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ABSTRACT

We consider the following equivalence relation in the set of all complex upper
triangular n X n ‘matrices: A and B are called #-similar if there exists an invertible
upper triangular matrix S such that A = S7!BS. If A, B are %-similar, then they
must have the same diagonal and the same Jordan form. It is known that for n > 6
there are infinitely many mutually non-#-similar nilpotent upper triangular matrices
with the same Jordan form. We introduce an appropriate generalization of the Jordan
block (called an irreducible matrix), and we prove that each upper triangular matrix is
#-similar to a “generalized” direct sum of irreducible blocks, where the location and
the order of the blocks is fixed and each block is determined uniquely up to
#-similarity. © Elsevier Science Inc., 1997

INTRODUCTION

In this paper we consider the following problem: Given an upper triangu-
lar matrix A, what upper triangular matrices U™'AU are similar to A if U is
assumed to be an invertible upper triangular matrix (we shall call the matrices
A and U 'AU %-similar; notation A ~, UT'AU). Of course, one is inter-
ested in simple forms for U™'AU, in analogy to the Jordan form.

Though not without interest in its own right, an external motivation for
considering this question came from problems involving triangular forms of
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matrices (see, e.g., 1,2, 4, 10: If A€ C**" and {0} c M, C M, C -+ C
M, = C" is a chain of A-invariant subspaces (i.e., AM; € M,, dim M, =i
for i =1,2,..., n), then the matrix representation Ay, of A in an ordered
basis {w,, ..., w,} such that M; = span({w,,...,w;}), k = 1,2,...,n, is an
upper triangular matrix, and if {v,,...,v,} is another basis such that M, =
span({v,, ..., v,}), then the matrix representation A, of A in that basis is
#-similar to Ay ; conversely, if the matrix B is #-similar to Ay, then it is
the matrix representation of A in some ordered basis {m, ..., m,} such that
M, = span({m, ..., m;}) for each k.

Given the matrix A and the chain (M,) of invariant subspaces, one might
want to choose a basis {w,, ..., w,} as above with an additional property, e.g.,
{w,,...,w,} should be a reordering of a Jordan basis for A. Since the pair
(A,(M,)) determines a #-similarity equivalence class, this is possible only if
this class contains a “generalized” Jordan matrix, which is usually not the
case, as we shall see below.

Another relation between #-similarity and triangular forms arose in [3); it
is of a more specialist nature, and a short description can be found in the
introduction of [9].

In the setting of upper triangular matrices over finite fields the problem
was considered by G. Higman [6, 7] before 1960 and, more recently, by A.
Vera-Lopez and J. M. Arregi [11, 12]; both deal with the question of
(estimates for) the total number of equivalence classes (called conjugacy
classes by these authors), and Vera-Lopez and Arregi provide a full listing of
all conjugacy classes up to order 5 for the case where the number of elements
in the field is a power of a prime number. The number of conjugacy classes
of nilpotent upper triangular n X n matrices over infinite fields was shown to
be infinite for large enough n by M. Roitman [8], who described an infinite
family of mutually nonconjugated upper triangular nilpotent 12 X 12 matri-
ces; later D. Z. Djokovi¢ and ]J. Malzan [5] provided a similar example
consisting of 6 X 6 matrices, and this result cannot be improved.

Let us settle some terminology and notation. The set of all upper
triangular (complex) matrices of order n will be denoted by %,, and £%,
will denote the group of invertible elements in %,. If A, B € %, and
A = U"'BU for some U € £%,, then we shall call the matrices A and B
#-similar: notation A ~, B. . .

Next, we generalize the notion of a direct sum of matrices: Let I, U --- U

I, = {1,..., n} be a decomposition of {1,..., n} (thatis, I,,..., I are subsets
with [NL=@ifi#jand{l,....0} =L, U~ UL). If A; = (a] )7,
are matrices of order #I,j=12,...5s then the generalized direct sum is
defined by

A=(ay)i ;o= (A);, @ (4;),® @ (4,), (0.1)
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where a;; —-OlflEIk j€IL, k#1 and a]—ay ifi=i,j=i, €l
={i,.... i}, <zp+1,m—#1k If al [, # and 1+maxI
min L., j=1,...,s — 1, then one has the usua.l direct sum, and we sha]l
write A=A © - P A, in that case. A generalized direct sum of Jordan
blocks will be called a generalzzed Jordan matrix. If I, U I, is a nontrivial
decomposition of {1, ..., n}, ie.,if I, # &, I, # &, and A € %, is #-similar
to (A}, ® (Ay), A € %y, i = 1,2, then we shall call A #-reducible. If a
matrix A € %, is not #- reducible, it will be called %-irreducible. The
#-irreducible matrices will be the building blocks in the theory of #-similar-
ity: Each A € %, is #-similar to a generalized direct sum of #-irreducible
matrices.

In order to deal with generalized direct sums we use a generalized
block-matrix notation: Writing C" = span({e,,...,e;}) ® span({e,, ...,
e,)) (here e; denotes the ith unit vector in C"), the matrix A € %, has the
usual partitioning

A A,
o Al

EL="{,....i,}, L={-.j}b i, <iriy, j, <jy+1» P+ q=n, and
LUl ={1,. n} then, with respect to the decomposition C" = span({ek
lkelL)eo span({ek |k € L)), the matrix A € %, has the generalized parti-
tioning

A A
A — ( ,}) ( r) , (0'2)
(A7) (A,)

where A(d )E 7y, A, =(d,)i_,}_.. Since A E€%,, one has that
=0if i, >]y a,, =0if j, >z If for example, n = 4 and I, = {1, 3},

= {2, 4}, then

(0 4) (1 6)
0 O 0 3
A= =

[ e Y )
SO O -
S SN
SLUn®

(0 2) (0 5)

0 O 0 0

whereas with respect to I} = {1,4}, I; = {2, 3} one would have

(o 6) (1 4)
0 0 0 O

(0 5) (0 2)
0 3 0 O

[ e e I ]
SO -
S O N
SwWw o
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For A, B € %, one has, with respect to the same decomposition {1,..., n}
=101,

(47) (Ap)

(4 (4
AB‘( (BY) (B,)

(B) (BL))

(0.3)

_ (A B, + A B]) (A,B, +A.B,)
(A7B, + A, BY) (ALB,+ A,B,)

If C=(C), ®(Cy), €7, 1ie.,if C, =0, C] = 0, then we shall call C
reducible along the decompos1t10n I, U L. For example, if

SO OO
cCo oo
SO O
SO Uto
SO OO
SO O
S OO
SO O d®

then A is reducible along I, U I, = {1, 3} U{2, 4}, but B isn’t:

(6 o) (6 0)
63 (o3l

whereas B is reducible along I} UL =1{1,4 U{2, 3}, but A isn’t.

We end this introduction with a survey of the main results. In Section 1
we shall prove that A € %, is #-similar to a generalized direct sum (a, I +
N) & 0 I+N), o;#a, i #=], N, € 7 nilpotent, and that the

corresponding index decomposition I; U U I, is unique. This allows us to
concentrate on nilpotent upper triangular matrices. Further, it is shown that
A € %, is #-similar to a (unique) generalized Jordan matrix if A is non-
derogatory or if no partial multiplicity of A exceeds 2 [that is, if Ker(A —
AI)? = Ker(A — AI)? for each A In Section 2 we obtam for given A € %,
the existence of a unique index decomposmon LU UL =A1,...,n}, all
I, # &, such that A ~, (A)); ® - ®(A);, A € ?Z#I 1rreduc1ble where
all A; are uniquely determlned up to ?Z—mmllanty In Sectlon 3 we study

ndltlons in order that A € %,,,, A nilpotent, is irreducible if A is
considered as an extension of the nilpotent matrix A’ € %, by adding the
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(n + st column to A'. Using these conditions one obtains infinitely many
mutually non-#-similar nilpotent irreducible matrices in %, for n > 6 (this
is, in fact, the example of D. Z. Djokovi¢ and J. Malzan [5]). Special types of
extensions will be considered in Section 4, and the paper ends with a
complete list of all #-similarity equivalence classes of nilpotent irreducible
upper triangular matrices of orders up to 6.

Many proofs are abridged or omitted, especially in Sections 3 and 4; for
the full proofs the reader is referred to [9].

If no ambiguity is to be feared, we drop the explicit reference to  in our
terminology, so “similar” will mean “#-similar,” “~” mean “~,” and
“(irreducible” mean “#-(ir)reducible.” In writing generalized direct sums
A=(A); ®(Ay), ® -+ @ (A, we omit the index sets I},..., I, where
no confusion can arise.

1. TECHNICAL RESULTS

In this section we prepare the ground for the main results which will be
proved in the next two sections. Our first result is the observation that similar
matrices A, B € %, have the same diagonal:

LEmMa 1.1. IfA,BE€ %, A~ B, thena;=b,,i=12,...,n.

i

The diagonal entries of A € %, are the eigenvalues of A. The position of
the eigenvalues on the diagonal gives rise to the spectral reduction of A (cf.
M. Roitman [8]):

PROPOSITION 1.2. Let A € %, have the different eigenvalues a, ..., oy,
and set E; = {i|a;; = o). Then there exist A, ..., Ay, A; € Yy, o(A) =

{a;} such that A ~ (A))z ® -+ & (A)g,; moreover, if A ~ (AAI)El o
(Ak)Ek, where A; € Yy, o‘(A].) = {aj}, then A~ALj=12... k

Proof. v =(v)l_,,v; #0,v;, =0, j> i, then we call v an i-vector. If

v is an i-vector and Av = a;v, then i € E;; in fact, if E = i, ijmj},
ij, <ij,41, m; = #E;, then the generalized eigenspace Ker(A ~ ;)" has
a basis {vy, ..., vjmj} such that v;, is an i;,-vector: This can be seen using the
Gauss reduction algorithm on a given basis of Ker (A — a;1)" and keeping in
mind that an i-vector cannot be a generalized eigenvector of A associated

with a; if i & E;. Observe that Av,, € span({v;,,...,v,}), since A €%,
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and iy, ..., 4, are in increasing order. Define V & £%, by

jm

V=(V1 V2 = W), Vi, = Vi
Then V™'AV ~ A has the desired properties. IfV= (01 - V) EFY, is
such that V7'AV = (A )E ) (Ak)E , then {v . v } is a basis for

Ker(A — o1 )" consisting of i i;,~vectors, whereas Av e span({v yeees ¥ D
jx
This proves that A ~ A,

A nice application of the spectral reduction is the following

PROPOSITION 1.3. Let A,B€ %,, b € C. Define I, = {i|b, = b}, I, =
{i|b; # b}. Assume that AB = BA. Then A ~ (A,)); & (A,), . In particu-

lar, if A is irreducible, then either I, = J (i.e., b is not an ezgenvalue of B)
or I, = & (i.e., B — bl is nilpotent).

Proof. Without loss of generality we can assume that I} # Jand b = 0.
There exists V € £%, such that V''BV = (B,), @ (B,), with 0 & o(B,),
o (B)) = {0}, so B, is invertible and B, is mlpotent Consider

(A) (4)

A=viav=|
(Ar) (A2)

with respect to {1,...,n} =1, U I,. From AB = BA one has A((B, ) &
(B,)) =({(B) @ (Bz))A so A B,=ByA,, A'B, =B,A” and A 32 =
BlkA' =0, BFA” = A"Bf =0 for k> #I Smce B} is 1nvert1ble this
proves that A, = A”T =0and A~A=(A ), ® (Ay),. [ |

A consequence of the spectral reduction in Proposition 1.2 is that for the
description of the equivalence class of A, it is sufficient to describe the
equivalence class of each “spectral component” A, j= 1,2,..., k. Since
A~ B if and only if A — BI ~B — BI, we can restrict ourselves to the
description of the equivalence classes of upper triangular nilpotent matrices;
we shall use the notation % = {& € %, | 7( A) = {0}}. Obvious candidates
for representatives of the equ1valence classes seem to be the nilpotent
generalized Jordan matrices. Indeed, if J, je#® are generalized Jordan
matrices, then I~ ] if and only if J= f Assume that | # . Setting

J =G0 0 = (si)i =1, there exist k < such that s;, # sj;; for defi-
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niteness, §;; = 1, s;; = 0. Further, interchanging ], J, if necessary, we can

achieve that s;; = 0 for all j <, since no row in J, J contains more than one
nonzero entry. Assume that V = (v;))};_, € %, and that VJ = JV. Then

n !
Vu=vu=(V)u= L sivg= XL siva=0,

i=k+1 i=k+1

and V is not invertible.
Unfortunately, for n > 4 there exist #-similarity classes in % not
containing generalized Jordan matrices. Consider

0 1 0 1
0 0

(= =)

Jsn= €7, (L.1)

O = -
SO =
O~ O

with the partial multiplicities 3 and 1. It is not difficult to show that [, , is
irreducible [cf. also Example 3.7(iii) below]. In particular, J; , is not similar
to any of the generalized Jordan matrices

Lhel  (Wa® (Uduse  Ude® (Udoes Js®J

where J; = (8, j)f, j—1 denotes the nilpotent Jordan block of order k.

A simple test whether a given matrix A € %, is similar to a generalized
Jordan matrix is the following: A is similar to a generalized Jordan matrix if
and only if there exists a basis {v,,...,v,} of C" consisting of Jordan chains
of A such that each v, is an i-vector.

EXAMPLE 1.4. Let A € % be unicellular. Then A ~ J,. Indeed, A¥~!

#0=Alet A= (a,.j)!‘,;=1 1 € % _, be the matrix consisting of the initial

k — 1 rows and columns of A. Then A*~! = 0, and hence A*~'e, # 0. This

proves that AFle, AF"Ze,,..., Ae;.e, is a Jordan chain for A, and

{AF—le,, AkF%e,,..., Ae,,e,} is a basis for C*. If A*Je, is a i,-vector,
k k k> €k k |

then i, <i;,,, as A€’ But A*"le, #0, iy =k, so i,=j, j=
L2,...,k

It follows from this example that a nonderogatory matrix A € % is
similar to a generalized Jordan matrix. The same turns out to be true if no
partial multiplicity of A € %, exceeds two:



126 PHILIP THIJSSE

THEOREM 1.5. Let A € %,, and assume that one of the following two
conditions is met:

(i) A is nonderogatory;
(ii) dimKer(A — AI)* = dimKer(A — AI)® for each A € C.

Then there exists a generalized Jordan matrix | which is #-similar to A.

Proof. It suffices to consider the case where A € % and A% = 0. We
proceed by induction on n. For n = 1 we have A = (0) and the result is
trivially true. Assume that the desired result has been proved for 1,2,...,n

—1. Let A =1(a,)};_,, and set A= (g )"IIIE?Z . Then A% =0, so
there exists a generalized Jordan matrix J= ( ]#11)11 ® ( ]#,2),2 ®
(Jer ), € #,_, such that V™AV = J for some V € %, _,. Since J2 = 0,
one has #I; < 2, ie,

“(0) or ]#1 (0 (l))

Replacing A by Ve (D AV ® (1)] we may assume A to have the
partitioning

A= (.(,) g)’ a:(al)lle...@(ak)lkeCﬂ—l’
and replacing A by WAW ™!, where

w- (2 v)ex

P . w € Im f appropriate,

we may assume that

0 . . , ,
a; = (a. ) if #I,=2, I, = {zjl,zjz}, i <ijp.

ijg

Using the fact that Ae, =a @ (0), 0 = A%e, = Ja @ (0), it is clear that
a,,=0,ie., g —01f#I =2.Ifa=0, then A =] @ (0) is a generalized
Jordan matrix; so assume that a # 0,and let i, = max{i | ¢; # 0}. By dividing
the nth column and multiplying the nth row in A by a; we replace A by a

similar matrix such that a, =1 If a, # 0, then the ith column of A is 0, the
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ith row is g,el = (0,...,0, g,) (since {i} = I; for some j). Now we subtract
in A, for each i # i; such that a; # 0, g, times the i th row from the ith
row, and we add g, times the ith column (which is 0) to the i,th column. The
ensuing matrix A is similar to A, and, taking I, = {i,} for simplicity, one has

that

A= (]#11)11 & & (]#Ik_l)zk_l ® ((g (1)))(:'0,"),

that is, A is a generalized Jordan matrix. |

In the proof we have used the elementary transformations of #-similar-
ity: The matrix A is transformed to a matrix which is #-similar with A if (a)
the kth row is multiplied by ¢ # 0 and simultaneously the kth column is
divided by ¢, or (b) a multiple of the kth row is subtracted from the Ith row,
l <k, and then the same multiple of the Ith column is added to the kth
column.

The other relevant element in the proof of Theorem 1.5 is the concept of
restriction to matrices of lower order: Assume that A € %,, and let M, =
span({e,, ..., e,}) denote the subspace of C" spanned by the initial k unit
vectors; since M, is A-invariant, one can consider Aly, as an element of %;;
if A~ B, then Aly, ~ Bly,, and if A has a reduction A ~ (Cl),l OB
(Cs),,, then Al is similar to

Alu ~ (él)lm(l ..... o9 (és)z,nu ..... k}s

where éj = Cjlspante, i < #1,n (1,.... k- The validity of this claim is easily seen,

writing the standard partitioning of the matrices A, B = VT'AV, V € £%,:

g={% & %
> - O B2 ) -
which implies V, B; = A|V,; observe that the compressions A,, B, of A, B
to the subspace span({e;, |, ...,e,)}) are also similar. In general, this conclu-
sion is not correct for the compressions to subspaces of the type M =
spa,n({ej |j € JD where the index set ] is neither {1,..., k}nor{k + 1,..., n}.

With respect to the decomposition {1,...,n} =] vy, ..., n}\ J) one has
for A, B=V'AV, V € %, the generalized partitioning

(A4) (&) (B (BY _
(4") (Az))’ B‘((B’:) (Bz))’ v

.....

A A,
0 A,

vV, Vv
0 v,

>

A=

(V1) (VJ))
V') ())
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which yields, e.g., AV, + AV =V,B; + V/B!; and A,V # V/B! can
easily occur: Consider the example

01 0 O 0 1 1 0
0 0 1 0 0 0
A=],, = 0 1 ~B= o 1l J=1{2.4},
0 0
where A, = (g (l)) is not similar to B, = (8 0).

However, if V = (V,) ® (V,) or both A =(A)) ® (A,) and B = (B,)
® (B,) (see Lemma 2.2 below) then one has AV, = V,B,, i = 1,2, and the
compressions of A, B to span({ej |7 €J)), span({e : |j & J), respectively, are
simnilar.

In Section 2 we shall use restrictions and compressions of various orders.
In Section 3 we have the following setting: Given A € %,_,, describe the
so-called direct extensions A € %2 of A, ie., those A € #? such that
AI M, ., = A.

2. THE UNIQUENESS OF THE REDUCTION TO SUMS OF
IRREDUCIBLE MATRICES

In Section 1 we have seen that the spectral reduction of A € %, is
essentially unique. Here we shall prove that a reduction of A to a generalized
sum of irreducible matrices is unique in the same sense: All such reductions
are based on the same decomposition of the index set {1,..., n}, and the
irreducible matrices belonging to the same component are #-similar. This
shows that the irreducible matrices are the elementary building blocks for the
#-equivalence classes.

THEOREM 2.1. Let A =(A)), ® - ® (A)I, B=(B); & @
(B)),, € %,, where A, € %y, and B, € %y, are nonempty and irreducible.
Assume that A ~, B.Thent = s and I, N ], # Jimplies I} = ],, A, ~, B,
In particular, if I,,..., L, |],,..., ], are ordered so that min I; < min I, ,,,
min J; <min J;,, thens =t, [, =1L, A, ~B, k=12,...,s.

In the proof of this result we need two lemmas:

LEMMA 2.2, Let A =(A), @ (A,),, B=(B), ®(By), €%, I, U
I, ={1,...,n}. Then A ~ B if and only if A; ~ B, and A, ~ B,.
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Proof. The sufficiency of the condition is clear; assume that VA = BV
for V € £%,. The decomposition I, U I, yields the generalized partitioning

(4) (0
0 (A))

i) (W)

4= V) (V)

B =

(By) (0))
0) (By))

and VA = BV implies V, A, + V/0 = BV, + OV", V/0 + V, A, = OV, +
B,V,. Clearly, V|, V, are invertible, so A, ~ B;, i = 1,2. u

LemMa 23. Let, UL, ={l,...,n — 1} and A; €%, j = 1,2. Con-
sider

Az((Al)z,eB(Az)zz (a)11®(0)12)
0 0 ’

B = ((Al)h ®(4y), (0), @ (b)lz) e,
0 0

Then A ~ B implies A ~ (A)); ® (Ay); & ((0),.

Proof Let V € %, VA = BV. Decomposing V according to
{L,....n} =1, U I, U{n}, one has

V) (V) (v
V=1 (V) (v) ]
0 v

where v # 0, V, € &%y, From VA = BV one has ViA, = AV, and Vja =
Av,. Define U € £%, by

=((1)ea(1) (—Vlel)e(o)),
0 1

o ((1) o (1) (Vilv)) @ (0)
0 . 1

Then UT'AU = (4,) @ (4,) ® ((0)),as a — A, V]'v, = 0. =
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Lemma 2.3 is a special case of more general results on the direct
extensions of reduced matrices (A,) ® (A,) which we shall meet in the next
section.

Proof of Theorem 2.1. According to Proposition 1.2 it is sufficient to
prove the theorem under the extra assumption that A, B € #,2. We apply
induction on the order n of the matrices A, B. For n = 1 we have A = B =
(0) and the result is trivially true; next, we assume that n > 2 and that the
desired result has been obtained for the orders 1,2,...,n — 1. Let min I, <
min I ., min J; <min J;,,, and let n €1, n e] Set M = span({e,,
oo, D, A =Aly,B =Blys#%’ Wntmg I, = I \{n}, I, = ]y\{n}
one has

= ®(A),@(A). B = @ (B),®(B),
l#x l+y

where A and B, are respectively the restrictions of A, and B, to the initial
#I, — 1 and #] — 1 coordinates. Using appropriate 51mllar1t1es based on
matrices of the type (1) ® (Uy)y;, and (I) & (Up)y;, respectively, one can
replace A, B' by

= [(1) e (UyH] A1) @ (U],
=[(1) @ (GH]B[(1) ® ()]

where
s’ t'
A= D(A),® ®(A,), ~B"= ®(B),® @ (B,),
l#x( 1)11 j=1( ])Ixj l#y( l)]) j=1( y])lw

with s' =0 (¢ = 0) if A, (B)) is empty. If I, UJ, #{1,...,n}, then our
induction hypothesis 1mphes that I,=], A, ~B, forsomeu #x,w#y,
and according to Lemma 2.2 the desired result then follows through applica-

tion of the induction hypothesis to ®,,, (AD, ~ &,,,(B));. So we can
assume that J,VIL = {1,...,n}). Let x <y for definiteness. Then x = 1,
i.e. n € I, and there exist 1 <jl v <jo1 <, 1<, < o <ip_y <

s’ such that I, = J,;. Ji = Ly, k <y, and [, =1, k >y, whereas
the sets {L; [l # i;,...,i,_}and {J, |1 # i, ..., jy_,} coincide, with A,
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~Byjk’k=l’2" 1 Bk xu’k<y’ Bk+1~Ax1k’k y,andBl

~Agif Ly =], Thls follows from the induction hypothesis, applied fo
A" ~ B". Using a similarity based on a matrix V' € £%,_, of the form

t—1

@ (Vi) @ @( )1“, ® l? (Va) 10
! y

one has A" = V'~ 'B"V'. Define V= V' ® (1) € £%,. Replacing A, B by
A=[(n)e (U) e M]al(n e () e (1],
=[(D) e (U;") ® (D] B[(]) @ (Us) @ (1)]

(which means replacing A, by A ~ A, and B, by B ~B,in A and B,
respectively), and defining

t—1 s
= UIxi,’ K, = UI,, K3=Ix\({"} UKI)’
i=1 =2

(a))k, @ (0)k, ® (a3)k,
0 0

=
I
——
—_—
B
—
N—
ke
®
—_—
Ny L]
N—
tel
o
@
—
& 13
~—
bl

b
Nl
ke

@
—

>
o
~—
&

@
—_—

o)

Dk, )k, @ (by)x, @ (bo)k, |
0 0

Since V = (Vl),( @V Dk, © (V3)K ® (1)), the structure of A, B,and V
allows us to consider the compressions to spaces span({e,|i € K, U K, U
{n}), p # g €{1,2,3). In particular

A

x

(Aﬂl)Kl ® (A~3)K3 (al)Kl ® (aS)KS)
0 0 ’

5 ~ ((A‘z)xz o (A)r, (0@ (ba)xa)
Yy 0 O s
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and the compressions of A and V™'BV to the subspace span({e, | i & I, N
L} U{e,D = span(le;|i € K, U K, U {n}}) yields

A

A=

(A"I)Kl & (Az)Kz (al)Kl & (O)Kz)
0 0

~

(4)x, ® (A), (O)x, @ (b)xz),
0 0

According to Lemma 2.3 there exist

. ((I)KI ® (I)k, (u)x, ® (0)g,
0 1

) € E%k, + #x,+1

such that U™'AU = (A))y, @ (A,)y, ® (0),,; defining U = (@g,y x, 0 (m
9(1)1(3 and setting U=() e (), u, = (u) @ (0), one has

(U) (0) (w)
U=l (1) (0
0 1

) e(l)( ([(4) @(4,)]0) ®(4;) ([(A) @(4;)]ug+(ay) @(0)) e(ﬂa))

0 0

_ ((ﬁ—l[(Al) ® (4;)]10) @ (4) (T'([(4) @ (4)]uo+(a) @ (®)) e(“s))

0 0

=((£1)@(A'2)e(53) (ow(om(as)),
0

as [(A) ® (AU = ﬁ[(Al) ® (A,)), ﬁ_l{[(Al) ® (A, + (a) ® ()
= (0) @ (0). Using the special structure of U and U™, one can consider the
compression of A and U™'AU to span({e, |i € K; U K, U {n}}) and thus
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obtain

(4) @ (4,) (a) @ (ay)
0 0

() e (4) (0)e (as))_
0 0

Since A, is irreducible, this implies A, = . The same type of argument
shows

0 0 0

(4) @ (4,) (b)e (bs)) .
0

(4)® (4) (0 e(by) )
implying A, = &. Hence s =t = 1 = x = y,and A ~ B is irreducible. ™
3. EXTENSION THEORY

Let A € %2 be a nilpotent upper triangular matrix. The matrix A € %2, |

will be called a direct extension of A if A~Ispan({el ,,,,, ep =AIf
a n
(§) =ecn

is the final colunln of A, then a determines A as a direct extension of A, and
we shall call A the a-extension of A. If A is 51m11a: to V7IAV = B,
V € £%,, then the a-extension of A is similar to the V™~ la-extension of B.
Conversely, if a direct extension A of A is similar to C € %2, , then A is
similar to the restriction Clgpange,,....e,)-

In this section we shall outline a construction process for the (equivalence
classes of) irreducible elements in %, , as extensions of representatives of
the equivalence classes in #. If the a-extension of A € #? is reducible,
then there can be two reasons for this:

(1) A~A®(0), ie., there is a reduction along the decomposition
{1,. nn+1}-—{1 LnyU{n + 1},

(2) Aand A ® (O) are not similar, but A has a reduction along {1,..., n}
=1, U I,, then A has a reduction along (I; U {n + 1)) U L.

If A is irreducible, then only the first possibility exists, and we shall deal with
that situation first.

PROPOSITION 3.1. Let A€ #%°, a,be C",

(i) The a-extension and the b-extension of A are similar if and only if
there exist V€ £%,, v + 0, such that VA = AV and Va — vb € Im A.
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(ii) The a-extension of A is similar to A @ (0) if and only if a € Im A.

Proof. (i):

V vi{A al_ (A bi{(V v . V v

(o 28 8)=(5 o)(5 v} we (5 v)ewu
if and only if V€ £%,, v # 0, and VA = AV, Va = Av + vh.

(iD): Apply (i) with b = 0, and use V7IA = AV™L [ |

COROLLARY 3.2. Let A € %° be irreducible and a € C". Then the
a-extension of A is irreducible if and only if a & Im A.

Observe that the a-extension and the b-extension of A are always similar
if b —a € Im A. For irreducible A € % it follows from Proposition 1.3
that the requirement VA = AV with V € £%, implies

V=ul+N, N€#’  NA=AN, (3.1a)
and the other requirement in Proposition 3.1(i) reads
ua — ob + Na € Im A. (3.1b)

ExaMPLE 3.3.

() Let J, € #? denote the nilpotent Jordan block. If b = (b,){., € C*,
then the b-extension of J, is irreducible if and only if b, # 0. If b, +# 0, then
Ie, — b;'b € Im J,, and up to similarity ], , ,, the e -extension of ], is the
only irreducible extension of J,.

(ii) Consider the irreducible matrix [, ; € %, introduced in Section 1.
One has Im J; | =span({e , e, +e;}), and modulo Im J;, a vector a &
Im J; , is of the form a = xe; + ye,, (x, y) # (0,0). In order to apply (3.1)
we consider N =(n,)} ,_, €% such that NJ;, =], ,N. This implies
Ngy =0, ngg=n, + nm, {)ut ng, is arbitrary. Observe that Im N|spange,, e,, e,
¢ span({e,}) € Im J; ,. Hence

1 x r )
;I—;—Ze3e4a—e4=0 if y#0,

and the a-extension and the e -extension of J; , are similar. We shall denote
the e ;-extension of J; ) by B,. If y = 0, then x # 0 and (1/x)Ia — e; = 0.
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Thus, for y = 0, the a-extension of J; , is similar to the e,-extension, which
we shall denote by B,:

0 1
0

SO O
O -
(= o ]

B, =

O =D
O~ O OO
O - O
OO~ OO

Since B, has the partial multiplicities 4,1 and B, has the partial multiplici-
ties 3,2, the matrices B, and B, are clearly nonsimilar.

(iii) Next we consider the extensions of B, and B,.

(a) For B, the stuation is analogous to that for J; ;: One has Im B, =
span({e, e, + e;,e,}), so a &€ Im B, is a = xe; + yes; modulo Im B,; the
same type of argument as in (ii) leads to the conclusion that up to similarity
the es-extension B, , and the ej-extension B, , are the only possible
irreducible extensions of B,; these matrices are

01 00 0 O 01 00 0 O
0 01 0 O 0 01 00

_ 01 0 O _ 01 0 1
By = 0 1 ol Bia 0 1 ol
0 1 0 0

0 0

Since B, ; has the partial multiplicities 5,1 and B, , has the partial multi-
plicites 4, 2, the matrices B, , and B, , are nonsimilar.

(b) It turns out that B, has infinitely many nonsimilar irreducible direct
extensions: Im B, = span({e,, e,, €;}) has codimension 2, and the equation
NB, = B,N, N € % implies Im N C Im B,. Thus, the a-extension and the
b-extension of B, are not similar if a,b are linearly independent modulo
Im B,. Writing a = xe, + ye,  Im B,, and choosing x =1 if x # 0,
y = 1 if x = 0, one obtains the irreducible extensions

0 1
0

OO O
(=3
SO =O O
onN O OO
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S =

oo

(=i ™)
QO =HOO
SO O OO

where B, , has the partial multiplicities 4, 2 for each z € C, and B, ., has
the partial multiplicities 3, 3. It is not difficult to see that these matrices are
#-equivalent to the transposes X! of the matrices X, found by Djokovié and
Malzan [5]; here B, , corresponds to X, with a = —z/(1 +z), B, ., to
X, n

COROLLARY 3.4. For n > 6 there are infinitely many mutually non-%-
similar #-irreducible matrices in ..

Indeed, since codim Im A > 1 for A nilpotent, each irreducible A € %0
has at least one irreducible extension, and if A and B are not %-similar, then
no direct extension of A can be #-similar to a direct extension of B.

For n < 5 there are only finitely many irreducible equivalence classes in
#?: for n = 4 these are represented by ], and J; |, whereas besides J5, B,
and B, there are two further irreducible classes in %; which have reducible
restrictions to span({e,, e,, e, e,}); these will be constructed below.

Next, we consider the extensions of a matrix A € % which as a
reduction A ~ (A,) ® (A,). Decomposing the vectors a,b € C" in the
same way as a = (a,) @ (a,), b = (b)) ® (b,), we describe the relations
which must exist if the a-extension and the b-extension of A are similar. A
first result in this direction was Lemma 2.3.

PROPOSITION 3.5. LetI, UI, ={1,...,n} and A€ ?Z,,?,j, a, b, € C*h,
j =1,2.Then the (a,); @ (a,), -extension of and the (b,); ® (b,), -extension
A =(A), ® (Ay),, are #-similar if and only if there exist V; € £%,,
veC*, j=1210v#0, V,’(v;y)x#ill,;fl, V= (v;q)ﬂﬂjﬁl, vy, =0 for
i, >j,, and oy, =0 forj, > i, (wherel, = {i,,... ig ), I = {j1, .o, Jar,}
iy <ipy1Jy <Jy+1) such that

() V,A, = AV, V, A, = A,V,, V/A, = AV, V/A, = A,V",

(i) Via, + V/a, = Ay, + vby, V/a, + V,a, = A,v, + vb,.

Proof. 1t suffices to write out the equations implied by the fact that
Vegy,,, intertwines the (a,) ® (a,)-extension and the (b,) @ (b,)-
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extension of (A,;) & (A,):

) (V) )| (a) (0 (a)
(V') (Va) (v || (0) (4;) (a,)
0 v 0 0

(4) © ()| (V) (V) (W)
= O (4 (b)) || (V) (Vo) (v) | n
0 0 0 v

The equations presented in Proposition 3.5 are quite often solvable if
concrete additional information allows to simplify them, e.g. if

(1) for given A,, A,, I}, I, the relations (i) reduce the possible choices of
V), V,., V/, V", making the description of the solutions of (i) possible, or

(2) a given irreducible extension is known and one can find conditions for
another irreducible extension to be similar to it.

In order to decide on the reducibility of the (a,) @ (a,)-extension of (A)) ®
(A,) along the decomposition {1,...,n + 1} = (I1 ufn+1D U, [I
LJ(I2 U {n + 1)), one sets b, = O[b 0] V, = = 1, and treats b [b,]
as an additional unknown:

PROPOSITION 3.6. Let I}, I,, A|, Ay, a,,a, be as in Proposition 3.5.

() The (a)); ® (a,), -extension of (A,); ® (A,), is reducible along the
decomposition (Il Ufn + 1D UL, if and only if there exist V!, v, € C*h
such that
(@) vy, =0 forj, > i, VIA, = A,V/,

(b) ag = A2V2 - V al

(i) The (a,);, ® (ay); -extension of (A)); & (A,), is reducible along the
decomposition I1 U, U n+ 1) if and only if there exist V., v, € C*h
such that
@) v}, =0 fori, >]y, VA, = AV,

') a, = A, —V'a,.

The proof can be found in [9, Proposition 3.6].
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EXAMPLE 3.7.
() Irreducible extensions of (J,) @ (J,). Here

0 1
A1=A2=]2=(0 0)

and I, = {i),i,}, I, = {j,,j,} are to be specified. For the (a,) ® (a,)-
extension of (J,) ® (J,) to be irreducible, the requirement is (a,) ® (a,) &
Im(J,) @ (J,), and up to #-similarity one may assume

—a. 10
-}

If I, ={1,2}, I, = {3,4}, then V" = 0, but V, can be any matrix commuting
with J,; taking V/ = —I, v, = 0 solves (b'). So the e, ® e,-extension of
J» @ ], is reducible along {1,2} U {3,4, 5}; in fact, it is similar to J, & J5. If
I, ={1,3}, I, = {2,4}, then

o)
0 «x

commutes with J,; taking x = —1, y = 0 solves (b'), and the e; + e,-
extension of (J,) 5 © (J5)p 4 is #-similar to (J5)y 3 ® (J3)g 4.5 If, how-
ever, I, = {1,4}, I, = {2,3}, then

o _ [0 =% P * |
V"(o ) v (0 0)’

requiring J,V/") = V)], implies that both V", V, are multiples of J,, and
the equations (b), (b') are unsolvable. Hence

0 1 0
0 1 0
Csyy= 0 1], with partial multiplicities 3, 2,
0 1
0

is a representative of the unique class of irreducible direct extensions of a
matrix with partial multiplicities 2, 2.
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(i) Irreducible extensions of (J3), @ (J,)y,, I UL ={1,...,5}. Asin
(i), one only has to consider the (e3) ® (e,)-extension of (J;) ® (J,). The
same type of argument as in (i) leads to the conclusion that out of the ten
possible choices for I, only five lead to irreducible extensions: I, =
{1,2},{1, 3}, {1, 4},{2, 3}, {2, 4}. Thus we have five mutually nonsimilar 6 X 6
matrices with the partial multiplicities 4, 2 which are extensions of a reducible
matrix (J3) @ (J,); they are listed in [9, Example 3.7(ii)]. Since these matrices
are direct extensions of reducible matrices, none of them is #-similar to the
matrices B, , or B, , from Example 3.3(iii), as those are extensions of the
irreducible matrices B,, B,.

Gii) Irreducible extensions of (J3); ® (Mg, 1 <k <3, I, = {1,2,3\
{k}. Take a &€ Im A; one may assume a = (e;) ® ((1)). The relevant equa-
tion for the reducibility of the a-extension is (1) = (Q)v, — V/e,, V' =
(v, vy) such that OV = (0,0) = V"], = (0 v)), i.e., v; = 0. For k = 1,2
one can choose v, # 0, and the given extension is reducible, unless k = 3.
For k = 3 one has V = (0 0), and the e, ® (1)-extension of J, & (0), that

is,

]3,1 0

(= N

is irreducible.

The above examples suggest several special cases where the analysis of the
extension problem is relatively simple. These will be considered in the next
section. We conclude this section with a few remarks concerning the exten-
sions of matrices A = (A)); & --- & (A,);, where k > 3; the proofs of the

first two results can be found in [9].

PROPOSITION 3.8. Let A € %) be given by A =(A)), & (Ay),
@ - @ (A, each I, # &, and let a = (a,);, @ (ay),, ® - ® (ay);, a; €
C*L. In order for the a-extension of A to be irreducible it is necessary that
for each nonempty subset S c{l,....k} the & _;(a)) -extension of
&, . s(A))y be irreducible.

The validity of this proposition is immediately clear, taking b = (0);;
b))y, I VI, = U5 I; in the next lemma.
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LeEMMA 39.  Let A, a, and S be as in Proposition 3.8. If the @, ((a), -
extension and the b-extension of ®,_(A)), are Z-similar, then the a-ex-

tension of A is #-similar to the (&, ¢ (a));) ® (b)-extension of A.

The above proposition is useful in the search for irreducible extensions in
several ways: Evdiently, one must require a; € Im A, for the matrix A and
the vector a as in the proposition; further, only certain orderings of the index
sets are possible to allow irreducible extension: (J,); @ (J,);, could only
occur for iy <iy < iy < iy, where I, = {ij,i,}. Finally, the presence
of certain combinations of components A, sometimes simply contradicts the
existence of an irreducible extension. Having formulated all necessary condi-
tions implicated by Proposition 3.8 the research can then be finalized by
means of Proposition 3.6, using the following lemma:

LemMA 3.10. Let A @, (A)y, k > 2, A, irreducible, and a & Im A.
If the a-extension of A is reducible, then it has a reduction along the
decomposition L u{(U o Ij) U {n + 1)) for some j,.

Proof. Let (AAI)K1 ® o (AA,)KI be a complete reduction of the a-ex-

tension of A. For definiteness, let n + 1 € K;. Then m = #K, > 2. Evi-
dently, A is similar to

Since A,,..., A,_, are irreducible, there must exist 1 <jy,..., ;- <k
such that K, = L, A=A, x= 1,2,....,1 — 1. As I — 1 > 1, this com-
pletes the proof. u

ExaMpLE 3.11.

(i) Extensions of matrices containing ((0)) ® ((0)). If A = @Jil(Aj),)
and A= (0) for at least two different indices, then A has no irreducible
direct extensions: For n > 2 the zero matrix O € % has no irreducible
extensions, as can be verified by a direct calculation (see [9]).

(ii) Extensions of (J,) & (J,) ® ((0)). Because of Example 3.7(i) we
must consider A = (J,); ., ® (Jo)y, ., ® Oy, with i, <i, <i; <i,,and
a=1(ey)y ., ®(ey)y, iy ® (Vy. Let I, = {i, iy, 15,1}, I, = {k}. An ar-
gument as in Example 3.7 shows that one must have k = 5, so I, = {1,4},
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I, =1{2,3}, and
0 1 0
0 1 0
- 0 1
Jaon = 0 NE
0 1
0

with partial multiplicities 3,2,1 is up to similarity the only possible irre-
ducible extension of a matrix (J,) ® (J,) ® ((0)). That J;,, is indeed
irreducible is shown in [9, Example 3.11(Gi)].

(iii) Extensions of (J,) ® (J,) ® (J,). Here, evidently, the only option
is the matrix

Ca,z,z = 0

S =0 OO

with the partial multiplicities 3,2, 2 which is the e; + e; + e -extension of
U2y 6 © (Jo)g 5y ® (J5) 4 That C, 5, is indeed irreducible is shown in
[9, Example 3.11(ii)].

In the next section we shall describe extensions of matrices of the type

(A) & (0).

4. EXTENSIONS OF SPECIAL TYPES

In this section we consider situations where conditions with respect to the
solvability of the equations on Proposition 3.6 are simple. For example, if
A=A, ® A, is a (nongeneralized) direct sum, and a, € Im A,, then the
a; ® ay-extension of A has no reduction along the decomposition (I, U {n
+1H U I,, as V/ =0 if max I, = min I, — 1; V/, on the other hand, is
potentially a “full” matrix, and the intertwining relation VA, = A,V should
be used for analyzing the solvability of the equation a, = Ajv;, — V/a,.
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Another interesting situation occurs where A = (4,) & (0). Choosing
a, = (1), one has to consider the solvability of 1 = 0 — V,a,, V" a row
vector with VA, = 0", and a, = Av; — V/, V/ a column vector with
AV, = 0. This leads to the next proposition, for which a proof can be found

in [9, Proposition 4.1].

PROPOSITION 4.1. Let A =(A)); ® ((0))y,, where 1 <k<n, I, =
{1,....,n\lk}, and A, € #?_|, and let a,b & C"™,

() The (a); ® ((1))y-extension of A is not reducible along the decomposi-
tion (I, U {n + 1}) U{k} if and only if a € span({e,...,e;_}) + Im A,.
(i) The (a);, ® (D)yy-extension of A is not reducible along the decompo-
sition I, U{k, n + 1} if and only if a & Im A, + (Ker 4, N span({e, ...,
LI)))
‘ (liii) The (a);, ® (D)y,- and (b);, ® ())y,-extensions of A are #-similar
if and only if the vectors Va,b are linearly dependent modulo Im A, +
(Ker A, N span({e,,...,e,_,})) for some V € &%, |, commuting with A,.

We shall call the type of extension considered in Proposition 4.1 an
a-(0),-extension of A,.If k = n, then the condition under (i) is automatically
satisfied; we call the extension the a-O-extension of A, in that case. If A, is
irreducible, then Proposition 4.1 contains necessary and sufficient conditions
for the irreducibility of the a-(0),-extensions of A,.

COROLLARY 4.2. Let A, € %_, be a irreducible and a,b € C"™ .

(i) The a-(0)-extension of A, is irreducible if and only if

a € [Im A, + span({e,,..., e, })]\

[Im A, + (Ker A, N span({e,,...,e;_ }))];

the a-(0)-extension and the b-(0)-extension of A, are #-similar if and only if
there exists some V € £, _, which commutes with A, such that Va and b
are linearly dependent modulo Im A, + Ker A; N lin(fe,,...,e;_D.

(ii) The a-O-extension of A, is irreducible if and only if a & Im A, +
Ker A, and it is %-similar to the b-O-extension of A, if and only if there
exists some V € £%,_, which commutes with A, such that Va,b are
linearly dependent modulo Im A, + Ker A,.
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ExamrLE 4.3.
() Let A, =],_;, n>3; then span(fe,,...,e;_;}) CIm A, =
span({e,, ..., e,_,}) for k < n — 1; thus for k < n — 1 an a-(0);-extension is

always reducible. For k = n it is not difficult to see that the e,_,-0-extension
of J,_,, which is the e,_, + e -extension of J,_; ® (0), is irreducible and
that up to #%-similarity it is the only a-(0);-extension of J,_, which is
irreducible; we shall denote it by J, | € %, |, as it has the partial multiplici-
ties n, 1. The matrix J; , is the simplest example (with n — 1 = 2), as n = 2
would lead to extensions of (0) & (0), which has no irreducible extensions.
(ii) Next, consider the possible a-(0);-extensions for J, . Observing that

Im J, , = span({e,,...,e,_5,e,_, +e,}) cC",
Ker]ml = Spa_n({el’e"}) C Cn+ 1,

and using that

Im J, ,+span({e,,...,e; ,} =Im ], ,+(Ker ], ,Nspan({e,,...,e;_,}))

fork<n—1land k =n + 1; hence only k = n and k = n + 2 can lead to
irreducible (0)-extensions; it turns out that the e -(0)-extension of J, | [which
is the e,,; + e, extension of (J, )y . n-1nsinrgy @ (O] is irre-
ducible, and up to #-similarity it is the unique irreducible a-(0),-extension of
J. 15 it has the partial multiplicities n,2, 1. For k = n + 2 the e, ,-0-exten-
sion of J, | is up to #-similarity the unique irreducible a-0-extensions of ], |;
it has the partial multiplicities n + 1,1, 1. For n = 3 the relevant extensions
are

0 1 0 0 O 0O 1 0 0 0
0 0 1 0 0 0 1 0
0 1 0 1 0
J@91 = o 1 1|’ Joi1= 0 L
0 0 0 1
0 0

Evidently, these matrices are nonsimilar.
(iii) In Example 3.11(ii) we have analysed the possible a-(0)-extensions
for the reducible matrix A, = (J;) ® (J,). We have seen that the e; + e,-0-



144 PHILIP THIJSSE

extension of (J5) 4 ® (J3)g g denoted by J; , ; in Example 3.11Gi), is the
only possible option.

It follows from Corollary 4.2 that for irreducible A, there is (up to
#-similarity) just one irreducible a-(0);-extension if the quotient space

T, = [Im A, + span({el,...,ek_l})]/

[Im A, + (Ker A, N span({e,,...,e;_,})]

is one-dimensional (see [9, Proposition 4.4]). If dim T} > 2, then one may
have infinitely many mutually nonsimilar a-(0);-extensions of A;, but also
only finitely many. The situation is completely analogous to that of direct
extensions [cf. Example 3.3(iii)l: The structure of those matrices N € %,
which commute with A, determines the situation.

EXAMPLE 4.4.

() The matrix B, € % which was constructed in Example 3.3(ii) has
(up to #-similarity) two irreducible -(0)-extensions; these are represented by
the e; + e,(0);-extension (which has the partial multiplicities 4,2,1) and
the e5 + e4-0-extension (i.e., the extension with k = 6), which has the partial
multiplicities 5, 1, 1 (cf. [9, Example 4.5()]).

(ii) The matrix B, € %7 which was also constructed in Example 3.3(ii)
has (up to #-similarity) one irreducible -(0);-extension, represented by the
e, + e5-(0)5-extension with the partial multiplicities 4,2,1; but infinitely
many mutually non-#-similar irreducible a-0-extensions, represented by the
e, + ze5 + eg-0-extensions, z € C, which all have the partial multiplicities
4,2,1, and the e; + e4-0-extension, which has the partial multiplicities 3, 3, 1
(see [9, Example 4.5(ii)].

(iii)) The matrix C; , introduced in Example 3.7(i) has irreducible a-(0),-
extensions for k = 4, 5, and 6; these are represented, respectively, by the
e, + e;{(0),-extension, the e, + e-(0);5-extension, both with the partial mul-
tiplicities 3, 3, 1, and the two extensions for k = 6, namely the e, + e4-0-
extension with the partial multiplicities 3, 3, 1, and the e; + e4-0-extension
with the partial multiplicities 4, 2, 1. The complete verification of these results
can be found in [9, Example 4.5]; there it is also stated that the e ,-extension
(with partial multiplicities 3, 3) and the ej-extension (with partial multiplici-
ties 4, 2) are the possible direct extensions of Cj ,.
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It is not difficult to generalize the results concerning the a-0-extensions of
a matrix A, to extensions of the direct sum A, ® J;; the proof of this result
can be found in [9, Proposition 4.6].

PROPOSITION 4.5. Let A € #° be irreducible, a,b € C".

(i) The a ® e-extension of A @ ], is irreducible if and only if a & Im A
+ Ker A*.

(ii) The a ® e;- and b ® e;-extensions of A ® |, are ¥-similar if and
only if Va,b are linearly dependent modulo Im A + Ker A for some
V € &%, commuting with A.

ExaMpLE 4.6. The matrices B, ® J,, B, @ J;,C3, ® J,, where
B, B,,C; , are the matrices occurring in Example 4.5, have the irreducible
extensions

0 1 0 0 O 0 0O 1 0 0 O 0
0 0 1 0O 0 0 0 1 O 0
0 1 O 0 0 1 1 0
0 1 0 0 0 1
0 11’ 0 ol’
0 1 O 0 1 0
0 1 0 1
0 0

0 0 0 1 O 0

0 1 0 O 0

0 0 1 0

0 1 0

0 1}’

0 1 0

0 1

0

respectively.

Describing the irreducible extensions (if any exist) of (A), & (J;),,,
I, Ul,=A{1,...,n + k}, is more complicated. For the case ], necessary and
sufficient conditions, based on Proposition 3.5, are derived in [9]; we present
the result without proof (Proposition 4.8 in [9]) and a few examples.
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PROPOSITION 4.7. Let A € %2 be irreducible and {(k,1} U I, = {1,.
+2} with k < 1. Denote by P, the orthogonal projection on lin({e,, . .., e,,}).
Then the (a); ® (e,)y y-extension of (A); @ (Jy)u y is irreducible if and
only if

a€lIm A + span({e,,...,e;_,}) + Ker P, A
and

a&Im A+ (Ker A N Ker P, A N span({e,,...,e;_,}));

further, the (a); ® (ey)y j-extension and the (b); ® (ey)y ,-extension of
(A), ® (J)y.yy are Z-similar if and only if Va,b are linearly dependent
modulo Tm A + (Ker A? N Ker P, A Nspan(le,,...,e;_,D) for some V €
Z%, which commutes with A.

EXAMPLE 4.8.

() Let A = J;; then Im A = span({e,, ¢;}) = Ker A®. Thus the (e,), ®
(ey)y. y-extension of (J3); @ (J;)y 4 is irreducible if and only if C° = Im A
+span({el,. ,€_s}) + Ker P, J,. Observe that P;J, = P,]J, =0, so Ker
PJ;=C? k =3,4, but KerP,J, C span({e,,e,}) CIm A for k =1,2.
Further, span({el, e,,e,_,}) = C? for | = 5. Thus the described extensions
are irreducible for the following decompositions: {1, 2,5} u{3, 4, {1.2,3)
U{4,5}, {1, 2,4} U{3,5}, {1, 3,4} U{2, 5}, (2,3, 4} U{1,5). The corresponding

mutually nonsimilar matrices were described in Example 3.7(ii).

(i) Let A =];,. Then Im A = span({e), e, + e,}), Ker A =
span({e,, e;}) = Ker P, A, Ker A*> = span({e,, e,,e;}) = Ker P A, k = 2,3,
Ker P, A = C*, k = 4,5. Observe that Im A + Ker P, A = span({e,, e,, e,})
for k <3, Im A + Ker P, A = C* for k = 4,5. Using the same type of
argument as before, one can conclude that the (e;); ® (e,) ;-extension of
(Js.1)1 @ (Jo)y py is irreducible for k = 1,1 < 4and for k = 2,1 = 3, whereas
the (e,), ® (ez)(k y-extension of (J5 ;) & (o), y is irreducible for k = 4,
I =5 and for k arbitrary, [ = 2. For the remaining five combinations {k, I}
such that I Ufk,7} ={1,...,6} the matrix (J;,); ® (Jo)y., has no irre-
ducible extensions. The details can be found in [9, Example 4.9(ii).

Observing that span({e,, ..., e;_,}) = Ker P,_; A, it is natural to guess
the following test for the irreducibility of extensions of (A) @ (J,), where A
is irreducible: The (a); ® (e3); ; ,y-extension of (A); ® (J3)g 1 .y (With k <1
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< m) is irreducible if and only if

a&Im A+ Ker P, A> + Ker P,_, A + lin({e,,.... e, _3}),
a & Im A+ (Ker A’ N Ker P, A> N Ker P,_, A N lin({e,,...,e,_5}).

In [9] the validity of this criterion is tested for the case where A = [; itself,
considering the (e;) ® (ey)-extension of (J;) ® (J;): if the corresponding
decomposition is {1,...,6} = {a, b, ¢} U{k,l,m} (with a <b <¢, k <I<
m), then one can assume ¢ = 1 because of the symmetry. It turns out that
the (e;) ® (ej)-extension can only be irreducible if I > b or ¢ > m; using
k > 2, one derives from the above test that one must have m — 2 < 3 or
KerP,_,]J; € span({e,, e,)}), implying I < 3; as | > 3, m > 4, this means that
I =3o0r m<5; clearly, m <5 means ¢ =6 > m, and [ = 3 means b > 4
> 1. The test thus leads to the same result. Applying the test with k = 1 leads
to the condition m = 6 > ¢ or | > 4 > b, which is the same result with the
two index sets interchanged. The conclusion is that (J;) ® (J;) has an
irreducible extension in five configurations: Fixing @ = 1, one can have
k=2andeitherb=4,c=50r6orb=5,¢c=6, whereas k =2, b =3,
c=6and k =3, b = 2, ¢ = 6 are also possible.

5. CONCLUSIONS

We have outlined a way of constructing irreducible matrices in %, , as
extensions of matrices A € #?. Already for irreducible A there may be
several, even infinitely many, nonsimilar irreducible extensions. If A is
reducible, then the number of possibilities also seems to increase with the
sizes of the irreducible blocks: if --- ((0)) ® ((0)) -+ appears in the reduction
of A, then no irreducible extension is possible, whereas ---(J,) ® (J,) -
can appear only in one way. This implies, e.g., that

A= (]2) & (]2) & D (]2)’

a generalized sum of n copies of J,, has an irreducible extension only if the
associated decomposition is {1,2n} U{2,2n — 1} U --- U{n, n + 1}. How-
ever, both -+ (J,) ® (J;) -+ and ---(J;) ® (J;) -~ can appear in five differ-

ent ways, and -+ (J,) ® (J; ;) --- allows for no less than ten variants.
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We conclude this report with a listing of all irreducible matrices in %, for
n < 6. In the previous sections many of these matrices have been described.

n<3 J,.

n=4 J 51
n =5: (a) Direct extensions of irreducible matrices in %,:
Js (of Jo);
B, By [of J; ; cf. Example 3.3(ii)].
(b) Direct extensions of reducible matrices in #%:
Ju1 [of J3 @ (0); cf. Example 4.3()];
C, , [of (J,) ® (J,); cf. Example 3.7()).

n = 6: (a) Direct extensions of irreducible matrices in %:
] 6 (of J5);
B, | and B, [of By; cf. Example 3.3(ii)];

B, . and 32 2» 3 € C [of By; cf. Example 3.3(iii)};

the e;-extension of J, , (partial multiplicities 5, 1);

the e -extension of J, | (partial multiplicities 4, 2);

the e,-extension and the es-extension of C,, [cf. Example

4.4(ii)].

(b) Direct extensions of reducible matrices in %;:

(i) a-(0)-extensions of matrices in %, :
Js. 1, the e5-0-extension of J;
J«@.2.1) the e3-(0);-extension of [, | [cf. Example 4.3(ii)];
Js 1.1 the e -O-extensions of J; | [cf. Example 4.3(iD)];
J3.2.1 [cf. Example 3.11(ii) and Example 4.3(iii)};

(ii) Direct extensions of (J,) ® (J;): The five matrices de-
scribed in Example 3.7(ii) are the representatives of this
class.

Of course, many examples from #; have been presented above. At the
same time it is clear that a complete analysis of the case n = 7 is much more
complicated than the case n = 6.

In a paper by A. Vera-Lopez and ]. M. Arriga [11] one can find a
complete listing of all conjugacy (i.e., equ1va1ence) classes up to order 5 in the
case of matrices over a field with p* elements, p a prime number.
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