basis of M1
2
ðz; hÞn as follows. For jA1

2
Z;

ijA1
2
Z41 and dAf0; 1g; set

xj :¼
Lj jAZ;

Gj jA1
2 þ Z;

(
md

ik ;y;i1
:¼ x�ik?x�i1ðG�1

2
Þdjz; hS;

where jz; hS is a highest weight vector of M1
2
ðz; hÞ: Then, the set

Bn :¼ md
ik ;y;i1

1pi1p?pik; dAf0; 1g; 1
2
dþ

Pk
j¼1 ij ¼ n;

isA1
2
þ Z ) isoisþ1

�����
( )

forms a basis of M1
2
ðz; hÞn: We introduce a total order o on the set Bn as

follows:

md
ik ;y;i1

omd0
jl ;y;j1

3(s s:t: i1 ¼ j1;y; is ¼ js and isþ1ojsþ1:

Now, we assume the existence of a singular vector wnAM1
2
ðz; hÞnWf0g: Let us

express wn by using elements of Bn

wn ¼
X

Pd
ik ;y;i1

md
ik ;y;i1

; Pd
ik ;y;i1

AC:

The key step is the next lemma from which Proposition 3.1 follows, because of the
triangularity of the equations characterizing a singular vector wn given below.

Lemma 3.1. Let md0
jl ;y;j1

be an element of Bn such that j1 ¼ ? ¼ js ¼ 1; jsþ1 ¼ j41

for some non-negative integer sol: Then, the coefficient of

md0

jl ;y;jsþ2;1;y; 1|fflfflffl{zfflfflffl}
sþ1

in xj�1:wn expanded with respect to the basis Bn�jþ1 looks as follows:

aPd0
jl ;y;j1

þ
X

md
ik ;y;i1

ABn

s:t: md
ik ;y;i1

omd0
jl ;y;j1

Qd
ik ;y;i1

Pd
ik ;y;i1

for some constants aACn and Qd
ik ;y;i1

AC:
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Proof. It is enough to show the following equivalence:

md
ik ;y;i1

ABn s:t:

ðiÞ md
ik ;y;i1

Xmd0
jl ;y;j1

;

ðiiÞ ðthe coeff : of md0

jl ;y;jsþ2;1;y; 1|fflfflffl{zfflfflffl}
sþ1

in xj�1:m
d
ik ;y;i1

Þa0

8>><>>:
3md

ik ;y;i1
¼ md0

jl ;y;j1
:

ð)Þ Let t be a non-negative integer such that i1 ¼ ? ¼ it ¼ 1 and itþ141: The
first condition (i) implies tps: Moreover, by direct computation

xj�1:m
d
ik ;y;i1

¼ ½xj�1; x�ik?x�itþ1 �ðL�1ÞtðG�1
2
Þd:jz; hS

7 x�ik?x�itþ1 ½xj�1; ðL�1Þt�ðG�1
2
Þd:jz; hS

7 x�ik?x�itþ1ðL�1Þt½xj�1; ðG�1
2
Þd�:jz; hS;

we see that each term on the right-hand side satisfies the following:

A. Expressing the first term with respect to a basis Bn�jþ1; the powers of L�1 in
each term with non-zero coefficient is at most t þ 1:

B. Expressing the second and the third terms with respect to a basis Bn�jþ1; the
powers of L�1 in each term with non-zero coefficient is at most t:

Thus, we get t ¼ s: Next, we will show im ¼ jm for mXs: Take a positive
integer uXs þ 1 such that iu ¼ ? ¼ isþ1 ¼ i41; iuþ14iu: Then, by direct
calculation

½xj�1; x�ik?x�isþ1 �ðL�1ÞsðG�1
2
Þd:jz; hS

¼ ½xj�1; x�ik?x�iuþ1 �ðx�iÞu�sðL�1ÞsðG�1
2
Þd:jz; hS

7x�ik?x�iuþ1 ½xj�1; ðx�iÞu�s�ðL�1ÞsðG�1
2
Þd:jz; hS;

the assumption iuþ14iu implies that expanding the first term of the right-hand side
with respect to Bn�jþ1; we have

each term with non-zero coeff : !md0

jl ;y;jsþ2;1;y; 1|fflfflffl{zfflfflffl}
sþ1

:

Hence, by condition (ii), it follows that isþ1 ¼ i ¼ j ¼ jsþ1: Similarly, we can prove
im ¼ jm for any m4s þ 1:
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ð(Þ Let u; s be positive integers such that juþ14ju ¼ ? ¼ jsþ1 ¼ j4js ¼ ? ¼
j1 ¼ 1: Then, a straightforward computation shows that

The coeff: of md0

jl ;y;jsþ2;1;y; 1|fflfflffl{zfflfflffl}
sþ1

in xj�1:m
d0
jl ;y;j1

¼
ðu � sÞð2j � 1Þ jAZ;

72 jA1
2
þ Z;

(

which leads to the conclusion. &

Second, for Ramond algebra Vir0; we can state as follows. Recall that M0ðz; hÞ is
Z-graded via

M0ðz; hÞ ¼ "
nAZX0

M0ðz; hÞn; M0ðz; hÞn :¼ fuAM0ðz; hÞ j L0:u ¼ ðh þ nÞug:

Proposition 3.2. Let z; hAC; sAZ2 and nAZ40:

1. If ha 1
24

z; then we have dim fM0ðz; hÞsng
ðVir0Þþp2:

2. If h ¼ 1
24

z; then we have dim fM0ðz; hÞsng
ðVir0Þþp1:

Since the proof of this proposition can be managed by essentially the same way as
for the Neveu–Schwarz algebra, we will state a lemma corresponding to Lemma 3.1,

in particular for ha 1
24

z; and indicate the only statement that has to be proved. The

case h ¼ 1
24z can be obtained simply by setting Bs

n :¼ Bs;0
n in the discussion given

below.
For jAZ; ijAZ40; e; ejAZ2 and dAf0; 1g; set

xe
j :¼

Lj; e ¼ %0;

Gj; e ¼ %1;

(
md

ðik ;ekÞ;y;ði1;e1Þ ¼ xek

�ik
?xe1

�i1
ðG0Þdjz; hS:

Then, for sAZ2 and dAf0; 1g; setting

Bs;d
n :¼ md

ðik ;ekÞ;y;ði1;e1Þ
1pi1p?pik; e1;y; ekAZ2;

Pk
j¼1 ij ¼ nPk

j¼1 ej ¼ s; es ¼ %1 ) isoisþ1

�����
( )

;

Bs
n :¼ Bs;0

n ,B
%1�s;1
n forms a basis of M0ðz; hÞsn : We define a total order os on

the set Bs
n as follows. First, we introduce a total order ! on the set fLj;Gj j jAZo0g

by

L�1!G�1!L�2!G�2!?:
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Second, the order os is defined by

md
ðik ;ekÞ;y;ði1;e1Þ os md0

ð jl ;ZlÞ;y;ð j1;Z1Þ

3(s s:t: xe1
�i1

¼ x
Z1
�j1

;y; xes

�is
¼ x

Zs

�js
and x

esþ1
�isþ1

!x
Zsþ1
�jsþ1

:

Now, we assume the existence of a singular vector wnAM0ðz; hÞsnWf0g: Expressing
wn by using elements of Bs

n

wn ¼
X

Pd
ðik ;ekÞ;y;ði1;e1Þm

d
ðik ;ekÞ;y;ði1;e1Þ; Pd

ðik ;ekÞ;y;ði1;e1ÞAC;

we have the following lemma:

Lemma 3.2. Let md0
ð jl ;ZlÞ;y;ð j1;Z1Þ be an element of Bs;d0

n satisfying x
Z1
�j1

¼ ? ¼ x
Zs�1
�js�1

¼
L�1; x

Zs

�js
AfL�1;G�1g and x

Zsþ1
�jsþ1

¼ x
Z
�jgG�1 for some sol: Then, the coefficient of

md0

ð jl ;ZlÞ;y;ð jsþ2;Zsþ2Þ;ð1;ZsÞ;ð1;%0Þs

in x
Z
j�1:wn expanded with respect to the basis B

s�Zþd0 %1
n�jþ1 looks as follows:

aPd0
ð jl ;Zl Þ;y;ð j1;Z1Þ þ

X
md

ðik ;ek Þ;y;ði1 ;e1Þ
ABsþd0 %1

n s:t:

md
ðik ;ek Þ;y;ði1 ;e1Þ

osmd0
ð jl ;Zl Þ;?;ð j1 ;Z1Þ

Qd
ðik ;ekÞ;y;ði1;e1ÞP

d
ðik ;ekÞ;y;ði1;e1Þ

for some constants aACn and Qd
ðik ;ekÞ;y;ði1;e1ÞAC:

Proof. It is enough to prove the following equivalence:

md
ðik ;ekÞ;y;ði1;e1ÞABsþd0 %1

n

s:t:
ðiÞ md

ðik ;ekÞ;y;ði1;e1ÞsXmd0
ð jl ;ZlÞ;y;ð j1;Z1Þ;

ðiiÞ ðthe coeff : of md0

ð jl ;ZlÞ;y;ð jsþ2;Zsþ2Þ;ð1;ZsÞ;ð1;%0Þ
s in x

Z
j�1:m

d
ðik ;ekÞ;y;ði1;e1ÞÞa0

8<:
3md

ðik ;ekÞ;y;ði1;e1Þ ¼ md0
ð jl ;ZlÞ;y;ð j1;Z1Þ:

We leave the detail of its proof to the reader. &

Now, for each dAf0; 1g; one can show that the solutions of the equations

fx
Z
j�1:wn ¼ 0g in Lemma 3.2 are parametrized by ðPd

ð1;%0Þn ;P1�d
ð1;%1Þ;ð1;%0Þn�1ÞAC2; hence we

have proved Proposition 3.2.
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Remark 3.2. In general, we have

dim fM0ðz; hÞ%0ng
ðVir0Þþ ¼ dim fM0ðz; hÞ%1ng

ðVir0Þþ

for any nAZ40: Indeed, since G2
0 :Sjz; hS ¼ ðh þ n � 1

24
zÞSjz; hS for Sjz; hSA

fM0ðz; hÞsng
ðVir0Þþ ðsAZ2Þ; one can prove the following:

1. If h þ n � 1
24

za0; then

G0:Sjz; hSAfM0ðz; hÞ%1�s
n gðVir0ÞþWf0g:

2. If h þ n � 1
24

z ¼ 0; then

SG0:jz; hSAfM0ðz; hÞ%1�s
n gðVir0ÞþWf0g:

Moreover, the above correspondence is clearly one-to-one.

3.3. Injectivity

In this subsection, we will see the injectivity of a non-trivial morphism between
Verma modules. Namely, we will prove the following proposition:

Proposition 3.3. Let h; h0AC such that hah0:

1. Any non-trivial Z2-graded Vir1
2
-homomorphism M1

2
ðz; h0Þ-M1

2
ðz; hÞ is injective.

2. Let j :M0ðz; h0Þ-M0ðz; hÞ be a non-trivial Z2-graded Vir0-homomorphism. Assume

that ha 1
24

z:

(i) If we have dim fM0ðz; hÞth0�hg
ðVir0Þþ ¼ 1 for any tAZ2; then any such j is

injective.
(ii) If dim fM0ðz; hÞth0�hg

ðVir0Þþ ¼ 2 for any tAZ2; there exists such an injective

map j:

3. If h ¼ 1
24

z; then a non-trivial Z2-graded homomorphism j : M0ðz; h0Þ-M̃ðz; hÞ is

injective if and only if Im jgM0ðz; h; tÞ for any tAZ2:

Note that by Remark 3.2, it is equivalent to say ‘for some tAZ2’ instead of ‘for any

tAZ2’ in the second statements (i.e., the case ha 1
24

z;) of Proposition 3.3.

Let us turn to the proof of Proposition 3.3. The first part of the above proposition
follows from the fact that UððVir1

2
Þ�Þ is an integral domain by Theorem 2.7 of [AL].

Next, we prove the second part of Proposition 3.3. Suppose that ha 1
24

z: We may

assume that M0ðz; h̃Þ ¼ M0ðz; h̃; %0Þ for h̃ ¼ h; h0 without loss of generality. Let jz; hS
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(resp. jz; h0S) be an even highest weight vector. First, we have the following technical
lemma:

Lemma 3.3. Suppose we have dim fM0ðz; h̃Þ%0kg
ðVir0Þþ ¼ 1; and let ðAG0 þ BÞjz; h̃S be

an even singular vector of M0ðz; h̃Þk which has the following expression with respect to

the basis B
%0
k:

A ¼ cAG�1L
k�1
�1 þ dAG�2L

k�2
�1 þ?;

B ¼ cBLk
�1 þ dBL�2L

k�2
�1 þ?:

Moreover, assume that h̃ � 1
24

za0;�k: Then, we have

4ðh̃ � 1
24

zÞc2A þ 4ðh̃ � 1
24

zÞcAcB � kc2B ¼ 0:

Proof. By assumption, G0ðAG0 þ BÞG0jz; h̃S is a non-trivial even singular vector

which is proportional to ðAG0 þ BÞjz; h̃S: Since we have

G0ðAG0 þ BÞG0jz; h̃S ¼fðh̃ � 1
24

zÞð½G0;A� þ BÞ

þ ð�ðh̃ � 1
24

zÞA þ ½G0;B�ÞG0gjz; h̃S;

comparing the coefficient of Lk
�1jz; h̃S and G�1L

k�1
�1 G0jz; h̃S; we obtain the

formula. &

Let j : M0ðz; h0Þ-M0ðz; hÞ be a non-trivial homomorphism, and set jðjz; h0SÞ ¼
ðPG0 þ QÞjz; hS:We may assume that M0ðz; h0Þ is reducible, since otherwise the map
j is automatically injective by definition. In particular, we have h0 � 1

24
za0 in this

case (see Section 4). Furthermore, we assume that Ker jaf0g; and lead to a
contradiction.
Let m be the smallest positive integer such that Ker j-M0ðz; h0Þmaf0g; and take

a non-zero element ðXG0 þ YÞjz; h0SAKer j-M0ðz; h0Þ%0m: It is clear that ðXG0 þ
YÞjz; h0S is a singular vector. Moreover, since we have

jððXG0 þ YÞjz; h0SÞ ¼ ðXG0 þ YÞðPG0 þ QÞjz; hS ¼ 0

by definition, we have the following equations in UððVir0Þ�Þ:
X ½G0;P� þ XQ þ YP ¼ 0; ð2Þ

X ½G0;Q� þ YQ � lXP ¼ 0; ð3Þ

where l is defined by l ¼ h � 1
24

z: Expanding P and Q with respect to the basis B
%1
n

(resp. B
%0
n)

P ¼ cPG�1L
n�1
�1 þ dPG�2L

n�2
�1 þ?;

Q ¼ cQLn
�1 þ dQL�2L

n�2
�1 þ?;
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where we set n :¼ h0 � h; and expanding X and Y with respect to the basis

B
%1
m (resp. B

%0
m)

X ¼ cX G�1L
m�1
�1 þ dX G�2L

m�2
�1 þ?;

Y ¼ cY Lm
�1 þ dY L�2L

m�2
�1 þ?;

we deduce the following relations from Eqs. (2) and (3):

The coeff : of G�1L
mþn�1
�1 in ð2Þ : ðAÞ 2cX cP þ cX cQ þ cY cP ¼ 0;

The coeff : of Lmþn
�1 in ð3Þ : ðBÞ cY cQ ¼ 0:

From relation (B), we conclude that either cY ¼ 0 or cQ ¼ 0 holds.

First, let us consider the case dim fM0ðz; hÞtng
ðVir0Þþ ¼ 1 for tAZ2:

Suppose cY ¼ 0: From relation (A), we have cX ð2cP þ cQÞ ¼ 0: If cX ¼ 0; then we

get ðXG0 þ YÞjz; h0S ¼ 0 by Lemma 3.2 which says that j is injective. Now, if
2cP þ cQ ¼ 0; then Lemma 3.3 implies that

h � 1

24
z þ n

� 	
c2Q ¼ 0:

By assumption, we have cQ ¼ cP ¼ 0 which implies that ðPG0 þ QÞjz; hS ¼ 0 by

Lemma 3.2. This contradicts the non-triviality of j: Next, suppose cQ ¼ 0: Similar

argument shows that ðPG0 þ QÞjz; hS ¼ 0 which is impossible.

Second, we consider the case dim fM0ðz; hÞtng
ðVir0Þþ ¼ 2 for tAZ2: In this case,

Lemma 3.2 ensures that the elements of fM0ðz; hÞ%0ng
ðVir0Þþ are parametrized by

ðcP; cQÞAC2: Now, if j enjoys the properties

cQa0; 2cP þ cQa0;

then relations (A) and (B) imply that cX ¼ cY ¼ 0: Then, by Lemma 3.2, it follows
that ðXG0 þ Y Þjz; h0S ¼ 0 which says that j is injective.
Let us prove the third statement. Suppose that Im jCM0ðz; h; sÞ for some sAZ2:

Let f ðtÞ be the generating function of the dimension of weight subspaces of M0ðz; hÞ
(here and after, we omit s), i.e.,

f ðtÞ :¼
X
nX0

p0ðnÞqn ðq ¼ e2pitÞ:

Then, f ðtÞ can be expressed in terms of the Dedekind eta function ZðtÞ ¼

q
1
24
Q

nAZ40
ð1� qnÞ as

f ðtÞ ¼ Zð2tÞ
ZðtÞ2

:

ARTICLE IN PRESS
K. Iohara, Y. Koga / Advances in Mathematics 178 (2003) 1–65 17



Since the asymptotic behavior of ZðtÞ at the cusp 0 is known to be given by

ZðtÞB
tk0

ð�itÞ�
1
2e�

pi
12t;

one can deduce the following asymptotic behavior:

p0ðnÞB
1

8n
ep
ffiffi
n

p
ðn-NÞ ð4Þ

as an application of a Tauberian theorem (see, e.g., [In, Theorem 2]). Set h0 � h ¼ k:
Then, we have

lim
n-N

dim M0ðz; hÞnþk

dim M0ðz; h0Þn

¼ lim
n-N

p0ðn þ kÞ
2p0ðnÞ

¼ 1

2
;

which implies that j cannot be injective.

Now, for each tAZ2; let jzSt be a highest weight vector of M0ðz; 1
24

z; tÞ; and regard
them as elements of M̃ðz; 1

24
zÞ via an isomorphism (1). Let j : M0ðz; h0Þ-M̃ðz; 1

24
zÞ be

a non-trivial homomorphism, and set jðjz; h0SÞ ¼ QjzS%0 þ ½G0;Q�jzS%1: As in the
proof of the second assertion, we may assume that M0ðz; h0Þ is reducible. Suppose
that Ker jaf0g; and lead to a contradiction.
Let m be the smallest positive integer such that Ker j-M0ðz; h0Þmaf0g; and take

a non-zero element ðXG0 þ YÞjz; h0SAKer j-M0ðz; h0Þ%0m which is a singular vector

by definition. Since we have

jððXG0 þ Y Þjz; h0SÞ ¼ ðXG0 þ YÞðQjzS%0 þ ½G0;Q�jzS%1Þ ¼ 0

by assumption, each coefficient of jzSt gives the following equations in UððVir0Þ�Þ:

X ½G0;Q� þ YQ ¼ 0; ð5Þ

ðh0 � 1
24

zÞXQ þ Y ½G0;Q� ¼ 0: ð6Þ

Expand X and Y with respect to the basis B
%0
m:

X ¼ cX G�1L
m�1
�1 þ dX G�2L

m�2
�1 þ?;

Y ¼ cY Lm
�1 þ dY L�2L

m�2
�1 þ?:

Comparing the coefficient of Lmþn
�1 in (5), we get cY cQ ¼ 0: If cQ ¼ 0; then we have

Q ¼ 0 by Lemma 3.2, which contradicts the non-triviality of j: Hence, we have

cY ¼ 0: Next, from the coefficient of G�1L
mþn�1
�1 in (6), we see that ðh0 � 1

24
zÞcX cQ ¼

0: Thus, we get cX ¼ 0: Therefore, again by Lemma 3.2, we conclude X ¼ Y ¼ 0
which is a contradiction. &
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Remark 3.3. Under the assumption of Proposition 3.3, 2, (ii), set

jðjz; h0SÞ ¼ ðPG0 þ QÞjz; hS ðP;QAUððVir0Þ�ÞÞ;

P ¼ cPG�1L
h0�h�1
�1 þ?; Q ¼ cQLh0�h

�1 þ?:

The above proof implies that j is injective if and only if

cQa042cP þ cQa0: ð7Þ

4. Verma modules II: structure theorem

In this section, we will study the structure of Verma modules by means of the
Jantzen filtration.

4.1. Classification of weights

In this subsection, we will classify all weights by means of the determinant
formula.
It can be easily shown that the zeros of each factor Fa;b;eðz; hÞ (see Theorem 3.1 for

the definition) can be described as follows.

Lemma 4.1. For a; bAZX0 and e ¼ 0; 1
2

satisfying b� aA1� 2eþ 2ZX0; we have

Za;b;e :¼ fðz; hÞAC2 jFa;b;eðz; hÞ ¼ 0g ¼ fðzðtÞ; ha;b;eðtÞÞ j tACng;

where we set

zðtÞ :¼ 15
2
� 3ðt þ t�1Þ;

ha;b;eðtÞ :¼ 1
8
ða2 � 1Þt � 1

4
ðab� 1Þ þ 1

8
ðb2 � 1Þt�1 þ 1

16
ð1� 2eÞ:

For ða; bÞAZ2; we define ha;b;eðtÞ by the above formula. First, we note that if we set

zP;Q :¼ 15

2
� 3

P

Q
þ Q

P

� 	
; hP;Q;m :¼ 1

8PQ
fm2 � ðP � QÞ2g þ 1

16
ð1� 2eÞ;

for P;QACn and mAC; then we have

Fa;b;eðzP;Q; hP;Q;mÞ ¼

1

ð8PQÞ2ðm þ Pa� QbÞðm � Paþ QbÞ

�ðm þ Qa� PbÞðm � Qaþ PbÞ if aab;
1

8PQ
ðm þ ðP � QÞaÞðm � ðP � QÞaÞ if a ¼ b:

8>><>>:
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Remark that the four lines Pa� Qb ¼ 7m; Qa� Pb ¼ 7m in the ða; bÞ-plane
degenerate if and only if m ¼ 0 or P

Q
Af71g:

We will classify the set of lattice points on these lines by the following principle. To
enumerate all of the lattice points on these four lines in the region fða; bÞjaXb40g;
we consider the next three types. Let lzP;Q;hP;Q;m

be one of four lines Pa� Qb ¼ 7m;

Qa� Pb ¼ 7m:

Type 1: ma0 and P
Q
AQWf71g:

Type 2: ma0 and P
Q
¼ 1; or m ¼ 0 and P

Q
AQ40:

Type 3: ma0 and P
Q
¼ �1; or m ¼ 0 and P

Q
AQo0:

Note that in the case m ¼ 0 for Type 3, there is no lattice point on lzP;Q;hP;Q;m
in the first

quadrant. For each case, the following equivalence holds:

(ða; bÞAðZ40Þ2 s:t aXb4a� bA1� 2eþ 2Z4Fa;b;eðzP;Q; hP;Q;mÞ ¼ 0

3

(ða; bÞAlzP;Q;hP;Q;m
-Z2 s:t: ab404a� bA1� 2eþ 2Z for Type 1;

(ða; bÞAlzP;Q;hp;Q;m
-ðZ40Þ2 s:t: a� bA1� 2eþ 2Z for Type 2;

(ða; bÞAlzP;Q;hP;Q;m
-ðZ40Þ2 s:t: a� bA1� 2eþ 2ZX0 for Type 3:

8>><>>:
Hence, we have only to consider the lattice points on one of the four lines Pa� Qb ¼
7m; Qa� Pb ¼ 7m in each case.

If P
Q
eQ; then lz;h contains at most one lattice point. Here and after, we denote lz;h

instead of lzP;Q;hP;Q;m
for simplicity. Hence, in this case, we have

Class V: lz;h contains no lattice point.

Class I: P
Q
eQ and lz;h contains one lattice point.

Next, we will consider the case

P

Q
AQ s:t: PAZ; QAZ40; P � QA2Z; 1

2
ðP � QÞ;Q

� �
¼ 1:

Class Rþ: P
Q
AQ40 ðP;QAZ40Þ; and lz;h contains at least one point.

First, we assume that ðP;QÞað1; 1Þ; i.e., za3
2
; and ma0: Let lz;h be one of two

lines Pa� Qb ¼ 7m such that if ða; bÞ is a lattice point of lz;h with the smallest

possible ab; then a; b40: Set

lz;h-fðZ40Þ2,ðZo0Þ2g ¼ ðai; biÞ ðiAZ40Þ
aj � bjA1� 2eþ 2Z;

ajbjpajþ1bjþ1;
8jAZ40

�����
( )

:

By definition, we have 1pa1pQ or 1pb1pP: For such ða1; b1Þ; we define

a01; b01; da; db; dAZX0 by

a1 ¼ a01 þ daQ ð0pa01oQÞ;
b1 ¼ b01 þ dbP ð0pb01oPÞ;

(
d :¼ maxfda; dbg:
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Then, one can check that the lattice points ðai; biÞ ðiAZ40Þ can be expressed as
follows:

ðai; biÞ ¼
ða1; b1Þ þ 1

2ði � 1ÞðQ;PÞ ði � 1 mod 2Þ;
ða1; b1Þ � ð1

2
i þ dÞðQ;PÞ ði � 0 mod 2Þ:

(

Set P̃ :¼ P
ðP;QÞ; Q̃ :¼ Q

ðP;QÞ: Then, by direct computations, one can verify the following

relations:

(1) If a1c0 mod Q̃ or b1c0 mod P̃; then we have
a1b1oa2b2oa3b3oa4b4o?:

(2) Assume that a1 � 0 mod Q̃ and b1 � 0 mod P̃: We set ða1; b1Þ ¼ ðiQ̃; jP̃Þ with
ði; jÞað1; 1Þ:
(2.1) If ðP;QÞ ¼ 1; then we have a1b1 ¼ a2b2oa3b3 ¼ a4b4o?:
(2.2) If ðP;QÞ ¼ 2; then in addition, we assume ði; jÞað2; 2Þ:

(2.2.1) If i þ j � 0 mod 2; then we have
a1b1 ¼ a2b2oa3b3 ¼ a4b4o?:

(2.2.2) If i þ j � 1 mod 2; then we have
a1b1oa2b2oa3b3oa4b4o?:

Next, we assume that ðP;QÞ ¼ ð1; 1Þ or m ¼ 0: Let lz;h be the line Pa� Qb ¼ m: Set

lz;h-ðZ40Þ2 ¼ ðai; biÞ ðiAZ40Þ
aj � bjA1� 2eþ 2Z;

ajbjpajþ1bjþ1;
8jAZ40

�����
( )

:

Now, if we set

ða1; b1Þ ¼
ðm þ 1; 1Þ if P

Q
¼ 1;

ðQ;PÞ if m ¼ 0 and e ¼ 1
2
;

ðQ̃; P̃Þ if m ¼ 0; ðP;QÞ ¼ 2 and e ¼ 0;

8>><>>:
then the lattice points ðai;biÞ ðiAZ40Þ can be parametrized as follows:

ðai; biÞ ¼ ða1; b1Þ þ ði � 1ÞðQ;PÞ:

In this case, one can easily check the following relations:
(3) a1b1oa2b2oa3b3oa4b4o?:

Class R�: P
Q
AQo0 ðPAZo0;QAZ40Þ; and lz;h contains at least one point.

First, we consider the case ðP;QÞað�1; 1Þ; i.e., za27
2
: We may assume mo0; and

let lz;h be the line defined by Pa� Qb ¼ m: Set

lz;h-ðZ40Þ2 ¼ ðai; biÞ ðiAZ40Þ
aj � bjA1� 2eþ 2Z;

ajbjXajþ1bjþ1;
8j

�����
( )

:
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Then, by definition, ða1; b1Þ is one of the nearest lattice points on lz;h to the point

ðm
2P
;� m

2Q
Þ: One can check that the lattice points ðai; biÞ ðiAZ40Þ have the following

expression:

ðai; biÞ ¼
ða1; b1Þ þ i

2ðQ;PÞ ði � 0 mod 2Þ;
ða1; b1Þ � i�1

2
ðQ;PÞ ði � 1 mod 2Þ;

(
a1pm

2P
;

ðai; biÞ ¼
ða1; b1Þ � i

2
ðQ;PÞ ði � 0 mod 2Þ;

ða1; b1Þ þ i�1
2
ðQ;PÞ ði � 1 mod 2Þ;

(
a14m

2P
:

In fact, one can check that the following hold:

(1) If a1am
2P

and 1
2
ða1 þ a2Þam

2P
; then we have

a1b14a2b24a3b34?:
(2) If a1am

2P
and 1

2
ða1 þ a2Þ ¼ m

2P
; then we have

a1b1 ¼ a2b24a3b3 ¼ a4b44?:
(3) If a1 ¼ m

2P
; then we have

a1b14a2b2 ¼ a3b34a4b4 ¼ ?:

Second, we consider the case ðP;QÞ ¼ ð�1; 1Þ: Let lz;h be the line aþ b ¼ mð40Þ:
Set

lz;h-fða; bÞAðZ40Þ2 j aXbg

¼ ðai; biÞ ðiAZ40Þ
aj � bjA1� 2eþ 2Z;

ajXbj and ajbjXajþ1bjþ1;
8j

�����
( )

:

Hence, if we set ða1; b1Þ ¼ ðJmþ1
2
n;Jm

2
nÞ; where Jxn signifies the maximal integer

satisfying Jxnpx; then the lattice points ðai; biÞ ðiAZ40Þ can be parametrized as
follows:

ðai; biÞ ¼ ða1; b1Þ þ ði � 1Þð1;�1Þ:

In fact, one can immediately check the following relations:
(4) a1b14a2b24a3b34a4b44?:

Remark 4.1. In Class Rþ; there are infinitely many lattice points ðai; biÞ on lz;h in the

first and the third quadrants for each ðz; hÞ: On the contrary, in Class R�; there are
only finitely many lattice points ðai; biÞ on lz;h in the first quadrant for each ðz; hÞ:

Now, we will classify weights following the recipe explained above. Our
classification is given in a way that is suitable to describe the embedding diagrams
among Verma modules.
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For a weight belonging to Class V; we have nothing to do. Next, for a
weight belonging to Class I; Lemma 4.1 with tACWQ already gives us a
parametrization. Hence, the rest of our task is to classify the weights belonging to

Class R7:
Let p; q be positive integers satisfying p � qA2Z; ðp�q

2
; qÞ ¼ 1: In the rest of this

subsection, we will fix the central charge as follows:

z 7
p

q

� 	
¼ 15

2
83

p

q
þ q

p

� 	

for Class R7; respectively. We first introduce the sets

K7
p;q :¼ ðr;7sÞAZ2

0oroq

0osop
; rp þ sqppq

�����
( )

, ðr;7sÞAZ2 r ¼ q

0ospp

�����
( )

, ðr;7sÞAZ2 0proq

s ¼ p

�����
( )

;

which parametrize the sequences of weights. For each ðr; sÞAK7
p;q and iAZ; we define

the L0-weights hi;e as follows:

hi;e :¼
hði�1Þqþr;�s;eð7p

q
Þ i � 1 mod 2;

hiqþr;s;eð7p
q
Þ i � 0 mod 2:

(

It is easy to check that for each L0-weight belonging to Class R7; there exist

ðr; sÞAK7
p;q and iAZ such that h ¼ hi;e:

Note that these L0-weights are generically distinct, but some of them may coincide

for some ðr; sÞAK7
p;q: According to the degeneration of these weights, we will classify

them into following cases:
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Remark 4.2. In the above classification, the L0-weights hi;e for Case 17 are all

distinct, and the rest of the cases have the following degeneration:

Thus, we may assume that the range of i in hi;e for each case is given by the

following table:

Remark 4.3. For Case 1þ and Case 5þ; the irreducible highest weight modules
Leðz; h0;eÞ are called minimal by physicists.

4.2. Character sum formulae

In this subsection, we will describe the character sum formulae of the Jantzen

filtration of Verma modules whose highest weight belongs to the Class R7:

For ðz; hÞAC2; we define the Jantzen filtration of Meðz; hÞ

Meðz; hÞ ¼ Meðz; hÞð0Þ*Meðz; hÞð1Þ*Meðz; hÞð2Þ*?

as follows. Let A be a polynomial ring C½T �: We take the lift ðz̃; h̃ÞAA2 of a weight
ðz; hÞ as follows:

ðz̃; h̃Þ :¼
ðz þ T ; h þ 1

24
TÞ if e ¼ 0 and h ¼ 1

24
z;

ðz; h þ TÞ otherwise; if za3
2
; 27
2
;

ðz þ T ; hÞ otherwise:

8><>:
For kAZ40; we set

Meðz; hÞðkÞ :¼ fvjT¼0j/v;wSATkA 8wAMðz̃; h̃Þg:

Note that regarding T as a complex parameter, ðz̃; h̃Þ defines a line, and the lift here

is so chosen that the line ðz̃; h̃Þ intersects with the curves Za;b;e transversally.

For VAObðOÞ; let ch V be the formal character of V

chV :¼
X
lAhn

ðdim VlÞel;
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where V ¼"Vl is the weight space decomposition. As an application of Theorem
3.1 and Section A, we can compute the character sumX

l40

chMeðz; hÞðlÞ;

and the results are summarized in the following lemma:

Lemma 4.2. Let us fix p; qAZ40 satisfying p � qA2Z; ðp�q
2 ; qÞ ¼ 1:

1. Class Rþ: z ¼ zðp
q
Þ;

(I) Case 1þ: iAZ;X
l40

chMeðz; hi;eÞðlÞ ¼
X
kAZ
jkj4jij

k�i�1 mod 2

chMeðz; hk;eÞ:

(II) Case 2þ: iAZX0;X
l40

chMeðz; hi;eÞðlÞ ¼
X
k4i

chMeðz; hk;eÞ:

(III) Case 3þ: iAZX0;X
l40

chMeðz; hð�1Þi�1i;eÞðlÞ ¼
X
k4i

chMeðz; hð�1Þk�1k;eÞ:

(IV) Case 4:1þ: iAZX0;
i. ðp; qÞað1; 1Þ and i40;X

l40

chM1
2
ðz; h

2i;
1
2
ÞðlÞ ¼ 2

X
k4i

chM1
2
ðz; h

2k;
1
2
Þ:

ii. ðp; qÞ ¼ ð1; 1Þ or i ¼ 0;X
l40

chM1
2
ðz; h

2i;
1
2
ÞðlÞ ¼

X
k4i

ch M1
2
ðz; h

2k;
1
2
Þ:

(V) Case 4:2þ: iAZX0;
i. ðp; qÞað1; 1Þ;X

l40

ch Meðz; h�2i;eÞðlÞ ¼ 2
X
k4i

chMeðz; h�2k;eÞ:
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ii. ðp; qÞ ¼ ð1; 1Þ;X
l40

chM0ðz; h�2i;0ÞðlÞ ¼
X
k4i

ch M0ðz; h�2k;0Þ:

(VI) Case 5þ: iAZX0;X
k40

chM0ðz; hi;0ÞðkÞ ¼ 21�di;0

X
k4i

k�i�1 mod 2

ch M0ðz; hk;0Þ:

2. Class R�: z ¼ zð�p
q
Þ

(I) Case 1�: iAZWf0g;X
l40

chMeðz; hi;eÞðlÞ ¼
X
kAZ
jkjojij

k�i�1 mod 2

chMeðz; hk;eÞ:

(II) Case 2�: iAZ40;X
l40

chMeðz; hi;eÞðlÞ ¼
X

0pkoi

chMeðz; hk;eÞ:

(III) Case 3�: iAZ40;X
l40

chMeðz; hð�1Þi�1
i;eÞðlÞ ¼

X
0pkoi

chMeðz; hð�1Þk�1k;eÞ:

(IV) Case 4:1�: iAZ40;
i. ðp; qÞað1; 1Þ;X

l40

chM1
2
ðz; h

2i;
1
2
ÞðlÞ ¼ 2

X
0okoi

ch M1
2
ðz; h

2k;
1
2
Þ þ chM1

2
ðz; h

0;
1
2
Þ:

ii. ðp; qÞ ¼ ð1; 1Þ;X
l40

ch M1
2
ðz; h

2i;
1
2
ÞðlÞ ¼

X
0pkoi

ch M1
2
ðz; h

2k;
1
2
Þ:

(V) Case 4:2�: iAZ40;
i. ðp; qÞað1; 1Þ;X

l40

chMeðz; h�2i;eÞðlÞ ¼ 2
X

0pkoi

chMeðz; h�2k;eÞ:
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ii. ðp; qÞ ¼ ð1; 1Þ;X
l40

ch M0ðz; h�2i;0ÞðlÞ ¼
X

0pkoi

ch M0ðz; h�2k;0Þ:

(VI) Case 5�: iAZ40;X
l40

ch M0ðz; hi;0ÞðlÞ ¼ 2
X

0pkoi
k�i�1 mod 2

ch M0ðz; hk;0Þ:

Remark 4.4. Let a; bAZ40 such that a� bA1� 2eþ 2Z; and suppose ðz; hÞ ¼
ðzðt0Þ; ha;b;eðt0ÞÞAC2 for some t0ACn: We can compute the character sum of the

quotient module

Neðz; hÞ :¼ Meðz; hÞ=Meðz; h þ 1
2
abÞ

in a way similar to [RW2], and the result looks as follows.

Suppose a singular vector in Meðz; hÞ of level 1
2
ab lies not in Meðz; hÞðk þ 1Þ but in

Meðz; hÞðkÞ: Then, we haveX
l40

ch Neðz; hÞðlÞ ¼
X
l40

ch Meðz; hÞðlÞ

� fkchMeðz; h þ 1
2
abÞ þ

X
l40

chMeðz; h þ 1
2
abÞðlÞg:

4.3. Embedding diagrams

In this subsection, we will describe monomorphisms between Verma modules.
Namely, we first compute the dimension of the space of ðVireÞþ-invariants in each

weight subspace that are useful to construct embedding diagrams. Second, as an
application, we construct embedding diagrams among Verma modules. For

simplicity, let us fix t ¼ %0AZ2 in this subsection.

Since, we have already proved dim fM1
2
ðz; hÞng

ðVir1
2
Þþp1 in Proposition 3.1 for

Neveu–Schwarz algebra Vir1
2
; we have only to study for the Ramond algebra Vir0:

First, let us check the next proposition:

Proposition 4.1 (Case 17; 27 and 37). For sAZ2 and k; iAZX0 satisfying

7ðk � iÞ40; we have the following:

1. Case 17: hAfh7k;0g;

dim fM0ðz; h7i;0Þsh�h7i;0
gðVir0Þþ ¼ 1:
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2. Case 27: h ¼ hk;0;

dim fM0ðz; hi;0Þsh�hi;0
gðVir0Þþ ¼ 1:

3. Case 37: h ¼ hð�1Þk�1k;0;

dim fM0ðz; hð�1Þi�1
i;0Þ

s
h�hð�1Þi�1 i;0

gðVir0Þþ ¼ 1:

Proof. It is enough to prove this proposition for k ¼ i71: For Case 17 with h ¼
minfhk;0; h�k;0g; Cases 27 and 37; the statements immediately follow from Lemma

4.2 and the fact that M0ðz; hÞð1Þ is the maximal proper submodule of M0ðz; hÞ:
Hence, we have only to prove the case h ¼ maxfhk;0; h�k;0g for Case 17: Let us take

h̃iAfhi;0; h�i;0g; and set

hþ :¼ maxfhk;0; h�k;0g; h� :¼ minfhk;0; h�k;0g:

By Theorem 3.1, one can easily check that

dim fM0ðz; h̃iÞthþ�h̃i
gðVir0Þþa0 ðtAZ2Þ:

Moreover, since the Verma module M0ðz; h�Þ does not contain any singular vector
of L0-weight¼ hþ by the determinant formula (Theorem 3.1), the statement follows
from Lemma 4.2. &

Second, let us analyze Case 4:27: In this case, we have the following proposition:

Proposition 4.2 (Case 4:27). For sAZ2 and k; iAZp0 satisfying 8ðk � iÞ40; we have

dim fM0ðz; h2i;0Þsh2k;0�h2i;0
gðVir0Þþ ¼ 1:

Proof. Here, we will prove only for Case 4:2þ; since one can prove Case 4:2� by a
similar method.

Since we can easily check dim fM0ðz; h2i;0Þsh2k;0�h2i;0
gðVir0Þþa0; we assume that

dim fM0ðz; h2i;0Þsh2k;0�h2i;0
gðVir0Þþ ¼ 2; and lead to a contradiction. Moreover, it is

enough to prove this only for k ¼ i þ 1:
Let v1; v2AM0ðz; h2i;0Þh2i�2;0�h2i;0

Wf0g be singular vectors such that Cv1aCv2: Set,

Vjðz; h2i;0Þ :¼UðVir0Þ:vj ð j ¼ 1; 2Þ

¼ "
nAZX0

Vjðz; h2i;0Þn; Vjðz; h2i;0Þn :¼ fu j L0:u ¼ ðh2i;0 þ nÞug;

I :¼V1ðz; h2i;0Þ-V2ðz; h2i;0Þ

¼ "
nAZX0

In; In :¼ fu j L0:u ¼ ðh2i;0 þ nÞug:
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By Proposition 3.3 (actually from its proof), we may assume
Vjðz; h2i;0ÞDM0ðz; h2i�2;0Þ ð j ¼ 1; 2Þ without loss of generality. Set

N0ðz; h2i;0Þ :¼ M0ðz; h2i;0Þ=V1ðz; h2i;0Þ;

and let p be the canonical projection

p : M0ðz; h2i;0Þ7N0ðz; h2i;0Þ:

We denote the Jantzen filtration of the module N0ðz; h2i;0Þ by

N0ðz; h2i;0Þ*N0ðz; h2i;0Þð1Þ*N0ðz; h2i;0Þð2Þ*?

(cf. Remark 4.4). For each lAZ40; N0ðz; h2i;0ÞðlÞ clearly has the weight space

decomposition

N0ðz; h2i;0ÞðlÞ ¼ "
nAZX0

N0ðz; h2i;0ÞðlÞn; N0ðz; h2i;0ÞðlÞn :¼ fu j L0:u ¼ ðh2i;0 þ nÞug:

Set V2 :¼ pðV2ðz; h2i;0ÞÞ and ðV2Þn :¼ pðV2ðz; h2i;0ÞnÞ for each nAZX0: Then, one can

check the following formulae:X
l40

chN0ðz; h2i;0ÞðlÞ ¼ chM0ðz; h2i�2;0Þ; ð8Þ

chV2 ¼ chM0ðz; h2i�2;0Þ � ch I ; ð9Þ

N0ðz; h2i;0Þð1Þ*V2: ð10Þ

In fact, (8) follows from Remark 4.4 and Lemma 4.2, (9) follows from the definition
and (10) follows from a well-known fact on the Jantzen filtration. Moreover, we have

Ih�h2i;0
¼ f0g if hoh2i�4;0; ð11Þ

since ICM0ðz; h2i�2;0Þ is a proper submodule. Hence, (8)–(10) imply

ðyÞ For hoh2i�4;0; we have

N0ðz; h2i;0ÞðlÞh�h2i;0
¼

ðV2Þh�h2i;0
l ¼ 1;

f0g l41:

(

Eq. (11) also implies that Ih2i�4;0�h2i;0
CfM0ðz; h2i;0Þh2i�4;0�h2i;0

gðVir0Þþ ; hence we get

dim Ih2i�4;0�h2i;0
Af0; 2; 4g by taking the parity into account. Therefore, we will discuss

each case separately.
The case: dim Ih2i�4;0�h2i;0

¼ 0: In this case, it follows from (9) that

dim ðV2Þh2i�4;0�h2i;0
¼ dim M0ðz; h2i�2;0Þh2i�4;0�h2i�2;0

: ð12Þ
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On the other hand, since we have fV2ðz; h2i;0Þh2i�4;0�h2i;0
gðVir0Þþaf0g by definition, it

follows that fðV2Þh2i�4;0�h2i;0
gðVir0Þþaf0g by assumption, which implies

N0ðz; h2i;0Þð2Þh2i�4;0�h2i;0
af0g: Thus, we haveX

l40

dim N0ðz; h2i;0ÞðlÞh2i�4;0�h2i;0
!dim N0ðz; h2i;0Þð1Þh2i�4;0�h2i;0

Xdim ðV2Þh2i�4;0�h2i;0
ð_ð10ÞÞ

¼ dim M0ðz; h2i�2;0Þh2i�4;0�h2i�2;0
ð_ð12ÞÞ

which contradicts (8).
The case: dim Ih2i�4;0�h2i;0

¼ 2: In this case, it follows from Lemma 3.2 and (11) that

fVjðz; h2i;0Þh2i�4;0�h2i;0
gðVir0ÞþCIh2i�4;0�h2i;0

ð j ¼ 1; 2Þ: ð13Þ

First, we assume that N0ðz; h2i;0Þð1Þh2i�4;0�h2i;0
¼ ðV2Þh2i�4;0�h2i;0

: Under this assumption,

we can show the following:

ðAÞ N0ðz; h2i;0ÞðlÞh2i�4;0�h2i;0
¼ f0g for l41:

Indeed, we can prove as follows. Let us assume that N0ðz; h2i;0Þð2Þh2i�4;0�h2i;0
af0g:

Then, it follows that V2-N0ðz; h2i;0Þð2Þh2i�4;0�h2i;0
af0g: Set W :¼ V2ðz; h2i;0Þ-p�1

fN0ðz; h2i;0Þð2Þg and Wn :¼ W-V2ðz; h2i;0Þn for each nAZX0: By definition, we have

Wh2i�4;0�h2i;0
af0g:

On the other hand, since V2ðz; h2i;0ÞDM0ðz; h2i�2;0Þ; it follows that Wh�h2i;0
¼ f0g for

hoh2i�4;0: Hence, we have

Wh2i�4;0�h2i;0
CfV2ðz; h2i;0Þh2i�4;0�h2i;0

gðVir0Þþ

and

Wh2i�4;0�h2i;0
gV1ðz; h2i;0Þh2i�4;0�h2i;0

which contradicts (13). Thus, we proved (A).
Now, it follows from (A) that

dim ðV2Þh2i�4;0�h2i;0
¼
X
l40

dim N0ðz; h2i;0ÞðlÞh2i�4;0�h2i;0
ð_ by assumptionÞ

¼ dim M0ðz; h2i;0Þh2i�4;0�h2i;0
ð_ ð8ÞÞ:

On the other hand, since dim Ih2i�4;0�h2i;0
¼ 2 by assumption, (9) implies

dim ðV2Þh2i�4;0�h2i;0
¼ dim M0ðz; h2i;0Þh2i�4;0�h2i;0

� 2

ARTICLE IN PRESS
K. Iohara, Y. Koga / Advances in Mathematics 178 (2003) 1–6530



which is impossible. Thus, we conclude that

N0ðz; h2i;0Þð1Þh2i�4;0�h2i;0
+! ðV2Þh2i�4;0�h2i;0

:

Now, it follows from ðyÞ that there exists a subsingular vector

uAN0ðz; h2i;0Þð1Þh2i�4;0�h2i;0
WðV2Þh2i�4;0�h2i;0

:

In fact, one can say more:

(B) For any wAp�1ðuÞ-M0ðz; h2i;0Þh2i�4;0�h2i;0
; w is a singular vector.

This can be proved as follows. Since u is an element of N0ðz; h2i;0Þð1Þ; it follows
that w is an element of M0ðz; h2i;0Þð1Þ: Moreover, if wAM0ðz; h2i;0Þð2Þ; then w is

automatically a singular vector, since we have

M0ðz; h2i;0Þð2Þh�h2i;0
¼ f0g for hoh2i�4;0 ð14Þ

by assumption from the very beginning. Thus, we may assume that
weM0ðz; h2i;0Þð2Þ: Assume that w is not a singular vector. Then, (14) implies

ðVir0Þþ:fw þ M0ðz; h2i;0Þð2Þgaf0g

as an element of M0ðz; h2i;0Þð1Þ=M0ðz; h2i;0Þð2Þ; where the latter space is semi-simple.
But, by the definition of u; it follows that w þ M0ðz; h2i;0Þð2Þ is a non-zero

subsingular vector which is impossible. Hence, w is a singular vector, and (B) is
proved.
Now, (B) implies

wAfV2ðz; h2i;0ÞgðVir0Þþ and weV1ðz; h2i;0Þ

which contradicts (13).
The case: dim Ih2i�4;0�h2i;0

¼ 4: In this case, we have

dimL0ðz; h2i�2;0Þh2i�4;0�h2i�2;0
¼ dimM0ðz; h2i�2;0Þh2i�4;0�h2i�2;0

� 4:

Indeed, it follows from (11) and the assumption that

dim fM0ðz; h2i�2;0Þh2i�4;0�h2i�2;0
gðVir0Þþ ¼ 4;

hence we get

dim L0ðz; h2i�2;0Þh2i�4;0�h2i�2;0
pdim M0ðz; h2i�2;0Þh2i�4;0�h2i�2;0

� 4:

But, since we have

dimL0ðz; h2i�2;0Þh�h2i�2;0
¼ dim M0ðz; h2i�2;0Þh�h2i�2;0

ðhoh2i�4;0Þ
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by the determinant formula (Theorem 3.1), any element of M0ðz; h2i�2;0Þh2i�4;0�h2i�2;0

that lies in a proper submodule should be a singular vector, which proves the
equality. Thus, (9) implies that

dim ðV2Þh�h2i�2;0
¼ dim L0ðz; h2i�2;0Þh�h2i�2;0

ðhph2i�4;0Þ: ð15Þ

Now, the same argument as in the previous case (in particular, the proof of (B))
shows that

N0ðz; h2i;0Þð1Þh�h2i;0
¼ ðV2Þh�h2i;0

ðhph2i�4;0Þ:

This together with (8) and (9) ensures that

dimN0ðz; h2i;0Þð2Þh2i�4;0�h2i;0
40:

But, this is impossible, since ðyÞ implies that N0ðz; h2i;0Þð2Þ is a proper submodule of
N0ðz; h2i;0Þð1Þ which contradicts (15).

Therefore, we have proved that dim fM0ðz; h2i;0Þsh2k;0�h2i;0
gðVir0Þþ ¼ 2 cannot be

happened. &

Third, we will analyze Case 57: In this case, we have the following proposition:

Proposition 4.3 (Case 57). For sAZ2; iAZ40 and kAZX0 satisfying 7ðk � iÞ40; we

have

dim fM0ðz; hi;0Þshk;0�hi;0
gðVir0Þþ ¼

2 if k40;

1 if k ¼ 0:

(

Proof. For nAZX0 and lAZ40; set

M0ðz; hi;0ÞðlÞn :¼ fuAM0ðz; hi;0ÞðlÞ j L0:u ¼ ðhi;0 þ nÞug:

Then, by the determinant formula (Theorem 3.1), we see that

dim fM0ðz; hi;0Þshi71;0�hi;0
gðVir0Þþ40:

We first prove the case k40: In this case, it is enough to prove the proposition
for the case k ¼ i71; since the other cases can be obtained by using iterations

of injective morphisms. Assuming dim fM0ðz; hi;0Þshi71;0�hi;0
gðVir0Þþ ¼ 1; we will

lead to a contradiction. By Lemma 4.2, we conclude M0ðz; hi;0Þð1Þshi71;0�hi;0
¼

M0ðz; hi;0Þð2Þshi71;0�hi;0
which implies M0ðz; hi71;0ÞCM0ðz; hi;0Þð2Þ: Since the determi-

nant formula (Theorem 3.1) implies fM0ðz; hi71;0Þshi72;0�hi71;0
gðVir0Þþaf0g; we have
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M0ðz; hi72;0ÞCM0ðz; hi;0Þð3Þ: Hence, we obtainX
l40

dim M0ðz; hi;0ÞðlÞshi72;0�hi;0
X2 dimM0ðz; hi71;0Þshi72;0�hi71;0

þ 1:

But this is impossible by Lemma 4.2.
Second, assume k ¼ 0: Note that this is possible only for Case 5�: Let us first

prove the case i ¼ 1: In this case, Lemma 4.2 impliesX
l40

chM0ðz; h1;0ÞðlÞ ¼ 2ch M0ðz; h0;0Þ:

Since h0;0 ¼ 1
24

z and M0ðz; h0;0Þ is irreducible in this case, it is easy to see that

M0ðz; h1;0Þð1ÞDM̃ðz; 1
24zÞ;

which proves the proposition. For i41; we have only to prove the case i ¼ 2 by the
same reason as in the case k40: Since, we have already proved

dim fM0ðz; h2;0Þsh1;0�h2;0
gðVir0Þþ ¼ 2

for each sAZ2; we have only to show that any two submodules of M0ðz; h2;0Þ
which are isomorphic to M0ðz; h1;0Þ have a non-trivial intersection, since then it

should be isomorphic to M̃ðz; 1
24

zÞ; and there cannot be other singular vectors by

Proposition 3.2. Assume the contrary, and let W be the sum of two such
submodules, and let

W ¼ "
nAZX0

Wn; Wn :¼ fwAW jL0:w ¼ ðh1;0 þ nÞwg

be its weight space decomposition. By assumption, we have WDM0ðz; h1;0Þ"2 which

implies dimWn ¼ 4p0ðnÞ: But since we have

lim
n-N

dim Wn

dimM0ðz; h2;0Þh1;0�h2;0þn

¼ lim
n-N

2p0ðnÞ
p0ðn þ h1;0 � h2;0Þ

¼ 2

by (4), this is a contradiction. Thus, we completed the proof. &

Therefore, we conclude that except for Case 57; any non-trivial homomorphism
between Verma modules is injective.
Now, let us construct embedding diagrams among Verma modules as an

application of Propositions 4.1–4.3.
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Definition 4.1. We define symbols ½h�; *½h� and : as follows:

1. For hAC we set

½h� :¼ Meðz; hÞ; *½h� :¼ M̃ðz; hÞ;

where we omit indicating e and z: Indeed, we use these symbols only when they are
clear from the context.

2. When a map V-W of Vire-modules is injective, we express this fact symbolically
as follows:

V:W :

If a weight ðz; hÞ belongs to Class V, then Meðz; hÞ is irreducible and we have
nothing to do. If a weight ðz; hÞ belongs to Class I, then there exists a; bAZ40 and
tACWQ such that a� bA1� 2eþ 2ZX0 and z ¼ zðtÞ and h ¼ ha;b;eðtÞ (see Lemma
4.1). In this case, the Verma module Meðz; h þ 1

2
abÞ is irreducible, and hence we

obtain the following embedding diagram, Fig. 1.

If a weight ðz; hÞ belongs to the Class R7; then we obtain the embedding diagrams,
which are commutative, by Propositions 3.3, 4.1–4.3. We will describe them for

Classes Rþ and R� separately as shown in Figs. 2 and 3:
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Fig. 1. Embedding diagram for Class I.

Fig. 2. Embedding diagrams for Class Rþ:
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Note that the embedding diagrams for Case 57 are constructed as follows. Let
jz; hS be an even highest weight vector of the Verma module M0ðz; hÞ: For iAZ40;
let us take two linearly independent singular vectors, say Si81;1 and Si81;2; of the

Verma module M0ðz; hi81;0Þ (resp. M̃ðz; h0;0Þ for i ¼ 1 in Case 5þ) with level

hi81;0 � hi;0 satisfying conditions (7) (resp. the conditions in Proposition 3.3, 3).

Then, we define the homomorphisms

j7
i;j : M0ðz; hi;0Þ-

M̃ðz; h0;0Þ if i ¼ 1 in Case 5þ;

M0ðz; hi81;0Þ otherwise;

(
ð j ¼ 1; 2Þ;

by j7
i;j ðjz; hSÞ :¼ Si81;j: Then, by Proposition 3.3 and Remark 3.3, the morphisms

j7
i;j are monomorphisms. The embedding diagrams for Case 57 are constructed by

using such morphisms j7
i;j :

4.4. Structure of Jantzen filtration

In this subsection, we will describe the Jantzen filtration of Meðz; hÞ explicitly.
Here, when we have an injective map j : Meðz; h0Þ-Meðz; hÞ; we will identify Im j
with Meðz; h0Þ:
The results can be summarized as follows:

Theorem 4.1. In each case, the submodules Meðz; hÞðkÞ ðkAZ40Þ can be explicitly

described as follows:

1. Class V:

Meðz; hÞðkÞ ¼ f0g:

ARTICLE IN PRESS

Fig. 3. Embedding diagrams for Class R�:

K. Iohara, Y. Koga / Advances in Mathematics 178 (2003) 1–65 35



2. Class I: In this case, ðz; hÞ ¼ ðzðtÞ; ha;b;eðtÞÞ for some tACWQ and a; bAZ40

satisfying a� bA1� 2eþ 2ZX0:

Meðz; hÞðkÞ ¼
Meðz; h þ 1

2
abÞ k ¼ 1;

f0g k41:

(

3. Class R7: Let p; qAZ40 satisfying p � qA2Z; ðp�q
2
; qÞ ¼ 1: Set z ¼ zð7p

q
Þ:

(I) Case 17: iAZðWf0g for Case 1�Þ;

Meðz; hi;eÞðkÞ ¼Meðz; hjijþk;eÞ þ Meðz; h�jij�k;eÞ ðCase 1þÞ;

Meðz; hi;eÞðkÞ ¼

P
lAZ

jlj¼jij�k
Meðz; hl;eÞ kpi

f0g k4i

8<: ðCase1�Þ:

(II) Case 27: iAZX0ðWf0g for Case 2�),

Meðz; hi;eÞðkÞ ¼Meðz; hiþk;eÞ ðCase 2þÞ;

Meðz; hi;eÞðkÞ ¼
Meðz; hi�k;eÞ kpi

f0g k4i

(
ðCase 2�Þ:

(III) Case 37: iAZX0ðWf0g for Case 3�Þ;

Meðz; hð�1Þi�1i;eÞðkÞ ¼Meðz; hð�1Þiþk�1ðiþkÞ;eÞ ðCase 3þÞ;

Meðz; hð�1Þi�1
i;eÞðkÞ ¼

Meðz; hð�1Þi�k�1ði�kÞ;eÞ kpi

f0g k4i

(
ðCase 3�Þ:

(IV) Case 4:17: iAZX0ðWf0g for Case 4:1�Þ;
i. The case ðp; qÞað1; 1Þ and i40;

M1
2
ðz; h

2i;
1
2
ÞðkÞ ¼M1

2
ðz; h

2iþ2Jkþ1
2

n;1
2

Þ ðCase 4:1þÞ

M1
2
ðz; h

2i;
1
2
ÞðkÞ ¼

M1
2
ðz; h

2i�2Jkþ1
2

n;1
2

Þ ko2i

f0g kX2i

8<: ðCase 4:1�Þ:

ARTICLE IN PRESS
K. Iohara, Y. Koga / Advances in Mathematics 178 (2003) 1–6536



ii. The case ðp; qÞ ¼ ð1; 1Þ or i ¼ 0;

M1
2
ðz; h

2i;
1
2
ÞðkÞ ¼M1

2
ðz; h

2ðiþkÞ;1
2
Þ ðCase 4:1þÞ;

M1
2
ðz; h

2i;
1
2
ÞðkÞ ¼

M1
2
ðz; h

2ði�kÞ;1
2
Þ kpi

f0g k4i

8<: ðCase 4:1�Þ:

(V) Case 4:27: iAZX0ðWf0g for Case 4:2�Þ;
i. The case ðp; qÞað1; 1Þ and i40;

Meðz; h�2i;eÞðkÞ ¼Meðz; h
�2i�2Jkþ1

2
n;e
Þ ðCase 4:2þÞ;

Meðz; h�2i;eÞðkÞ ¼
Meðz; h

�2iþ2Jkþ1
2

n;e
Þ kp2i

f0g k42i

8<: ðCase 4:2�Þ:

ii. The case ðp; qÞ ¼ ð1; 1Þ or i ¼ 0;

Meðz; h�2i;eÞðkÞ ¼Meðz; h�2ðiþkÞ;eÞ ðCase 4:2þÞ;

Meðz; h�2i;eÞðkÞ ¼
Meðz; h�2ði�kÞ;eÞ kpi

f0g k4i

(
ðCase 4:2�Þ:

(VI) Case 57: iAZX0ðWf0g for Case 5�Þ;

M0ðz; hi;0ÞðkÞ ¼
Im jk i ¼ 0

M0ðz; hiþk;0Þð1Þ þ M0ðz; hiþk;0Þð2Þ i40

(
ðCase 5þÞ;

M0ðz; hi;0ÞðkÞ ¼
M0ðz; hi�k;0Þð1Þ þ M0ðz; hi�k;0Þð2Þ koi

M̃ðz; h0;0Þ k ¼ i

f0g k4i

8><>: ðCase 5�Þ;

where jk : M0ðz; hk;0Þ-M0ðz; h0;0Þ are non-trivial homomorphisms, and

M0ðz; hi7k;0Þð jÞ ð j ¼ 1; 2Þ are two distinct submodules that are both

isomorphic to M0ðz; hi7k;0Þ:

The proof of this theorem is an application of Lemma 4.2, Figs. 2 and 3.
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If the weight ðz; hÞAC2 belongs to Class V, then the Verma module Meðz; hÞ is
irreducible, and hence in this case, we get the result.

If the weight ðz; hÞAC2 belongs to Class I, then there exists a; bAZ40 and tACWQ

such that a� bA1� 2eþ 2ZX0 and z ¼ zðtÞ and h ¼ ha;b;eðtÞ (see Lemma 4.1). In this

case, its character sum can be easily computed, and the result isX
k40

chMeðz; hÞðkÞ ¼ chMeðz; h þ 1
2
abÞ:

Since the maximal proper submodule of Meðz; hÞ is isomorphic to Meðz; h þ 1
2
abÞ; we

get the result.

Now, let us analyze the case when the weight ðz; hÞAC2 belongs to Class R7:

Cases 17–37; 4:17 (ðp; qÞ ¼ ð1; 1Þ or i ¼ 0) and Case 4:27 ððp; qÞ ¼ ð1; 1ÞÞ can be

studied in the same way as in [Mal], and the results follow. Let us consider Case 4:17

(ðp; qÞað1; 1Þ and i40) and Case 4:27 (ðp; qÞað1; 1Þ). In this case, we have

dimfMeðz; hÞtng
ðVireÞþp1 ðnAð1� eÞZX0; tAZ2Þ

by Propositions 3.1 and 4.2. Therefore, we will prove only Case 4:1þ since the other
cases can be proved by the same manner.

For i; kAZ40; take a non-zero element v
ðiÞ
k AfM1

2
ðz; h

2i;
1
2
Þh

2ðiþkÞ;1
2
�h

2i;1
2

gðVir12Þþ ; and set

N1
2
ðz; h

2i;
1
2
ÞðkÞ :¼ UðVir1

2
ÞvðiÞk ; %M1

2
ðz; h

2i;
1
2
Þ :¼ M1

2
ðz; h

2i;
1
2
Þ=N1

2
ðz; h

2i;
1
2
Þð1Þ:

Remark that N1
2
ðz; h

2i;
1
2
ÞðkÞDM1

2
ðz; h

2ðiþkÞ;1
2
Þ: First, we will show that %M1

2
ðz; h

2l;
1
2
Þ is

irreducible for lAZ40: In fact, let

%M1
2
ðz; h

2l;
1
2
Þ* %M1

2
ðz; h

2l;
1
2
Þð1Þ* %M1

2
ðz; h

2l;
1
2
Þð2Þ*?

be Jantzen filtration of %M1
2
ðz; h

2l;
1
2
Þ: Since, v

ðlÞ
1 AM1

2
ðz; h

2l;
1
2
Þð2Þ by Lemma 4.2, we

haveX
k40

ch %M1
2
ðz; h

2l;
1
2
ÞðkÞ ¼

X
k40

ch M1
2
ðz; h

2l;
1
2
ÞðkÞ

� 2ch N1
2
ðz; h

2l;
1
2
Þð1Þ þ

X
k40

ch M1
2
ðz; h

2ðlþ1Þ;1
2
ÞðkÞ

( )
¼ 0;

by Remark 4.4 and Lemma 4.2, which implies that the module %M1
2
ðz; h

2l;
1
2
Þ is

irreducible.

ARTICLE IN PRESS
K. Iohara, Y. Koga / Advances in Mathematics 178 (2003) 1–6538



Now, we will prove

M1
2
ðz; h

2i;
1
2
Þð2k � 1Þ ¼ M1

2
ðz; h

2i;
1
2
Þð2kÞ ¼ N1

2
ðz; h

2i;
1
2
ÞðkÞ

by induction on kAZ40: The case k ¼ 1 immediately follows by v
ðiÞ
1 AM1

2
ðz; h

2i;
1
2
Þð2Þ

and the irreducibility of %M1
2
ðz; h

2i;
1
2
Þ: Suppose we have proved up to the case k � 1:

By Lemma 4.2 and the induction hypothesis, we have

XN
l¼2k�1

chM1
2
ðz; h

2i;
1
2
ÞðlÞ ¼ 2

XN
l¼k

chM1
2
ðz; h

2ðiþlÞ;1
2
Þ:

This formula and Proposition 3.1 imply v
ðiÞ
k AM1

2
ðz; h

2i;
1
2
Þð2kÞCN1

2
ðz; h

2i;
1
2
Þðk � 1Þ by

assumption. Thus, we get N1
2
ðz; h

2i;
1
2
ÞðkÞCM1

2
ðz; h

2i;
1
2
Þð2kÞ: Since N1

2
ðz; h

2i;
1
2
Þ

ðk � 1Þ=N1
2
ðz; h

2i;
1
2
ÞðkÞD %M1

2
ðz; h

2ðiþk�1Þ;1
2
Þ is irreducible, we get the result. This

completes the above induction.

Case 57 can be also studied by the same way as [Mal] except for Case 5þ (i ¼ 0).

For Case 5þ (i ¼ 0), we first apply the same technique as [Mal] to the module

M̃0ðz; h0;0Þ: This is possible by the existence of the embedding diagram (see Fig. 2).

Now isomorphism (1) yields the result.

4.5. Structure of Verma modules

In this subsection, we will summarize some basic properties of Verma modules
Meðz; hÞ; in particular, a refinement of results in Section 3.
First, the following theorem follows from the results obtained in Section 4.4.

Theorem 4.2. Any submodule of a Verma module is generated by singular

vectors.

Therefore, it is useful to have some informations on singular vectors. Summarizing
Propositions 3.1, 3.2, 4.1–4.3, we obtain the following theorem:

Theorem 4.3. The dimension of the space of ðVireÞþ-invariants in each weight subspace

satisfies the following:

1. For the Neveu–Schwarz algebra (i.e., e ¼ 1
2
Þ; we have

dimfM1
2
ðz; hÞng

ðVir1
2
Þþp1 8nA1

2Z40:
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2. For the Ramond algebra (i.e., e ¼ 0Þ; we have

(i) If the highest weight ðz; hÞAC2 belongs to Case 57; for i; kAZ40 satisfying

7ðk � iÞ40; we have

dimfM0ðz; hi;0Þthk;0�hi;0
gðVir0Þþ ¼ 2 tAZ2;

(ii) otherwise, we have

dimfM0ðz; hÞtng
ðVir0Þþp1 8nAZ40 tAZ2:

Motivated by Remark 3.3, we will study Case 57: For iAZX0; let jz; hS be an even
highest weight vector of M0ðz; hÞ:

Lemma 4.3 (Case 57). For i; jAZX0 satisfying 7ð j � iÞ40; let ðPjG0 þ
QjÞjz; hi;0SAM0ðz; hi;0Þhj;0�hi;0

be an even singular vector with the expansion with

respect to the basis B
%0
hj;0�hi;0

Pj ¼ cPj
G�1L

hj;0�hi;0�1
�1 þ?; Qj ¼ cQj

L
hj;0�hi;0

�1 þ?:

1. For kAZ40 satisfying 7ðk � jÞ40; any even singular vector ðPkG0 þ QkÞjz; hi;0S
of level hk;0 � hi;0 which is contained in the submodule UðVir0Þ:ðPjG0 þ QjÞjz; hi;0S
satisfying 2cPj

þ cQj
¼ 0 (resp. cQj

¼ 0) satisfies 2cPk
þ cQk

¼ 0 (resp. cQk
¼ 0).

2. For Case 5�; a singular vector ðP0G0 þ Q0Þjz; hi;0S satisfies 2cP0
þ cQ0

¼ 0:

Before going into the proof, let us explain this lemma graphically (Fig. 4).
Both the first and the second series describe the singular vectors of the Verma

modules with highest L0-weight hi;0: The number h with the polynomial F at the

bottom signifies the singular vector with L0-weight h satisfying the equation F ¼ 0:
The arrow h-h0 with the polynomial F at the bottom means that the singular vector
with L0-weight h0 is generated by the singular vector with L0-weight h both satisfying
the equation F ¼ 0:

Proof. First, we prove 1 of this lemma. Let j : M0ðz; hj;0Þ-M0ðz; hi;0Þ be a Vir0-

homomorphism defined by jðjz; hj;0SÞ ¼ ðPjG0 þ QjÞjz; hi;0S: By Theorem 4.2, there

exists an even singular vector ðXkG0 þ YkÞjz; hj;0SAMðz; hj;0Þ with the expansion

with respect to the basis B
%0
hk;0�hj;0

Xk ¼ cXk
G�1L

hk;0�hj;0�1
�1 þ?; Yk ¼ cYk

L
hk;0�hj;0

�1 þ?

such that jððXkG0 þ YkÞjz; hj;0SÞ ¼ ðPkG0 þ QkÞjz; hi;0S: Since, we have

ðXkG0 þ YkÞðPjG0 þ QjÞjz; hi;0S ¼ ðPkG0 þ QkÞjz; hi;0S
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by definition, we get

cPk
¼ 2cXk

cPj
þ cXk

cQj
þ cYk

cPj
; cQk

¼ cYk
cQj

: ð16Þ

Let us study (16) by case-by-case.

1. The case 2cPj
þ cQj

¼ 0: In this case, (16) reduce to cPk
¼ cYk

cPj
and cQk

¼ cYk
cQj

which imply cYk
a0 and 2cPk

þ cQk
¼ 0:

2. The case cQj
¼ 0: In this case, (16) reduce to cPk

¼ ð2cXk
þ cYk

ÞcPj
and cQk

¼ 0

which imply 2cXk
þ cYk

a0 and cQk
¼ 0:

This completes the proof of 1.
To prove 2 of this lemma, we first show that G0 annihilates ðP0G0 þ Q0Þjz; hi;0S:

In fact, suppose G0ðPG0 þ QÞjz; hi;0Sa0: Then, by Remark 3.2, it follows that

G0ðP0G0 þ Q0ÞG0jz; hi;0S is a non-zero even singular vector which is G0-invariant.

But, this contradicts Proposition 4.3. Now, since we have

G0:ðP0G0 þ Q0Þjz; hi;0S ¼ fð2cP0
þ cQ0

ÞLhi;0�h0;0
�1 G0 þ?g j z; hi;0S ¼ 0;

the result follows. &

Next, we will summarize the results concerning the injectivity of morphisms
between Verma modules. Theorem 4.3 and Proposition 3.3 imply that the only non-

trivial cases are Case 57 for Ramond algebra Vir0: Let jz; hS be an even highest
weight vector of Meðz; hÞ: Then, by Proposition 3.3, Remark 3.3 and (the proof of)
Lemma 4.3, we obtain the following theorem:

ARTICLE IN PRESS

Fig. 4. Singular vectors of Verma modules for Case 57:
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Theorem 4.4. Let h; h0AC such that hah0:

1. Any non-trivial Z2-graded Vir1
2
-homomorphism M1

2
ðz; h0Þ-M1

2
ðz; hÞ is mono-

morphism.
2. Let j : M0ðz; h0Þ-M0ðz; hÞ be a non-trivial Z2-graded Vir0-homomorphism.

Assume that ha 1
24

z:

(I) If h and h0 do not belong to Case 57; then j is a monomorphism.
(II) Suppose h ¼ hi;0 and h0 ¼ hj;0 for some i; jAZX0 satisfying 7ð j � iÞ40

belong to Case 57: For kAZX0 satisfying 7ðk � jÞ40; let ðPð* Þ
k G0 þ

Q
ð* Þ
k Þjz; h

* ;0
S ð* ¼ i; jÞ be an even singular vector with the expansion with

respect to the basis B
%0
hk;0�h

*
;0

P
ð* Þ
k ¼ c

P
ð
*
Þ

k

G�1L
hk;0�h

*
;0�1

�1 þ?; Q
ð* Þ
k ¼ c

Q
ð
*
Þ

k

L
hk;0�h

*
;0

�1 þ?:

In particular, we take

jðjz; hj;0SÞ ¼ ðPðiÞ
j G0 þ Q

ðiÞ
j Þjz; hi;0S;

with the expansion as above.
i. j is a monomorphism if and only if c

P
ðiÞ
j

and c
Q

ðiÞ
j

satisfy both 2c
P
ðiÞ
j

þ
c

Q
ðiÞ
j

a0 and c
Q

ðiÞ
j

a0: For *Afi; jg; set

V
ð * Þ
2cPþcQ

:¼ "
kAZX0

7ðk�jÞ40

CðPð* Þ
k G0 þ Q

ð* Þ
k Þjz; h

* ;0
S 2c

P
ð
*
Þ

k

þ c
Q

ð
*
Þ

k

¼ 0;

V
ð* Þ
cQ

:¼ "
kAZ40

7ðk�jÞ40

CðPð* Þ
k G0 þ Q

ð* Þ
k Þjz; h

* ;0
S c

Q
ð
*
Þ

k

¼ 0:

ii. In case 2c
P
ðiÞ
j

þ c
Q

ðiÞ
j

¼ 0; we have

fðIm jÞ%0gðVir0Þþ ¼ V
ðiÞ
2cPþcQ

; fðKerjÞ%0gðVir0Þþ ¼ V ð jÞ
cQ

:

iii. In case c
Q

ðiÞ
j

¼ 0; we have

fðIm jÞ%0gðVir0Þþ ¼ V ðiÞ
cQ
; fðKer jÞ%0gðVir0Þþ ¼ V

ð jÞ
2cPþcQ

:
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3. For h ¼ 1
24 z; we have the following:

(I) A non-trivial Z2-graded Vir0-homomorphism j : M0ðz; h0Þ-M̃ðz; hÞ is a

monomorphism if and only if ImjgM0ðz; h; tÞ for any tAZ2:
(II) For h0 ¼ hj;0 with jAZ40; let j : M0ðz; h0Þ-M0ðz; hÞ be a non-trivial

Z2-graded Vir0-homomorphism. Then,

fðKer jÞ%0gðVir0Þþ ¼ V ð jÞ
cQ

:

Let i; j be positive integers satisfying 7ð j � iÞ40: The non-injective morphisms
can be illustrated as shown in Figs. 5–7.
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Fig. 5. Non-injective maps for Case 5þ ðia0Þ:

Fig. 6. Non-injective maps for Case 5þ ði ¼ 0Þ:
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5. Bernstein–Gel’fand–Gel’fand resolution

In this section, we will construct the so-called Bernstein–Gel’fand–Gel’fand type
(BGG type, for short) resolution as an application of Theorem 4.1. Then, we will
compute the characters of irreducible highest weight Vire-modules.

5.1. Bernstein–Gel’fand–Gel’fand resolution

In this subsection, we will construct the strong BGG type resolutions for
irreducible highest weight Vire modules.

For ðz; hÞ; ðz; h0ÞAhn ¼ ðVir%0e-ðVireÞ0Þ
nDC2 which do not belong to Case 57; let

pez;h : Meðz; hÞ-Leðz; hÞ

be the canonical projection, and

iezðh0; hÞ : Meðz; h0Þ-Meðz; hÞ

be a non-trivial Vire-module homomorphism. By Theorem 4.4, any such iezðh0; hÞ is a
monomorphism and is unique up to a scalar. For ðz; hÞ; ðz; h0ÞAhn which belong to

Case 57 and FAf2cP þ cQ; cQg; let

i0zðh0; hÞF : M0ðz; h0Þ-M0ðz; hÞ
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Fig. 7. Non-injective maps for Case 5�:
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be a non-trivial non-injective map defined as follows. For h̃Afh; h0g; let jz; h̃S be an

even highest weight vector of M0ðz; h̃Þ; and set

i0zðh0; hÞF ðjz; h0SÞ :¼ ðPG0 þ QÞjz; hS;

where P;QAUððVir0Þ�Þ have the following expansion with respect to the basis B
%0
h0�h

P ¼ cPG�1L
h0�h�1
�1 þ?; Q ¼ cQLh0�h

�1 þ?:

Then for each F ; we define i0zðh0; hÞF so that the ðcP; cQÞAC2 satisfies F ¼ 0: In

particular, for h ¼ 1
24

z; we let

i0zðh0; hÞ : M0ðz; h0Þ-M0ðz; hÞ

be a non-trivial Vir0-module homomorphism, and for h0 ¼ 1
24

z; we let

i0zðh0; hÞ : M̃0ðz; h0Þ-M0ðz; hÞ

be a non-trivial Vir0-module homomorphism. Such Vir0-module homomorphisms
surely exist, and are unique up to a scalar by Theorem 4.4.
The results can be stated as follows:

Theorem 5.1. In each case, the following sequence is exact.

1. Class V:

0-Meðz; hÞ-d0 Leðz; hÞ-0;

where we set

d0 :¼ pez;h:

2. Class I: In this case, ðz; hÞ ¼ ðzðtÞ; ha;b;eðtÞÞ for some tACWQ and a; bAZ40

satisfying a� bA1� 2eþ 2ZX0:

0-Meðz; h þ 1
2
abÞ-d1 Meðz; hÞ-d0 Leðz; hÞ-0;

where we set

d1 :¼ iezðh þ 1
2
ab; hÞ; d0 :¼ pez;h:
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3. Class R7: Let p; qAZ40 satisfying p � qA2Z; ðp�q
2
; qÞ ¼ 1: Set z ¼ zð7p

q
Þ:

(I) Case 1þ: iAZ;

? -
dkþ1

Meðz; hjijþk;eÞ"Meðz; h�jij�k;eÞ-
dk ?

-
d2

Meðz; hjijþ1;eÞ"Meðz; h�jij�1;eÞ-
d1

Meðz; hi;eÞ-
d0

Leðz; hi;eÞ-0;

where we set

dkðx; yÞ :¼ ðiezðhjijþk;e; hjijþk�1;eÞðxÞ þ iezðh�jij�k;e; hjijþk�1;eÞðyÞ;

� iezðhjijþk;e; h�jij�kþ1;eÞðxÞ � iezðh�jij�k;e; h�jij�kþ1;eÞðyÞÞ k41;

dkðx; yÞ :¼ iezðhjijþ1;e; hi;eÞðxÞ þ iezðh�jij�1;e; hi;eÞðyÞ k ¼ 1;

dkðxÞ :¼ pez;hi;e
ðxÞ k ¼ 0:

(II) Case 1�: iAZWf0g;

0-Meðz; h0;eÞ-
di

Meðz; h1;eÞ"Meðz; h�1;eÞ-
di�1 ?

-
d2

Meðz; hjij�1;eÞ"Meðz; h�jijþ1;eÞ-
d1

Meðz; hi;eÞ-
d0

Leðz; hi;eÞ-0;

where we set

dkðxÞ :¼ iezðh0;e; h1;eÞðxÞ þ iezðh0;e; h1;eÞðxÞ k ¼ i;

dkðx; yÞ :¼ ðiezðhjij�k;e; hjij�kþ1;eÞðxÞ þ iezðh�jijþk;e; hjij�kþ1;eÞðyÞ;

� iezðhjij�k;e; h�jijþk�1;eÞðxÞ � iezðh�jijþk;e; h�jijþk�1;eÞðyÞÞ 1okoi;

dkðx; yÞ :¼ iezðhjij�1;e; hi;eÞðxÞ þ iezðh�jijþ1;e; hi;eÞðyÞ k ¼ 1;

dkðxÞ :¼ pez;hi;e
ðxÞ k ¼ 0:

(III) Case 27: iAZX0ðWf0g for Case 2�Þ;

0-Meðz; hi71;eÞ-
d1

Meðz; hi;eÞ-
d0

Leðz; hi;eÞ-0;
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where we set

d1 :¼ iezðhi71;e; hi;eÞ; d0 :¼ pez;hi;e
:

(IV) Case 37: iAZX0ðWf0g for Case 3�Þ;

0-Meðz; hð�1Þiði71Þ;eÞ-
d1

Meðz; hð�1Þi�1i;eÞ-
d0

Leðz; hð�1Þi�1i;eÞ-0;

where we set

d1 :¼ iezðhð�1Þiði71Þ;e; hð�1Þi�1i;eÞ; d0 :¼ pez;hð�1Þi�1 i;e
:

(V) Case 4:17: iAZX0ðWf0g for Case 4:1�Þ;

0-M1
2
ðz; h

2ði71Þ;1
2
Þ-d1 M1

2
ðz; h

2i;
1
2
Þ-d0 L1

2
ðz; h

2i;
1
2
Þ-0;

where we set

d1 :¼ i
1
2
zðh

2ði71Þ;1
2
; h

2i;
1
2
Þ; d0 :¼ p

1
2
z;h

2i;
1
2

:

(VI) Case 4:27: iAZX0ðWf0g for Case 4:2�Þ;

0-Meðz; h�2ði71Þ;eÞ-
d1

Meðz; h�2i;eÞ-
d0

Leðz; h�2i;eÞ-0;

where we set

d1 :¼ iezðh�2ði71Þ;e; h�2i;eÞ; d0 :¼ pez;h�2i;e
:

(VII) Case 5þ: iAZ40;

? -
dkþ1

M0ðz; hiþk;0Þ"2-
dk ?

-
d2

M0ðz; hiþ1;0Þ"2-
d1

M0ðz; hi;0Þ-
d0

L0ðz; hi;0Þ-0;

where we set

dkðx; yÞ :¼ ði0zðhiþk;0; hiþk�1;0ÞcQ
ðxÞ; i0zðhiþk;0; hiþk�1;0Þ2cPþcQ

ðyÞÞ

k414k � 0 mod 2;
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dkðx; yÞ :¼ ði0zðhiþk;0; hiþk�1;0Þ2cPþcQ
ðxÞ; i0zðhiþk;0; hiþk�1;0ÞcQ

ðyÞÞ

k414k � 1 mod 2;

dkðx; yÞ :¼ i0zðhiþ1;0; hi;0Þ2cpþcQ
ðxÞ þ i0zðhiþ1;0; hi;0ÞcQ

ðyÞ k ¼ 1;

dkðxÞ :¼ p0z;hi;0
ðxÞ k ¼ 0;

i ¼ 0;

? -
dkþ1

M0ðz; hk;0Þ-
dk ?

-
d2

M0ðz; h1;0Þ-
d1

M0ðz; h0;0Þ-
d0

L0ðz; h0;0Þ-0;

where we set

dk :¼

i0zðhk;0; hk�1;0ÞcQ
k414k � 0 mod 2;

i0zðhk;0; hk�1;0Þ2cPþcQ
k414k � 1 mod 2;

i0zðh1;0; h0;0Þ k ¼ 1;

p0z;h0;0 k ¼ 0:

8>>>>><>>>>>:
(VIII) Case 5�: iAZWf0g;

0-M0ðz; h0;0Þ-
di

M0ðz; h1;0Þ"2 -
di�1 ?

-
d2

M0ðz; hjij�1;0Þ"2-
d1

M0ðz; hi;0Þ-
d0

L0ðz; hi;0Þ-0;

where we set

dkðxÞ :¼ ð0; i0zðh0;0; h1;0Þ2cPþcQ
ðxÞÞ k ¼ i4i � 0 mod 2;

dkðxÞ :¼ ði0zðh0;0; h1;0Þ2cPþcQ
ðxÞ; 0Þ k ¼ i4i � 1 mod 2;

dkðx; yÞ :¼ ði0zðhi�k;0; hi�kþ1;0ÞcQ
ðxÞ; i0zðhi�k;0; hi�kþ1;0Þ2cPþcQ

ðyÞÞ

1okoi4k � 0 mod 2;

dkðx; yÞ :¼ ði0zðhi�k;0; hi�kþ1;0Þ2cPþcQ
ðxÞ; i0zðhi�k;0; hi�kþ1;0ÞcQ

ðyÞÞ

1okoi4k � 1 mod 2;
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dkðx; yÞ :¼ i0zðh1;0; h0;0Þ2cPþcQ
ðxÞ þ i0zðh1;0; h0;0ÞcQ

ðyÞ k ¼ 1;

dkðxÞ :¼ p0z;hi;0
ðxÞ k ¼ 0:

Remark 5.1. For Case 5þ; the BGG type resolution of the module L0ðz; h0;0Þ"
PL0ðz; h0;0Þ

? -
dkþ1

M0ðz; hk;0Þ"2-
dk ?-

d2
M0ðz; h1;0Þ"2-

d1

M0ðz; h0;0Þ"PM0ðz; h0;0ÞDM̃ðz; h0;0Þ-
d0

L0ðz; h0;0Þ"PL0ðz; h0;0Þ-0;

given in [IK1], which is important for its application to physics, can be constructed

as follows. Let ðC
*
; d̃

*
Þ be the BGG type resolution of L0ðz; h0;0Þ given in Theorem

5.1. Then, the above complex is just ðC
*
"PC

*
; ðd̃

*
; d̃P

*
ÞÞ:

Besides Case 57; we can prove Theorem 5.1 by the same argument as in [Mal]

since we have Theorem 4.1. Theorem 5.1 for Case 57 and Remark 5.1 are simple
corollaries of Theorems 4.1 and 4.4. The details are left to the reader.

5.2. Characters

In this subsection, we will compute the characters of the irreducible highest weight
modules Leðz; hÞ: In particular, we will also compute the super-character of the
minimal series for the Neveu–Schwarz algebra Vir1

2
: The modular transformations of

the characters of minimal series representations will be given as an application.
For MAObðOÞ such that cjM ¼ z id; we denote the weight space decomposition of

M by

M ¼"
hAC

Mh; Mh :¼ fuAMjL0:u ¼ hug:

Recall that the so-called normalized character of M is defined by

trMqL0� 1
24

c :¼
X
hAC

ðdim MhÞqh� 1
24

z;

and the normalized super-character of M is defined by

strMqL0� 1
24

c :¼
X
hAC

ðsdim MhÞqh� 1
24

z;

where q ¼ e2pitAC satisfying 0ojqjo1:Note that the normalized (super-)character is
an additive function on O; i.e., a function defined on the Grothendieck group of O:
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The normalized characters of irreducible highest weight Vire-modules can be

expressed in terms of holomorphic modular forms of weight 1
2
; the Dedekind Z-

function ZðtÞ and the classical theta functions Yn;mðtÞ: Let us briefly recall their

definition. The Dedekind Z-function ZðtÞ is defined by

ZðtÞ ¼ q
1
24
Y

nAZ40

ð1� qnÞ;

and for mA1
2
Z40 and nAZ=2mZ the classical theta functions Yn;mðtÞ are defined by

Yn;mðtÞ ¼
X

kAZþ n
2m

e2pimk2t:

By the Poincaré–Birkhoff–Witt theorem, the normalized character of the Verma
module Meðz; hÞ can be expressed as

trMeðz;hÞq
L0� 1

24
c ¼ 2

�de;0d
h;
1
24

z qh� 1
24

z�1
8
ejeðtÞ; ð17Þ

where jeðtÞ is given by

jeðtÞ :¼

ZðtÞ
Zð1

2
tÞZð2tÞ

; e ¼ 1
2
;

2
Zð2tÞ
ZðtÞ2

; e ¼ 0:

8>>><>>>:
Now, by the Euler–Poincaré principle, we obtain the normalized characters of the
irreducible highest weight modules by Theorem 5.1 and (17) as follows:

Theorem 5.2. For each case, the normalized character trLeðz;hÞq
L0� 1

24
z is given as

follows:

1. Class V :

2
�de;0d

h;
1
24

z qh� 1
24

z�1
8
ejeðtÞ:

2. Class I: In this case, ðz; hÞ ¼ ðzðtÞ; ha;b;eðtÞÞ for some tACWQ and a; bAZ40

satisfying a� bA1� 2eþ 2ZX0;

ðq
1
8ðat

1
2�bt�

1
2Þ2 � q

1
8ðat

1
2þbt�

1
2Þ2ÞjeðtÞ:

3. Class Rþ: Let p; qAZ40 satisfying p � qA2Z; ðp�q
2
; qÞ ¼ 1: Set z ¼ zðp

q
Þ:
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(I) Case 1þ: h ¼ hi;e ðiAZÞ;

ð�1Þi½Y1
2ðrp�sqÞ;12pq

ðtÞ �Y1
2ðrpþsqÞ;12pq

ðtÞ � riðtÞ�jeðtÞ;

where we set

riðtÞ ¼
X
kAZ

s:t: jkjpjij;
kai

ð�1Þk
q

1
8pq

f2Jk
2
npqþrp�ð�1Þk

sqg
:

(II) Case 2þ: h ¼ hi;e ðiAZX0Þ;

½q
1
8pq

fð2J i
2
nþ1Þpq�ð�1Þi sqg2 � q

1
8pq

fð2Jiþ1
2

nþ1Þpqþð�1Þisqg2 �jeðtÞ:

(III) Case 3þ: h ¼ hð�1Þi�1i;e ðiAZX0Þ;

½q
1
8pq

fð2Jð�1Þ
i�1i
2

n�ð�1ÞiÞpqþrpg2 � q
1
8pq

fð2Jð�1Þ
iðiþ1Þ
2

nþð�1ÞiÞpqþrpg2 �jeðtÞ:

(IV) Case 4:1þ: h ¼ h2i;e ðiAZX0Þ;

½q
1
2

pqi2 � q
1
2

pqðiþ1Þ2 �j1
2
ðtÞ:

(V) Case 4:2þ: h ¼ h�2i;e ðiAZX0Þ;

½q
1
8
pqð2iþ1Þ2 � q

1
8

pqð2iþ3Þ2 �jeðtÞ:

(VI) Case 5þ: h ¼ hi;0 ðiAZX0Þ;

ð�1Þi2�di;0 ½Y
0;
1
2

pq
ðtÞ �Y1

2
pq;

1
2

pq
ðtÞ � riðtÞ�jeðtÞ;

where we set

riðtÞ ¼
X
kAZ

s:t: jkjpi;
kai

ð�1Þk
q
1
8

pqk2 :
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4. Class R�: Let p; qAZ40 satisfying p � qA2Z; ðp�q
2
; qÞ ¼ 1: Set z ¼ zð�p

q
Þ:

(I) Case 1�: h ¼ hi;e ðiAZWf0gÞ;

X
kAZ

s:t: jkjpjij;
ka�i

ð�1Þk�i
q
� 1
8pq

f2Jk
2
npqþrpþð�1Þksqg2

266664
377775jeðtÞ:

(II) Case 2�: h ¼ hi;e ðiAZ40Þ;

½q� 1
8pq

fð2J i
2
nþ1Þpqþð�1Þi sqg2 � q

� 1
8pq

fð2Ji�1
2

nþ1Þpq�ð�1Þisqg2 �jeðtÞ:

(III) Case 3�: h ¼ hð�1Þi�1
i;e ðiAZ40Þ;

½q� 1
8pq

fð2Jð�1Þ
i�1i
2

n�ð�1ÞiÞpqþrpg2 � q
� 1
8pq

fð2Jð�1Þ
iði�1Þ
2

nþð�1ÞiÞpqþrpg2 �jeðtÞ:

(IV) Case 4:1�: h ¼ h2i;e ðiAZ40Þ;

½q�1
2

pqi2 � q�1
2

pqði�1Þ2 �j1
2
ðtÞ:

(V) Case 4:2�: h ¼ h�2i;e ðiAZ40Þ;

½q�1
8
pqð2iþ1Þ2 � q�1

8
pqð2i�1Þ2 �jeðtÞ:

(VI) Case 5�: h ¼ hi;0 ðiAZ40Þ;

X
kAZ

s:t: jkjpjij;
ka�i

ð�1Þk�i
q�1

8
pqk2

266664
377775j0ðtÞ:

Similarly, we can compute the normalized super-characters of the irreducible
highest weight modules. For the Ramond algebra Vir0; they are trivial. In fact, we
have

strM0ðz;h;%0Þq
L0� 1

24
c ¼ d

h;
1
24

z
qh� 1

24
z;
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which implies that

strL0ðz;h;%0Þq
L0� 1

24
c ¼ d

h;
1
24

z
:

Thus, we will write them down for the Neveu–Schwarz algebra Vir1
2
below. In

addition, the only results that will be used later in this paper are those for minimal
series representations, so we will stick to this case. Recall that the highest weight of
the minimal series representations are parametrized by the set

K
3

p;q :¼ ðr; sÞAZ2 0oroq

0osop
; rp þ sqppq

�����
( )

CKþ
p;q;

for a fixed central charge z ¼ zp;q where p; qAZ40 satisfy p � qA2Z and ðp�q
2
; qÞ ¼ 1

(cf. Remark 4.3). For each eAf1
2
; 0g; we define a subset of K

3

p;q by

K
3
e
p;q :¼ fðr; sÞAK

3

p;q j r � sA1� 2eþ 2Zg:

Clearly, we have

K
3

p;q ¼ K
3
0
p;q0K

3 1
2
p;q:

Set

cðtÞ :¼
Zð1

2
tÞ

ZðtÞ2
:

Theorem 5.3 (Neveu–Schwarz only). For Case 1þ and h ¼ h
0;
1
2

with a fixed

ðr; sÞAK
3 1
2
p;q; the normalized super-character strL1

2
ðz;hÞq

L0� 1
24

c is given by

½Yrp�sq;2pqðtÞ þ ð�1ÞpqYrp�sqþ2pq;2pqðtÞ

� ð�1ÞrsfYrpþsq;2pqðtÞ þ ð�1ÞpqYrpþsqþ2pq;2pqðtÞg�cðtÞ:

Next, we will describe how the characters of the minimal series transform under

the action of SLð2;ZÞ: We fix p; qAZ40 satisfying p � qA2Z and ðp�q
2
; qÞ ¼ 1: For

eAf1
2
; 0g and ðr; sÞAK

3
e
p;q; we set

wer;sðtÞ :¼ f2ð1� eÞgdr;
q
2
d

s;
p
2
�1
trLeðzp;q;h0;eÞq

L0� 1
24

c;
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and for e ¼ 1
2 we set

*wr;sðtÞ :¼ strL1
2
ðzp;q;h

0;
1
2
Þq

L0� 1
24

c:

By using the following modular transformation laws,

Zðtþ 1Þ ¼ e
pi
12ZðtÞ; Zð�1

tÞ ¼
ffiffiffi
t
i

r
ZðtÞ;

Yn;mðtþ 1Þ ¼ e
pin2

2m Yn;mðtÞ; Yn;mð�1
tÞ ¼

ffiffiffiffiffiffiffiffi
t

2mi

r X
n0AZ=2mZ

e�
pinn0

m Yn0;mðtÞ;

for mAZ40; nAZ=2mZ;

we obtain the next formulae:

Proposition 5.1. Modular transformations of the (super-)characters of the minimal

series are given as follows:

1. For t/tþ 1; we have

w
1
2
r;sðtþ 1Þ ¼ e

pifðrp�sqÞ2
4pq

�1
8
g
*wr;sðtÞ; *wr;sðtþ 1Þ ¼ e

pifðrp�sqÞ2
4pq

�1
8
g
w
1
2
r;sðtÞ;

w0r;sðtþ 1Þ ¼ e
pi
ðrp�sqÞ2

4pq w0r;sðtÞ:

2. For t/� 1
t; we have

w
1
2
r;sð�1

tÞ ¼
X

ðr0;s0ÞAK̊
1
2
p;q

S
1
2
;
1
2

ðr;sÞ;ðr0;s0Þw
1
2
r0;s0 ðtÞ;

ffiffiffi
2

p
w0r;sð�1

tÞ ¼
X

ðr0;s0ÞAK̊
1
2
p;q

S
0;
1
2

ðr;sÞ;ðr0;s0Þ *wr0;s0 ðtÞ;

*wr;sð�1
tÞ ¼

X
ðr0;s0ÞAK̊0

p;q

S
1
2
;0

ðr;sÞ;ðr0;s0Þ
ffiffiffi
2

p
w0r0;s0 ðtÞ;
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where we set

S
1
2;
1
2

ðr;sÞ;ðr0;s0Þ ¼
4ffiffiffiffiffi
pq

p sin
prr0

2q
ðp � qÞsin pss0

2p
ðp � qÞ;

S
0;
1
2

ðr;sÞ;ðr0;s0Þ ¼ ð�1Þ
1
2
ðr0�s0Þ 4ffiffiffiffiffi

pq
p sin

prr0

2q
ðp � qÞsin pss0

2p
ðp � qÞ;

S
1
2;0

ðr;sÞ;ðr0;s0Þ ¼
ð�1Þ

1
2
ðr�sÞ 2ffiffiffiffiffi

pq
p sin

prr0

2q
ðp � qÞsin pss0

2p
ðp � qÞ if ðr0; s0Þ ¼ ðq

2
; p
2
Þ;

ð�1Þ
1
2
ðr�sÞ 4ffiffiffiffiffi

pq
p sin

prr0

2q
ðp � qÞsin pss0

2p
ðp � qÞ otherwise:

8>>><>>>:
6. Structure of Nðz; 1

24
zÞ

In this section, we will study a property of a pre-Verma module Nðz; hÞ; what is
usually called a Verma module, satisfying h ¼ 1

24
z: Indeed, we have

Nðz; hÞDM̃ðz; hÞ if and only if ha
1

24
z:

Hence, this is the only non-trivial case that has to be studied.
Notice that Nðz; hÞ is Z-graded via

Nðz; hÞ ¼ "
nAZX0

Nðz; hÞn; Nðz; hÞn :¼ fuANðz; hÞ j L0:u ¼ ðh þ nÞug:

Let us recall the determinant formulae for pre-Verma modules. For nAZX0 and

tAZ2; let cdetdetðz; hÞtn be the Shapovalov type determinant defined for Nðz; hÞtn: Then,
we have

Lemma 6.1 (E.g. Kac and Wakimoto [KW]).

cdetdetðz; hÞtnp h � 1

24
z

� 	1
2
ðp0ðnÞþð�1Þdt;%0dn;0Þ Y

a;bAZX0;
1pabp2n;

a�bA1þ2ZX0

Fa;b;0ðz; hÞp0ðn�12 abÞ:

Remark 6.1. Let p; qA2Z40 satisfying ðp�q
2
; qÞ ¼ 1; and set

zp;q :¼ z
p

q

� 	
; h0 :¼ �ðp � qÞ2

8pq
:
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Note that the weight ðzp;q; h0Þ belongs to Case 5þ; and h0 ¼ h0;0 there. For any

kAZ40; the curves Zððkþ1
2
Þp;ðkþ1

2
ÞqÞ (see Section A) are tangent to the line h � 1

24
z ¼ 0 at

the point ðzp;q; h0Þ:

6.1. Subsingular vectors

In this subsection, we will study some properties of Nðz; 1
24

zÞ concerning

subsingular vectors.
First, we will prove the following proposition:

Proposition 6.1 (Cf. Iohara and Koga [IK1]). Let nAZ40: Then, we have the

following:

1. dim fNðz; 1
24

zÞ%0ng
ðVir0Þþ ¼ dim fNðz; 1

24
zÞ%1ng

ðVir0Þþp1:

2. If dim fNðz; 1
24

zÞsng
ðVir0Þþ ¼ 1 for sAZ2; then there is a subsingular vector in

Nðz; 1
24

zÞsn which is not a singular vector.

Since, for tAZ2; there exists the following exact sequence:

f0g-M0 z;
1

24
z; %1� t

� 	
-
i

N z;
1

24
z; t

� 	
-
p

M0 z;
1

24
z; t

� 	
-f0g; ð18Þ

the next lemma together with Proposition 3.2 implies Proposition 6.1.

For zAC; let jzS be a highest weight vector of Nðz; 1
24

zÞ:

Lemma 6.2. For nAZX0; sAZ2; let X ;Y be elements of UððVir0Þ�Þ satisfying

ðXG0 þ YÞ:jzSAfNðz; 1
24

zÞsng
ðVir0Þþ :

Then, we have Y ¼ 0:

Proof. We define nd
ðik ;ekÞ;y;ði1;e1Þ simply by replacing jz; hS with jzS in the definition of

md
ðik ;ekÞ;y;ði1;e1Þ; and define Bs;d

n and Bs
n by using nd

ðik ;ekÞ;y;ði1;e1Þ in place of

md
ðik ;ekÞ;y;ði1;e1Þ: Introducing the total order os on Bs

n by the same manner, one can

show an assertion similar to Lemma 3.2. (We omit the detail, since one just has to
replace m’s with n’s.)

We first show that if dim fNðz; 1
24

zÞsng
ðVir0Þþa0; then there exists

X 0AUððVir0Þ�Þ
%1�sWf0g such that X 0G0jzSAfNðz; 1

24
zÞsng

ðVir0Þþ : Let X ;Y be

elements of UððVir0Þ�Þ such that ðXG0 þ YÞjzSAfNðz; 1
24

zÞsng
ðVir0Þþ : If Y ¼ 0; then

the assertion is clear. If Ya0; then it is easy to see that ðXG0 þ YÞG0jzS ¼ YG0jzS
is also a singular vector in Nðz; 1

24
zÞ%1�s

n : Since the action of G0 on Nðz; 1
24

zÞn is
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semi-simple and invertible, we see that the vector ½G0;Y �G0jzS is a non-zero singular

vector in Nðz; 1
24

zÞsn : Let us denote XG0 þ Y by S:

Expanding X and X 0 with respect to the basis Bs
n

X ¼ cX G�1L
n�1
�1 þ?; X 0 ¼ cX 0G�1L

n�1
�1 þ?;

we set

S̃ :¼ X̃G0 þ Ỹ ¼ S � cX

cX 0
X 0G0 ðX̃; ỸAUððVir0Þ�ÞÞ:

It is clear that S̃jzS is an element of fNðz; 1
24

zÞsng
ðVir0Þþ : Let us show that S̃ ¼ 0:

Expanding X̃ and Ỹ with respect to the basis Bs
n

X̃ ¼ cX̃G�1L
n�1
�1 þ dX̃G�2L

n�2
�1 þ?;

Ỹ ¼ cỸLn
�1 þ dỸL�2L

n�2
�1 þ?;

we remark that cX̃ ¼ 0 by definition. Moreover, by direct calculation, we have

The coeff : of G�1L
n�2
�1 jzS in G1S̃jzS: 3

2
nðn � 1ÞcỸ þ 2dỸ ¼ 0:

The coeff : of Ln�1
�1 jzS in L1S̃jzS: 1

12
nðz þ 6ðn � 1ÞÞcỸ þ 3dỸ ¼ 0:

Now, if z ¼ 0 and n ¼ 1; then one can check Lemma 6.2 by direct computation. For
other cases, since one can easily check za15ðn � 1Þ; we see that cỸ ¼ 0: By a

statement similar to Lemma 3.2, we conclude that S̃ ¼ 0 which proves Lemma
6.2. &

Second, let us see the behavior of subsingular vectors. For t; sAZ2; let pr
t;s be the

projection Nðz; 1
24 z; tÞ7M0ðz; 1

24 z; sÞ with respect to the decomposition

Nðz; 1
24

z; tÞ ¼ M0ðz; 1
24

z; %0Þ"M0ðz; 1
24

z; %1Þ

as a vector space.

Proposition 6.2. For lAZ40; let u be a non-zero vector in

p�1ðfM0ðz; 1
24

z; tÞhl;0� 1
24

zg
ðVir0ÞþÞ satisfying prt;

%1�tðuÞAiðM0ðz; 1
24

z; %1� tÞðl � 1ÞÞ: Then,

we have

ðVir0Þþ:uCM0ðz; 1
24

z; %1� tÞðl � 1Þ:
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Proof. Set C :¼ CZ2

ðg;hÞ and

M0ðz; tÞ½l� :¼ M0ðz; 1
24

z; tÞ=M0ðz; 1
24

z; tÞðlÞ ðtAZ2; lAZ40Þ:

It is enough to show the following formulae: For k4l40;

Ext1CðM0ðz; 1
24

z; tÞðkÞ;M0ðz; %1� tÞ½l�ÞD0:

By Theorems 4.1, 4.2 and Lemma 4.3, we get the next short exact sequence

0-L0ðz; hl�1;0; %1� tÞ-M0ðz; %1� tÞ½l�-M0ðz; %1� tÞ½l � 1�-0 ðlAZ41Þ;

from which we see that the following sequence is exact:

Ext1CðM0ðz; 1
24

z; tÞðkÞ;L0ðz; hl�1;0; %1� tÞÞ

-Ext1CðM0ðz; 1
24

z; tÞðkÞ;M0ðz; 1
24

z; %1� tÞ½l�Þ

-Ext1CðM0ðz; 1
24

z; tÞðkÞ;M0ðz; 1
24

z; %1� tÞ½l � 1�Þ:

Since, we have

M0ðz; tÞ½1�DL0ðz; 1
24

z; tÞ;

we reduce the proof to show that

Ext1CðM0ðz; 1
24

z; tÞðkÞ;L0ðz; hl�1;0ÞÞD0: ð19Þ

Now, if we set Nk :¼ UðVir0ÞV ðkÞ
2cPþcQ

; then we get the short exact sequence

0-Nk-M0ðz; hk;0Þ-M0ðz; 1
24

z; tÞðkÞ-0

which implies that the following sequence is exact:

HomCðNk;L0ðz; hl�1;0ÞÞ

-Ext1CðM0ðz; 1
24

z; tÞðkÞ;L0ðz; hl�1;0ÞÞ

-Ext1CðM0ðz; hk;0Þ;L0ðz; hl�1;0ÞÞ:

Observe that Nk is a highest weight Vir0-module with highest weight hkþ1;0 by

Lemma 4.3 from which it follows that

HomCðNk;L0ðz; hl�1;0ÞÞD0:
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Moreover, since we have

Ext1CðM0ðz; hk;0Þ;L0ðz; hl�1;0ÞÞD0

by Propositions 2.1, 2.2 and Theorem 5.1, we get (19). &

6.2. Jantzen filtration of Nðz; 1
24

zÞ

In this subsection, we study Jantzen filtration of pre-Verma module whose highest

weight belongs to case 5þ: Let us fix zAC and tAZ2:

As in Section 4.2, we define the Jantzen filtration of Nðz; 1
24 z; tÞ

Nðz; 1
24

z; tÞ ¼ Nðz; 1
24

z; tÞð0Þ*Nðz; 1
24

z; tÞð1Þ*Nðz; 1
24

z; tÞð2Þ*?

by taking a lift ðz̃; h̃ÞAA2 satisfying

1. z̃ � z ¼ OðTÞ; h̃ � h ¼ OðTÞ h̃ � 1
24

z̃ ¼ OðTÞ; or
2. z̃ � z ¼ OðTÞ; h̃ � h ¼ OðTÞ h̃ � 1

24
z̃ ¼ OðT2Þ:

Then, by Remark 6.1 and Section A, we obtain the following character sum formula
for each case:X

k40

ch Nðz; 1
24z; tÞðkÞ ¼ chM0ðz; h0;0Þ þ

X
k40

chM0ðz; h2k�1;0Þ for 1; ð20Þ

X
k40

ch Nðz; 1
24

z; tÞðkÞ ¼ 2 ch M0ðz; h0;0Þ þ 2
X
k40

chM0ðz; h2k�1;0Þ for 2: ð21Þ

Concerning the detailed structure of the Jantzen filtration, we have the following
conjecture:

Conjecture 1. Let kAZ40:

1. For 1, one has

Nðz; 1
24

z; tÞðkÞ ¼ Dk;

where Dk is the submodule of Nðz; 1
24

z; tÞ which satisfies the next short exact

sequence:

0-M0ðz; 1
24

z; %1� tÞð2ðk � 1ÞÞ-Dk-M0ðz; 1
24

z; tÞð2k � 1Þ-0:

2. For 2, one has

Nðz; 1
24

z; tÞðkÞ ¼
p�1ðM0ðz; 1

24
z; tÞð1ÞÞ k ¼ 1;

Ek k41;

(
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where Ek is the submodule of Nðz; 1
24z; tÞ which satisfies the next short exact

sequence:

0-M0ðz; 1
24

z; %1� tÞðk � 2Þ-Ek-M0ðz; 1
24

z; tÞðkÞ-0:

Appendix A. Lattice points ðak; bkÞ on the Line lz;h

In this section, we will supplement some data used in Section 3.5. Namely, we will
list up the following data:

1. The choice of the line lz;h we made.

2. The list of lattice points ðak; bkÞ:
3. The relations among the weights under consideration and the lattice points.

In particular, we will also indicate the type of a weight if it is not of Type 1.

Class Rþ

Case 1þ: ðr; sÞAfða; bÞAZ2j 0oaoq

0obop
; pa þ qbppqg; h ¼ hi;e ðiAZÞ;

dAf0; 1g; ð�1Þidðrp � sqÞo0: pa� qb ¼ ð�1Þidð2J i
2
npq þ rp � ð�1Þi

sqÞ;

ða1; b1Þ ¼ ð�1Þidðr; ð�1Þi
sÞ

þ jij þ 1

2

�  
þ ð�1Þid i

2

�  � 	
q;

jij þ 1

2

�  
� ð�1Þid i

2

�  � 	
p

! "
;

ðak; bkÞ ¼
ða1; b1Þ þ 1

2ðk � 1Þðq; pÞ k � 1 mod 2;

ða1; b1Þ � ð1
2
k þ jijÞðq; pÞ k � 0 mod 2;

(

hi;e þ 1
2
akbk ¼ h

�ð�1Þidþkðjijþ2Jk�1
2

nþ1Þ;e
:

Case 2þ: r ¼ q and 0osop; h ¼ hi;eðiAZX0Þ:
pa� qb ¼ ð2J i

2
nþ 1Þpq � ð�1Þi

sq;

ða1; b1Þ ¼ ði þ 1Þq; 1� ð�1Þi

2
p þ ð�1Þi

s

 !
;

ðak; bkÞ ¼
ða1; b1Þ þ 1

2
ðk � 1Þðq; pÞ k � 1 mod 2;

ða1; b1Þ � ð1
2
k þ i þ 1Þðq; pÞ k � 0 mod 2;

(

hi;e þ 1
2
akbk ¼ hiþk;e:
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Case 3þ: 0oroq and s ¼ p; h ¼ hð�1Þi�1
i;eðiAZX0Þ:

pa� qb ¼ �ð2J i
2nþ 1Þpq þ ð�1Þi

rp;

ða1; b1Þ ¼
1� ð�1Þi

2
q þ ð�1Þi

r; ði þ 1Þp
 !

;

ðak; bkÞ ¼
ða1; b1Þ þ 1

2
ðk � 1Þðq; pÞ k � 1 mod 2;

ða1; b1Þ � ð1
2
k þ i þ 1Þðq; pÞ k � 0 mod 2;

(

hð�1Þi�1
i;e þ 1

2
akbk ¼ hð�1Þiþk�1ðiþkÞ;e:

Case 4:1þ (Neveu–Schwarz only): r ¼ q and s ¼ p; h ¼ h
2i;
1
2
ðiAZX0Þ;

1. h ¼ h
2i;
1
2
ði40Þ and ðp; qÞað1; 1Þ: pa� qb ¼ 2ipq;

ða1; b1Þ ¼ ðð2i þ 1Þq; pÞ;

ðak; bkÞ ¼
ða1; b1Þ þ 1

2
ðk � 1Þðq; pÞ k � 1 mod 2;

ða1; b1Þ � ð1
2
k þ i þ 1Þðq; pÞ k � 0 mod 2;

(

h
2i;
1
2
þ 1

2
akbk ¼ h

2iþk;
1
2
:

2. h ¼ h
0;
1
2
and ðp; qÞað1; 1Þ (Type 2): pa� qb ¼ 0;

ðak; bkÞ ¼ kðq; pÞ;

h
0;
1
2
þ 1

2
akbk ¼ h

2k;
1
2
:

3. h ¼ h
2i;
1
2
and ðp; qÞ ¼ ð1; 1Þ (Type 2): a� b ¼ 2i;

ðak; bkÞ ¼ ð2i þ 1; 1Þ þ ðk � 1Þð1; 1Þ;

h
2i;
1
2
þ 1

2
akbk ¼ h

2iþ2k;
1
2
:
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Case 4:2þ: r ¼ 0 and s ¼ p; h ¼ h�2i;e ðiAZX0Þ;

1. h ¼ h�2i;e and ðp; qÞað1; 1Þ: pa� qb ¼ ð2i þ 1Þpq;

ða1; b1Þ ¼ ðð2i þ 2Þq; pÞ;

ðak; bkÞ ¼
ða1; b1Þ þ 1

2
ðk � 1Þðq; pÞ k � 1 mod 2;

ða1; b1Þ � ð1
2
k þ 2i þ 2Þðq; pÞ k � 0 mod 2;

(

h�2i;e þ 1
2
akbk ¼ h

�2ðiþJkþ1
2

nÞ;e
:

2. (Ramond only):
h ¼ h�2i;0 and ðp; qÞ ¼ ð1; 1Þ (Type 2): a� b ¼ 2i þ 1;

ðak; bkÞ ¼ ð2i þ 2; 1Þ þ ðk � 1Þð1; 1Þ;

h�2i;0 þ 1
2 akbk ¼ h�2i�2k;0:

Case 5þ (Ramond only): r ¼ q
2
and s ¼ p

2
; h ¼ hi;0 ðiAZX0Þ;

1. h ¼ hi;0 ði40Þ: pa� qb ¼ ipq;

ða1; b1Þ ¼ ðði þ 1
2
Þq; ði þ 1

2
ÞpÞ;

ðak; bkÞ ¼
ða1;b1Þ þ 1

2
ðk � 1Þðq; pÞ k � 1 mod 2;

ða1;b1Þ � ð1
2
k þ iÞðq; pÞ k � 0 mod 2;

(

hi;0 þ 1
2
akbk ¼ h

iþ2Jk�1
2

nþ1;0
:

2. h ¼ h0;0 (Type 2): pa� qb ¼ 0;

ðak; bkÞ ¼ ðk � 1
2
Þðq; pÞ;

h0;0 þ 1
2
akbk ¼ h2k�1;0:

Class R�

Case 1�: ðr; sÞAfða;�bÞAZ2j 0oaop

0oboq
; pa þ qbppqg;

h ¼ hi;e ðiAZWf0gÞ; dAf0; 1g; ð�1Þdðrp þ sqÞ40:
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paþ qb ¼ 2jJ i
2
njpq þ ðsgn iÞðrp þ ð�1Þi

sqÞ;

ða1; b1Þ ¼ ðsgn iÞr þ i

2

�  ���� ����q; ðsgn iÞð�1Þi
s þ i

2

�  ���� ����p� 	
;

ðak; bkÞ ¼
ða1; b1Þ þ 1

2ðsgn iÞð�1Þidðk � 1Þðq;�pÞ k � 1 mod 2;

ða1; b1Þ � 1
2
ðsgn iÞð�1Þid

kðq;�pÞ k � 0 mod 2;

(

hi;e þ 1
2
akbk ¼ h

ð�1Þidþk�1ðk�1þð�1Þiþk

2
Þ;e

1pkpjij:

Case 2�: r ¼ q and 0o� sop; h ¼ hi;e ðiAZ40Þ:
paþ qb ¼ ð2J i

2
nþ 1Þpq þ ð�1Þi

sq;

ða1; b1Þ ¼
i þ 1

2

�  
q;

i þ 1

2

�  
p þ ð�1Þiðp þ sÞ

� 	
;

ðak; bkÞ ¼
ða1; b1Þ � 1

2
ð�1Þiðk � 1Þðq;�pÞ k � 1 mod 2;

ða1; b1Þ þ 1
2
ð�1Þi

kðq;�pÞ k � 0 mod 2;

(

hi;e þ 1
2
akbk ¼ hk�1;e 1pkpi:

Case 3�: 0oroq and �s ¼ p; h ¼ hð�1Þi�1i;e ðiAZ40Þ:
paþ qb ¼ ð2J i

2
nþ 1Þpq � ð�1Þi

rp;

ða1; b1Þ ¼
i þ 1

2

�  
q þ ð�1Þiðq � rÞ; i þ 1

2

�  
p

� 	
;

ðak; bkÞ ¼
ða1; b1Þ þ 1

2
ð�1Þiðk � 1Þðq;�pÞ k � 1 mod 2;

ða1; b1Þ � 1
2
ð�1Þi

kðq;�pÞ k � 0 mod 2;

(

hð�1Þi�1
i;e þ 1

2
akbk ¼ hð�1Þkðk�1Þ;e 1pkpi:

Case 4:1� (Neveu–Schwarz only): r ¼ q and �s ¼ p; h ¼ h
2i;
1
2
ðiAZ40Þ;
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1. h ¼ h
2i;
1
2
and ðp; qÞað1; 1Þ: paþ qb ¼ 2ipq;

ða1; b1Þ ¼ iðq; pÞ;

ðak; bkÞ ¼
ða1; b1Þ � 1

2
ðk � 1Þðq;�pÞ k � 1 mod 2;

ða1; b1Þ þ 1
2
kðq;�pÞ k � 0 mod 2;

(

h
2i;
1
2
þ 1

2
akbk ¼ h

iþ2Jk�1
2

nþ1;0
:

2. h ¼ h
2i;
1
2
and ðp; qÞ ¼ ð1; 1Þ (Type 3): aþ b ¼ 2i;

ðak; bkÞ ¼ ið1; 1Þ þ ðk � 1Þð1;�1Þ;

h
2i;
1
2
þ 1

2
akbk ¼ h

2k�2;1
2

1pkpi:

Case 4:2�: r ¼ 0 and �s ¼ p; h ¼ h�2i;e ðiAZ40Þ;

1. h ¼ h�2i;e and ðp; qÞað1; 1Þ: paþ qb ¼ ð2i þ 1Þpq;

ða1; b1Þ ¼ ðiq; ði þ 1ÞpÞ;

ðak; bkÞ ¼
ða1; b1Þ � 1

2ðk � 1Þðq;�pÞ k � 1 mod 2;

ða1; b1Þ þ 1
2
kðq;�pÞ k � 0 mod 2;

(

h�2i;e þ 1
2
akbk ¼ h

�2Jk�1
2

n;e
1pkp2i:

2. (Ramond only):
h ¼ h�2i;0 and ðp; qÞ ¼ ð1; 1Þ (Type 3): aþ b ¼ 2i þ 1:

ðak; bkÞ ¼ ði þ 1; iÞ þ ðk � 1Þð1;�1Þ;

h�2i;0 þ 1
2
akbk ¼ h�2kþ2;0 1pkpi:

Case 5� (Ramond only): r ¼ q
2
and �s ¼ p

2
; h ¼ hi;0 ðiAZ40Þ:
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paþ qb ¼ ipq;

ða1; b1Þ ¼
i � 1

2

�  
þ 1

2

� 	
q;

i

2

�  
þ 1

2

� 	
p

� 	
;

ðak; bkÞ ¼
ða1; b1Þ � 1

2
ðk � 1Þðq;�pÞ k � 1 mod 2;

ða1; b1Þ þ 1
2
kðq;�pÞ k � 0 mod 2;

(

hi;0 þ 1
2
akbk ¼ h

2Jk
2
�1þð�1Þi

4
nþ1þð�1Þi

2
;0

1pkpi:
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