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The notion of a strongly nilpotent element of a Lie algebra is introduced.
According to the existence or nonexistence of nontrivial strongly nilpotent ele-
ments, the simple modular Lie algebras are divided into two categories, CA type
and CL type, which coincide with Lie algebras of generalized Cartan type and
classical type, respectively, when the characteristic is greater than 7. Examples of
nonclassical simple Lie algebras of CL type are given which all have affinities to
the classical Lie algebras. 02002 Elsevier Science (USA)

1. INTRODUCTION

According to the Block-Strade-Wilson classification theorem [St-Wi],
simple Lie algebras over an algebraically closed field of characteristic
p > 7 are divided into two categories: Lie algebras of (generalized) Car-
tan type and Lie algebras of classical type. A characterizing property
that distinguishes the former from the latter is the existence of sandwich
elements (a nonzero element x is a sandwich element if (adx)*> = 0).
Premet proved in [P] that a simple Lie algebra of characteristic p > 3
is classical if and only if it is not strongly degenerate; i.e., it contains
no sandwich elements. However, this distinction becomes ambiguous in
lower characteristics. For instance, when p = 2 every classical Lie algebra
contains sandwich elements (e.g., the highest root vectors) and the class
of Cartan-type Lie algebras and the class of classical Lie algebras over-
lap; e.g., G, £ H(4,1) = S(3,1) (cf. e.g.,, [Sh]). Let L be a Lie algebra,
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nil(L) := {y e L|ady is nilpotent}, N(L) := {x € Ll|adx - L c nil(L)},
and N(L) = N(L) Nnil(L). A simple Lie algebra L is said to be of CL
type if 9t(L) = 0; otherwise, L is of CA type. It will be shown that clas-
sical Lie algebras are of CL type for any characteristic, and (generalized)
Cartan-type Lie algebras are of CA type with a few exceptions in charac-
teristics 2 and 3. In particular, CL type and CA type coincide with classical
type and (generalized) Cartan type, respectively, if the characteristic is
greater than 7. Some classes of simple Lie algebras of characteristics 2 and
3 which have affinities to the classical Lie algebras are listed in Section 3
and are shown to be of CL type.

In the present article, unless otherwise stated, all spaces and algebras
considered are finite dimensional over an algebraically closed field & of
characteristic p.

Notation. If V is a linear space and S, S’ are subsets of I/, then (S)
denotes the subspace spanned by S and S + 5" :={s+ s'|s € S, s € §'}.

If L is a Lie algebra and S, S are subsets of L, then ((S)) denotes the
Lie subalgebra generated by S and [S, §'] :={[s, s']|s € S, s’ € §'}. If, in
addition, L = L{_,;&®---® Ly (resp. LD L_, D --- D Ly D 0) is a graded
(resp. filtered) Lie algebra, then Sp;; := S N L; (resp. S;:=SNL;). If L is
a filtered Lie algebra, then gr L denotes the graded Lie algebra canonically
associated to L.

2. STRONGLY NILPOTENT ELEMENT

(2.1) DErINITION.  Let L be a Lie algebra, nil(L) := {y € Lladyis
nilpotent}, 9(L) := {x € Ljadx - L C nil(L)}, and (L) = Y%(L) Nnil(L).
If x € 9(L), then x will be called a strongly nilpotent element of L.

(2.2) PROPOSITION. Let p be arbitrary. A Lie algebra L is semisimple if
(a) N(L)=0o0r (b) N(L)=0.

Proof. (a) If L is not semisimple, then L contains a nonzero abelian
ideal I. Let 0 # x € I. Then (ad, x)?> = 0. Let y be an arbitrary element of
L and z =adx-y e I. Then z € nil(L)andx € N(L) Nnil(L) = N(L), a
contradiction. (b) follows from (a) immediately. o

(2.3) THEOREM. If p =0, the following assertions are equivalent:

(a) L is semisimple;
(b) T(L)=0;
() (L)=0.
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Proof. By Proposition 2.2, it suffices to show (a) = (b). Let &+ and
®~ be, respectively, the sets of positive and negative roots with respect
to a Cartan subalgebra H. Let x be a nonzero element of L and let x =
Yaed CaXq T h+ D geap+ cgxpg be the standard root decomposition of x.
If x ¢ H, without loss of generality, we may suppose cg # 0 for some
B > 0. Let y be maximal in the set {8 > 0|cg # 0}. Then z :=adx-x_, =
h,+ x~ € B™, the negative Borel subalgebra, with 0 # h, € H and x~ a
linear combination of negative root vectors. Hence z is not nilpotent and
x ¢ N(L). If 0# x = h € H, let x, be a root vector belonging to the root
a such that a(h) # 0 and A4 denotes the automorphism exp(adx,). Let
y=Ax =h+a(h)e, ¢ H. Then y ¢ N(L) and x ¢ N(L). 1§

(2.4) THEOREM. (1) N(L) = L if and only if [L, L] is nilpotent. In par-
ticular, if p =0, (L) = L if and only if L is solvable. (2) (L) = L if and
only if L is nilpotent.

Proof. (1) W(L) = L ¢ ad,[x, y] is nilpotent Vx, y € L < adj; ;)
[x, y] is nilpotent Vx, y € L < [L, L] is nilpotent. When p = 0, by Lie’s
theorem, L is solvable if and only if [L, L] is nilpotent. (2) is obvious. I

When p > 0, we say a simple Lie algebra is classical (or of classical type)
if it is obtained from a Chevally basis of a simple complex Lie algebra by
a modulo p process (and possibly a modulo center process). For detailed
discussions of the classical Lie algebras, readers may refer to [Hi, Ho]. By
an argument similar to the proof of Theorem 2.3, we have

_(2.5) THEOREM. [If p > 0, L is a simple Lie algebra of classical type, then
(L) =0and N(L) =0.

(26) LEMMA. Let L=L_, D> --- D> Ly D> Ly =0 be a filtered Lie
algebra, r > 0. If s > r, then (L) # 0.

Proof. Let0# x € L,. Then x enil(L) and ad;x-L C L,_, C L; C
nil(L), i.e., x € N(L). 1

Let LD>L_, DD L;D Ly, D0 be a filtered Lie algebra and L =
gr L=@;__, Ly If0# x € L, denote deg x := max{i|x € L,}. If degx =
t,let ¥ =gr x :=x+ L,y € L. When [, y] # 0, we have [X, ] =[x, y].

(2.7) LEMMA. Let L and L be as above. (a) If x;, x, € L, and grx, =
&r x,, then xy € nil(L) if and only if x, € nil(L); (b) If x € L and x :=
grx ¢ nil(L), then x ¢ nil(L); (c) If x € L and x ¢ N(L) (resp. N(L)), then
x ¢ N(L) (resp. N(L)).

Proof. (a) We need only consider the case grx; = grx, =0. If x; €
nil(L), then {ad x;} U{ad L} is a nil weakly closed set. Hence (adx;) +
ad L, which contains ad x,, consists of nilpotent elements.
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(b) There exists y € L such that (adx)" -y = (ad;x)"-y # 0 for
every n > 0. Hence (ad; x)" -y # 0 and x ¢ nil(L).
() If x ¢nil(L), then x ¢ nil(L) > N(L). If X € nil(L), then X ¢
J(L) and there exists y such that adzx -y = ad x-y ¢ nil(L). By (b),
ad;x -y ¢nil(L) and x ¢ N(L). 1

_ (2.8) CoroLLARY. Let L and_ L be as above. If N(L) = 0 (resp.
(L) = 0), then N(L) =0 (resp. N(L) = 0).

Proof. This is a direct consequence of Lemma 2.7(c). 1

For the definitions and notation of the simple graded Lie algebras of
Cartan type, we essentially follow [St-Fa] (for the contact algebras K(m, n)
of characteristic 2, which are excluded in [St-Fa], we refer to [Fe-Sh,
Lin 1]). Let X(m,n) := X'(m,n), X = W, S, K, and H(m,n) = H"(m, n)
(cf. [St-Fa)).

(2.9) Note. When p = 2, W(1,n) is not simple. For notational con-
sistency, in this case, we shall write W(1, n) instead of W(1,n) and let
W(1,n):=[W(,n), W(1, n)], which is simple of dimension 2" — 1.

If L is a filtered Lie algebra, gr L = L, we shall call L a filtered defor-
mation of L. A simple Lie algebra L is called of (generalized) Cartan type
X (m, n) (or simply a (generalized) Cartan-type Lie algebra), X = W, S, H,
or K, if L is a filtered deformation of a homogeneous subalgebra L of
X (m,n) such that L > X (m, n).

(2.10) Remark. 1In the author’s personal opinion, the terminology “gen-
eralized Cartan-type Lie algebras” is somewhat cumbersome. And what
exactly are the “Cartan-type Lie algebras” that the “generalized Cartan-type
Lie algebras” generalize? Might it be better to just call them the Cartan-
type Lie algebras and specify with modifiers, e.g., “restricted,” “graded,”
etc., in special cases?

(2.11) THEOREM. (1) Let L be a (generalized) Cartan-type Lie algebra.
Then (L) # 0 if L is not of type (a) W(1,1), p =3; (b) W(2,1), p =2;
p=2.

(2) If L is a filtered deformation of (a)-(e) in (1), then N(L) =
(L) = 0.
() If p=2,L=W(,2), then W(L) =0 and N(L) = (x,D;) #0.

Proof. (1) L satisfies the condition of Lemma 2.6.

(2) When p=3, W(1,1) = A;. When p =2, W(2,1) £ K@3,1) =
A, and §(3,1) = H(4,1) = G,. Our assertion follows from Theorem 2.5
and Corollary 2.8.
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(3) Lete= x(lz)Dl, h = x\Dy, and f = D,. By an argument similar
to Theorem 2.3, we can show that if y ¢ (h), y ¢ 9(L). We have adh - L =
(e, f) C nil(L) since (ad(ae + Bf))*=0,Va,BeF. 1

(2.12) Note. When p =2, W(1,2) is the three-dimensional simple Lie
algebra which is unique up to isomorphism. Hence W (1, 2) does not possess
any nontrivial filtered deformation.

(2.13) DEFINITION. A (generalized) Cartan-type Lie algebra is called
exceptional if it is of type (a)—(f).

In view of the Block-Strade—Wilson classification theorem, Theorems 2.5
and 2.11 suggest the following:

(2.14) DErFINITION. A simple Lie algebra L of characteristic p > 0 is of
CL type (resp. CA type) if 9t(L) = 0 (resp. (L) # 0).

(2.15) ExampLEs. The following Lie algebras are of CL type:

(i) classical Lie algebras;

(ii) contragredient Lie algebras in [Sk2, We-Ka];

(iii) the class L(e, 8, p) of simple Lie algebras of characteristic 3 in
[Ko];

(iv) variations of G, (V;G, i =3, 4,5, 6) of characteristic 2 in [Sh];

(v) filtered deformations of the exceptional graded Cartan-type Lie
algebras.

Proof.  For (ii)—(iv), see Section 3 below. I

(2.16) Remark. Let L be an exceptional (generalized) Cartan-type Lie
algebra which is a filtered deformation of a homogeneous subalgebra L of
X := X(m,n)and L D X := X(m, n). If length(X) > length(X), then L is
of CA type by Lemma 2.6. However, if length(X) = length(X) and X # X,
we cannot decide the CL—-CA type of L without more detailed knowledge
of L. (To the author’s knowledge, there is not much information about
the structures of the nongraded (generalized) Cartan-type Lie algebras in
characteristics 2 and 3.)

(2.17) ExampLEs. The following Lie algebras are of CA type:

(i) the nonexceptional (generalized) Cartan-type algebras, p > 0;
(ii) the Melikyan algebras of characteristic 5 [M];
(iii) 7'(n) of characteristic 3 discussed in [B1, B2, Ch, Ku, Skl1];
(iv) R(2:(ny, n,))D of characteristic 3 discussed in [B2, Ch, E, Ku,
Sk1];
(v) Z'(F), Y(F), and X" (F, w) of characteristic 3 in [Skl];
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(vi) the nonalternating Hamiltonian Lie algebra P(n, m) (m # 1 if
n < 4) of characteristic 2 in [Linl1];

(vii) D43 : my, my, m3), (my, my, m3) # (1,1,1), Go(2 : my, my),
(my, my) # (1,1), and C; (2 : n, 1), n # 1, of characteristic 2 in [B3].

Proof. They have filtered Lie algebra stuctures satisfying the condition
of Lemma 2.6. 1

(2.18) Remark. The MN(L) criterion and the strong degeneracy criterion
are not compatible in the cases p =3, L = W(1,1) and p =2, L =
W(2,1), 8§(3,1), H(4,1), or K(3,1). By the former, they should be viewed
as classical, while, by the latter, they should be counted as of Cartan type.

(2.19) Remark. The above consideration applies to infinite-dimensional
Lie algebras as well. Following [J], we call an element x of an infinite-
dimensional Lie algebra L quasi-nilpotent if N%° (adx)' - L = 0. Let g-
nil(L) be the set of quasi-nilpotent elements of L and ¢Y(L) = {x €
Lljadx - L C g-nil(L)} N g-nil(L). A simple Lie algebra L is of qCL type
(resp. qCA type) if gJt(L) = 0 (resp. gJt(L) # 0). For instance, let L =
L(A) be a simple Kac-Moody Lie algebra over C associated to a sym-
metrizable generalized Cartan matrix 4 (which is nonsingular; cf. Proposi-
tion 1.10B of [Wa]). Then L possesses a nontrivial invariant bilinear form
and, by an argument similar to Theorem 2.5, L is of qCL type. On the other
hand, if L = X(m), X =W, S, H, or K, is an infinite-dimensional Cartan-
type Lie algebra over C, it is easily shown that L is of qCA type. (However,
for ordinary ad-nilpotency, we have Jt(L(A4)) = 0 and (X (m)) = 0). It is
also easy to see that the Witt or centerless Virasoro algebra is of qCL type.

(2.20) Problem. s it possible for every Lie algebra of CA type to be

endowed with a “nice” filtered Lie algebra structure that satisfies the con-
dition of Lemma 2.6?

(2.21) Problem. 1If p > 0, what can we say about the Lie algebras of CL
type? Every Lie algebra in (2.15) is, more or less, affiliated with classical
Lie algebras, by structure and/or by origin. Does this phenomenon reflect
something essential to the Lie algebras of CL type?

(2.22) Problem. Classify over the complex field the simple Z-graded Lie
algebras with finite-dimensional grading spaces which are of qCL type.

3. SOME CLASSES OF LIE ALGEBRAS OF CL TYPE

In this section we shall give a detailed description of VG, i = 3,4, 5, 6, in
terms of the root system of G, and show in light of the proof of Theorem
2.3 that the Lie algebras (ii)—(iv) in (2.15) are of CL type.
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(3.1) DErINITION.  Let L be a Lie algebra. A direct sum decomposition
L=L"®H®L" is called a quasi-triangular decomposition if (1) L+
is a nilpotent Lie subalgebra of L; (2) L™ is a subspace of L; (3) H is
a Lie subalgebra of L; (4) [H,L"] C L" and [H,L™] C L7; and (5) if
0 # h € H, then (ad; h)|,+ is not nilpotent. If, in addition, L~ is also a
nilpotent Lie subalgebra of L and (ad; /)|; - is not nilpotent for 0 # 7 € H,
then L =L~ & H @ L* will be called a triangular decomposition of L.

(3.2) PROPOSITION.  Suppose p > 0. (a) If L =L~ & H® L™ is a quasi-
triangular decomposition of the Lie algebra L and for every nonzero y € L~
(resp. L") there exists x € L (resp. L™) such that [x,y] = h + x* where
0#h e Hand xt € LT, then WL)=0.0)[fL=L"@®H®L" isa
triangular decomposition of L and for every nonzero y € L~ (resp. L) there
exists x € Lt (resp. L™) such that [x,y] = h+ x* (resp. h + x~) where
0#h e Handxt eL" (resp. x~ € L7), then N(L) =0.

Proof. (a) Let w be a nonzero element of L. (1) Suppose w e H @ L+
and w ¢ LT, ie, w=h+x",0+# h e H, x* € L*. Denote &(a) :=
(adpa)|, - for a € H @ L*. Then &(w)? = é(h)P + z, z € £(LY),, where
§(LT), is the p-envelop of §(L™) in gI(L™) which consists of nilpotent
transformations. Hence &(w)?" # 0 for every r. This implies w ¢ nil(L)
and, in particular, w ¢ 9(L). (2) w € L*. There exists y € L~ such that
[w,y] = h+x" ¢ nil(L) and hence w ¢ N(L). (3) w ¢ H® L*. Then
w=x +h+x",0#x" €L, heH, x" € L*. By assumption, there
exists y € L™ such that [x~,y] =W +y", 0# h' € H, y* € L*. Then
[w, y] = & + w" where wt € L*. Hence w ¢ N(L). (b) can be proved
similarly. 1

(3.3) PROPOSITION.  The contragredient algebras in [Sk2, We-Ka] are of
CL type.

Proof. Let L be a contragredient algebra. Then L has a quasi-triangular
(in fact, triangular) decomposition L = L~ & H & L+ where H is a torus,
L* is the subalgebra of “positive root vectors,” i.e., Lt is spanned by a
basis {e,|a € ®*} where &7 is the set of positive (formal) roots, and L~ is
the subalgebra of “negative root vectors” spanned by a basis {e_,|a € ®*}.
The set @ := T U (—d*) will be called the (formal) root system of L. As
in the classical cases, ® is partially ordered. We have the multiplications

(3.3.1) (e, €] = €4, g€arps @, B unproportional,
where
(3.3.2) Caop=0 ifat+pg¢gd,

(3.3.3) [h,e,] =a(h), heHac,
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where a (a “true” root) is a linear function on H corresponding to «; and
(3.3.4) 0# e, e_,]=h,ecH, aecdt,

(Note: Here we let A, denote the (e,, e_,)h, in [We-Ka]. For details,
cf. [Kal, We-Ka].) Let y = Y a ey, € LT and let &8 be minimal in
{£alay, # 0}. Then [e.4, y] = Fayghg +x*, x* € L*. We have %(L) = 0
by Proposition 3.2(a). I

(3.4) PROPOSITION.  The Lie algebras L(&, 8, p) of characteristic 3 in [Ko]
are of CL type.

Proof. Let @ be the root system of C,. In [Ko] a class L(¢) of simple Lie
algebra was constructed which is spanned by a basis {E,, « € ®; H B> Z},
L(&) was shown to be contragredient in [We-Ka]. Here, in particular, L(¢)
possesses a multiplication table of the form (3.3.1)-(3.3.4) (where H =
(Hg, Z)). The algebras L(e, 3, p) are deformations of L(e) (L(0,0, &) =
L(&)) spanned by the same basis elements with the same multiplication
table except in the cases

[E7(2a+B)> E*(aJrB)] = 6EB7 [E7(2a+B)7 E*B] = 8Ea+B>

(341) [E—(2a+B)’ EB] = pEa’ [E—(2a+5)’ E—a] = pE—ﬁa
(E_(aspy E—pl = =6 '8Esqip  [E_a» Egl = =& ' pEnq g
Let L* := (E, |0 > 0), L™ := (E,|0 < 0), and H = (Hg, Z). Then

L(e,8,p) =L & H® L" is a quasi-triangular decomposition. Note that
products of the form [E , E_,] in (3.4.1) are in L*. Hence the proof of
Proposition 3.3 applies here as well and we have Nt(L(e, 5, p)) =0. 1

(3.5) PROPOSITION.  The simple Lie algebras V,G(a,, as), a,,a; € &,
a,a; # 0, of characteristic 2 in [Sh] are of CL type.

Proof. Let L := V,G(a,, az) which is spanned by the basis {1, x;, i =
1,2,3,4; f;,,i=1,2,3,4,5; h;,i =1,2; e;, i = 1,2} (for details, cf. [Sh]).
Let ® be the root system of G, and let «; and «, be the short and long
simple roots, respectively. To see more clearly its affinity to (and deviation
from) G,, denote

(35.1) E_Gayt2ay =1, E_o =X, E_(q4a,) = X2,

E Goray) = %35 E_(Qa1ay) = X45

(352) E(3a1+a2) = fis E2a1+a2 = fas Eozz = f,
Eoz1+012 = f4’ E3a1+2a2 = f57
(35.3) E, =e, E_, :=e¢,.

ay —a
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Let L™ :=(E,|y > 0), L* := (E_,|y < 0), and H = (hy, h,). Define linear
functions @; and @&, on H by letting

Extending linearly, we let
(355) clay + oy = C]C_Y] + Cz(_IZ, C1,C € g’

In particular, for every a € ® there corresponds a linear function &. Dually,
we let

(3.5.6) hyi=khy +1hy, vy =ka; +la, € .
We have
(357) [E,Ba E'y] = C(Ba ’Y)EB-&-'y 7& O’

B, v unproportional and 8+ vy € ®,

except
(357,) [E—a17E—(a1+a2)] = [E—a17E20q+0z2] = 0’
where
c(—Lay + o), a1 + ) = cla, —2a; + ay)) = a,,
(3.5.7.1) (—Qay + @), oy + @) = c(ay, —(2a; + @) = a,

and all other ¢(B,y) =1;

(3.5.8) [Eg, E,] =0, B,y unproportional and 8 + vy ¢ @,

except

(3 5 8/) [E—Otz’ E3a1+012] = a3E—a1 ’ [E—afz’ Eal] = a3E—(3a1+a2)7
[Eal s E3a1+a2] = aSEaz;

(3.5.9) [h,E]=%(h)E,  heHyed

(3.5.10) [E_,E]=h, ye®.

It follows that L = L~ @ H @ L™ is a quasi-triangular decomposition. Sim-
ilar to Proposition 3.4 we can show that 2%(L) =0. 1

(3.6) PROPOSITION.  The simple Lie algebras V;G(a), a € §, a # 0, of
characteristic 2 in [Sh] are of CL type.
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Proof. Let L = V3G(a) which has a basis {1,x;,i = 1,2,3,4;f;,i =
1,2,3,4,5h;,i=1,2,;e;,i = 1,2}. Adopting the notation (3.5.1)-(3.5.3),
we can obtain the multiplication table of 153G (a) from that of V,G(a,, as3)
by setting a, = a, a; = 0. Then the exceptional cases in (3.5.8') do not
occur. Our conclusion can be obtained by an argument similar to (in fact,
simpler than) that of Proposition 3.5. 1

(3.7) PROPOSITION.  The Lie algebras V5G(a, ay, by), aa\b; #0,d := a+
a,b; # 0, of characteristic 2 in [Sh] are of CL type.

Proof. Let L :=V5G(a, ay, b;) which is spanned by the basis {1;x;, i =
1,2,3,4; f;,i=1,2,3,4,5 h;, i =1,2;e;,i = 1,2, 3} (cf. [Sh]). We adopt
the notation (3.5.1)—(3.5.5) and let

(3.7.1) Eizal = 63.
Then the multiplication table is

(3.72)  [Eg E,]=c(B,v)Eg., #0,
B, vy unproportional and 8+ y € ®,

where
c(—ap, —(a;+tay))=c(—(a; +ay),2a; + )
=c(—ap,2a;+a,)=a,
c(ay, —(a;tay))=c(ay, —(Bay+ay))=c(ay, a))
=c(ay,2a;+ay)=c(—(+ ), )
=c(=CBaj+ay), 20 +ay)=ay,
(37.2.1) c(—op,a+ay)=c(—a,3e;+ay)=c(—a;, —ay)

=c(—a;,—(2a+ay))=c(a;+ oy, —ay)

=c(3a;+ay, — (201 +3))=by,
c(=(Bay+2a),30; +ay) =c(—(Ba; +2a3), 20 + ay)

=c(—(Ba;+2a3),a;)

=c(—=(Ba;+2ay),a;+ay)

=d and all other ¢(B,vy)=1;

Egis,,>»  B,a; unproportional, S+2a; €,
(3.72.2)  [Eis,,Egl=1aEg 5., B, unproportional, B—2a; P,
0, B, a; unproportional, B+2a«; ¢ ®;



LIE ALGEBRAS OF CL TYPE 105

(3.7.2.3) [Eira,» Eo 1= [Esa,» E_o, 1=0;

@ -

(3.7.2.4) [Eg,Ey|=aE s, , B,y unproportional, B+y=2ay,

(3.7.2.4) [Eg,E,]=E4s,,, B,y unproportional, B+y=—2a;

(3.72.5) [Eg,E,]=0, P,y unproportional and B,y¢PU{2a,—2e},
except
[E—azﬂEal]zaE—(3a1+a2)7 [Eaz’E—al]:E3a1+a27
[E—az’E3a1+a2]=aE—a1’ [Eaz’E—(3ozl+oz2)]:Ea1;

(3727 [hE)=¥(h)E,,  yed,  heH':=(h,hy);

(3.7.2.6)

(3.7.2.8) [, Erq,1=0, heH';
(3.7.2.9) (E,.E_,]=h,,

where (different from (3.5.6))

(3.7.2.10) h,=idh,+ j(ah,+dh;), y=ia+jay.

Let L*=(E,|y>0), L™=(E,|y<0), and H:=(hy,h;,E.,, ). We have,
restricted on L* or L™, (adE,, )'=a(adE,, )*#0. In view of (3.7.2.7)
and (3.7.2.8), condition (5§) of Definition 3.1 is satisfied and L=
L-®H®L*' is a triangular decomposition of L. Suppose 0z#£x:=
Yy-0c—yE_,eL™. Let ¥:={y>0[c_,#0}. Let B be a maximal ele-
ment in &. From the multiplication table, in particular (3.7.2.6), we
see that if B#3a;+a, or e, then [Eg E_,|€(Ey,, )+ LT for all y
not greater than B and [Eg,x]ec_ghg+(E iy, )+L". If B=a; but
€_q,=0, the above argument applies also. If B=qay, c_,, #0, we can
take B=a, instead of «;. If B=3a;+a,, let y=sE;3, o, +1E,,. By
(3.7.2.4), (3.72.6), and (3.7.2.1) we have [y,x]=5C_:3q,4ay)M30,4a, T
te_g, h_p, +(sac_y, +1a1¢_(4 4o,))E_o (MOd(E,,, ,LT)). We can take s
and ¢ such that (SC_(3q,+4a,)>€_q,)#(0,0) and sac_, +ta;c_(q 1q,)=0.
Then [y, x]=h (mod(E,,, ,L")) where he H" and h#0 since h;, .,, and
h,, are linearly independent. By the symmetry of L* and L~ the conditions
of Proposition 3.2(b) are satisfied and we have 9(L)=0. 1

(3.7.3) Remark. 1f a=1, a; =b, then the positive and negative parts of
VsG are completely symmetrical: The linear map ¢: Egr—> E_g, B#+(3a; +
205), E_(30,4205) 7> AE30, 420, B30y 420, éE—(3a1+2a2)’ Eigg, > Eigg> hi>
h;,i=1,2, is an involution. Another involution has been obtained in [Liu]
by an inspection of the graded Lie algebra structure of V;G considered
in [Sh].
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(3.8) PrROPOSITION.  The Lie algebras ViG(a,s), a,s€g, as#0, of char-
acteristic 2 in [Sh] are of CL type.

Proof. Let L:=V;G(a,s) which is spanned by the basis {l;x;, i=
1,2,3,4; f;, i=1,2,3,4,5; hi, hy; eq, ey} (cf. [Sh]). We adopt the notation
(3.5.1) and (3.5.2) and let

(3.8.1) E_,
(382) EO,iZal = h/] .

. e,
i=ey, E, =é,

Then the multiplication table is as follows.

(I) B,ye® unproportional, 8>0,y>0 or B<0,y<0.

(3811) [EB7E'y]=c(B’ y)EB+y¢O7 B+ye(1)7
except
[E—alﬂE—(uzﬁ-az)]:O’ [E—a17E—a2]:aE—(3al+a2)’
(3.8.1.2) (B> B, ]1=E30,10,, B0 E_(2ay o) = E(ay 4ar)>
[Eal7E2a]+a2]:aEa1+a2’

where
(3.8.1.3) all ¢(B,y)=1 except c(a;,a;4+a,)=a"'s;
(3.8.1.1) [Eg, E,]=0, B+vy¢d,
except
(3.8.1.2") [Eq,s EG3ay+ay) | =5Eq, -

(II) B,yed,B,y unproportional, 8 <0, y>0.
(3.8.11.1) [Eg, E,]=d(B,Y)Eg,#0, B+yed,
except

[E—(a1+a2)7E2a1+a2]:0’ [E—al’E2a1+a2]=O7

(38112) [E—(2a1+a2)7Ea1]:E—(3a1+a2)’ [E—(2a1+a2)’E3a1+2a2]:E3a1+aza

E7(3a1+2a2)7E2a1+a2] = 61E,(3a1+a2), [Efaz > E3a1+2a2] =Ea1+a2 >
[E7(3a]+2a2)7Ea2] =E7(a]+a2)7

where, for B=—(ia; +ja,), y=i'a;+j a,,
I, if j+//=0 (mod2),

_ (B, V) # (=2 +az), a1+ ),
(3.8.11.3) ABYI=1 41, B=—(Qai+ay),y=a;+ar,
s, if j+j =1 (mod 2);
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(3.8.1L.1") [Eg, Ey]=0,B+7¢ P,
except
[E_o, Ea = E_ (0 40y [E—ays E3ay420, = Ea,»
[E—az’E2a1+oz2]:ah2’ [E—(2a1+a2)’Ea2]:h2'
(1) Be®, B=ia +joy,

(3.8.11.2)

shy, if i+j=0 (mod 2),
SEy 174,, 1f i+j=1 (mod 2)
(3.8.111.1) [E_g,Egl= and j=0 (mod 2),

EO,:I:Zal’ lf l+JEl (mod 2)
and j=1 (mod 2).

(IV) For y=ia;+ jo, €®, let ht(y)=i+.

(3.8.1V.1) [hy, E,]=ht(y)E,.
V) vyed.
aE}/fZa]’ if 7_2a1€¢7 Y;éal7
(38.V1) [EO,:I:20117E7]= {E7+2a1’ if 'y+2a1 Gq),y;é—al,
0, otherwise.
(VI) Finally,
(38V11) [EO,iZQI?hZ]:O‘
Let H:=(E) 434,,h2),L™=(E,|y>0), and L* =(E,|y<0). We have
(3.8.3) (AdE 12, 11+) = a(ad Ey sp4, |1+)” #0;
(3.84) (adh,|;+) > =adhy)|; «.

We see that L=L" ®@H® L™ is a quasi-triangular decomposition of L. Let
0#x:=), gc,E,eLt, ¥:={y|c,#0}, and let —w be a maximal element
in #. If w#a,, then from the multiplication table [E,,E_,]€ L" for any
v not less than . Hence [x,E,]=c,h,+y" where 0£h,=[E_,,E,]€
H and y*eL*. If w=a,, then there may appear a multiple of A, (cf.
(3.8.11.2")) which, however, is linearly independent of [E_, ,E, |=Eq 154,-
Thus, in any case, [x,E,]=h+y"t where 0£heH and yteL*. For xe
L~ the argument is similar. Then the conditions of Proposition 3.2(a) are
satisfied and N(L)=0. 1

(3.8.5) Remark. VyG varies from G, quite far. In some cases, the roles
of +a, and +(2a;+a,) and «; and —«; are mixed, respectively. At any
rate, the affinity of VG to G, is still clearly recognizable.

Summing up, we have

(3.9) THEOREM. The Lie algebras in (2.15) are of CL type.
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(3.10) Erratum to [Sh]. As pointed out by D. Liu (cf. [Liu]), the Lie
algebras V;, V., and V/ are restricted and all isomorphic to s/(3). Hence
the statements about the “newness” of V;/, i=4,5,6, in [Sh, Theorem 3.1]
are incorrect and should be omitted. The author regrets these unfortunate
mistakes.
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