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Abstract
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1. Introduction and motivation

Recently, several papers appeared regarding the definiteness of the discrete quadratic func-
tional
N
Folx,u) = Z {kaCkTAkxk + 2kaCkTBkuk + ukT’DkTBkuk},
k=0

see, for example, [6-8,10,12,15,16], where Ay, By, Cx, Dy are n x n matrices and x = {xk},i\’;[)l,

U= {uk},ivzo are sequences of n-vectors. The standing hypothesis about the coefficients is that

the 2n x 2n matrix Sy := (“é: g’]‘() is symplectic, that is, S JSx = J where J := (_OI (I)) is the
2n x 2n skew-symmetric matrix.

With the functional F we associate a linear system, called the discrete symplectic system,
X1 = Apxx + Brug, up+1 = Crxy + Dyug, (S)

whose name is derived from the fact that its transition matrix is the symplectic matrix S.
Discrete symplectic systems were introduced in [1] and they cover a large variety of linear
difference equations, in particular discrete Hamiltonian systems. The latter are of the form

Axp = Agxg+1 + Brug, Auy = Crxp1 — Af ug (H)

with A :=1 — Ak_l and symmetric By := Ak_lBk and Cy := CkA,:I, see, e.g., [1, Section 3.4].
That is, system (S) reduces to a Hamiltonian system (H) if (and only if) the matrix Ay is invert-
ible.

The functional above arises as second variation in the discrete calculus of variations and con-
trol problems, so it is important to understand conditions characterizing its nonnegativity and
positivity.

In this paper, we establish new results regarding the positivity and nonnegativity of certain
discrete quadratic functionals F associated with Fq with variable endpoints. In particular, we
solve an open problem pertaining the characterization of the positivity of F in terms of a discrete
Riccati inequality (Section 3)—a result which was known only for the special case of discrete
Hamiltonian systems, see [14, Section 4]. Furthermore, we derive a characterization of the non-
negativity of JF with jointly varying endpoints (Section 4), thus extending the fixed and separable
endpoints results in [7,8]. Finally, we establish new perturbation-type inequalities related to the
nonnegativity of Fo when the initially zero endpoint xo becomes restricted to a subspace (Sec-
tion 5). These inequalities are of the same fashion as inequalities known for the positivity of Fy,
where x( can be taken free. The results of the last two sections are new even for the special case
of discrete Hamiltonian systems.

2. Prerequisities
2.1. Symplectic systems

The property that Sy (and hence S/, S, ! SkT isa symplectic matrix means that the coef-
ficients satisfy

AL Dy —C By = 4Dl — Bl =1,
AkBkT, CkaT, CkTAk, DkTBk symmetric.
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Solutions of (S) are uniquely determined by their values at one index k because any symplectic
matrix is invertible.
A conjoined basis of (S) is a matrix solution (X, U) such that XkTUk is symmetric and

rank (i’k‘) = n at some (and hence at any) index k € [0, N + 1]. The principal solution is the

conjoined basis ()A( .U ) of (S) starting with the initial values )A(O =0 and Uo = [. According
to [6], a conjoined basis (X, U) of (S) has no focal points in (m, m + 1] if

Ker X1 € Ker X, Py = Xu X, B >0, (1)

where  stands for the Moore—Penrose generalized inverse of the given matrix. Two conjoined
bases (X, U), (X, U) of (S) are normalized if their (constant) Wronskian matrix is the identity
matrix, that is, XkT Uk — Uka(k = [ for some (and hence for all) k € [0, N + 1].

A pair (x,u) is admissible (for a quadratic functional) if xp411 = Agxx + Bruy for all
k € [0, N]. We will study the definiteness of quadratic functionals over such admissible pairs sat-
isfying in addition certain boundary conditions. Namely, we will consider separated boundary
conditions Moxp =0, M xy+1 = 0 with n X n projections My, M and the associated (sym-
metric) n X n endpoints cost matrices Iy, I'] satisfying I; = ([ — M) I[;(I — M;),i =0,1.1In
this context, the principal solution of (S) is replaced by the natural conjoined basis (X, U) of (S)
which is given by the initial conditions Xg = I — My, Uy = I'y+ M. Note that (X, U) = ()A(, U)
when the left endpoint is fixed, i.e., when M = I. Finally, we will deal with general joint
boundary conditions M (Xiil) =0, with 2n x 2n projection M, and the associated (symmetric)
2n X 2n cost matrix I" satisfying I = (I — M)I"(I — M).

We say that the functional Fy or F is nonnegative if it takes nonnegative values on all admis-
sible pairs (x, u) satisfying the given boundary conditions, while Fy or F is positive (or positive
definite) if it takes positive values on all such admissible pairs (x, u) with x % 0. Considering
the nonnegativity and positivity of Fo or F, we will always assume that the corresponding pairs
(x, u) are admissible without specifying this any further.

System (S) is called (Mg : I)-normal on [0, N 4 1] if the only solution of the system uy| =
Druy, Bruy =0, for k € [0, N], with ug = Moy for some yg € R", is the zero solution u; =0
on [0, N +1].

The Riccati operator and the explicit discrete Riccati equation associated with the system (S)
is

R[Qlk := Qi+1(Ak + Bk Q1) — (Ci + D Qk) = 0. (RE)

For any pair of normalized conjoined bases (X, U), (X, U) of (S) we define on [0, N + 1] the
symmetric n X n matrix

Ok = Uk Xy + (Uk X} Xi — Up) (I — X Xi) U 2)
This matrix then satisfies the identity Q; Xy = Ux X z X . Furthermore, for any symmetric matrix
Qi we set
Py := Bl Dy — Bl Qp11Bx.
For any conjoined basis (X, U) of (S) we define the n x n matrices
M= (I — Xen1 X)) Be.  Toi=1— M M;. 3)

It is known [16] that M} = O if and only if the kernel condition Ker X} € Ker X; holds, and
that this kernel condition is not necessary for the nonnegativity of 7, see [8]. On the other hand,
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it is proven in the same paper and in [7] that the image condition x; € Im X should be used in
the characterization of the nonnegativity of . The above matrices satisfy the identities

X My=0,  MTi=0, M Xg41=0,
BTy = Xk+1XZ+1Bka, TiXp = TiXi X Xit1- 4)

Moreover, Ty P Ty, = T Pr Ty is always symmetric, see, e.g., [10, Section 2.5]. Observe that the
last identity in (4) is new and, in view of the equivalence KerV C KerW < W = WVTV, see,
e.g., [3, Lemma A.5], it is equivalent to Ker Xy 41 C Ker Ty Xk.

2.2. Roundabout and comparison theorems
Next we present main tools which are needed in order to prove the results of this paper.
Consider the quadratic functional with separable endpoints
Fx,u) :=x{ Toxo +xfy o Nxngr + Folx, u).

The following result characterizes the positivity of F and can be found in [15, Theorems 6, 7].

Proposition 1 (Roundabout theorem). The following statements are equivalent.

(1) F(x,u) > 0over Moxg =0, Mixy4+1 =0, and x #0.
(ii) There exists a conjoined basis (X, U) of (S) with no focal points in (0, N + 1] such that X
is invertible for all k € [0, N + 1] and satisfying the final endpoint inequality

Xy (NXN41+Uns1) >0 on Ker My Xy, )
and one of the initial endpoint constraints
(I = Moy)ToXo—Up) =0 if (S)is (Mg :I)-normal on [0, N + 1], 6)
X$(IvXo — Up) >0 on Ker MoXo. (7
(iii) There exists a symmetric solution Qy on [0, N + 1] of the Riccati equation (RE) with
Ay + By Or invertible and Py = (A + B Q1) "'Be >0 forall k € [0, N1, 8)
and satisfying the final endpoint inequality
I'N+0On+1 >0 on Ker My, )
and one of the initial endpoint constraints
(I —Mo)Qo—To=0 if(S)is (Mg:I)-normal on [0, N + 1], (10)
I'n— Qo >0 on KerMy. (11)
Positivity of F above is characterized in [15, Theorem 5] also in terms of the natural conjoined
basis of (S), conjugate intervals, or an implicit Riccati equation. However, these results are not
needed in the present paper.

In the following comparison theorem we use the approach from [12] and [13, Section 3.2]. Let
& be any symmetric n x n matrix satisfying DkTBk = BkT Ex By, for example, & = BkBZDkBZ.
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Using the admissibility equation Byuy = xx+1 — Axxk, the quadratic functional F can be written
in the form

N

T
ren= () a ()

k=0
where Gy, is the symmetric 2n X 2n matrix

G- <AZ5/<,A1¢ — A,fck +dk.0l0 CkT — AZEk )
= Cr — ExAr &+ 8T

with 8 ; being the Kronecker delta function, that is, 6; x = 1 and &;,; =0 for k # j.

Consider another symplectic system (S) with coefficients Ak, Bk, Ck, Dk, Sk and another dis-
crete quadratic functional F with data "o, "1, Mo, M1, £k, Gy satisfying the same assumptions
as the coefficients and data of the system (S) and functional F, respectively.

Proposition 2 (Comparison theorem). Assume that Ker My C Ker M, Ker M| C Ker M, and
Gr = Gk, Im(Ar — Ar  By) CImBg  forallk €[0, N]. (12)

Then the following implications hold.

) If F(x,u) =0 over Moxo =0, Mixnyy1 =0, then also F(x,u) = 0 over Moxg =0,
Mixns1=0.

@) If F(x,u) > 0 over Moxg =0, Mixy+1 =0, and x #£ 0, then also F(x,u) > 0 over
Moxo =0, Mixy4+1 =0, and x #0.

The next result characterizes the nonnegativity of F with separable endpoints and can be
found in [7, Theorem 2].

Proposition 3 (Roundabout theorem). The functional F(x,u) = 0 over Moxg = 0 and
Mixn+1 =0 if and only if the natural conjoined basis (X, U) of (S) satisfies the P-condition

Tc PkTy =20 forallk €0, N1, (13)
the image condition
xr €ImXy forallke[0,N + 1],
for all admissible (x, u) with Moxp =0, Mixy+1 =0,
and the final endpoint inequality

Xp o (MXNp1+Ung) 20 on Ker MiXyyi. (14)

Remark 1. Condition (14) is equivalent to the inequality
On+1+17120 on KerMiNImXpyqq,

where the matrix Qy is defined by (2) via the natural conjoined basis (X, U).
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3. Riccati inequality and positivity

In this section we establish one of the main results of this paper—a characterization of the
positivity of F with separable endpoints in terms of the Riccati inequality

RIQW(Ar +Br0)~1 <0, kel0,N]. (RD)

This result generalizes the Hamiltonian Riccati inequality in [14, Section 4] to discrete symplec-
tic systems. A specific difficulty in this extension lies in finding the system (S) to which the
comparison theorem (Proposition 2) can be applied. Once we derive the correct form of the co-
theorem for symplectic systems yields the result in a similar way as in the Hamiltonian systems
case.

Theorem 1 (Riccati inequality). The functional F is positive definite, that is, conditions (1)—(iii)
in Proposition 1 hold, if and only if either of the following equivalent conditions is satisfied.

(iv) The system

Xi+1 = A Xy + B Uy,
Ni == X[} (Uks1 — Ce X — DiUp) <0, (15)

k € [0, N1, has a solution (X, U) such that XZ Uy is symmetric and Xy, is invertible for all
kelO,N+1], P, = Xka_+118k > 00n [0, N, condition (5) holds, and one of the conditions
(6) or (7) is satisfied.

(v) The discrete Riccati inequality (RI), k € [0, N1, has a symmetric solution Qy on [0, N + 1]
such that conditions (8) and (9) hold, and one of the conditions (10) or (11) is satisfied.

Riccati inequality is often used in nonoscillation criteria for differential and difference equa-
tions, since it is easier to find a solution of the inequality (which corresponds to a solution of
some majorant equation) than a solution to the equality. In the following examples we show a
situation when a symmetric Qy solves the Riccati inequality (RI) and satisfies condition (v) in
Theorem 1, but it does not solve the Riccati equation (R) so that condition (iii) in Proposition 1
is not satisfied with this Qy.

Example 1.

(a) Let Ay =0, B, = —CT-1 ¢, =C,Dy=—-CT-1—C— K, where C is a constant nonsingular
matrix, K #0,and CK T = gk¢T > 0, and consider the zero endpoints, i.e. M; =l and [; =
0(i =0, 1). Then Qy = I satisfies condition (v) in Theorem 1, since Az + By Qx = —CT 1 is
invertible, Py = I > 0, and R[Q1x (Ax + Bx Qx) "' = —KCT <0, while the Riccati equation
is R[Qlx = K # 0. Another (more specific) example can be obtained when we take, e.g.,
C = K = I. Note also that since A is not invertible, the Hamiltonian Riccati inequality in
[14, Corollary 4.1] cannot be applied to this setting.

(b) Let A; and Cy be invertible, B; =0, and Dy = AkT_l, with CkT A > 0, and with free end-
points, i.e. M; =0and I; > 0 (i =0, 1). Then Qy = 0 satisfies condition (v) in Theorem 1,
since Ay 4+ By Qx = A is invertible, Py =0, and R[Q1x(Ax + Br Qr) ! = —CkAk_l <0,
while the Riccati equation is R[Q]r = —Ci # 0. However, in this simple example we can
directly verify that F > 0 over free endpoints.
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The proof of Theorem 1 is shown below after some auxiliary identities. In these identities, we
do not work with solutions of (S), but instead with arbitrary matrices X, Uy satisfying the given
properties. However, it is still assumed that the coefficients Ay, By, Ci, Dy fulfill the requirement
that the matrix Sy, is symplectic.

Lemma 1. Let k € [0, N] be fixed and assume that, for j € [k,k + 1], X; and U; are n x n
matrices such that Xy1 = Ax Xi + By Uk. Then the following conditions hold.

@) IfX]r U; is symmetric for j € [k, k + 1], then the matrix

X!, (Ugs1 — CeXx — DiUy)
= A(X{ Ux) — (X[ Cf AXi +2X1 Cl BUk + UL D] BeUy)

is symmetric as well. .
(i1) IkaTJr1 Uiy1 is symmetric and if Q j is symmetric with Q ;X j = UjX/'.Xjforj elk,k+1],
then

X{\ RIQWXk = X[ (Ukp1 — Ce Xk — DeU) X[ X
(iii) IfXjTUj and Q; are symmetric with Q;X; = UjX;Xj for j €lk,k + 1] and if X is
invertible, then the matrix
X{1 RIQIWXk = X[ (U1 — CeXi — DiUp)

is symmetric.

Proof. Part (i) is a simple calculation. For part (ii), we first derive

RIQW Xk = [ Qur1 Xit1 — (Ce Xk + DU | Xf Xi
= [Uks1 — CeXk — DkUk — Ukt (I — X[ Xii1) ] X X

T

Then, after multiplying by X kT+1 from the left and by using the symmetry of X;

the required identity. Part (iii) follows directly from (i) and (ii). O

Uk41 we obtain

Proof of Theorem 1. In this proof, conditions (i)—(iii) refer to Proposition 1 unless otherwise
specified. Condition (ii) implies (iv) trivially, since (X, U) satisfying part (ii) is a solution of (S).
Condition (iv) implies (v) by the Riccati substitution Qy := Uka_1 on [0, N + 1]. Next, we show
that condition (v) implies (iv). Let F := R[Qlx (Ax + Bx Qi)' < 0 be the matrix defining the
inequality (RI), where Q satisfies condition (v). Let X be the solution of the equation Xy =
(Ar + By Qi) Xk, k € [0, N], given by the initial condition Xg = /. Then Xy is invertible on
[0, N +1]. If we set Uy := Qx Xy on [0, N + 1], then (X, U) satisfies X3+ = Ax Xy + By Uy and

Ne= X[ [ Qks1 — C+ Di Q0 Xi Xy | Xurt = X[ Fe X1 <O

for all k € [0, N], that is, (X, U) solves system (15). Note that the matrices Ny and Fy; =
X kTJr_ll N X k_Jil are symmetric, by Lemma 1(iii).
The rest of the proof is about showing that condition (iv) implies (i). With N as in (15) we

put Fy := XkT;l] Nka_Ji1 < 0. Define Ay := A, By := By, Cr :=C + Fr Ax, Dy := Dy + Fi. By,
and

(A B _ : _( 0 0
sk._<_ _k>_3k+7zk w1tth._<FkAk FkBk). (16)
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The proof will be finished by showing the following claims.
Claim 1. The matrix Sy is symplectic.

This follows from the observation that SkT TRy = (A Bi)T Fo (Ax  By) is symmetric,
R,{ J Ry =0, and from the calculation

STTSk =Sk +RTT(Sk +Ri) =SL TSk + ST TRk + R TSk + RE TRy
=T+RIT'S+RL TS =J.

Claim 2. The pair (X, U) solves the system (S), hence it is a conjoined basis of (S) with no focal
points in (0, N + 1].

This follows from the invertibility of X, the calculations

Ai X + BiUy = Ak Xk + BeUk = Xgey1,
CiXi + DrUix = Ci Xy + DUy + Fr(Ar Xy + BeUy)
=Ci Xk + DUk + X[ N = Ur1,

and from Py := XkX;_lll_S’k = XkailBk > 0.

Claim 3. F(x, u) > 0 over Moxg =0, Mxy4+1 =0, and x = 0, that is, condition (i) holds.

We have by Proposition 1 applied to (S) that the functional F(x,u) > 0 over Moxg =0,
Mixn+1 =0, and x # 0, where Mg := Mo, M| := My, g := Iy, and " := I'|. Next,
the definition of A; and By implies that Im(Ay — Ay Byx) = Im By = Im ;. Furthermore,
the symmetric matrix & := & + F} satisfies lejk = DkTBk + BkT Fi. B, = B,{T (& + F)By =
Bl ExBx, and

Gk — G
_ <A£5k.»4k — AI{Ck + k0l CkT — A,{Sk )
Cr — Ex Ak E + Sk, n I
Al (& + F) A — AL (Cr + FeAr) + kol CF + AT Fre — AT (& + Fr)
B ( Cr + FrAx — (& + Fi) Ax E + Fr + 8N T )

0 0
= >
(0 —Fk> > 0.

Consequently, assumption (12) is satisfied and Proposition 2(ii) yields the statement of Claim 3.
Hence, the proof of this theorem is now complete. O

Remark 2. In the proof above we used a matrix S of the form § =S+ R with R = (g 2) This

matrix S is symplectic if and only if GT A and HT B are symmetric, and the identity HT A =
BT G holds. The choice G := FA and H := FB with symmetric F is then natural, which was
first observed in [9] in connection with an eigenvalue problem associated with system (S).
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4. Nonnegativity for joint endpoints

In this section we present a characterization of the nonnegativity of the quadratic functional

T
F(x,u) :=< *0 ) F( *0 >+.7-"0(x,u)
XN+1 XN+1

with general jointly varying endpoints, namely the endpoints constraint ./\/l(xN +l) = 0. The
properties of the 2n x 2n matrices I", M are given in Section 2. The following result is a gener-
alization of [8, Theorem 1.1], where the functional F has fixed endpoints, i.e. it has the form of
Fo over xo = 0 = xy+1. Its proof is displayed after some auxiliary results.

Let ()A(, 0) be the principal solution of (S), i.e. }A(o =0 and 00 =1. Let (f(, 0) be the con-
joined basis of (S) given by the initial conditions (Xo, Up) = (I, 0), so that (X, U) and (X, U)
are normalized, and define the 2n x 2n matrices

VK . 0 ! Nk oL —1 9
Xk._(Xk 2w ) =g o) (17)

In the theorem below, the matrices Py, My, and Ty are defined via the principal solution ()A( , U )
of (8), ie. Pe:= Xy X}, Bk, My := (I — X1 X}, ) Bi. and Ty := I — M M.

Theorem 2. The functional F(x,u) >0 over M( e °)=
(X .U ) of (S) satisfies the P-condition (13), the image condition

= 0 if and only if the principal solution

xx — Xgxo €Im Xy forallk € [0, N +1],

for all admissible (x, u) with M(XNH) 0, (18)
and the final endpoint inequality
(X)) (PR +U5,0) 20 on Ker MR, . (19)

Remark 3. Condition (19) is equivalent to the inequality
Q7V+1 +I >0 on KerM ﬂIm)A(’;,_H,

where the symmetric matrix Q,’: is defined by (skipping the index k)
. (XRRIR SR RIRU-XTR)0T
0'=(""" ox @k - k1007 .

The proof of Theorem 2 is based on transforming the quadratic functional F and system (S)
into a problem in dimension 2n, see, e.g., [15] modified to the setting of this paper or [5]. Hence,
introduce the 2n x 2n matrices A} := (0 -Ak) B = (OBk) Ci = (OCk) D} = (OD) and
the 4n x 4n symplectic matrix S} := (?E g*) which defines a new symplectic system denoted

here by (S*). Now with the 2n x 2n projections M := 2( ! / ) and M7 := M, and with the

symmetric 2n x 2n matrices ) :=0and I :=I" we con51der the quadratic functional

Fr(x*,u®) = ( ) Iyxg+ (x1>'§,+1)TF1*x1>'§,+1 + Fy(x*, u®)

over the separated endpoints Mgxy =0 and Mixy_ , =0.
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Now as in (1) and (3) in Section 2, for any matrix solution (X*, U*) of (S*) we can define the
2n x 2n matrices P := X5 (X5, ) By My =1 — X5 (X3 DT1BE, and T := T — (M) M.
In particular, for

x;:;:()?k ;k) U;:ZGZ L(,’k) @)
where (X, U) and (f( , U ) are arbitrary solutions of (S), we have
M = <o —~(1+)~<,CT+1~)2,€+1~)71;2,{+1M,< ) )
0 [ —Xpp1(I+ X X)X 1My

The next lemma displays a formula for the Moore—Penrose generalized inverse of this M. It is
given via its full-rank factorization, see, e.g., [2, pp. 26, 48].

Lemma 2. Ler (X, U) and (X, U) be any solutions of (S) and let the matrices Py, M, and Ty
be defined by (1), (3). Let My = Fy Ry be a full rank factorization of My, i.e., Fy, € R™"* and
Ry € R with ry := rank My = rank Fy = rank Ry. Let X, U, and M[| be as in (21), (22).
Then the Moore—Penrose inverse of M is given by

(1) = ( o+ Vi)
k —R{ R RO H X1 U+ X[ XpD™! RERRD T H U+ X X 70 )
where H := [FkT(I + )?ka(kTH)’] Fk]lekT € R, Consequently, we have

#\ T * 0 O * I 0 * pxk O 0
(M) Mk‘(o M,ij>’ Tk_(o Tk>’ TkPka_(o TkPka)'
(23)

Proof. The proof of the formula for (M,f)T consists from a number of calculations, which are
summarized in the following claims.

Claim 1. For any matrix A, the following identity holds (we shall use this identity with A :=
Xit1)

(I+AAT) =1 —A(1+AT4)"!

AT, (24)
This follows from [11] or by a direct calculation.

Claim 2. M} = F Ry} is a full rank factorization of M}’, where the matrices F;" € R2"%re and
R e R %21 are defined by

vl v —1yT
Ffo— ( - +Xk+1Xk+l) Xk+1Fk ) R* — 0 R
k= v T % \-1¥T ’ k= k)
U — Repr (1 + XL, Repn) KT, 1F

Clearly, F;' R} = M{’, r; =rank R} =rank M}/, while rank F}" = r; follows from the invert-
ibility of the matrix on the right-hand side of (24).

Claim 3. (M} )" has the form as in the lemma above and identities (23) hold.
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Since for any matrix M with a full rank factorization M = F' R we have M =RT(RRT)"! x
(FTF)"'FT and M™M = RT(RRT)™'R, see [2, p. 48], the results follow by applying these
identities to the matrices M ,f , F k* , and R,’c‘. O

The next result shows that the multiplication of a solution (X, U) of (S) by a constant nonsin-
gular matrix does not change the associated matrices Ty Py Ty, My, and Tj.

Lemma 3. Let (X, U) be any solution of (S) and let Py, Mk, Tk be defined by (1), (3). Then for
any constant nonsingular n x n matrix E and the solution (X U ):=(XE,UE) of (S) we have

() XX = XiX],
(ii) Mk = My and Tk = Ty, where Mk = - Xk+])?]1—+1)6k and Tk =1 - M;Mk,
(iii) Tkﬁk = Ty Py, where ]3]( = ka{li+18k'

Proof. Part (i) follows by a direct calculation or from [3, p. 93]. Part (ii) is a consequence of (i)
at the index k + 1. To show part (iii), we use the last identity in (4), Ty = T, and part (i) at the
index k + 1 to get

Tkﬁk = TkaEXZ—HBk = TkaXZ+1Xk+1E)~(;+lBk = TkaX]I+1Xk+IX£+1Bk

= TkaXk+1Xk+1Xk+1Bk = TkaX;_HBk =T Pg.

Thus, this lemma is proven. O

Proof of Theorem 2. Since the nonnegativity of the functional F over ./\/l( N N+l) 0 is equiv-
alent to the nonnegativity of 7* over Mgxg =0 and Mixy_ , =0, see, e.g., [15, Lemma 4],
we can apply Proposition 3 to this transformed augmented functional. Thus, we get that the
augmented natural conjoined basis (X*, U*) of (S*) given by the initial conditions

Xé‘:l—Mé:%(§ 5) and U5=F0*+M3=%(_II _II>
satisfies the P*-condition

TEPETE >0 forall k € [0, N, (25)
the image™* condition

xi €eImX; forallk €[0,N +1],
for all admissible (for 7*) pairs (x*, u*) with M{xg =0 and Mixy_ , =0, (26)

and the corresponding augmented final endpoint inequality.

Now take the nonsingular 2n x 2n matrix E := ( II I) and consider the solution (X*E, U*E)

of (%) that has (({1). (7' 7)) as initial conditions. Then, by (17), (X*E, U*E) = (X*, 0%
and, by Lemma 3 applied to this setting, the P*-condition (25) for (X*, U*) is equivalent to the
P*-condition for (X*, U*). In turn, Lemma 2 applied to the conjoined basis (X*, U*) yields
that 0 < fk* ﬁ,:‘ f‘k* = diag{0, Ty Pi Ty}, where the matrices Ty and Py are defined via the principal
solution (X, U) of (S).

Next, since Im X = Im )2;:, the image™ condition (26) for X; is equivalent to the image*

condition for X % » while the latter one is equivalent to (18).
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Finally, the final endpoint inequality
(X31)" (7 Xys1+Uji1) 20 on Ker MiXj,

for (X*, U*) is equivalent to (19) in terms of (X*, U*). The proof is now complete. O

At the end of this section we show that under certain conditions the Riccati quotient Qy in (2)
is invariant under the multiplication by a constant nonsingular matrix. Although this result is not
directly needed in this paper, it fits well into the global theory of discrete symplectic systems.

Lemma 4. Let (X, U), (X, 0) be any normalized conjoined bases of (S) and let Qy be defined
by (2). Let E be any nonsingular n x n matrix with E~' = cET for some c € R and set (X, U) :=
(XE,UE) and (X, Q) = (CXE, cle). Then (X, U) and (X, Q) are also normalized conjoined
bases of (S) and the matrix

Qi = UrX] + (Ux X} Xk — Ux) (I — X} X4)UT
satisfies Qr = Qp on [0, N + 1].

Proof. The conjoined bases (X, U) and (X , Q ) satisfy
X{iUr— Ul Xk =cE"(X{ U — Ul X)E=cE"E=1,

so that they are normalized. Next, the properties of the Moore—Penrose inverses imply that X =
CETXZ. Using cEET = I, a simple calculation then yields Q=0 O

5. Inequalities and nonnegativity

In this section we derive some inequalities related to the nonnegativity of discrete quadratic
functionals. First result says that the nonnegativity of o (where xo = 0) is equivalent to the
nonnegativity of a certain perturbed functional where xg is a restricted to a subspace. Its proof is
shown below after some comments and auxiliary lemmas.

In this section (as in Theorem 2), we shall denote by (X, U ) the conjoined basis of (S) given
by the initial conditions (Xo, Up) = (I, 0). Also, recall that (X U ) denotes the principal solution
of (S), i.e. (Xo, Uo) (0, 1), and that (X U) and (X U) are normalized.

Theorem 3. The functional Fo(x,u) = 0 over xo =0 = xn1 if and only if there exists « > 0
such that the functional F(x,u) := o||xo||> + Fo(x, u) >0 over XN_on =XN+1-

This result has a simple but important consequence.
Corollary 1. The following statements are equivalent.

1) Folx,u) =20o0ver xo=0=xN41.
(i1) ]:here exists a > 0 such that the functional F(x,u) := oz||xo||2 + Folx,u) = 0 over
Xn+1x0=0=2xN41.
(iii) There exists a > 0 such that the conjoined basis (X, U) of (S) given by the initial conditions

Xo=1-X} Xny1.  Uo=al+X} Xy
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satisfies P-condition (13) and the image condition

xr €lmXy forallke[0,N + 1],

for all admissible (x, u) with )~(N+]xo =0=xn41.

Proof. The equivalence of (i) and (ii) follows directly from Theorem 3, while the equivalence
of (ii) and (iii) follows from Proposition 3 with Mg := f(;H_lf(NH, M =1, Iy:=«al, and
I'1 :=0. Note that in this case Ker My = Ker }N(NH- O

The equivalence of (i) and (ii) in Corollary 1 is an analog of the corresponding result for the
positivity of Fy, namely

Fo(x,u) > 0 over xo =0 = xny41 and x # 0 if and only if there exists o > 0 such that
F(x,u) :=allxoll®> + Folx, u) > 0 over xq free, xy+1 =0, and x £ 0,

which is a part of the proof of [13, Theorem 7] or [4, Theorem 4]. We see that in case of the non-
negativity of Fg, the endpoint xo cannot free, but must be restricted to a subspace (= Ker X N+1)-
This is also shown in the following example where Fo > 0 over xo = 0 = xy41, but there is no
a > 0 such that F(x, u) = a||xo|> + Fo(x, u) >0 over xy41 =0.

Example 2. Consider the coefficients Sy = J, thatis, Ay =Dy =0 and By = —C; = I for all
k € [0, N]. Then the solution Xy is

(XN =11,0,—1,0,1,0,—1,0,...},

and the functional Fy takes the form

N—-1
Folx,u) = —Z{xOTuo + Z ukT_luk}
k=1
for admissible (x, u), i.e. xk4+1 = ug on [0, N], with xy 1 =0.
If we take N =1, then Fo(x, u) = —2x0T ug for admissible (x, #) with x» = 0 and, in particu-
lar, Fo(x, u) =0 (= 0) when also xo = 0. Note that in this case Fy is not positive definite. On the
other hand, F(x, u) = a||xo]|® — 2x0T ug # 0 over xo =0 and xq free, which follows for example

by choosing ug := axg # 0, so that F(x, u) = —« llxolI? < 0. Note that, by Corollary 1, the initial

endpoint xo cannot be in the kernel of X;, which is verified by observing that X r=—1.
Finally, observe that when N > 2, then Fy(x,u) 2 0 over x9 = 0 = xy4+1, which can be
shown, e.g., by choosing u1 :=ug #0and us = --- = uy := 0, so that Fo(x, u) = —2|lugl|> < 0.

For the proof of Theorem 3 we will need the following results.

Lemma 5. The image condition X € Im X'k on [0, N + 1] holds Jfor all admissible (x,u) with
X0 =0=Xxn41 if and only iftheNimage condition x; — Xrxo € Im Xy on [0, N + 1] holds for all
admissible (x, u) with xy4+1 = X N+1Xo0.

Proof. “=" Let (x,u) be admissible with xy4| = XN+1x0 and set (xg,uy) := (xg, ux) —
(Xk, Uk)xo on [0, N + 1]. Then, because Xo =1, we have x Xo = 0= Xxy4+1 and (xg, ug) is ad-
missible, so that the assumption implies x; — kao =Xxr € Im X ron[0, N +1].
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“<=" Let (X, u) be admissible with xg =0 =xp4+1. Then xy4+1 =0 = f(NH)Eo, so that x; =
xk—XN_;,_]onIka on[0,N+1]. O

Lemma 6. The image condition x; € Im )A(k on [0, N + 1] holds jﬁor all admissible (x,u) with
X0 =0=XxnN41 if and only lfthe image conditz;on X — Xgxo € Im Xy on [0, N + 1] holds for all
admissible (x, u) with /\/l( AN+ 1) 0, where M is the 2n X 2n projection

M: ( Xh (I + Xy X, D7 X _}?1{1+1(1+}?N+1i1{/+1)_1>

- BT —l% 5T -1 27
—(+ XN+1 Xy ) XN+1 I+ Xn+1 Xy )
Proof. By Lemma 5, it suffices to show that M(XN+1) =0 if and only if xy41 = Xn+1%0.
However, this follows trivially since Ker M =Im ( X/: 1) O

Proof of Theorem 3. Part “«<" is trivial. Let us prove “=>." Since Fo > 0, we have from Propo-
sition 3 that the image condition x; € Im )A(k on [0, N + 1] holds for all admissible (x, #) with
x0 =0 =xn41, and the P-condition (13) holds for the principal solution ()A( .U ). From Lemma 6,
we get that the image condition x; — X X0 € Im X r on [0, N + 1] holds for all admissible (x, u)
with M(XN+1) 0, where M is given by (27). Put I := (“01 8), where o > 0 will be specified
later. Then the functional F(x, u) can be regarded as being with jointly varying endpoints, that
is, of the form in Theorem 2. Hence, by the same theorem, F(x, u) will be nonnegative over
/\;l( 0 ) =0, hence over xy 41 = X y-1Xo, once we show that the final endpoint inequality

AN+1
'+ Q4.1 >0 onKerMNImXjy,, (28)
is satisfied, where the (symmetric) matrix Q*N 41 1s defined by (20) and X N 41 s given by (17).
To prove (28), note that Ker M C Im)A(;“\,Jr], because any () € KerM has d = Xy4ic,
so that (;) = X}kv +1( ) Denote by Ao the smallest eigenvalue of the symmetric matrix

(~I )TQ7V+1(X,5+) Then for any () € Ker M and for o := 1/ we have

XN+1

c T c 2 1 ' !
. _ T e | 5
(d) (F+QN+1)<d>_(l/8)”c” e (XN+1) QN+'<XN“>C

> (1/e)(L+ero)lel® = (1/e)(1 = elrol)llel|* > 0
where ¢ > 0 is small enough, e.g., ¢ = 1/(2|x¢|). Thus, the proof is complete. O
Next we wish to present a result regarding the nonnegativity of Fg in a parallel way to The-

orem 1. In order to establish this statement, we shall use the associated symplectic system (S),
defined in the proof of Theorem 1, and the results of Corollary 1(iii) and Proposition 2(i).

Theorem 4. The functional Fo(x,u) > 0 over xo = 0= xy+1 if and only if there exist a > 0,
symmetric matrices F <0, k € [0, N], and a solution (X, U) of the system

X1 = A Xy + By Uk,
FiXi41 = U1 — Ck Xk — Di Uy,

k € [0, N1, satisfying the initial conditions
XOZI—XL+1XN+1, U0=a1+va+]XN+1,
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such that XkT Uy is symmetric for all k € [0, N 4 1], the P-condition (13) holds, and the image
condition

xr €eImXy forallke[0,N + 1]
for all admissible (x, u) with XN+]X0 =0=xN+1

holds, where (X, U) is the conjoined basis of the system (S), which has the coefficient matrix S
defined in (16), with the initial conditions (X, Ug) = (1, 0).

Proof. Assume Fy(x,u) > 0 over xo = 0 = xy+1. Then the conclusion follows from Corol-
lary 1(iii) upon taking Fj = 0. Note that in this case (X, U) = (X, U), because system (S) is
identical with (S).

Conversely, assume that (X, U) satisfies the conditions of this theorem. Then

Ci Xk + Dy U = Ci Xy + DiUk + Fi(Ak Xic + BiUx) = Upy1,

thatis, (X, U) is a conjoined basis of the system (S), where the coefficient matrix Sy, is defined

in (16). Note that rank (%) = n because XJ Xo + UJ Uy = (@® + DI + 24X}, Xn11 > 0.
Thus, by Corollary 1 apphed to the system (S) we get that the functional Fo(x,u) > 0 over
x0 =0 =xpn41. Now with the same data &, £x, Gx, G as in Claim 3 in the proof of Theorem 1
and with M; = M; =1, =; =0(i =0, 1), we obtain from Proposition 2(i) that Fo(x, u) >
0 over x9g = 0 = xny+1. The proof is now complete. O
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