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Abstract

We give the upper bound ~/2(d — D@ +D/2 for the expected number of critical points of a normal random
polynomial with degree at most d and n variables. Using the large deviation principle for the spectral value
of large random matrices we obtain the bound

In3 1
K exp <—n2nT + n—;— In(d — 1))

for the expected number of minima of such a polynomial (here K is a positive constant). This proves that
most normal random polynomials of fixed degree have only saddle points. Finally, we give a closed form
expression for the expected number of maxima (resp. minima) of a random univariate polynomial, in terms
of hypergeometric functions.
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1. Introduction

We consider a random polynomial f over the reals with n > 1 variables and degree d > 2. The
problem is to compute, on the average, the number of its critical points (the number of real roots
of the system Df (x) = 0), and the number of its local minima. Since a generic polynomial has
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only nondegenerate stationary points, this last number is also given by the real roots of the system
Df (x) = 0 such that D? f(x) is positive definite. This reduces our problem to the computation
of the number of real roots of a polynomial system under certain constraints.

Generally speaking, let F = (F1, ..., F,) be a random system of real polynomial equations
with n variables and degree F; <d;.Let N F(U) denote the number of zeros of the system F(x) =0
lying in the subset U C R" and N¥'(R") = N¥'. Little is known on the distribution of the random
variable N©'(U). A classical result in the case of one polynomial of one variable is given by Kac
[10,11], who gives the asymptotic value

2
E(NFy~ ZInd
T

as d tends to infinity when the coefficients of F are Gaussian centered independent random
variables with variances equal to 1. But, when the variance of the ith coefficient is equal to (‘f)
(Weyl’s distribution), we have (see [5,7])

E(NFy=Vd.

In 1992, Shub and Smale extended this result to a real polynomial system F where

— . o o
Fi(xy,....,xp) = § i oXq SR
11+"'+an<di

when the coefficients a; , are Gaussian centered independent random variables with variances
equal to

di\ d;!
a ) ol ondi — |a)!

where o = (a1,...,%,) € N" is a multi-integer and || = o + --- + o, (see [12] on this
distribution and its properties). Their result is

E(NFY=/d,---d,

that is the square root of the Bézout number of the system.

A general formula for the expected value of N F (U) when the random functions F;, 1 <i<n,
are stochastly independent and their law is centered and invariant under the isometries of R” can
be found in Azais—Wschebor [3]. This includes the Shub—Smale formula as a special case.

This result has also been extended by Rojas [15] to multi-homogeneous polynomial systems,
and then partially by Malajovich and Rojas [13] to sparse polynomial systems.

Wschebor in [18] studies the moments of N¥ and Armentano—Wschebor [2] consider random
systems of equations of the type P;(x) + X; (x), 1 <i<n,x € R", where the P;s are non-random
polynomials (the signal) and the X;s are independent Gaussian random variables (the noise).

Notice a major difference between these studies and the case considered here: the n equations
of the system Df(x) = O are not independent!

Through this paper we denote by P = P, , the space of degree at most d, n-variate polynomials
with real coefficients. This space is endowed with the inner product:

d -1
(fop= ) (a) faga

ol <d
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with

foy= )" fxftxi= 3" fux”.

lol<d lal <d

We make P a probability space in considering the probability measure

L irgp o L e IR A (d>]/2dfa,
mdlmp mdlmp al<d o

i.e. arandom polynomial has here Gaussian centered independent random coefficients with vari-
ances equal to (i)

Let S, be the space of n x n real symmetric matrices, endowed with the Frobenius inner product
(R, S) = Trace(R” §) and its induced norm

2 2
IsiF= > sz
1<i,j<n

For a matrix S € §,, we write “S > 0” when S is positive definite and we denote the cone of such
matrices by S, .
The Gaussian Orthogonal Ensemble is the space S, together with the probability measure
~lIS1?/2 —~1IS1%/2
e e
(Zn)n(n+l)/4 ds = on/2pn(n+1)/4 /\ dSij‘
1<i<j<n

Thus, the entries of a matrix in S, are independent Gaussian random variables with mean 0 and
variance 1 for a diagonal entry, and mean O and variance % for a non-diagonal entry.
Our first main result is the following:

Theorem 1. Let Cy4 ,, denote the expected number of critical points of a random polynomial of
degree at most din n variables, and E 4 , the expected number of minima. Let Py, be the probability
that a matrix in the Gaussian Orthogonal Ensemble is positive definite. Then, for every n >2,

Con=1 and Ez,=P,,
and for d >3
Can<V2d —1)"V2 and  E4,<N2d - 1)"D2p,.

When n = 1 one has

2d —1 [ —Dr* 4+2dr2 +2
T

Cij1=2E41 =
1= o @212+
Moreover, when d — o0,

Ca1
14++d-—2
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Let P, be the probability that a matrix in the Gaussian Orthogonal Ensemble GOE (n) is
positive definite:

e lISI?/2
bn= /8 ++ 20 2gn(n+1)/4 /\ dSij-
" I<i<j<n

Via the change of variable § = QAQT with Q € O, and A = diag(4; > --- >4, >0) one has

VolOy, ) e—I121%/2
Pr=—5 f R" [Te: -2 ) @y @

>i<j

where 4 € R? if and only if 4y > --- > 4, > 0 and

2n(n+3)/41"(1/Z)n(n+l)/2
[Tz T = j+1)/2)

VolO,, =

(see [14] for the description of P, as an integral over R” and [8] for the volume of the orthogonal
group). The following values are easy to obtain:

2-V2 » T—22

3T 4r

P = P, =

1
2 9 4 9
P53 was computed by Carlos Beltran.

Using the large deviation principle for the spectral value of large random matrices Dean and
Majumdar give in [6] the asymptotic value of P, for large values of n (see also [9] on that subject)

In 3
P, ~exp <—n2n—> .
4

Thus, there exists a positive constant C such that, for every n > 1,

5In 3

P, <Cexp (—n T) .

This gives our second main theorem:

Theorem 2. There exists a positive constant K such that for every n and d the number of minima
of a random polynomial satisfies

2ln3+n+1
4 2

Egn<Kexp (—n In(d — 1)) .

Remark 1. This is a quite surprising result: it shows that most of random polynomials of reason-
able degree have only saddle points. Thus, in general, the solution of a polynomial programming
problem will be found on the boundary of the feasible set and not in its interior.
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2. The space of n-variate polynomials

The inner product space P, (-, -)p has several interesting properties resumed in the following:

Lemma 1. 1. It admits the reproducing kernel K (z, x) = (1 + (z, x))d:
fx)=(K(, x), fp (1)
forany x € R" and f € P.
2. It has a representation formula for the derivatives: for any integer k > 1 and x, uy, ..., uy €
R" we have
DX ), -y u) = (Ki (o x,uns o u), fp )

with
Ki(z,x,uy,...,ux) =DfK(z,x)(u1, Lo, ug)
=d--(d—k+ Dz, u1) - (z,ux) A+ (z, x4 3)

3. This scalar product is orthogonally invariant:

<f0U1g0U>73=<fvg>'P (4)

for any f, g € P and the orthogonal transformation U € O,,.

Proof. The first two formulas are well known and easily obtained via a direct computation. For
the orthogonal invariance see [4, Section 12.1], or [12]. [J

A second interest of Weyl’s distribution for polynomials is due to the following identity: let
fx) = xT Sx (here Sisa symmetric n X n matrix) be a homogeneous degree 2 polynomial, then
I Il = IIS||. This is the reason why
Proposition 1. C2,, = 1 and E; , = P,.

Proof. Since a generic degree 2 polynomial has only one critical point we have C» ,, = 1. Given
f € P2, we can write it

fx) =0+ Z bixi + Z aiix; + Z dijXiXj-

1<ign 1<i<n 1<i<j<n
One has
1 1
2 2 2 2 2
IfIp=c?+5 D0 bit+ D ai+s Y 4
1<i<n 1<i<n 1<i<j<n
so that
152
Ez»”Zszf(0)>0 21D /A Q)+ D +2) /4 dodbda

da.

f e*(ziaﬁJr%iju?j)/Z

D2 £(0)=0 2n(n—1)/4(2n)n(n+l)/4
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To compute this last integral we let S = %DZ f(0); this gives

e~ lISI?/2
Eyp = /S>0 W—ndeS = P,. O

3. An integral formulation

Let us define
eval] : P x R" - R", eval|(f,x) = Df(x).
The incidence variety for real critical points of a polynomial is defined by
V={(f,x) e PxR" : eval|(f,x) =0}.
The derivative of eval; is given by
Deval (f. x)(f. %) = Df(x) + D*f(x)x

forany f, f € Pandx, x € R". Since this derivative is onto, V is a submanifold and its dimension
is

dimV =dimP = (nl_d)

The tangent space at (f, x) € V is given by
T(x)V = ker Devali (f, x) = {(f', ) eP xR": Df(x)+ D*f(x)x = o} .

The restriction 7 : V — R”" of the projection P x R" — R" is surjective and is also a regular
map because for any (f, x) € V the derivative Do (f, x) : T(s.x)V — R" is surjective. The fiber
of m above x € R”

Ve ={(f,x) € P x R" : eval; (f, x) = 0}

is isomorphic to a dim P — n linear space. V, is equipped with the volume form inherited from
the induced metric.

The restriction 7y : V — P of the projection P x R" — P is a smooth map. A given f € P
is a regular value of m; when either f has no critical point or when, for any x such that (f, x) € V,
Dmy(f, x) : T(y,x)V — P is surjective. This last condition is satisfied when the second derivative
D? f(x) is an isomorphism which is the generic situation:

¥ = {(f,x) cev detDZf(x)=O}

is an algebraic variety in V and dimX’ < dim V. Thus X’ and its image X = (') have
zero measure and we may ignore them. For any (f,x) € V \ 3 and any f € P we have
Dny(f, x)(f,x) = f forx = —D?f(x)~'D f(x) and the fiber above f

Vi= {(f,x) e P xR" : evali(f, x) :0}

consists of a finite number of points.
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Given (f, x) € V \ ¥’ we are in the context of the implicit function theorem that is V is locally
around ( f, x) the graph of the function

GZTL'zOﬂ:l_l,

where nl is the local inverse of 7} such that 77, (f) (f, x). Since the graph of DG (f) is the
tangent space T(r,x)V we get

DG(f)f =-D*f(x)"'Df(x) (5)

for any f € P.
Like in [4, Section 13.2, Theorem 3], we have the following:

Proposition 2. Let U be a measurable subset of V. Let us denote by #( f, U) the number of pairs
(f,x) € U and by Ey the expectation of #(f, U) when f is taken at random:

eI f15/2
Ey = fp #(f, U)(271:)‘1TP/2 dPp. (6)
With these notations, one has
o If1%/2
Ey = /w dxfmu det(DG(f)DG(f)*)~ 1/2dex. (7

Remark 2. In our context two sets are of particular interest: U = V to compute the average
number of critical points of a polynomial Cy4 ,, and U = V. with

V, = {(f, X)eP x R": Df(x) = 0and D*f(x) > 0}
for the average number of local minima Eg ;.
We have now to compute the determinant appearing in Eq. (7). This is done in the following:
Proposition 3. Under the notations above

-2
det(DG(/)DG(N)") = d"(+ 2" (1 4 d P |det D2 p o[ . @)
Proof. Letus denote D f(x) = D, f. Since DG(f)f = —D?f(x)~' D, f and since D2 f (x) is
symmetric, we get
DG(/)DG(f)* = D*f(x)"' D DD* f(x)~!
so that

-2
det(DG(f)DG(f)*) = det(Dy Dy) f(x)‘ . )]

To compute det(D, D}) we use the representation formula for the derivat_ive (Eq. (2)) with k = 1.
Let us denote by ¢;, 1 <i <n, the canonical basis in R". Then, for any f € P,

Dxf = Zei <K1(~, X, ei), f>7>
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so that, with x € R", & = ), X;e;,

(D:x»f.>7>=(anxf.>=< Zel(Kl( X, e), f > sz Ki(, x,e), f)

i

Thus, we get
Dix =" %iKi(.x, e)
i
and consequently

DDt =Y e <K1(., x.e), Yy xiKi(,x, e,-)>
i J

P

= Zel Zx] zoej) (1 + (z, x)*!

=3 e x {d(d — Dxix; (1 + [|x]|?)4 2 if i # J,
T A = DxFA DT+ A+ X |H =,

which correspond to the matrix
d(d — DA+ XD 2xxT +d(1 + x4,

Its eigenvectors are x and any nonzero vector in the orthogonal subspace x*. The corresponding
eigenvalues are

dd — DA+ [x[H2 xlP +dd + [x D =d@ + [x D2 A +d (2]
with multiplicity 1, and

d(1+ x|H*!
with multiplicity n — 1 so that

det D, D} =d"(1+ ||x[I>)"“~ D711 + d ||x|*).
Our proposition combines this value and Eq. (9). O

If we combine Propositions 2 and 3 we obtain the following integral formulation:

Proposition 4. Let U be a measurable subset of V. One has

b= [ i et D27 o) AR
= X B .
U7 ) w T ) v a2 x[H0ED-D2(1 1 d [x|P)1/2 Qmydim P2 T

An action of the orthogonal group @, on P x R" is defined by
(0, f,x) €0, xPxR" > (fo0,0Tx) e P xR
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This action leaves the incidence variety V invariant and also the scalar product (., .)p (Lemma 1).
For this reason, when the measurable set U is itself invariant, the integral on V, N U in Proposition
4 only depends on r = ||x||. Thus, taking spherical coordinates in R”, we get:

Proposition 5. Let U be a measurable subset of 'V invariant under the action of O, (for any
(0, f,x) € O, x U we have (f o Q, 07T x) € U). Under this condition

2
o oo rn—l dr / ) e_“f”p/z
Ey = det D f(re1)| ——=——7= dV,e,,

U= gni2 /0 R@=Dn=1(g;2 4 1)1/2 VrelﬂU| I 1)|(2n)d1m Ve, /25 T€1

n—1
where o, = \(/(2)115)"/2 = 2n/21"2(n/2)’ R=~r2+1landrel =(r0,...,0).

Remark 3. The measurable sets consideredhere: U = VandU = V, = {( f.x)eV : D*f(x)
> 0}, are clearly invariant under the action of O,,.

4. The inner integral

Our objective is now to compute the integral over V,.., N U appearing in Proposition 5.

Let D? : Vre, = Sy denote the operator f +— D? f(rer). We would like to compute its
pseudo-inverse ¥ : S, — (ker D?)1. This means that ¥ is the minimum norm right inverse of
DX (D?o V¥ = idg, ).

This will allow us to “integrate out” ker D?:

ot D e If1%/2 W
VMI AU I € f| (Zn)dim Vrel/2 rej
—I¥S)1%/2
- / \det S| |det W |"/* — ds. (11)
D2(Vye, NU) (2m)dim Sn/2

To compute ¥ (S) and |det lI‘*‘I’| we need the following lemma:

Lemma 2. Let us denote

e ¢;, 1 <i<n, the canonical basis in R",
ae,' = K] (Z’ rei, ei)’

L4 66,-61- = KZ(Zs reiy,e;, ej)’
e R=+1+1r2.

Then,

L. (Oey 0oy )pp = d(1 +dr?)R* 4,

2. If i # 1, then (0c;, 0¢; )y = dR* 2.

3.10f i # j, then (0¢;, de;)pp = 0.

4. (0ey+ eyer )p = d(d — 1)(dr* +2)rR*=5,

5.0f Gy jo k) # (1, 1, 1), then (0, Oeyey)p = 0-

6. (Ocrers Oerer)p = d(d — 1) (d(d — 1)r* +4(d — Dr? +2) R,
7. If k # 1, then (Oe,e- Oerey)p = d(d — 1((d — Dr? + HR¥C.
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8. If i # land k # 1, then (O¢;ep» Ocier)p = (1 4 0ix) d(d — ))R*~* (3 is the Kronecker
symbol).
9. If {i, k} # {j, 1}, then (Oe;ey . ée,e,)P =0.

Proof. It is a consequence of the representation formulas given in Lemma 1:

0
~
0z

e (0c, 5e]>7> = (Ki(.,rer,e1), Ki(.,re;,e)))p = Ki(z,rei,e1) |z=re;, = a—ilel(l +
rz)? omre, =d(1+rH42 (1 + dr?),

and similarly

° (ae,-a ae,-)fp = %Kl(z, rep, e;) |z:rel = ('}iz,dzl(l + rzl)d_l |z:re| =d(l+ r2)d—l’

o (0, aej)’P = Q%Kl(z’ ret,e;) |z=re, = %dzj(l +rz)d! |c=re;, = O wheni # j,

o (0. s )p = s=KaGrerer ) |impey = 3-d(d = D1+ 120 2 [y = d(d —
Dr@2+dr?) (1 +r3)?3,

o (0e;. Oerey)pp = a-d(d = Dzize(1 + rz1)? 72 |.=re, =0 when (i, j, k) # (1,1, 1),

2

¢ (Oaer Gerer)p = 7A@ =D (172D 2 [imrey =d(d=DA+r) 2 +4E = Dr? +

d(d — Dr?),

2
o (ererr Qere)p = 5rd(d=Dz1ze(14720) 72 [emre, = d(d= DA+ (14 @~ Dr?),

021
2
o (Qeiers Qerer)p = 55-d(d = Dzize(L 472007 |pey = (L4 )d(d = D(L +r?)* 2,
5 . .
o (Oeier- Oejer)p = 5e——d(d — Dzja(l+r2)? 2 [cmpey =0 when {i, k} # {j.1}. O

Let us now evaluate . Recall that
Viee={f €P : Df(re;) =0}
or, in other words, f € V., if and only if
(f:0e)p =0, 1<i<n.

Thus, by Lemmas 2 and 3, d,;, 1<i<n, constitute an orthogonal basis of Vrﬁl. We also have

ker D> = Span {5e,-ej, 1<i<j<n}L N Vieys
hence
(ker D*)* = Span { Pé,,e;, 1<i<j<n},

where P stands for the orthogonal projection onto V;..,. We have seen that for (7, j, k) # (1, 1, 1),
dejej L Oey (Lemmas 2-5). Hence,

(06181 ’ ael >73

Pa@lel = a6181 - 561
1der (1%
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and for (i, j) # (1, 1),
Peie; = Oeje;-
Let us now show that

Pl
Y(S) = S
®= 2, S 1Péee,

1%,
1<i<j<n P

Since this expression is clear in (ker D?) it suffices to prove that D> o W(S) = S forany S € S,,,
ie.

D*YW(S)(re1)(ex. e) = Sk
or, using Lemma 1, that
POeje;
<aekels Z Sl/ —(‘812> = Skl'
i<i<i<n Pl

This last equality holds because Pae,,ej, 1<i < j<n,is an orthogonal basis of (ker DZ)L.
It is important to have in mind that ¥ is not an isometry, we have

¥SIp= Y.

I<is<jsn

2
Sij
1POcie; 1%

We introduce now the functions

d(d — )rt +2dr? +2
Ald. = \/ (dr? + DR

_ 2
b= |40

where again R = /1 + r2.

and

Lemma 3. Let i < j. Then,

Ad,r)? ifi=1and j=1
|POcie, IIp =d(d— DR**x{ BWd.r)? ifi=1and j#1
(148 ifi#1and j#1

with 0;; = 1 when i = j and 0 otherwise.

Let us now compute det V. For any f = ), <i<j<n JijPOese; € (ker D?)* and for any
S € S, we have

(W), S)= (L ¥Sp = D fiSi.

I<i<js<n
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Therefore, we have always for any 7 € S,:

1<i<j<n “Paeiej ||7>

We write the matrix of the operator W*W with respect to the orthonormal basis of S given by

T T . .1 T TY.
€1€], ..., En€y and then, fori < j, Wil (elej +eje; )
_ | _
1POeyey I?
1
1POeyen I X
2]/ POeye, 17
.
L 2P0, yen >

Using Lemma 3 we obtain:

Lemma 4.
gy 1/2 _ - Be=D 2d—a\ " -1 —(n—1)
(det P*P) /2 = 2= (d(d “ DR ) A, )" B, 1) .
At this point
Proposition 6. Under the conditions above,
00 * % n—1
Ey — oy f (det‘I’ “P) r"=tdr f |dCItS| e_”\II(S)”%)/z ds, .
dn/z 0 (drz + 1)1/2R(d71)nfl DZ(UOV,el) (zn)dlmS,,/Z
In particular,

1
% (det W*W)? r"~ldr det S
Copm / ( ) / et ST —rvesitr2 g,

= qn/? 0 (dr? + 1)1/2R(d—1)n—1 S, (2n)dim5,,/2
and
< (detWrW)? il d
£, - n (det )’ r det S e I¥OI%/2 48
n=gn2 | o (@r? + 1)I/2ZR@=Dn—1 5+ (2m)dimS,/2 "

where S, denotes the set of positive definite matrices. Whenn = 1,

Cig1=2E;) =

2Jd =1 /00 Vd(d — Dr* +2dr2 42 q
-
T 0 (dr2+1)(r2+1)
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Proof. The three first formulas are obtained by combining Proposition 5, Eq. (11) and Lemma 4.
For the case n = 1 we obtain

2 o dr /OO s —%
E;j1= e 2dd—DRM=44Z qg¢
CodJd—=1V2n ) o AW@r2 4+ DI2RMA | /2n
«/ /00 \/d(d— Dr# + 2dr? +2d
r
@drr+0D@2+1
The identity C4,1 = 2E4,1 is easy. [

5. Some integral lemmas

The term e~ I'Y1%/2 i the inner integrals of Proposition 6 can be simplified through additional
changes of coordinates. We reparametrize the spaces S, and S, through a stretching S + T =
ATTSATL

The stretching coefficients are A; = (2d(d — 1)R2d*4)1/4 for i>2, Ay = B(d,r)A, and
A = Diag(Ay, Aa, ..., Ay). We obtain

IESI3 = - S5 P> L g2
P dd—-1)R¥4 | A2 ' &~ B2 T+ oy
j=2 <i<j<n
and
1 $2 &Sy |
ATSAT )P = ——— | L A —— 5},
I || d(d 1)R2d—4 2B4 Z B2 Z 1+511 3
j=2 I<i<j<n
so that

1 1 52
PS5 = [[A~ISA! — U
[I'F( )”73 I ” + <A2 234) d(d — 1)R2d—4

Let us define 7 = A~ SA™!. We get

2B*
I¥S)I% = IT1* + (F - 1) T

so that, via this change of variable,

det
/ _1detS] ez gg

DX(UNVye,) Nl
n n+3 1( 2 (28(dr)4 ) 2)
det T IT (24 =225 —1 ) T,
(18] )
i=1

dlmS
AT D2V, AT 27

If U C V, we define the auxiliary quantity

|det T'| (uru +<23<‘“2 1)Tﬁ>
Cy(d,r,n) :/ . @n drT.
AT D2(WUNV,e AT ‘/Qnd‘m‘g
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There are two cases of interest corresponding to U = V for the average of critical points and
U = V. for the average number of local minima. The corresponding functions are denoted as

Cy(d,r,n)and Cy, (d, r, n). Using Proposition 6 we get (the proof is easy and left to the reader)

Proposition 7.

2V2d - 1)"? [°° @Dy
v v(d,r,n)dr.
Hn/2) 0 R2J/d(d — Dr* +2dr? +2 R*™!
Moreover
4
det 7| (i (2t ) )
and
det T —1(|\T|\2+(M—1)T2)
CV+ (dv r, l’l) = ¢ 2 A(d,r)2 11 dT.

St oS ‘
6. Proof of Theorem 1

To prove our main theorem we use both Proposition 7 and the case d = 2 already investigated
in Proposition 1. We have

2V2 [ Cy (2,1, n) d
,

1=C =
T Tw) ) T2

and

|detT| _1 HT||2+27'2T2
Cv(2,r,n):/8 (27-5)"(—"+1)/4€ 2 ( ) dT.

2B(d.r)*

Lemma 5. The quantity A(d,r) = Adr)?

law:

— 1 satisfies, for all r > 0 and d >2, the scaling

AQ, rVd—1)<AWM, <A (2, ?r\/ﬁ) '

Proof. We write
d—-2 d—Dr*

Ad,r)=2(d—Dr* + .
d (d—1r*+2r2 42

The lower bound is now obvious. The upper bound is obtained as follows:
d—2 d—1yrt
d (d—1r*+2r2 432

Ad,r) =2d - Dr* +

d—2
<2d - D2+ —=(d - 1r?
( e+ 2d( )r
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5 2
< JAQr Vd—1)
It follows from Lemma 5 that

Cv.rn = [ L AT AT
Sn

\/—dlm Sn
et T _LrA@rva=DTR)

——e
s, mdlmsn
=Cy(Q2,rvd—1,n)
and similarly Cy(d, r,n) <Cy4+(2,r+/d — 1, n). Now we have:
2v/2(d — 1)"/? [00 (d—Dr2 +1)* !
[(n/2) 0 R2/d(d — r* +2dr2 +2 R"!
_ 1\n/2 00 _ 2 2 n—1
< 2v2(d — 1) / @-bri+h 4 Cyv(2,rv/d —1,n)dr.
[(n/2) 0 R2/d(d — Dr* +2dr2 +2 R"!
We set s = ra/d — 1 and S = v/d — 1 + s2 to obtain
23/2(d — 1)"/? (d — D(s%+ 1)? sl ds
d,n < / n—1 CV(27 S,n) T
I'(n/2) 0 SZ\/ 542052 + ) S Jd -1

Cd,n -

Cy(,r,n)dr

2V2 [ sl Cy(2,s,n)
= AdS
C@n/2) ) o (14sH)0=D2 /3

with

@=DE>+D>  (A+sHD2 2

=(d—1)"? :
@=n gn—1 d—1

$2 2Lpst + 2752 +2
Since
2 2, 2
1 1
Sty and "+ D <1
SZ\/d;ils4 —+ 2ddT152 +2

)

we obtain A <+/2(d — 1)"*tD/2 g0 that
Can<V2(d — 1)"I2C,, = V2(d — 1)),

The same argument holds for £, , and we are done.
7. The Riemann surface

We rewrite the case n = 1 (Proposition 6) for convenience as

d—1)Vd
2n /R

Eq1 = g(z)dz (12)
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with

) P
\/Z + 7577+ 7
(1 +z2)(1 + dz?)

gx) =

At this point we encounter a classical situation: we want to compute a line integral of a function
g(2), which is a two-branched meromorphic function of C. In order to apply the residue theorem,
we need first to replace g by a regular meromorphic function, defined in the relevant Riemann
surface R. The branching points of the Riemann surface are the roots of the polynomial inside the
square root. If we set

with the branch of the external square root in such a way that { belongs to the positive quadrant,
we can now factorize

2
Z4 + 22

T +d(d—1) =c@-0E@-0E@+DE+0.

It follows that the Riemann surface R is a twofold cover of C with branch points L, —Z , —¢, z

Let y be the arc of circle (centered in the origin) joining —{ to { crossing the positive imaginary
axis. Notice that it crosses the segment [i /v/d,i]. Let D denote the upper half plane with y
removed.

Then, the positive branch of \/ 4+ d%lzz + ﬁ on R extends to a unique branch on D.

The square root is real and positive on [0, i|{|] and real and negative on [i|{], i 00).
The residue theorem is now:

/R g(z)dz — 2/ g(2) dzZniRes[Z:i/ﬁ]g(z) + 2niRes[;=i18(2)-
y

i and —i/d—=2

2d—1)7d Ty Therefore,

Residues are respectively

g(z)dz. (13)

1 Jd=2 (d—-Dd
Eqgp=5+— +( n) /

(we mean the integral of the branch that is positive on i|{]).
Now, in order to integrate g(z), we introduce a linear fractional transformation mapping the
real line onto the circle containing y (Fig. 1). Namely,

with A = |{|, B=i|{|,C =i, D = 1. For the record, AD — BC = 2|{|.
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z-plane w-plane

Fig. 1. The linear fractional map w +— z = ¥(w).

Lets = % Define also 51 = i;i:, §) = sl_l, 53 = i;:z:g and s4 = 53_1. ‘We have the
following mapping table for V:
w Y(w) w Y(w)
-1 -l i8] i
0 il isy —i
1 I is3 i/Nd
—s71 —{ is4 —i/Nd
—s -

¢

Changing coordinates,

2 2 2 _ o2
/ ¢@rds = 2e@Re [ Y Il Gtk N
y [0,5] [Tie (w —isp)
with
(AD — BC) /A% + 2-A2C2 4 2 C*
C(d) _ \/ d—1 dd-1) c O(d_3/2)

(A2 + C2)(dA? + C?)

(more precisely: lim d3/2C(d) = —27/4—‘\%2__‘1/5 ~ —6.2151).
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Table 1
Residues and arguments
Pole Residue Ry Argument ny
. (s1 —sz)(sl — s’z) 52
) 1 -
(s1 = 52)(s1 — 53) (51 — 54) s
. (s2 = sM)(s2 =572 52
isy i -
(52 = s1)(s2 — 53) (52 — 54) 3
. (s3 = sH)(s3 —57%) s?
153 i -
(3 = s1)(s3 — 52) (53 — 54) 53
. (54 — SZ)(S4 — s’z) 52
154 i -
(54 — 51)(s4 — 52) (54 — 53) s;

At this point, good practice seems to be:

1. Multiply numerator and denominator by the conjugate of the denominator, in order to obtain
a real polynomial in the denominator.

Multiply numerator and denominator by the square root.

Expand in partial fractions.

Put into Legendre normal form.

Write down the integral in terms of elliptic functions K and IT.

DA e

We expand the integrand in partial fractions:

/ ()4 2c(d)/ : T ) PRI P
SO 0.51 v (w? — s2) (w2 — s72) w — isg

k=1
4 .
1 Re (R
:2c(d)/ T L CLACR LU
0,51 v/ (w2 — s2)(w? —572) P 1+ w?s;

1 s R
=2c(d)/ 1+ —*— ) dw
(0.51 v/ (w? — s2)(w? — s72) ( Z 1+ w2s_2

(the last step uses the fact that all residues Ry are pure imaginary). Residues are given in Table
1. We use formula [1, 17.4.45] to compute the parameter m = s*. Then we set sin o = s> above,
and also w = s sin 0 to obtain the Legendre normal form:

Ricsii ) ao.

/2 1
g(z)dz = ZC(d)s/ 1+
/V 0 /1 —sin? «sin? 6 Zl—nksmﬁ

This is a combination of one complete elliptic integral of the first kind and four complete elliptic
integrals of the third kind. The arguments ny = —s°s © 2 of the integrals of the third kind are given
in Table 1.
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Therefore,

7 k=1

4
/ g(z) dz = 2¢(d) (K(m) + Y ResgiTl(ng: m)

107

where K and I1 denote the complete elliptic integrals of the first and third kinds, respectively.
ASYMPTOTICS: s — ~/2 — 1,50 m — 0.029437251, o — 0.172425997 rad ~ 9°52'45.42".

Also, 51,50 — 1l and s3 = s471 = (1-— \/5)/(1 —i—ﬁ).

EXPERIMENTAL DATA: The hypergeometric functions were evaluated using Romberg itera-
tion. Coefficients and residues were obtained symbolically and then numerically. Digits are not

guaranteed to be all significative.

3 —0.280134
4 —0.319279
5 —0.337448
6 —0.348064
7 —0.355053
8 —0.360010
9 —0.363712
10 —0.366583
102 —0.387335
103 —0.389199
10* —0.389384
10° —0.389402
10° —0.389404
107 —0.389405
108 —0.389405
10° —0.389405

Remark 4. Rybowicz [16] provided the following alternative formula for Cy | = 2E 1:

4d(u — 2)

= i v
u+1 (u—1)72
+ﬁ(u—1)nn(_ 4u ’”)
QC—-—d)u+d) ( (d —u)? >
II{ — v,
Ju(d —u)m 4du
where
2d 2—u
U=, —— and v = .
d—1 2

His formula agrees with ours up to six decimal places.
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