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ABSTRACT

Let V be a finite dimensional vector space. Motivated by theory or applica-
tions, one might want to consider different kinds of norms on V. In this paper
we discuss some results and problems involving different classes of norms on a
vector space studied by this author in the past few years. The paper consists of
five sections. Section 1 concerns the conditions on two vectors z,y € V satisfying
llz)|<lly|] for all || - |} in a certain class of norms. Section 2 concerns the isometry
groups of G-invariant norms, i.e., norms | - || that satisfy ||g(z)]| = ||z] for all
z € V and for all g € G, where G is a group of unitary (orthogonal) operators
on V. Section 3 concerns G-invariant norms that satisfy some special properties.
Section 4 concerns the best approximation(s) zg € 7 of y, where y ¢ T C V),
with respect to different kinds of norms. Additional open problems, topics, and
references are mentioned in Section 5.

1. COMPARISON OF NORMS OF TWO VECTORS

The content of this section is based on the talk of the author presented
in the Third ILAS (International Linear Algebra Society) Conference held
at Pensacola, Florida in March 1993. Several personal remarks on mathe-
matics research are also included. This informal style of presentation will
be changed after this section.

*Research supported by NSF grant DMS 91 00344 and a faculty research grant of The
College of William and Mary. This research was done while the author was spending
his sabbatical leave at the University of Toronto in the academic year 1992-1993.
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1.1. Beginning Remarks

It is a great honor for me to be invited to give a talk in the Third ILAS
Conference. In the invitation letter, I was asked to

PRy R RS - Sy R . R SRR B I SR b S IR [ S, R T
dULCLIIPU LO Ifldillvalll dil €XPOSILION tildt Wil De undaerstandable
to a broad spectrum of linear algebraists, be broad based in
scope, and tie in with as many other areas as is possible.

In fact, choosing a topic with the several features mentioned in the invita-
tion letter is not just the desire of the organizer,; it is also my favorite idea for
doing research. Some of the reasons why I like to do linear algebra research
are: most linear algebra problems are very accessible, can be approached
by both elementary and advanced techniques, and have interactions with
and applications to many other branches of mathematics and sciences. [For
further discussion and elaboration along this line, see Brualdi (1992), Li
(1994a), Li and Tsing (1992), Fuhrmann (1992) Thompson (1992), Tucker
(1993).]

In the past few years, I have been working on the topics of linear pre-
server problems and numerical ranges, which seem to fit the request of the
organizer very well. However, the first topic was the main theme of a mini-
symposium in the Fourth International Matrix Theory Conference held at
Auburn in 1990, and has been discussed by me in the Second ILAS Con-
ference held at Lisbon in 1992. Moreover, a monograph on the topic has
appeared as a special issue of Linear and Multilinear Algebra (Pierce et al.,
1992). The second topic was the main theme of a mini-symposium in the
Fourth STAM Conference on Applied Linear Algebra held at Minneapolis
in 1991, and a workshop held in Williamsburg in 1992. Furthermore, a
special issue of Linear and Multilinear Algebral will be devoted to that
topic as well. For these reasons, I am convinced that another topic should
be considered now. Here is one problem that might be appropriate for our
purpose: Let V be a finite dimensional vector space, and let S be a class of
norms defined on V. Determine the conditions on a pair of vectors z,y € V
such that

lyll <ll=ll  forall|-|lin S.

1.2.  Motivation

Let V = My, n(F), the set of all m x n matrices over F = R or C. It
is convenient to assume m > n in our discussion. If m = n, we use the
notation M, (F). A norm | - || on V is uniterily invariant if |[UAV || = || A||
for all A € V and all unitary (orthogonal) matrices U and V. This topic

1The numerical range and numerical radius, Linear and Multilinear Algebra 37(1-3)
1994, Special Editors: T. Ando and C. K. Li.
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has been extensively studied in the last few decades [e.g., see Horn and
Johnson (1991), Li and Tsing (1987), Marshall and Olkin (1979), Mirsky
(1960), and von Neumann (1937)]. In particular, it is known that for any
unitarily invariant norm || - ||, ||A]| depends solely on the singular values
o1(A) > - 2 0,(A) of A. Recall that the singular values of A € M, ,(FF)
are the nonnegative square roots of the eigenvalues of the matrix A*A.
Moreover, Fan (1951) proved the following interesting result.

THEOREM 1.1. Let A, B € My, o (F). Then ||B| < ||A| for all unitar-
ily invariant norms || - || if and only if ©5_,0:(A) forallk =1,...,n.

It is not hard to check that for any positive integer k£ < n the function
on V defined by || X[l = B*_,0;(X) is a unitarily invariant norm; it is
sometimes referred to as the Ky Fan k-norm

The result of Ky Fan naturally suggests the following problems:

Let V be a finite dimensional vector space, and S be a class of norms
defined on V.

(I} Determine the conditions on a pair of vectors z,y € V such that

Iyl < izl for all || - [lin S. (1.1)
(II) Find a “small” subset 7 of S such that (1) holds whenever

Iyl <zl forall|-[lin T.

Let
Bs(x)={y e V:lyll <llzl for all |- [lin S}.

Using this notation, problems (I) and (II} can be restated as:

(I) Determine Bg(z) for a given z € V.
(II) Find a “small” subset 7 of S such that Bg(z) = By{x) forall z € V.

When V = M, »(F) and S is the set of all unitarily invariant norms,
the result of Ky Fan gives very nice answers to questions (I) and (IT). Let
us look at some more results of this type in the following.

Let V = F*. A symmetric gauge function on V is a norm || - || that
satisfies
(@ zn)fll = iy, - - )|
for any permutation (i1,...,%,) of (1,...,n), and for any u; € F satis-

fying |p;| = 1. For p > 1, the £, norms defined by {|(z1,...,2.), =
03 |z;|P)}/P are examples of symmetric gauge functions. We have the
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following result (see 7.4.45 of [Horn and Johnson (1991)] that gives a nice
answer to our question.

THEOREM 1.2. Letz,y € F™. Then ||y| < ||z| for all symmetric gauge
functions || - || if and only if for all k =1,...,n,

k
max Z|yij|:1§i1<--~<ik§n
j=1
k
< max Z|x¢j|:1§i1<-~-<ik§n
j=1

Similar to the result of Ky Fan, one can find a finite subset 7 of S such
that (1) holds in this case. However, such a nice situation may not occur
in general, as shown in the next example.

Let V = M,(C) or H,, where H,, is the real linear space of n x n
complex hermition matrices. A norm on V is unitary similarity invariant
or weakly unitarily invariant if ||[U*AU|| = || 4| for all A € V and for all
unitary U [e.g., see Bhatia and Holbrook (1987), Fong and Holbrook (1983),
Li and Tsing (1989a)]. Clearly, every unitarily invariant norm on M, (C)
is unitary similarity invariant. The numerical radius defined by

r(4) = max{|z"Az|:z € C* 2"z =1}
= max{|tr(E;,U" AU)| : Uunitary}

is an example of unitary similarity invariant norm that is not unitarily
invariant. More generally, for a given C € V satisfying C # ul and
tr C # 0, the C-numerical radius defined by

re(A) = max{|tr(CU AU)| : Uunitary}

is a unitary similarity invariant norm that is not unitarily invariant [see
Goldberg and Straus (1979), Marcus and Sandy (1982), Tam (1986), and
Li and Tsing (1989a)]. In fact, the concept of C-numerical radius is very
useful in the study of unitary similarity invariant norms [e.g., see Mathias
(1989) and Li and Tsing (1989a)]. Related to problems (I) and (II), we
have the following result [see Li and Tsing (1989a)].

THEOREM 1.3. Let V = M,(C) or H,, and let S be the set of all
unitary similarity invariant norms on V.
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(i) For any A € V,Bs(A) = conv {pU*AU : p € F,|u| = 1,U unitary},
where conv denotes the “convex hull of.”
(1) If T s the collection of all C-numerical radii with C € V satisfying
C # ul and tr C # 0, then Br(A) = Bs(A) for any A€ V.
(iii) There is no finite set T such that Br(A) = Bs(A) for any A€ V.

1.3. A General Result on G-Invariant Norms

In this section, we describe a general result that embraces all the ex-
amples mentioned in Section 1.2. The discussion is based on some results
in Li and Tsing (1991b).

Let G be a subgroup of the unitary (or orthogonal) group on the vector
space V. A norm || - || on V is G-invariant if ||g(x)| = ||z| for all z € V
and all g € G. For example, if G is the group of all n x n generalized
permutation matrices, i.e., those matrices of the form DP, where D is a
diagonal unitary (or orthogonal) matrix and P is a permutation matrix,
then G-invariant norms on F” are just symmetric gauge functions. If G is
the collection of all the linear operators on My, (F) of the form A — UAV
for some fixed unitary (or orthogonal) U and V, then G-invariant norms on
M, »(F) are just unitarily invariant norms. Similarly, if G is the collection
of all linear operators on V = Mp,(C) or H, of the form A — U*AU for
some fixed unitary U, then G-invariant norms are just unitary similarity
invariant norms.

Let ¢ € V. Denote by G(c)
¢ €V is such that span G(c) =

= {g(c) : g € G} the orbit of ¢ under G. If
V, then the G{c)-radius defined by

T¢(e)(x) = max{|(z,u)| : u € G(c)}

is a G-invariant norm; otherwise, it is just a (semi)norm. As shown in Li
and Tsing (1991b)}, G(c)-radii can be regarded as the building blocks of
G-invariant (seminorms, because every G-invariant (semi)norm || - || admits
a representation of the form

x|l = sup{rg((z):c € £} forall zeV,

where £ is a subset of V depending on the given (semi)norm || - ||. In fact,
£ can be chosen to be a compact set if || - || is a norm.
Related to problems (I) and (II), we have the following general result.

THEOREM 1.4. Let G be a subgroup of the unitary (or orthogonal)
group acting on the vector space V. Suppose S is the collection of all G-
mvariant norms.
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(i) For anyz € V,Bs(z) = conv{ug(z): p € F,|u| =1,9 € G}.
(ii) If T is the set of all G(c)-radii in S and it is not empty, then Bg(z) =
Br(z) forallz € V.
(iii) IfV is reducible under the action of the group G, there is no finite T
such that Bs(z) = Br(z) for allz € V.

One easily checks that under the action of unitary similarity the space
V = M, (C) or H,, consists of two irreducible subspaces, namely, the space
W of all matrices with zero trace and the space W+ of scalar matrices.
That is why condition (iii) in Theorem 1.3 holds.

It is of interest to determine the condition on G such that none of the
G(c)-radii is a norm. Also, it is known [see Li and Tsing, (1991b)] that the
converse of (iii) in Theorem 1.4 does not hold in general. It would be nice
to know the condition on G for the existence of a finite 7 C & such that
Bs(z) = Br(z) for all z € V. A related problem is: prove or disprove the
claim that if there exists a finite 7 such that Bg(z) = Br(z) for all z € V,
then there is a finite 7 consisting of G(c)-radii such that Bz (z) = Bs(z)
for all z € V.

1.4. Some New Developments

The content of this section is based on Li Tsing, and Zhang (1994).

Suppose G is the trivial group consisting of the identity transformation
on V as the only element. Then every norm on V can be viewed as a
G-invariant norm. By Theorem 1.4, we have the following result.

PROPOSITION 1.5. Let S be the set of all norms on V. Then

Bs(z) = {pz : p € F,|p| < 1}.

F. Z. Zhang and C. R. Johnson have a proof of the special case of Propo-
sition 1.5 when V is a matrix space using the theory of linear functionals.
In fact, this result holds on a Banach space of any dimension [e.g., see
Lemma 5 in Kovarik (1975)].

Using elementary techniques, this author and N. K. Tsing improved
Proposition 1.5 and obtained Proposition 1.6 [see Li, Tsing, and Zhang
(1993)]. Recall that for p > 1 the £,-norm on V with respect to the basis
{v1,...,vn} is defined by ||z|l, = O_i—, |\s|P)V/P for any x = 31 ) Aiv; €
V. A norm on V is induced by an inner product if and only if it is an
¢5-norm with respect to some basis. In particular, if we use the standard
bases, then the Zy-norm is known as the Fuclidean norm on F”, and the
Frobenius norm on My, »(F).
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PROPOSITION 1.6.  Let S be the set of all norms on V, and let T, be the
set of all £,-norms with respect to different bases for o fized p > 1. Then
Bs(z) = Br,(z) = {pz: p € F, |u| <1}

Next we turn to a problem which is not covered by the G-invariant
norm result.

Recall that a norm | - || on M,(F) is called a ring norm (or algebra
norm) if it satisfies ||I|| = 1 and ||AB| < ||A|||B|| for all A, B € M,(F).
For the basic properties and results on ring norms, we refer the reader to
Belitskii and Lyubich (1988). A norm || - || on M,,(F) is an induced norm if
it is defined by ||A|| = sup{|Az| : z € F*,|z| < 1} for a given norm | - | on
F™. It is not hard to check that every induced norm is a ring norm. We are
interested in studying problems (I) and (II) when V = M, (IF), and S is the
set of all ring norms. It turns out that one can choose 7 to be the set of
all induced norms, so that Bs(A) = Br(A) for all A € M, (IF) except when
A € M3(R) has no real eigenvalues. The detailed proofs of our results are
contained in Li, Tsing, and Zhang (1994). In the following, we describe the
process of our discovery, which is quite amusing.

First of all, if A is a scalar matrix or a nilpotent matrix, one only needs
to check those norms on M, (F) induced by £;-norms on F™ with respect
to different bases to obtain the following result.

PROPOSITION 1.7.  Let S be the set of all ring norms, and let T be the
set of all induced norms on M, (F). If A is a scalar matriz or a nilpotent
matriz, then

Bs(A) = Br(A) = {uA: p e F,|u < 1).

For a general matrix A, the problem is more difficult. In the complex
case, F. Z. Zhang observed that:

Suppose B € Bs(A), and suppose S € M,(C) is invertible such that
ST1AS = J, & --- @ J, where J; is an upper triangular Jordan block
with eigenvalue A\;(A) for i = 1,..., k. Then S~'BS = J; & --- & Ji, and
for each i = 1,...,k, the (p,q) entry of J; equals Ai(B) if p = ¢, equals
1 (independent of 1) with |u] < 1if ¢ = p + 1, and equals 0 otherwise.
Furthermore, [A;(B) — A;(B)| < [XA(A) — A;(A)] for all 4, 5.

This observation clearly suggests that there should be a nice theorem
behind the picture. In my past research experience one of the following
situations has often arisen when I tried to prove a new theorem.

Situation I. The statement of the theorem is clear, but it is hard
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to find the proof. In this situation, one may need to find the right idea
to bring in some advanced techniques to solve the problem [this notion
is due to S. Friedland; e.g. see Thompson (1992)] or to find the clever
trick or observation needed in the proof (this notion probably occurs to
all mathematicians); or to find the right way to fit things together (in
some casual discussions with other linear algebraists, including Bapat and
Uhlig, we all agreed that an interesting aspect of linear algebra research
ist a nontrivial theorem can be obtained by fitting elementary results in a
nice and clever way).

Situation 2. One has all the knowledge of a subject needed to extend
the existing results. However, it is not easy to find the right formulation
to state the definitions and theorems.

Situation 3. One knows that there is a theorem. The statement of the
result is not quite clear; it is not even clear what type of techniques should
be used. One really has to search for the result as well as for the proof.

In the study of Bs(A) for a general A € M,(F) we were and still are
in situation 3. It would be nice if one could handle the problem by the
situation 1 scenario, i.e., bring in some advanced techniques or clever ideas.
Anyway, let me describe our progress on the problem in the following.

Suppose A is not a scalar matrix or a nilpotent matrix. There is no
harm in assuming that the spectral radius p(A) of A is 1 in our problem.
Under this assumption, one easily verifies that:

(a) For any ring norm || - ||, one has ||A]] > p(4) = 1 = ||I|]. Hence
le Bs(A).

(b) Suppose || || is a ring norm such that ||r A} = 1 with r € (0, 1]. Then
I|B|l < ||All for any B € K(r, A), where

K(r,A) = conv{p;(rA)"/r: p € F|u) = 1,4 =0,1,2,...}.

Thus
(] K(r,A4) C Bs(A).

r€(0,1]

It is also clear that Bs(A) C Br(A). It is somewhat unexpected that
the following theorem holds.

THEOREM 1.8. Suppose A is not a scalar matriz satisfying p{(A) = 1.
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Then
() K(r,A) = Bs(4) = Br(4)

ré(0,1]

unless A € M>(R) has no real eigenvalues.

Even though we have proved Bs(A) = Br(A) and have a descrip-
tion of this set, it is unsatisfactory that the observation of Zhang
does not follow easily. We therefore took a closer look of the set
Nre(0,]K (r, A). Notice that if A has minimal polynomial f(t) =
™ 4 @ 1t™ L 4 4 ag, then all K(r, A) C span{I, 4,..., A™ 1},
the smallest algebra generated by I and A. It turns out that

(¢) Bs(A) C span{I, A}.

This is another unexpected discovery in our study. Furthermore, one
can show that if r > 0 is sufficiently small, then K (r, A) C conv{u,(rA)/r :
i €, ] = 1,4 =0,1,...,m—1}. It follows that for any 7 < r, K (7, A)N

span{I, A} C K(r,A) Nnspan{Il, A}. Consequently, we have the following
result, from which the observation of Zhang follows.

THEOREM 1.9. Suppose A satisfies the hypothesis of Theorem 1.8.

Then
(| KE(rA)= () K(r,A)[ \span {I,A},

r€(0,1) r€(ro,1]

where v is the smallest real number r € (0,1] such that K(r, A) C conv
{p; (PAY)rp; €F, || =1,i=0,1,...,m —1}.

We remark that 7y can be determined by the minimal polynomial of A.
Moreover, we suspect that the following is true:
Suppose A satisfies the hypothesis of Theorem 1.8. Then

(| K(r,A) = K(ro, A) N K(1, A) N span{I, A},
r€(0,1]

where rg satisfies the condition mentioned in Theorem 1.9.

It would be nice to prove or disprove this statement. At this point, we
are still working on this problem. This conjecture has been disproved by
Li, Tsing and Zhang (1994).

2. ISOMETRY GROUPS OF G-INVARIANT NORMS

Given a norm || - || on V, the collection of linear operators L satisfying
|L(z)|| = ||z| for all  forms a group, which is known as the isometry



80 CHI-KWONG LI

group for || - . One may see Horn and Johnson (1985) for some basic
properties of isometries and isometry groups. In this section, our focus is
on the isometry groups of G-invariant norms. We shall always assume that
G is a closed subgroup of the unitary (orthogonal) group of V such that
uG = G for all p € F with |u| = 1, unless specified otherwise.

Let us first describe some general results concerning the isometries and
isometry groups of norms.

THEOREM 2.1. A linear operator L is an isometry for a norm || -| on
V' if and only if one of the following conditions holds:

(a) L(B) = B, where B is the unit norm ball with respect to || - || in V.

(b) L(E) = &, where £ is the set of extreme points of the unit norm ball
with respect to || - || in V.

(¢) The dual transformation L* of L is an isometry for the dual norm of

-l

By this theorem, one can use the geometry of B and £ to help study
L. Also, if || - ||, B, and & are complicated, one can consider the dual norm,
the dual norm ball and its extreme points, etc., to get information about
L*. For example, if a G(c)-radius is a norm, then the set of extreme points
of the dual norm ball is just G(c) [e.g., see the proof of the special case
in Li and Mehta (1994, Proposition 4.3)]. Thus, studying the isometries
for the G(c)-radius is the same as studying those linear operators mapping
G(c) onto itself [see Li and Tsing (1988c, 1988d, 1991a)]. In fact, this is
true even if rg(cy is not a norm as shown in the following result [see Li and
Tsing (1991b)].

THEOREM 2.2. Let ¢ € V. A linear operator L on V is an isome-
try for the G(c)-radius if and only if its dual transformation L* satisfies
L*(G(c)) = G(o).

Sometimes it is easier to study the whole isometry group instead of
an individual isometry for a given norm. The following result le.g., see
Deutsch and Schneider (1974) and Li and Tsing (1990a)] is very useful if
one uses this approach.

THEOREM 2.3. Suppose K is a bounded group of linear operators acting
on V. There exists an invertible linear operator S such that S™1KS is a
subgroup of the group of unitary operators acting on V. Moreover, if K
contains an irreducible subgroup of unitary (orthogonal) operators, then S
can be chosen to be the identity operator, i.e., K is a subgroup of the group
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‘We shall make further comments on how the above results are used in
our recent work in the next few sections.

It is interesting to note that the problem of determining which subgroup,
of the orthogonal (unitary) group on V can be the isometry group of a
norm is still open [see Gordon and Loewy (1979, Theorem 3.1) for a partial
answer].

2.1. Unitarily Invariant Norms

In this section, we concentrate on the isometry group of a unitarily
invariant norm on My, ,(F). We always assume that G is the collection
of all linear operators on M,, ,,(F) of the form A — UAV for some fixed
unitary (orthogonal) U and V. Denote by 7 the transposition operator on
M, (F), ie., 7(A) = A On M4(R) denote by ¢ the special linear operator
defined by A — (B1AC; + B2 AC, + B3 ACs + A)/2, where

1 0 0 -1 1 0 0
B=(o1) o0 0) e=(o 2)e(]
0 -1 1 0 01 1 O
Bz—( 0)®(0 _1>, 02_(_1 0>®(0 ;
0 -1 01 01 0 1
Bg—( 0)@(1 0), Cg—-(l 0) ®(_1 0

We have the following result.

o

=

-

THEOREM 2.4. The isometry group K of a unitarily invariant norm
-1 on V = My, o(IF) must be of one of the following forms:

(a) K is the unitary group on V.
(b) V= M4R) and K = (G, T, ¢).
|G if m #mn,

(c) K= { (G,7) ifm=n.

Furthermore, condition (a) holds if and only if || - || is a multiple of the
Frobenius norm; on V = M4(R) condition (b) holds if and only if (a) does
not hold and ¢ is an isometry of || - ||; and condition (c) holds if and only
if (a), (b) do not hold.

The study of isometries of unitarily invariant norms has an extended his-
tory. Schur (1925) showed that Theorem 2.4 holds for the spectral norm



82 CHI-KWONG LI

|| - || on My(C). Russo (1969) obtained the result for the trace norm,
i.e., the Ky Fan n-norm, on M,(C). Arazy (1975) studied the isome-
tries of Schatten p-norms on symmetrically normed ideals. In tlie finite
dimensional case, his result reduces to Theorem 2.4 with V = M,,(C) and
Al = {37, 0i(A)P}/?, where p > 1. Grone and Marcus (1977) [see
also Grone (1979), (1980)] proposed the study of the (p, k)-norm defined
by ||A] = {Zle 0i(A)P}P with 1 < k < n and p > 1 on My, ,(C), and
obtained some partial results using geometrical techniques (¢f. Theorem
2.1). A complete answer of the problem raised by Grone and Marcus was
given in Li and Tsing (1988b). In his thesis Grone (1976) made the ambi-
tious conjecture that K satisfies condition (c) unless |- || is a multiple of the
Frobenius norm. For V = M,,(C) the conjecture was confirmed by Sourour
(1981), whose result actually holds for the infinite dimensional case. In
Johnson, Laffey, and Li (1988), it was shown that the linear operator ¢ de-
fined in Theorem 2.4 is an isometry of the Ky Fan 2-norm on My(R), using
some theory of real quaternions [see also Dokovié (1990) and Chang and
Li (1991)]. Thus the conjecture of Grone is not valid on M,,(R) in general.
In Li and Tsing (1988d), the authors obtained the result for G(c)-radius
on My n(F) and showed that ¢ is the only exceptional case. The main
tools in the proofs is Theorem 2.2 and some differential geometry tech-
niques. This approach was further refined by the same authors to obtain

Theorem 2.4 in Li and Tsing (1990a). Later Dokovi¢ and Li (1993) used

a group theoretic approach [see Li (1993a)] to obtain a general result on
linear operators leaving invariant functions on singular values of matrices
that covers Theorem 2.4.

2.2.  Symmetric Gauge Functions

In this subsection, we consider the isometries for symmetric gauge func-
tions on ™. We use G to denote the group of generalized permutation
matrices. Since G is irreducible, it follows from Theorem 2.3 that the
isometry group of a given symmetric gauge function is always a subgroup
of the unitary (orthogonal) group. In Chang and Li (1992) the authors
characterized the isometries for G(c)-radii and some other special symmet-
ric gauge functions on R™, using geometric techniques (cf. Theorem 2.1).
It was conjectured that except when n = 2,4, the isometry group is either
the whole unitary group or the group G. This was confirmed in Dokovié,
Li, and Rodman (1991). The main idea of the proof is to show that except
for n = 2,4, there is no closed subgroup lying strictly between GG and the
orthogonal group. Since the isometry group of a symmetric gauge func-
tion must contain G and must be a subgroup of the orthogonal group, the
desired conclusion follows. In the paper, we actually characterized all the
possible isometry groups of symmetric gauge functions on F" for F = R, C,
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or the skew field of real quaternions.

THEOREM 2.5. Let F = R,C, or the skew field of real quaternions.
The isometry group K of a symmetric gauge function || -|| on V = F™ must
be of one of the following forms:

(a) K is the orthogonal (unitary or sympletic) group.
(b) V =R* and K = (G, A), where

{0 )

() V =R* and K = (G, B), where

[y
o
=
|
—
|
o

(d) V =R?, and K is the dihedral group with 8k elements.
(e) K=G.

Furthermore, condition (a) holds if and only if || - || is a multiple of the
Frobenius norm; on V = R* condition (b) holds if and only if (a) does not
hold and A is an isometry of || - ||, and condition (c) holds if and only if (a)
and (b) do not hold and B is an isometry of || - ||; on V = R? condition (d)
holds if and only if the unit ball of || - || is a regular 4k-sided polygon; and
condition (e) holds if and only if (a)—(d) do not hold.

Notice that in the above theorem, one can replace || - || by any function f
on F™ such that f(Pz) = f(z) for any P € G. If the group K of invertible
matrices A € M, (F) satisfying f(Az) = f(z) for all z is compact, then X
must be one of the groups described in Theorem 2.5.

An infinite dimensional version of the Theorem 2.5 can be found in
Rolewicz (1985, Theorem 9.8.3). As pointed out in Dokovi¢, Li, and Rod-
man (1991), Theorem 2.5 can be deduced from the theory of reflection
groups. In fact, Gordon and Lewis (1977) have used this approach to solve
certain isometry problems (cf. Section 2.5) that cover Theorem 2.5 for
n > 13.

2.3.  Unitary Similarity Invariant Norms

In this subsection, we focus on unitary similarity invariant norms on
YV = M,(C) or H,,. We let G be the collection of all linear operators on V
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of the form A — U*AU for some fixed unitary U. As mentioned before, in
this case the G(c)-radius reduces to the C-numerical radius. Concerning
the isometric for C-numerical radius, we have the following result [see Li
(1987a, b), Li and Tsing (1988a, c), Man (1991), Li, Mehta, and Rodman
(1994)].

THEOREM 2.6. Suppose C € M,(C) is a normal matriz or satisfies
rank C = 1. If r¢ is a norm on M,(C) and L is an isometry for rc,
then there exist p € C with |u| = 1 and a unitary U such that L is of the
form A p[U*AU + (7 —1)(tr A)/I} or A — plU*A'U + (77— 1)(tr A)/1],
where n 1s a kth root of unity such that na is unitarily simelar to C =
C — (tr OYI/n.

Whether the same conclusion in Theorem 2.6 holds for general C is
not known. A general result concerning the isometry group of a uni-
tary similarity invariant norm on M,(C) is not available. If V = H,,
we have the complete information as shown in Theorem 2.7 [see Li and
Tsing(1990b)]. Note that if a unitary similarity invariant norm is in-
duced by an inner product, then there exists a positive operator P de-
fined by P(A) = u(tr A)I + v[nA — (tr A)I], where u,v > 0 such that
Al = (P(A), P(A))"/2.

THEOREM 2.7. The isometry group K of a unitary similarity invariant
norm || - | on H, must be of one of the following forms:

(a) There exists a positive operator P on H, defined by P(A) = u(tr A)I
+ v[nA—(tr A)I], where p,v > 0 such that PKKP~! is the orthogonal
group on Hy.

(b) K is the collection of all orthogonal operators on Hy mapping I to
+I.

(¢) K =(G,1,L), where L(A) = A —=2(tr A)I/n for all A € H,.

(d) K ={(G,7).

Furthermore, condition (a) holds if and only if || - || is induced by an
inner product on H,, with ||A||?> = (P(A), P(A)); condition (b) holds if and
only if (a) does not hold and || A| depends only on |tr A| and tr (A*A);
condition (c) holds if and only if (a), (b) do not hold and L is an isometry
of || - II; condition (d) holds if and only if conditions (a)—(c) do not hold.

We remark that Theorem 2.7 also holds if we replace H,, by the linear
space of all n x n real symmetric matrices (see that next section).

All the results mentioned in this section were obtained by computation
and geometrical techniques. It was proposed in Li (1994a) that the problem
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can be studied by a group theoretic approach, namely, enumerating all the
subgroups between G and the unitary group on M,(C).

2.4.  Unitary Congruence Invariant Norms

In this subsection, we consider those norms || - || on V = M, (F), S.(F),
or K,(F) that satisfy |[U*AU|| = || 4] for all A € V and all unitary (or-
thogonal) U, where S,,(F) is the linear space of all symmetric matrices and
K, (F) is the linear space of all skew-symmetric matrices. These norms are
referred to as unitary congruence invariant norms or unitary consimilarity
invariant norms. We let G be the group of linear operators on V of the
form A +— U*AU for some fixed unitary (orthogonal) U. The behavior of
unitary congruence invariant norms on S,(R) is the same as that of uni-
tary similarity invariant norms on H,,. In particular, one can easily modify
Theorem 2.7 to get a corresponding result concerning the isometry groups
of unitary congruence invariant norms on S,(R). For the isometry group
of unitary congruence invariant norms on S,(C) and K, (IF), we have the
following results [see Li and Tsing (1991a) and also Morita (1941, 1944)].

THEOREM 2.8. Let K be the isometry group of a unitary congruence
invariant norm on S,(C) which is not a multiple of the Frobenius norm.
Then K =G.

THEOREM 2.9. Let K be the isometry group of a unitary congruence
invariant norm on K, () which is not a multiple of the Frobenius norm.
Then one of the following holds:

(a) n=4 and

’C_{<Gaw> 'Lf F=C,
B <G7 7, '(/)> 'Lf F =R,

where Y(A) is obtained from A by interchanging its (1, 4) and (2, 3)
entries, and interchanging its (4,1 ) and (2, 3) entries accordingly.
G i F=C,
(b) k= { (G,7) if F=R

General results concerning the isometry groups of unitary congruence
invariant norms on M, (F) are not available. The result is not known even
for a G(c)-radius.

Notice that if F = C, the G(c)-radius reduces to the c-congruence nu-
merical radius. It is known [see Cheng, (1990) and Li and Tsing (1991b)]
that in this case a G(¢)-radius is a norm if and only if ¢ € M,,(C) is neither
symmetric nor skew-symmetric. If F = R, the G(c)-radius reduces to the
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c-numerical radius, and it is a norm if and only if tr ¢ 0, and ¢— (tr ¢)I/n
is neither symmetric nor skew-symmetric. While the isometry group of a
G(c)-radius for general ¢ € M,(F) is not known, we have the characteri-
.zation of those linear operators L leaving the G(C)-radius invariant when
¢ € Sp(F)V K, (F). Notice that in this case, the G(c) radius is a seminorm.

Suppose ¢ € S,(C) is nonzero, and suppose L is a linear operator on
M, (C) leaving the G(c)-radius invariant. Then rg()(A4) = 0 if and only if
A € K,(C). Therefore, if L is decomposed into L; + Lo, where L1(4) =
L(A+ A%)/2 and Ly = L(A — A")/2, then Ly(K,(C)) C K,,(C). Further-
more, if Lo(A) = [L1(A) + L1(A)?]/2 for all A € S,,(C), then Ly is a linear
operator on S,(C) leaving the G(c)-radius invariant, and hence Theorem
2.8 applies. Consequently, one has

THEOREM 2.10. Suppose ¢ € S, (C), and suppose L is a linear operator
on M, (C) leaving the G(c)-radius invariant. Then there exist o unitary U

and a linear operator L on M, (C) with its range lying in K,(C) such that
L(A) = U(A + AYU/2 + L(A) for all A.

Similarly, if ¢ € S, (R), we have the following result.

THEOREM 2.11.  Suppose ¢ € S,(R), and suppose L is a linear operator
on M, (R) leaving the G{(c)-radius invariant. Let

R-I if ¢ is a scalar matriz,
W= {XeS,(R):tr X =0} iftre=0,
Sn(R) otherwise,

and let W be the orthogonal complement of W in M,,(R). Then there exist

an orthogonal U and a linear operator L on M, (R) with its range lying in
WL such that L is of the form A — p[UH(A — AYU/2 +(7 — 1)(tr A)I/n]

~

+ E(A), where u = +1 and n = 1 such that nA has the same spectrum
as A:= (A — A%)/2 - (tr A)I/n.

By the same argument, if ¢ € K, (IF), we have the following result.

THEOREM 2.12. Suppose ¢ € K,,(F), and suppose L is a linear operator
on My(F) leaving the G(c)-radius invariant. Then there exist a unitary U
and a linear operator L on M, (F) with its range lying in S, (F) such that
L is of the form
A pUYA - AYU/2 + L(A)
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or
A pUt(A — AVU/2 + L(A),
[ 1 iF=c,
where 1= { 11 ifF =R

It would be nice to solve the general problem on M, (F).

2.5. Permutation Invariant Norms

In this subsection, we consider those norms || - || on V = F™ that satisfy
1Qx|| = ||z|| for all z € V and all permutation matrices ). We shall let G
be the group generated by all permutation matrices and the scalar matrices
pl with || = 1. Suppose ¢ € F™. The G(c)-radius is defined by

T¢(e)(x) = max{|c* Pz|: P a permutation matrix}.

It is a norm on F” if and only if ¢ # pe and c*e # 0, where e = (1,...,1)t €
F*. Note much is known about the isometry group of this type of G-
invariant norm. Let e; denote the ¢th column of I, for i = 1,...,n. Denote
by J, the n x n matrix with all entries equal to one. We have the following
result [see Li and Mehta (1994))].

THEOREM 2.13. Let c(c1,...,¢,)t € R™ with entries arranged in de-
scending order. Suppose the G(c)-radius is a norm on R™, and K is the
corresponding isometry group. Then one of the following holds:

(a) There exists S = al + (3J such that Sc = e1 and STIKS is the group
of n x n real generalized permutation matrices.

(b) n is odd, and there exists S of the form ol + pJ such that Sc =
Dicn/2 € and STIKS = (G, B), where

0
B = In‘2 - n_.lJn—l
0

(¢) ¢;+cn_iy1 are all equal fori=1,...,n, and K = {(G,I,—(2/n)J).
(d) ¢ does not satisfy the conditions described in (a)—(c), and K = G.

The proof of this result in Li and Mehta (1994) is purely computa-
tional. R. Loewy has informed this author that Gordon and Lewis (1977)
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have used the theory of reflection groups [see Benson and Grove (1985) for
basic definitions] to characterize isometry groups of general permutation
invariant norms on R™ for n > 13. Currently, this author and W. Whit-
ney are extending the techniques in Gordon and Lewis (1977) to give a
complete solution of the problem [see Li and Whitney (1994)].

3. SPECIAL TYPES OF G-INVARIANT NORMS

8.1. Norms Induces by Inner Products

In this subsection, we consider those G-invariant norms that are induced
by inner products. We have the following general result (Li and Tsing,
1989c¢) (cf. Theorem 3.1).

THEOREM 3.1. Let V = W; @ +--- + @Wy be mutually orthogonal
G-irreducible subspaces. Then || - || is a G-invariant norm on V induced by
an inner product if and only if there is positive definite H = (h;;) € Sk(R),
where h;; = 0 whenever W; and W; are not isomorphic, such that for any
v =wi + -+ wg with w; € Wi we have [|v]|* = 32, ; hij{zs, z5).

Notice that by Theorem 3.1, if V is irreducible under the action of G,
then a G-invariant norm on V is induced by an inner product if and only
if it is a multiple of the Frobenius norm.

Using Theorem 3.1, Li and Tsing (1989c) re-proved several known re-
sults in Li and Tsing (1987) and Bhatia and Holbrook (1987), and obtained
some new ones. In the following we mention some of the results related to
the G-invariant norms mentioned in the previous sections.

THEOREM 3.2.

(a) Suppose || - || is a symmetric gauge function on F™, or a unitarily
invariant (unitary congruence) norm on My, o (F), (Sn(C) or Kn(F)).
Then || - || is induced by an inner product if and only if it is a positive
multiple of the Frobenius norm. ‘

(b) A permutation invariant norm || - || on F" is induced by an inner
product if and only if there exist p,m € R withn >0 and nu+n >0
such that

||17||2 = li|ﬂ73t€|2 + n(z*x) for all x € TF™.

(¢) A unitary similarity invariant norm [|-|| onV = Mp(C), Hp, or Sn(R)
is induced by an inner product if and only if there exist u,n € R with
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1 >0 and nu +n > 0 such that
A% = pltr A2 + ntr (AA*) forall AeV.
(d) An orthogonal similarity invariant norm || - || on M,(R) is induced
by an inner product if and only if there exists p,n,v € R with n > |v|

and np + 1+ v > 0 such that

|A|12 = u(tr A)% + ntr (AAY) + v tr (A%) for all A e M,(R).

8.2. Norms Induces by Other G-Invariant Norms

Suppose || - || is a norm on V. For any invertible linear operator S on V,
one can consider the norm ||z||s defined by || - ||s = ||S(z)]|. One would like
to know when || - ||s is a G-invariant norm. We have the following result

(Hemasinha, Weaver, and Li, 1992, Theorem 2.1).

THEOREM 3.3.  Let ||-|| be a norm on V with K as the isometry group.
Suppose S is an invertible linear operator on V. Then || -|| is a G-invariant
norm if and only if SGS~! C K.

In Hemasinha, Weaver, and Li (1992), the authors studied the cases
when || - || is a symmetric gauge function on F* and G is the group of
diagonal unitary (orthogonal) matrices, the group of permutation matrices,
or the group of generalized permutation matrices. In other words, for a
given symmetric gauge function || - ||, the authors determined the condition
on S € M,(F) such that the induced norm || - ||s is an absolute norm, a
permutation invariant norm, or a symmetric gauge function. R. Hemasinha
has been studying the problem for a full rank S € My, n(F), ie,, || -] is a
norm on F™ [see Hemasinha (1993)].

Note that a norm on F™ is a symmetric gauge function if and only if it is
absolute and is permutation invariant. A few years ago, Cheng raised the
question whether a norm on M, (C) is unitarily invariant if and only if it is
unitary similarity invariant and unitary congruence invariant. The author
of this paper gave an affirmative answer to this question, and communicated
the result to Cheng (see [Cheng (1991b); cf. Theorem 4.4.1]).

THEOREM 3.4. A norm on M, (C) is unitarily invariant if and only if
it 15 both unitary stmilarity invariant and unitary congruence invariant.

Proof. The necessity part is clear. To prove the converse, suppose
Il - 1] on M,(C) is both unitary similarity invariant and unitary congruence
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invariant. Suppose A € M,(C) and U,V are unitary. We show that there
exist unitary X,Y, D such that D is diagonal, U = X*DY™*, and V =
Y DX. It will then follow that [[UAV| = | X*D'Y*AYDX|| = || 4]

Now, since UV is unitary, there exist a unitary matrix W and a diagonal
unitary matrix D such that UV = WD?W*. One easily check that X =
(DW*) and Y = (U*W) satisfy the required conditions. |

By Theorem 2.5, we know that all the possible isometry groups of uni-
tarily invariant norms. With Theorem 3.3, one can deduce the following
result.

THEOREM 3.5. Let ||| be a unitarily invariant norm on V = My, ,(F)
with isometry group K, and let S be an invertible linear operator on
Mmn (F). Then || - | is a unitarily invariant norm if and only if S be-
longs to the normalizer of K in the group of invertible linear operators on

V.

One may further the study of this problem for other types of G-invariant
norms.

4. APPROXIMATION PROBLEMS

Let 7 be a subset of V. Suppose y € V\7T. It is of interest to determine
zo € T such that

ly — zoll < |ly — =l forall ze€7

for a given norm or a given class of norms. The element ¢ is known as
the best approzimation of y from the set 7. There is a lot of research on
this topic; e.g., see Marshall and Olkin (1979), Singer (1970), and their
references.

To give a concrete example of this type of results, we mention the
following result, which is a slight extension of Theorem 4.1 in Li and Tsing
(1987).

THEOREM 4.1. Let ||-|| be a norm on V. Suppose f : V — V such that
flz+y) = f(@)+ fy), fofz) ==, and || f(z)l| = ||zl, for all z and y in
V. IfT ={xeV: f(z) =z}, then for any y € V\T

ly = zoll < lly — ]| forall z€T,

where
zo = [f(z)+z]/2€T.
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One may take || - || to be any unitarily invariant norm on M,(C) or any
C-numerical radius on M, (C) with C' = C*; the conclusion of Theorem 4.1
is valid if f(A) = £A*, A, or £A!. In fact, for a given G-invariant norm
|I-]] and a given transformation f on V, one has || f(z)|| = ||z|| for all z € V
if and only if there is a compact set £ C V such that f(£) = € and

|z|| = max {rg(¢(z) : x € £} for all z e V.

Another situation of interest is when || - || is a G-invariant norm and
T = G(z) or conv G{x). We list some results and open problems in the
following.

THEOREM 4.2. Let G be the group of generalized permutation matrices
over F =R or C. Suppose x,y € F™ are such that y ¢ G(z). Let P,Q € G
be such that Py and Qxz have nonnegative entries arranged in descending
order. Then for any symmetric function | - || on F™,

ly = P7'Qzl < lly =2l < lly ~ (~=P~'Q)z|l  forall =€ G(x)

and
ly — zo|l < |ly — 2|l for all  z € conv G(x),

where xg € conv G(z) is constructed by the following algorithm:

Step 1. Set A = Py — Qz.
Step 2. If Ay > --- > A, then go to step 4. Otherwise go to step 3.
Step 3. Let 1 < k < ¢ <n be such that

Ay 2z 2 Apy SAp = =Ag# Dy,

and let j be the smallest integer such that A; = Ag_y.
Then for i = j,..., £, replace A; by (Z;ZZ Ap)/(£—7+1). Goto
step 2.

Step 4. Fori=1,...,n, replace A; by 0 if A; < 0. Then set xg = y— P 1A.

Theorem 4.2 was proved in Cheng (1991a). By the fact that there is a
one-one correspondence between unitarily invariant norms on My, ,(F)(m
> n) and symmetric gauge functions on R" [e.g., see Mirsky (1960)], one
can deduce the following result from Theorem 4.2.

THEOREM 4.3.  Let G be the group of linear operators on My, ,(F)(m >
n) of the form A — UAV for some unitary U and V. Suppose XY €
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Mpn(F), and suppose P,Q, R, S are unitary matrices such that PXQ =
S 10i(X)E; and RYS = S 0i(Y)E;. Then for any unitarily invari-
ant norm || - || on Mp, »(F),

|IY~R*PXQS*| < |[Y-Z|| < [Y~(~R*PXQS")||  for all Z € G(X),

and

|Y — R* (Z mm) S| <Y =2  forall Z e conv G(X),

=1

where To = (1,--.,pn)t is obtained by the algorithm of Theorem 4.2 on
setting x = o(X) and y = o(Y) in step 1.

By the same idea, one can apply Theorem 4.2 to obtain results for uni-
tary congruence invariant norms on S, (C) and K, (F) [see Cheng (1991a)].
In fact, the study of Cheng (1991a) was motivated by an earlier paper by
Li and Tsing (1989b). In that paper, the authors considered unitary sim-
ilarity invariant norms on ¥V = H, or S,(R). The proofs actually cover
the problem of permutation invariant norms on R”®. We have the following
results.

THEOREM 4.4. Let G be the group of permutation matrices. Suppose
z,y € R™ are such that y & G(z). Let P,Q,Q € G be such that Py and Qx

have entries arranged in descending order, and Qx has entries arranged in
ascending order. Then for any permutation invariant norm || - || on F",

ly— P Qa|l < |ly— 2| < ly — (P7'Q)zll  forall z € G(),
and

ly — zoll < |ly — 2| for all z € conv G(z),

where To € conv G(z) is constructed by the following algorithm:
Step 1. Set A = Py — Qz.

Step 2. If A1 > - > A, then go to step 4. Otherwise go to step 3.
Step 3. Let 1 < k < £ <n be such that

A1Z-“ZAk_l<Ak="'=Ae7éAe+1,

and let j be the smallest integer such that A; = Ag_y.
Then for i = j,...,1, replace A; by (Zf;:j Ap)/(€—37+1). Goto
step 2.
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Step 4. Setzg=y— P 'A.

Since there is a one-one correspondence between permutation invariant
norms and unitary similarity invariant norms on V = H, or S,(R), one
can apply Theorem 4.4 to obtain the following result. We shall use A{A) =
(M(A), ..., 2 (A)) to denote the vector of eigenvalues of A € V with
entries arranged in descending order.

THEOREM 4.5. Let G be the group for linear operators on V = H,, or
Sn(R) of the form A U*AU for some unitary U. Suppose X,Y € V, and
suppose V, W, R are unitary matrices such that V* XV = 3" | \(X) Ey,
W*XW = E?:l )\n—i—{—l (X)Eii, and R*YR = Z?:l )\z(Y)E“ Then fOT‘
any unitary similarity invariant norm || - || on V,

Y —RV*XVR*| <Y -Z|| < |Y —BW*XWR*||  forall ZeG(X)

and

Y — R (Z ME“) R*|<|Y —Z| forall Z e conv G(X),

i=1

where xo = (1, ..., tn)t is obtained by the algorithm of Theorem 4.4 on
setting x = A(X) and y = A(Y) in step 1.

The problems are open if we consider unitary congruence invariant
norms on My, (C) or unitary similarity invariant norms on M, (F). The
problems are much more difficult if we consider 7 to be a union of orbits,
or the convex hull of a union of orbits. For example, if V = M,(C),G is
the group in Theorem 4.5, and 7 is the union of G(D) for all diagonal D,
then finding Dy in 7 that best approximates a given A € V is the same as
finding the best normal approximation of A. This is known to be a difficult
problem even using the Frobenius norm [see Ruhe (1987))].

There are many other interesting approximation problems on matrix
spaces. For example, if

0 0
T:{(X 0) eMm,n(IF):XeM,,,q(IF)},
then finding a best approximation in 7 for a given

A A :
A= ( A; AZ) € My n(F)  with Ay € M, (F)
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is equivalent to finding a minimum norm completion of the partial matrix

A1 A
X Ay )’
where X € M), 4(F) is unspecified. It is known [e.g., see Davis, Kahan, and

Weinberger (1982) and also Paulsen, Power, and Smith (1989)] that if | - ||
is the spectral norm, i.e., the Ky Fan 1-norm, then the minimum value of

[

coincides with the obvious lower bound

’ with X € M, ,(F)

s {||<A1 A,

el

One may consider the minimum norm completion problem for other norms.
For example, finding a minimum numerical radius completion for a given
partial matrix in M,(C) is highly nontrivial even for the 2 x 2 case [see
Choi and Li (1993)]. In fact, the problem is still open for n > 3.

Also, characterizing the best approximation elements is of interest [see
Zietak (1993) and its references].

5. OTHER PROBLEMS AND RELATED TOPICS

In this section, we list a few more general problems on norms that
the author has been involved in the last few years. We only give a brief
description, either because better references on the problems are available
elsewhere, or because not many results are available yet.

5.1.  Inequalities

Given two norms |- | and || - || on V, it is of interest to find the largest
«a and the smallest 3 such that

ajz| < |zl < Bz forall zeV.
Suppose o is a product on V, i.e., a binary operation on V that is
continuous with respect to the given norm || - ||. One may be interested in

knowing the smallest v such that

vz oyl < vlz|v|iyll for all z,y € V.
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A related problem is to determine the smallest v such that

vk < (v||zl))f  forall zeV, k>2,

where z¥ =z 0.--0x.
k

There are many results and open problems on this topic. The work of
this author is mainly on unitary similarity invariant norms and has been
summarized in Li (1994b). For related topics, one may see Stone (1962),
Marcus and Sandy (1985), Goldberg and Straus (1982, 1983), Gottlieb,
Johnson, and Spitkovsky (1994), Johnson and Li (1988), Li (1986, 1991),
R. C. Li (1993) and Okubo (1993).

5.2.  Geometrical Structure of the Unit Ball

To study problems related to a norm, it is very useful to know the ge-
ometrical structure of the unit norm balls. For examples, in the study of
isometry problems or inequalities involving norms, knowing the character-
ization of the extreme points of the unit balls is very useful [see Chang
and Li (1992), Li and Mehta (1994a, b, & ¢), and Li and Tsing (1988a,
d)]. Recently, some authors, including So (1990), Zietak (1988), and de Sa
(1994a, b, ¢) have studied the facial structure of the norm balls. While the
problems on unitarily invariant norms are quite well studied, not much is
known for other types of G-invariant norms.

5.8.  Other Sources of Problems and References

There are many other results and problems involving different types
of norms. See, for example, the excellent monographs by Belitskii and
Lyubich (1988), Bhatia (1987), Schatten (1950, 1961), and Stewart and
Sun (1992), as well as the lecture note series by Lindenstrauss and Milman
(1985-90).

Note added in proof. Dr. Beata Randrianantoanina has brought our
attention to the excellent survey on isometry problems by Fleming and
Jamison (1994). These are several references, namely Braverman and Se-
menov (1974) and Schneider and Turner (1973), that are closely related to
our discussion in Section 2.
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