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1. INTRODUCTION

Throughout this paper we let T be a quasi-nilpotent, but not nilpotent,
operator on a Banach space E. Suppose that B is the set of complex formal
power series f = Y,._; A,2" for which the series f (T) = ¥,._; A, T converges
in some specified operator topology. If f(7') converges, we denote its sum
by f(T'). In this paper we continue the study, begun in [3], of B and of the
map f— f(T).

In Section 3, we will examine the structure of B and its ideals, under the
same sort of hypotheses used in [3] to show that B is an algebra and f — f(T)
is an algebra isomorphism. Under varying hypotheses we will describe
certain properties of all non-zero ideals of B#, the algebra formed from B
by adjunction of an identity, (Lemma (3.2)A), Theorems (3.8)A), (3.9), and
(3.15)D), below). We are particularly interested in using these characteriza-
tions of ideals to compare the ranges, null-spaces, compactness, etc., of f(T')
and powers of T (Theorem (3.3), Corollary (3.17)). We also prove, under
suitable hypotheses, that B is the only non-zero prime ideal in B# (Theorems
(3.8)B) and (3.15)E)) and that B has uncountably ascending and descending
chains of ideals (Theorem (3.10)).

In Section 4, we show that, when properly interpreted, the main features
of the operational calculus discussed in [3] still hold for suitable collections
of power series f for which f(T') ¢ is no longer required to converge for all ¢;
in this case f(T) is no longer defined throughout B. For instance, the fact
that the map f— f(T') is an algebra homomorphism for everywhere-defined
F(T) becomes f(T)g(T)C fg(T) for suitable f and g (see Theorem (4.3)
below).
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2. Basic DEFINITIONS

For convenience, we will now recall some of the basic definitions and a
few of the results of [3]. We will also make a few related definitions we will
need in this paper. We will naturally need to make liberal use of the results
of [3] in the present paper.

A proper power series is a complex formal power series with zero constant
term. A proper algebra is an algebra of proper power series which contains
all proper polynomials. A module [3, Def. (2.5)] is a collection of proper
series which contains all proper polynomials, and is a module over the ring
of polynomials.

DerIntTION (2.1). If fis a formal power series whose first non-zero term
is A,2", then f is said to have order 7 (if f = 0, f has order o). If B is a
module and #z is a positive integer, B™ is the set of all series in B whose
order is greater than or equal to n. Also B® = B#| the vector space sum of B
and the constant series.

A proper algebra B will be called analytically closed if % - f belongs to B*
whenever f belongs to B and % is a power series with positive radius of con-
vergence. Similarly, if @ is an algebra homomorphism from an analytically
closed algebra to an algebra of operators, then @ will be called an analytic
homomorphism if @(ho f) = WD( f)), for all fin B, and for all 2 with

positive radius of convergence.

DrrFiNiTION (2.2). Suppose that 7" is a quasi-nilpotent, but not nilpotent,
operator on a Banach space E and that B is the set of all proper power series
f for which f(T) converges in the strong operator topology. Then T is
formally representable in the strong operator topology and B is a
representing algebra, for T, in the strong operator topology if:

(A) B is an analytically closed algebra.

(B) The map f— f(T) is both an algebra isomorphism and an analytic
homomorphism from B to the algebra of bounded linear operators on E.

In the same way, we define formal representability and representing
algebras for the weak operator topology, for the uniform operator topology,
and for absolute convergence in the uniform operator topology. In the next
section it will usually be immaterial which of the above four types of con-
vergence we are considering. We will therefore simply call B a representing
algebra if it satisfies Definition (2.2) for a fixed but unspecified manner of
convergence. We should mention that only minor modifications of a few
proofs would be necessary to extend the results of [3] and of this paper to a
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large number of other types of convergence: such as, for instance, Cesaro
convergence in the weak* operator topology [1, pp. 89-91 and 117-119].
The main goal of [3] was to find hypotheses on T which assured that it was
formally representable for various types of convergence. This involved the
study of the modules defined below, which play a central role in this paper.

DermviTioN (2.3). If B is a module and j is a non-negative integer, then
S_;(B) is the module of all proper power series f for which f2’ belongs to B
(in particular S_o(B) = B). Also, S_.(B) = Us,—1 S_n(B). When the module
B is clearly understood, we will often just write S_; and S_, .

We now review some results from [3] about formal representability.

Suppose that K is the collection of proper series f for which f (T') converges
absolutely in the uniform operator topology. Then T is formally representable
for absolute uniform convergence if and only if the map f— f(T) is injective
from K to the bounded operators on E [3, Theorem (2.3)]. This map is
injective if S_ (K is a radical algebra [3, Lemma (2.7) and Theorem (2.9)].
S_.(K) is a radical algebra, in particular, whenever all S_,(K) are algebras
[3, Lemma (2.8) and Theorem (2.9)]. If B is the set of proper f for which 7 (T')
converges in the weak operator topology, then T is formally representable
for weak, strong, and uniform operator topology convergence if all S_;(K)
are algebras, and B is contained in some S_, (K), [3, Theorem (3.1)]. Finally,
there are direct conditions on the sequence {|| 7" |} which guarantee that
S_o(K) is radical, [3, Theorem (4.9)]; conditions under which all S_;(K)
are algebras, [3, Theorems (2.10) and (4.7)]; and there is a simple condition
guaranteeing that BC S_,(K), [3, Lemma (3.3)].

3. THE STRUCTURE OF REPRESENTING ALGEBRAS

Suppose that T' is a quasi-nilpotent, but not nilpotent, operator on a
Banach space E. In this section, we will be interested in two sorts of questions.
First, we will assume that B is a representing algebra for 7" and we will try
to describe the ideals of B* under the assumptions that S_,(B) is radical or
that some of the S_;(B) are algebras; and we will use this information about
ideals to study the relation between the operators 1" and f(T'). Second, we
will suppose that K is the set of proper f for which f(7') converges
absolutely in the uniform operator topology, and that B is an algebra with
K C B C S_.(K). Under this assumption we will try to get as many character-
izations as possible of the property that S_,(K) is analytically closed (see
Theorem (3.15)).

We will start with an abstract characterization of the inverse images of
closed ideals of operators under the map f— f(T').
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Derinttion (3.1). If B is any proper algebra, a non-zero ideal J of B#
is called formally closed if 2" € | always implies B C J.

Lemma (3.2). Suppose that B and S__(B) are proper radical algebras,
then:

(A) Every non-zero ideal in B* contains a power of the indeterminate 2.
(B) The only formally closed ideals of B are the ideals B™.

Proof. Part (A) is just [3, Lemma (2.7)], so we prove (B). Suppose that |
is a formally closed ideal, f is an element of ] of order n,and JC B™ (i.e.,n

is the minimum of the order of elements of J). By (A), some 2™ belongs to J.
Let

f==QA+p)+g

where X is a non-zero scalar, p is a polynomial with zero constant term, and
£ belongs to B™), Since ] is formally closed, both g and 2*(A 4~ p) belong to J.
But B is a radical algebra, so (A + p)~! belongs to B#. Hence 2" belongs to J.
Thus B™) C ], and the proof is complete.

Since so many facts about algebras of operators or Banach algebras can be
stated in terms of ideals, numerous applications of the above lemma suggest
themselves. We list a few applications in the following theorem:

TueoreM (3.3). Suppose that T is a quasi-nilpotent, but not nilpotent,
operator on E; that B is a representing algebra for T; and that g is a non-zero
sertes of order nin B. If S__(B) is a radical algebra, then:

(A) Suppose ¢ belongs to E; then g(T)éd = 0 if and only if T"¢ = 0.

(B) #(T)(E)2 T™E) for some m.

(C) cl(g(T)(E)) = c(T™(E)).

(D) If {¢x} is a sequence in E and g(T)¢, — O, then lim, T™¢, =0 for
some m.

(E) IfF, and F, are closed invariant subspaces for T, then g(T)(F,)CF,
if and only if T*(F,)CF, .

(F) If g(T) is compact, some T™ is compact.

(G) If g(T)is strictly singular, then some T™ is strictly singular.

(H) Suppose S is a bounded linear transformation; then Sg(T) =0 if and
only if ST* =0.

(I)  Suppose S and U are bounded linear transformations with g(T) = SU;

then there is an integer m, and there are bounded transformations V and W, for
which T™ = SV = WU.
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Proof. We need only apply Lemma (3.2) to suitable ideals for each of the
properties (A) through (I). For (A) consider the formally closed ideal
{f eB:f(T)¢ = 0}. For (B) consider the ideal {fe B: f(T)(E) C g(T) (E)}.
For (C) consider the formally closed ideal {f e B: f(T) (E) C cl(g(T) (E))}.
(D) is similar to (A). For (E) consider the formally closed ideal
{feB: f(T)(F,) CFy}. For (F) consider the ideal {fe B: f(T)is compact};
this ideal is even formally closed if we are dealing with the uniform operator
topology. The ideals for (G) and (H) are obvious. For (I) let C be the algebra
of bounded operators on E and consider the ideals {fe B: f(T) e SC} and
{fe B: f(T)e CU}. This completes the proof.

Part (A) of the above theorem can be viewed as an extension of the fact
that the map f— f(T') is an injection. If ¢ is a vector for which no T7¢ == 0,
then Part (A) shows that the map f — f(T') ¢ is injective. It is well known that
such ¢ exist (for a simple proof using formal power series, see (2, Theorem 5]).

The description of formally closed ideals given in Lemma (3.2) (B) can
hardly be improved; but it would be useful to have more information about
ideals which are not formally closed, such as the ideals used in the proofs of
Theorem (3.3) (B), (F), (G), and (I). In Theorem (3.15) below, we see that
simply adding the hypothesis that K C B C S__,(K), where K is that set of
proper f for which f{T') converges absolutely in the uniform operator topo-
logy, implies that every non-zero ideal in B# not only contains a power of 2,
but also contains a power of every element of B. Before proving this and other
consequences of the added assumption KC BC S_(K), we will show
(Theorems (3.8) and (3.9)) that even more detailed information on the ideals
of B can be obtained under the alternate assumption that some S_,(B) is an
analytically closed algebra, or even just that S_,(B) is an algebra. (Recall that
if j < k and S_,(B) is an algebra, so 1s S_;(B) [3, Lemma (3.15)}; and if B
is also an analytically closed algebra, so is S_; [3, Lemma (3.16)].)

Theorems (3.8) and (3.9), describing the ideals of B when S_;(B) is an
algebra or S_,(B) is an analytically closed algebra, will be simple consequences
of the following two lemmas. We actually will prove somewhat more than
we need to describe ideals of B. For, we will show that various properties of B
are equivalent to S_, being an algebra or a radical algebra, instead of just
showing that these properties are consequences of S_, being an algebra or
radical algebra.

Lemma (3.4). Suppose that B is a proper algebra and that j, k, and n are
non-negative integers with n > 0. Then the following are equivalent:

(A) S_u(B) s an algebra.

(B) (B™)i+l = Bimgni,

(C) Bn+MB) — Bintkign,
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Proof. We first prove the equivalence of (A) and (B). Suppose that S_,
is an algebra. Let f, , f5 ,..., f541 belong to B™). To prove (B), we must show
that the product of the f’s belongs to B™)z™. For each i between 1 and j + 1,
let f; = z"g; . Then

fife = i = 28182 gi11) R

Each g, belongs to 8%, , which we are assuming to be an algebra. Hence the
product of the f’s belongs to (S%,2%) 2% = B®™)z", This proves (B).

Conversely, suppose that (B) holds and that f and g belong to S_,, . Then
(f2™) (gz") (z")* belongs to (B™)*+! = B™z". Dividing by 2™, we find
that fgz" belongs to B C B. Hence fg belongs to S_, , which is therefore
an algebra.

We complete the proof of the lemma by showing that (C) is equivalent to
BwB®) = Brign  which is the formula of part (B) for j=1. If
BB — Btngn then clearly every element of the smaller set B(»+¥)B{n)
is divisible by 27 in B, so (C) holds. On the other hand, every element of
B is the sum of a polynomial of order # and an element of B"+%). Hence
(C) implies that all elements in BB are divisible by 2” in B; and the
lemma is proved.

Various other properties equivalent to S_, being an algebra are given in
{1, Theorem (3.3) and Corollaries (3.4) and (3.5)].

Lemma (3.5). Suppose that B is a proper algebra, n is a positive integer,
and k is a non-negative integer. Then the following are equivalent:

(A) S_, is a radical algebra.
(B) Bmtk)f — Bn+IB™) for gl] f of order n in B.

Proof. Suppose that S_, is a radical algebra. Since it is an algebra,
Lemma (3.4) implies that B("+¥)B{n) == Bin+kizn Hence

Bt+R)f C Bntkign (3.6)
for all f of order n in B. Let f = 2"(A + g) € B, where A is a non-zero scalar
and g belongs to the radical algebra S_,, . Then (A + g)~* belongs to %, and
[ =2™ + g)7'is an element of order z of B. Thus formula (3.6) applies to
f'; that is, Bte)f’ C Bntkizn Multiplying this by f, we obtain

Bnt+k)ig2n B(n+k)f’fg B(n+k)fzn-

Dividing by 2", we see that Bintklgn C Bintk)f, This, together with formula
(3.6), proves (B).

409/43/1-12
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Conversely, assume (B). Letting f = 2" and applying Lemma (3.4), we
see that S_,, is an algebra. Suppose g belongs to S_,; to complete the proof
we must show that (1 + g)! belongs to §*, . Let f = 2°(1 + g), which is
then an element of order # in B. We wish to show that

2% ¢ B, (3.7)

For if (3.7) holds, 22* = f'f for some f' in B'™), but ' must equal 2™(1 + g)~;
and (1 + g) would then be in S_,. Formula (3.7) would of course be
immediate if & = 0. For positive &, we have

B™ = span{{, 2f,..., ¥"If } + Bin+h),
Multiplying this by 2", we get
22n e Binlgn C B(n)f + Bintkign,

But, by hypothesis, B(»tkgn = Bn+k)f C B)f. This proves Formula (3.7),
and completes the proof of the theorem.

A careful examination of the above proof would show that S_, is a radical
algebra under the assumption, which at first glance appears weaker than (B),
that all B+k)fD Bn+kign, The reverse inclusions, Bm+*)f C B(ntk)zn, for
all f of order n, are easily shown to be equivalent to Lemma (3.5) (B) and

hence to S_, just being an algebra.
We now apply Lemmas (3.4) and (3.5) to describe the ideals of B*,

THuEOREM (3.8). Suppose that B and S_,(B) are proper algebras, and that
S_.(B) is a radical algebra. Then:

(A) Every non-zero ideal of B* contains a power of B.

(B) B is the only non-zero prime ideal in B*.

(C) B is a radical algebra.

Proof. Suppose that ] is a non-zero ideal of B#. Then, by Lemma (3.2),
some 2/ belongs to J. Applying Lemma (3.4) (B), with n = 1, we obtain

(B)* = Bz C J.

This proves (A). (B) is an easy consequence of (A).
Since every maximal ideal is prime, (B) implies that B is the unique maximal
ideal of B*. Hence B is the radical of B#, [5, p. 55], and the proof is complete.

THEOREM (3.9). Suppose that B is a proper algebra, that S_,(B)is a radical
algebra, and that f is an element of order n of B. Then every ideal of B* that
contains f contains all elements of (B'™)2.
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Proof. Suppose that f beongs to the ideal J. Then, applying Lemma (3.5),
we see that (B™)2 = B™)fC J. This completes the proof.

It would now be easy to apply Theorems (3.8) and (3.9) to the parts of
Theorem (3.3) in which the ideals involved were not formally closed. We
omit the obvious details, except to remark that if S_,(B) is taken to be
analytically closed, then m can be taken as equal to 2z in Theorem (3.3) (B),
(D), (F), (G), and (I). Also, Theorem (3.9) shows that if the g in Theorem
(3.3) has order n, and S_,(B) is a radical algebra, then the assumption that
S_,, is radical can be dropped from the hypothesis of Theorem (3.3).

We now use Lemmas (3.4) and (3.5) to obtain some additional facts about
the structure of representing algebras. First we show that representing
algebras are far from being Noetherian or Artinian. In the remainder of this
section, we let K be the set of all proper power series f for which f (T con-
verges absolutely in the uniform norm.

TueoREM (3.10). If B is a representing algebra for T, and if S_,(B) is an
algebra, then B contains a chain of ideals which is both uncountably ascending and
uncountably descending.

Proof. We first notice that any vector space J for which BzxC JC B is
an ideal of B. For, BJ C B* = Bz, by Lemma (3.4). I claim that it will be
enough to find an uncountable-dimensional vector space V, for which

(2) VES.a(B)

(3.11)
(b) V A B = {0).

If we find such a V, then Vz N Bz = {0}, and adding Bz to a subspace of
Vz will give an ideal of B.

Let | T"| = ¢, , and choose a series f = 3,,_, \,2" in S_(K) C S_y(B),
for which the sequence {},c,} is unbounded (such a series is given in [2,
p- 151]). Since {A,c,} is unbounded, f cannot belong to B, because of the
Banach-Steinhaus Theorem. Partition the positive integers in a collection
of sets {G;}7.;, chosen such that each of the sequences of numbers
{Ascn: n € Gy} is unbounded. For each positive integer j, let f; be the power
series whose n’th coeflicient is A, if n € G;, and is 0 otherwise. Let I be the
space of all power series of the form Z::l o;f; , where {o;} is 2 bounded
sequence of complex numbers. V' is easily seen to satisfy formulas (3.11),
so the theorem is proved.

THEOREM (3.12). Suppose that B and all S_y(B) are radical algebras. Let I
be the collection of all ideals of B* which can be written as a sum of a finite
dimensional subspace of B* and an ideal of the form B® g, Then I is closed
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under addition, multiplication, and multiplication by elements of B* (in particular,
I contains all B® f for k = 0 and f in B*).

Proof. The theorem is an easy consequence of Lemma (3.4) (C), Lemma
(3.5) (B), and the fact that B is of finite co-dimension in B%*) whenever
m > k.

Actually the assumption that all S_,(B) are radical algebras is slightly
redundant. If B is radical and all S_j(B) are algebras, then they can all be
proved to be radical algebras by arguments nearly identical to [3, Lemma
(3.7) (A) and Lemma (3.16)].

We now return to an examination of the implications of the assumption
that S__ is a radical algebra, independently of assumption on S_, for finite .
To obtain more information than we were able to obtain in Lemma (3.2),
we add the assumption that KCBC S (K). This is a relatively natural
assumption for collections of converging power series T [3, Lemma (3.3)
and the following remark]. We do not exclude the important special case,
K = B. In any case S_,(K) = S_,(B).

Since f belongs to K if and only if f (T') converges absolutely, the assump-
tion that K C BC S_,(K) will allow us to use techniques very similar to
techniques often used in proving convergence of series of complex numbers.
The notation in the following definition will make the arguments as painless
as possible.

DEFINITION (3.13). If f =3 o A.2" then |f| =30 1A, ]2" f=0
if and only if all A, > 0 (i.e., f = | f). If f and g both have real coefficients,
then f<Cgifg —f=0.

We also need the following simple computational lemma which we restate,

without proof, from [3, Lemma (3.8)].

Lemma (3.14). If k is a proper power series with positive radius of con-
vergence and k is a positive integer, then there exist power series hy , hy ..., by, ,
with positive radii of convergence, such that

k
hef =3 (o9

for all proper power series f.
We are now ready to prove a number of properties equivalent to S_,,

being radical.

TureoreM (3.15). Suppose that T is a quasi-nilpotent, but not nilpotent,
operator; that K is the collection of proper series for which f(T) converges
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absolutely in the uniform operator topology; and that B is any analytically closed
algebra for which K C BC S__(K). Then the following are equivalent:

(A) S_, is a radical algebra.

(B) S_. is analytically closed.

(C) All non-zero ideals of B* contain a power of z.

(D) For all f in B; every non-zero ideal in B* contains a power of f.

(E) B is the only non-zero prime ideal of B*.

(FY IffeS_,, some f¥e B.

(G) IffeS_., then there is an m == O for which f* € B whenever n = m.

Proof. It is immediately apparent that (B) = (A), (D)= (C), and
(G) = (F). That (A) < (C) is proved in [3, Lemma (2.7)].

(D) = (E) follows directly from the definition of prime ideal. Conversely,
assume (E). Suppose that there was an f in B and a non-zero ideal | of B#
which contained no power of f. Using Zorn’s Lemma, we could find a non-
zero ideal ) which was maximal with respect to containing no power of f.
Such Q would be a prime ideal [4, Theorem 1, p. 1], contradicting (E). Hence
(E) = (D).

Now we prove (F) = (B). Suppose that f belongs to S_,,, and that A
has positive radius of convergence. By assumption, some f* belongs to the
analytically closed algebra B. Let &, , h, ,..., h; be the series given by Lemma
(3.14). Then h;of*eBCS_,, for i =1, 2,..., k. Since S_,(K) is always
an algebra, (B) follows from Lemma (3.14).

We complete the proof of the theorem by assuming (A), and hence (C),
and proving (D) and (G). Suppose f belongs to S_; let f = 2/(A + g), where
A is a non-zero scalar and g is a proper series. g, and hence | g |, belong to
S_. . Since S_, is a radical algebra,

A—lght=Y [gl*
k=0

belongs to S%_ , and hence to some fixed S_,,(K)*. For all n
eI <lgl"<Ylgl
so all g belong to this S_,(K). Hence
I =2+ g)" e (S_(K))* 2™, (3.16)

for all positive integers n. Therefore the above m satisfies condition (G) (in
fact f» € K C B whenever n >> m). Finally, we suppose that [ is a non-zero
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ideal of B, and show that some f" € J. Since we are assuming (C), some z*
belongs to J. Let n == m -+ 1. Applying Formula (3.16), we obtain:

freKzCBxC J.

This completes the proof of the theorem.

Since condition (D) of the previous theorem gives more information about
ideals in B* than condition (C) gives, we could apply the above theorem to the
sort of ideals used in Theorem (3.5). The following corollary, whose proof we
omit, will serve as an illustration.

CoroLLARY (3.17). Suppose that B is a representing algebra for T with
KCBCS_(K). If S_, is a radical algebra and if f and g belong to B, then

(A) There are integers m and n such that ( f(T)y" (E)Cg(T)(E) and
(&(T)" (E) C F(T)(E)-

(B) Some power of f(T) is compact if and only if some power of g(T) is
compact.

The only place the proof of Theorem (3.15) uses the fact that the algebra B
is analytically closed is in the proof that (F) =- (B). If we replace (F) by

(FY if  feS_., some f¥ekK,

and similarly replace (G) by a statement (G)’ in which K replaces B; then the
new conditions (A), (B), (C), (D), (E), (F)', and (G)’ are equivalent. In fact,
we can prove that B is automatically analytically closed under these assump-
tions. This would follow from Lemma (3.14), in exactly the same way that
this lemma is used to prove that (F) = (B) in Theorem (3.15). Thus we have
proved:

CoroLLARY (3.18). Suppose that B is any algebra with K C B C S_(K).
If S_., is radical, then B is analytically closed.

The equivalence of (A) and (B) in Theorem (3.15) explains an apparent
anomaly in many of the results of this paper and of [3]. The only property
of S_,(B) used in studying B is that S_, is radical (see for instance Lemma
(3.2), Theorem (3.3), Theorem (3.8), and Theorem (3.15), as well as [3,
Lemma (2.7)]); yet we were always able to prove the apparently stronger
property that S_, is analytically closed [3, Theorems (2.9) and (2.10), and
Theorem (4.9)]

The proof in Theorem (3.15) that S_,(K) is analytically closed whenever
it is radical is given by the implications (A) = (F) = (C). We give a simpler,
more direct proof by adapting classical arguments on power series majoriza-
tion. The hypothesis in the following theorem is essentially the only property
of K, S§_;(K), and S_,(K) really used in Theorem (3.15).
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THEOREM (3.19). Suppose that R is a radical algebra of proper power series.
Suppose also that :

geR and Ifl<lgl together imply f € R.
Then R is analytically closed.

Proof. Suppose that f belongs to R, and that % is a series with positive
radius of convergence. Then there exist positive numbers M and r such that

|| < M(Q —rz)™
Therefore
Phof| <[|hlolfl <M1 —r|f)"

Since | f| belongs to R and R is radical, (1 — r | f])~! belongs to R. This
completes the proof.
We conclude this section with two results on the structure of S_, .

Turorem (3.20). Suppose that B is an algebra with KCBC S_, and
that S_,, is analytically closed. If f and g are proper power series with g in
S_. , then the following are equivalent :

(A) fbelongsto S_,, .

(B) fg belongsto S_, .

(C) Some power of f belongs to S_, .
(D) Some power of f belongs to B.

Proof. (A) = (B) since S_, is an algebra. (A) = (D) is part of Theorem
(3.15). (D) = (C) is obvious. (B) = (A) is a special case of [3, Lemma (4.13)].

We complete the proof by assuming (C) and proving (A). Without loss of
generality we may assume the leading coefficient of fis 1. Suppose f” belongs
to S_, and let f™ = 2*%(1 + g). Then g belongs to the analytically closed
algebra S_, . Hence (1 4 g)!/*, which is given by the binomial series, belongs
to S*,, . Therefore f = 2%(1 + g)}/* belongs to S_, , and the proof is com-
plete.

TueoreM (3.21). If B and S_,(B) are radical algebras, then all non-zero
ideals of S?,, are of the form S* 3" = S™) .

Proof. S_.(S_o(B)) = S_o(B), which is radical. Moreover, it is clear
that every ideal of S*_ is formally closed. So the theorem follows from

Lemma (3.2). Alternately, this theorem can be viewed as a special case of
[3, Lemma (4.13)].
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4. Unsounpep f(T)

As before, we consider a fixed quasi-nilpotent, but not nilpotent, operator
T on a Banach space E. If f = Y_, \,2" is an arbitrary complex formal power
series, we define the operator f(7T') by

AT)$ = 3 0T

whenever the series converges weakly. Such f(T) would normally not be
defined throughout E. We use weak convergence to maximize the domain of
f(T); all the results of this section would be completely unchanged by
systematically substituting strong convergence for weak convergence. We
will follow the standard practice of defining sums, products, inverses, and
limits of operators on the largest possible domain; except that limits will
always be in the weak topology on E. We will also assume the most basic
elementary facts about operations on unbounded operators [6, pp. 297-299,
301-302].

Throughout this section we let K be the collection of proper f for which
F(T) converges absolutely in the uniform operator topology; and we let B
be the set of proper f for which f (T') converges in the weak operator topology.
The main goal of this section is to examine in what sense the operational
calculus of [3], particularly the properties of formal representability, can be
extended to S_,(B) and certain special subalgebras, like S_;(B). Since we
can hardly expect an adequate operational calculus for unbounded operators
F(T) under weaker conditions than we needed for bounded f(7'), we will
from now on assume that 7 is an amenable operator (for convenience,
Definition (4.1) below repeats the definition of amenable operator from [3]).
In [3, Theorem (3.1)] we saw that amenable operators are formally repre-
sentable in the weak, strong, and uniform operator topologies. Conditions
on {|| T* |} which guarantee that T is amenable are given in [3, Theorem

(3.2) and (4.7)].

DEFINITION (4.1). Suppose that T is a quasi-nilpotent, but not nilpotent
operator, that B is the set of all proper f for which f (T') converges in the weak
operator topology, and that K is the set of proper f for which f(T') converges
absolutely in the uniform norm. Then T is amenable if

(A) BC S_,(K), for some m = 0.
(B) S_4(K) is an algebra for all j > 0.

Since we assume T to be amenable, S_,(B) = S_,(K) is an analytically
closed algebra. Thus the structure of S_,, is rather completely described by
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Theorems (3.20) and (3.21). It will also be fairly easy to describe the structure
of S_;(K) and the other subalgebras of S_, that we consider (see Theorem
(4.18) (A) and (E)).

Since the structure of S_,, and its subalgebras is relatively easy to describe,
the major question we consider in this section is: in what sense is the map
f—f(T) an algebraic isomorphism and analytic homomorphism, when the f
are permitted to range over S_.(B), or over some suitable subalgebra like
S_j(B)? The most naive examples show that we can no longer expect
f(T)g(T) = fg(T). For instance, suppose f belongs to S_;(B), but not to B.
Then f(T) T = f2(T) is defined throughout E, but Tf(7) is defined only
on the domain of f(T). It is, however, true that

Tig(TYC g(T)T? = g2/(T),; forallge S_,andj > 0. (4.2)

But if g does not belong to B, the inclusion cannot be reversed.

It would not be overly difficult to adapt the proof of [3, Lemma (3.12)]
to prove fa(T)¢ = f(T) g(T) ¢ for ¢ in the domain of f(T),g(T), f(T)g(T),
and fg(7T). What makes some of the arguments we will give in this section
so complicated is that the major results of this section describe the domains
of the operators involved at the same time they give algebraic information
about the map f— f(T).

We are concerned with two sorts of results about domains. In Theo-
rem (4.3), which is the major result of this section, we consider the largest
possible domains of the operators involved. In particular, we show that
f(T)g(T) C fo(T) and that the domain of f(T)g(T") contains

Dom f(T) N Dom g(T),

whenever f and g belong to S_, .

In Theorem (4.18) we show that, for certain natural analytically closed
subalgebras R of S_,, (these will include in particular all S_;(B)), there are
natural associated subspaces I of E for which f(T)F CF for all fin R, and
the map which takes f into the restriction of f(7') to F is an algebraic and
analytic isomorphism.

In Theorem (4.22) we also show that if T is injective and f belongs to
S_. , then f(T) has a natural extension to a closed operator [ f(T)]. More-
over, the map f— [ f(T)] behaves essentially in the same way as the map

= (D).

THEOREM (4.3). Suppose that T is an amenable operator on E, that f and g
are non-zero series in S_,(K) = S_,(B), and that h is a non-constant series
with positive radius of convergence.
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Then

(&) s(T)Lo.

(B) AT)+&T)C(f+ &) (D)

(©) (1) AT)«T)Cf(T)

(2) Dom f(T) N Dom g(T) C Dom f(T) g(T).

(3) Dom f(T)g(T) = Dom g(T) N Dom fg(T).
(D) (1) A(S(T)Chof(T)

(2) Dom 4( f(T)) = Dom f(T).

Proof. (A) is easy. Choose some j such that gz’ belongs to B. Since T is
amenable, gz/(T) = g(T) T? # 0, so g(T") £ 0. We omit the obvious proof
of (B).

We now give a rather involved proof of (C). Choose a positive integer m
for which both f and g belong to S_,(K). Let

f=p+f and g=gq-+¢

where p and ¢ are polynomials and f’ and g’ are power series of order at
least m. Then

fe=pqtpg +fe+1%¢ (4.4)
We will need to prove the following formulas:
AT)T) = pg(T). (4.5)
(a) pT)g(T) € pg'(T). (4.6)
(b) Dom p(T) g'(T) = Dom g(T).
F(T) oT) = f'o(T). (4.7)
(@) F(T)eg(T) C f8(T). (4.8)
(b) Dom f'g'(T) = E.
(©) Dom f(T) g(T) = Dom g(T).

Assume, for now, that Formulas (4.5) through (4.8) have been proved.
Under this assumption we will show that all of Part (C) of the theorem is true.
After doing this, we will then prove Formulas (4.5) through (4.8).

First notice that, since p(7") and ¢(7’) are defined throughout E and since
Dom f'(T) g'(T) = Dom g(T) = Dom g'(T') (by Formula (4.8) (c)), we
can conclude that:

AT (T) = p(T)g(T) + p(T) g (T) + f(T) o(T) + f(T) g (T).  (4.9)
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We can now use Part (B) of the theorem, and Formulas (4.5) through (4.8),
to compare the summands in (4.4) with those in (4.9). This yields
F(M)g(T) C fg(T). Further, suppose that ¢ belongs to Dom f(7") N Dom g(T).
Certainly ¢ belongs to the domains of p(T) ¢(T') and p(T') g'(T’). Since ¢(T)
is a bounded operator which commutes with f'(T), ¢ also belongs to
Dom f(T) ¢(T) 2 Dom f(T). By (4.8) (c), ¢ belongs to the domain of
f(T)g'(T). Hence ¢ belongs to the domain of f(7T)g(T), and Part (C) (2)
of the theorem is true.
Since f(T) g(T) C fo(T), it is clear that

Dom £(T) g(T) C Dom fg(T) N Dom g(T).

We will prove the reverse inclusion. Suppose ¢ belongs to the domains of
f2(T) and g(T'). As before, it is clear that ¢ belongs to the domains of p(T) ¢(T')
and p(T) g'(T); and it follows from (4.8) (c) that ¢ belongs to the domain of
(1) g'(T). Thus, to prove (C)(3), we need only show that ¢ belongs to the
domain of f'(T) ¢(T) which, by (4.7), is the same as the domain of f'¢(T).
¢ belongs to the domain of fg(T'), by assumption. It obviously belongs to the
domain of pg(T). It belongs to the domains of pg'(T) and f'(T)g'(T) by
Formulas (4.6) (a) and (4.8) (b), respectively. Thus if we solve Formula
(4.4) for f’q and apply Part (B) of the theorem, we find that ¢ belongs to the
domain of f'q(T") and hence to the domain of f(T) g(T'). We have thus reduced
the proof of Part (C) of the theorem to proving Formulas (4.5) through (4.8).

Formula (4.5) is obvious. Formula (4.6) is an easy consequence of
Formula (4.2).

We now prove (4.7). Let ¢ = 2™(A + ¢'), where A is a non-zero scalar and
¢’ is a polynomial with zero constant term. Then ¢'(T") is quasi-nilpotent, so
A+ ¢ (T) and (A + ¢'(T))! are both bounded operators which commute
with f'(T) [6, pp. 301-302]. Hence

F(MT) = A+ ¢(THA+ g (M) (T)gT)
CA+LMN(TYA+ (TN oT)
=QA+gMNF(T)TCf(T)g(T)
so all the above operators are equal and have the same domains. In particular,

Dom f'(T)¢(T) = Dom f'(T) T* = Dom f'z"(T).

Moreover, if we apply Formula (4.6) with f'z" and A 4+ ¢’ in place of g’ and p,
respectively, we obtain

F (M) T) = A+ ¢ (M) s™(T) S f'o(T).
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Thus to complete the proof of (4.7), we need only prove

Dom f'¢(T) = Dom f'2(T). (4.10)
For each ¢ in E define
R(¢) = {s € S_(K): ¢ € Dom s(T)}. 4.11)

Then clearly K C R(¢) C S_,(K) and R(¢) is a module. Hence by [3, Lemma
(3.6)] R(¢$) is an algebra. Since A+ ¢’ and (A 4- ¢')~! both belong to
K# C R(¢)*, we conclude that f'q = f'2"(A 4 ¢') belongs to R(¢) if and only
if f'2" = f'q(A 4+ ¢')~* belongs to R(¢). This proves (4.10), and hence proves
4.7).

We now give a proof of Formula (4.8) which, except for the care required
to prove (4.8) (c), is almost identical to the proof of [3, Lemma (3.12)]. Let
f'=Xa,z"and g’ =3 b,2" and recall that " and g’ belong to S_,,(K)™.
Let |f'| =2™f" and |g'| = 2™g”. Then both f” and g belong to the
algebra S_,,(K)*. Therefore | f'||g’| and f'g’ belong to K. This proves
(4.8) (b), and also implies that the iterated series

o n—m

Y Y la byl Tl

n=2m k=m
converges for all ¢ in E. Hence the double series

Y ab T 4.12)
n,k=m
converges absolutely in the strong topology on E. One rearrangement of
(4.12) is the series for fg(T) . Another rearrangement is

Y a, % Tn(b, T*$). (4.13)

But, provided ¢ belongs to Dom g(T) = Dom g'(T), the series 3, b,T%p
converges weakly. Since all 7" are weakly continuous, the sum of (4.13) is
(1) g(T)$. This proves (4.8) (a) and (c), and completes the proof of
Part (C) of the theorem.

We now prove (D) of the theorem. Using Theorem (3.15) (F), or [3,
Formula (3.11)], we see that there is an integer & for which f* belongs to K.
We may suppose # has zero constant term. Let &, , A, ,..., h; be the series
given by Lemma (3.14). Applying Part (C) of the current theorem and the
fact that K is a representing algebra (Definition (2.2)), we obtain:

(ki o f)FHT) 2 (s o f5) (T) (S(T)Y
= h(fATN (TN 2h(TWHTY,  i=12k
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and also Dom f(T") = Dom( f(T))’ = Dom k,(f(T)*) f(T) fori =1,2,..., k
and j =1, 2,.... Applying Lemma (3.14) and Part (B) of the current theorem
we see that ko f(T) 2 X1, (h; o f*) f{(T). Using similar reasoning, plus the
fact that Dom A( f(T)) C Dom f(T), we get A( f(T)) = Y5y b f(T)e) f(T)..
This completes the proof of the theorem.

CoroLLARY (4.14). Suppose that T is an amenable operator on E, I is the
identity on E, and f belongs to S_,, . Then

(A) I — f(T) is injective.
(B) Dom(I — f(T)) = Range(I — f(T).
(© T —fT)* =Zoee (S = (1 = ))(T).

Proof. Theorem (4.3) (D) shows that 3 , (f(T)"C (1 — f)(T),
with equality if Dom(l — £)~!(T)C Dom f(T). Let h — — 3 _, 2"; then
I—=fH1=1—heof, so Dom(l — f)*(T) = Dom ko f(T). But
f="ho(hof), so, by Theorem (4.3) (D) again, Dom % o f(T') C Dom f(T).
Applying Theorem (4.3) (C), we find that both (I — ) (T) (1 — )2 (T) and
A=A —f)(T) equal the restriction of the identity I to
Dom f(T) = Dom(1 — f) (T) = Dom(l — f)*(T). 'This completes the
proof of the corollary.

Notice that the argument in the above theorem shows that

Dom % o f(T) = Dom k( f(T)) = Dom f(T),

whenever 4 is a power series of order one and positive radius of convergence.
In particular, a similar theorem could be proved equating (1 + f)'/# (T') with
(1 + f(T))/»; where the n’th roots are calculated from the binomial series.

We now consider the actions of certain subalgebras of S_,(B) on certain
natural subspaces of E. Explicitly we are concerned with the situation of the
following definition.

DEFINITION (4.14). Suppose F is a non-void subspace of E and R is a
non-void subset of S_,(B). The module 4(F) and the subspace D(R) are
defined by:

A(F) = {fe S_o(B):F C Dom f(T)}
D(R) = () Dom f(T).
feR

Sets of the form A(F) and D(R) will be called standard modules and
standard subspaces, respectively.

The elemntary lattice properties of the maps F — A(F) and R — D(R) are
fairly obvious. We should note in particular that R is a standard module if
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and only if R = AD(R), and that F is a standard subspace if and only if
F = DA(F). Thus the restriction of the maps F — A(F) and R— D(R) to
the sets of standard subspaces and standard modules, respectively, are inverse
lattice anti-isomorphisms.

LemmMa (4.15). If R is a standard module, F = D(R), and k is a non-
negative integer, then S_,(R) = A(T*(F)).

Proof. We simply unravel definitions.
feS_(R)y<fz*eR
= AF)<FC Dom f(T) T* < THF)C Dom f(T) < f e A(T*F)).

If R is a standard module, F = D(R), and % is a non-negative integer, we
define

F;, = D(S_i(R)). (4.16)
Since Lemma (4.15) shows that S_;(R) is a standard module, we can conclude
S_(R) = A(Fy) = A(TF). 4.17)

Probably the most interesting application of (4.15), (4.16), (4.17) is to the
standard module B = A(E) and the standard subspace E = D(B). In this
case, each S_,,4)(B) properly contains S_,(B) and hence each E, properly
contains E; ., [2].

So far our discussion of standard modules and subspaces has not used the
fact that T is amenable, and would apply to arbitrary quasi-nilpotent T.
Theorem (4.18) below, our major result on standard modules and subspaces,
will require that 7' be amenable. Essentially Theorem (4.18) says that if
R = A(F) and F = D(R), then the set R, and the map which takes f in R
to the restriction of f(T) to F, have essentially the same properties as B and
the map f— f(T') from B to the bounded linear operators on E.

THEOREM (4.18). Suppose that T is an amenable operator on E, R = A(F),
and F = D(R). Define the map e, with domain R, by letting e( f) be the restriction
of f(T) to F. Then:

(A) R s an analytically closed algebra.

(B) If f belongs to R, f(T)(F)CF.

(C) e is an algebraic and analytic homomorphism frbm R to the algebra of
linear operators with domain F and range in F.

(D) If no T™(F) = {0}, then e is injective.
(E) S_i(R) is an analytically closed algebra for O < 1 < o0.
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(F) If f belongs to R, (I + f(T))(F) =F.
(G) If g belongs to S_.(B) and ¢ belongs to F N Dom g(T'), then g(T)¢
belongs to F.

Proof. We first prove (A). For each positive integer £, let
A(k) = A N S_i(B).

Then A(k) is a module and B C A(k) C S_,(B). Therefore A(k) is an analytic-
ally closed algebra, [3, Lemmas (3.6) and (3.7)]. So, 4 = U A(k) is also an
analytically closed algebra. Since S_;(R) is a standard algebra, by Lemma
(4.15); (E) is a special case of (A).

(G) follows from Theorem (4.3) (C) (3); and (B) is a special case of (G).
(C) follows from (B) and Theorem (4.3).

Since S_,(R) = S_,(B) is analytically closed, all non-zero ideals of R
contain a power of 2. Hence if no T*(F) = {0}, the kernel of ¢ must be the
zero ideal. This proves (D).

Finally, (1 4 f) belongs to R and (I + f(T))y™* = (1 + f)7(T), by
Corollary (4.14). So (F) follows by applying Part (B) to (1 + f)*(T). This
completes the proof of the theorem.

Because both R and all S_(R) are analytically closed algebras, whenever R
is a standard module, the main feature of the structure theory of the previous
section applies to R. In particular, Lemmas (3.2), (3.4), and (3.5) and Theo-
rems (3.8), (3.9), and (3.12), all hold with R in place of B. As an illustration
of how to use these structure theorems, we prove the following generalization
of Theorem (3.3) (A).

CoOROLLARY (4.19). Suppose that g is a series in S_.(B) of order n and that
¢ belongs to Dom g(T). Then g(T)¢ =0 if and only if T"¢ = 0.
Proof. Let R = A{¢} and

J={feR:f(T)¢ =0}

Then [ is a formally closed ideal in R; so the corollary follows from Lemma
(3.2) and Theorem (4.18).

Next we show that the degree of the power series fin .S_,, can be determined
by the mapping properties of f(T).

CoROLLARY (4.20). Suppose that F is a standard subspace, k and n are
non-negative integers, f is a series of order nin S_, , and ¢ belongs to Dom f(T).
Then ¢ belongs to F, if and only if f(T) belongs to Fy,, .

Proof. Since Fy,, = (F}), , there is no loss of generality in letting £ = 0.
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Let f = 27g. If ¢ belongs to F, T"¢ belongs to F,, . Hence f(T)¢ = g(T) (T"¢)
belongs to F,, , by Theorem (4.18) (G).

Conversely, suppose that f(T)¢ = g(T)(T"¢) belongs to F,. Since
T"¢ € Dom g(T) N\ Dom f(T), f(T)¢ < Domg(T)= Dom(g(T))*. There-
fore g (T)f(T) = (g(T))* f(T)¢ = T7¢ belongs to F,, . Hence ¢ belongs
to F, and the proof is complete.

If R is a standard module and F = D(R) contains some ¢ for which T"¢
is never zero, then F has uncountable Hamel dimension; since the map
f—f(T)é is then injective. Thus, for instance, E, O T*(E) has uncountable
dimension. On the other hand, S_, is a standard module for which
D(S_,) = N E, can, depending on T, be anything from a dense proper
subspace of E to {0}, [2, p. 151]. Hence Theorem (4.18) always gives non-
trivial information for R = S_;(B), % finite; but may fail to say anything
for R = S_, . Of course Theorem (4.3) is applicable for all amenable T

The relation between S_,, and N T*(E) is in some ways more natural than

that between S_,, and D(S_,) = N E; .

THEOREM (4.21). Suppose that T is an amenable operator and
T=(E) = N THE) == {0}.
Then:
&) f(T)(T=(E)) = T=(E) for all f in §%, .

(B) The map which takes f in S_,, to the restriction of f (T) to T=(E) is an
algebraic and analytic isomorphism.

Proof. (B) will follow from (A) and Theorem (4.3), so we prove (A). Since
each 77 commutes with f(T), it is clear that f(T)(T=(E)) C T*(E). Let
f=2"(A 4+ g); then

SO (TE)) = (A + g) (T) THT=(E)) = (A + &) (T) (T=(E)).

But (A +g) ! belongs to S*, and A+ g (T)=A+gT)* So
(A + g(T)y (T=(E)) C T=(E), and the proof is complete.

We have thus far had nothing to say about the continuity or closure of
the operators f(T). If T is injective and fe S_,, it is easy to see that the
operator

[A(T)) = TH(T) T*

is a closed extension of f(T'). Notice that the definition of [ f(7')] given above
is independent of the integer &, provided f< S_, . In fact it is not hard to
show that [ f(T)] = g(T) f(T) g(T) for any g in B of order at least k. Our
final result, Theorem (4.22) below, shows that the map f— [ f(T)] shares
the most important features of the map f— f(T).
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TueoreM (4.22).  Suppose that T is an injective amenable operator on E,
that f and g are non-zero series in S_, , and that k is a non-constant power series
with positive radius of convergence. Then

(A) [g(T))] is injective.

(B) [A(D)] + (D] [(f + &) (T)]

© @) [ADIe(TNE (D)

(2) Dom[f(T)] N Dom[g(T)] € Dom[ f(T)] [¢(T)]-

(3) Dom[f(T)] [&(T)] = Dom[g(T)] N Dom[fg(T)].
(D) (1) ALATN)EC AT

(2) Dom A([ f(T)]) = Dom[ f(T)].

Proof. (A) follows from Corollary (4.19), and (B) is easy. Choose a
positive integer m for which f and g both belong to S_,,(K). We obtain (C) (1)
of this theorem from Theorem (4.3) (C) (1), as follows:

[F(T)] [g(T)] = T-"f(T) T"T-mg(T) T~
C T-"f(T)g(T) T C T-mfg(T) T
= [fe(T)]-

The easiest way to prove the rest of Part (C) is to define p, f, ¢, and g’
as in Theorem (4.3) and prove analogues of Formulas (4.5) through (4.8),

by replacing f(T), pg'(T), etc. by [ f(T)], [pg’(T)], etc. The analogue of (4.5)
is clear, and the analogue of (4.6) follows from

Tg(MIC (M) TV = [g'#/(T)].

The proof of (4.7) is essentially unchanged, provided we notice that every
bounded linear operator which commutes with T also commutes with [ '(T)].

Since we have already proved (C) (1) of this theorem, the analogue of
(4.8) (a) holds. The analogue of (4.8) (b) holds since, by (4.8) (b),
fg(T)=[f'g(T)). We complete the proof of (C) by proving the following
analogue of (4.8) (c):

Dom[ f'(T)] [¢'(T)] = Dom[g(T)]. (4.23)
Suppose that ¢ belongs to the domain of [¢g(7’)], which is the same as the
domain of [¢'(T)] = T—¢'(T) T™ Then g'(T) T™¢ belongs to E,, , by
Corollary (4.20). Hence
l&'(T)] ¢ € E,, & Dom f'(T') € Doml[ f(T)].

409/43/1-13
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This proves (4.23), and hence Part (C). The proof of Theorem (4.22) (D) is a
direct modification of the proof of (4.3) (D), so the proof of Theorem (4.22)
is complete.

REFERENCES

1. S. GRABINER, Radical Banach Algebras and Formal Power Series, Ph.D. thesis,
Harvard, 1967.

2. S. GRABINER, Ranges of quasi-nilpotent operators, Illinois J. Math. 15 (1971),
150-152.

3. S. GrABINER, A formal power series operational calculus for quasi-nilpotent
operators, Duke Math. J., 38 (1971), 641-658.

4. I. KaprLansky, “Commutative Rings,” Allyn and Bacon, Boston, 1970.
5. C. E. RickarT, “Banach Algebras,” Van Nostrand, Princeton, 1960.
6. F. Riesz anp B. Sz.-Nacy, “Functional Analysis,” Translated from the second

French Edition by L. F. Boron, Frederick Ungar, New York, 1955.



