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0. Introduction

In this paper, we consider a particular matrix extremal interpolation problem. More precisely, we
try to find amongst the solutions w(z) of the corresponding interpolation problem the solution which
satisfies the additional extremal condition

W @QW(@) < phie 12 <1, (0.1)

where pnin is @ positive Hermitian m x m matrix. What concerns the statement of the problem we
follow the book [18, Chapter 7]. Degenerate interpolation problems play an important role in the
theory of extremal interpolation problems. In the monograph [18, Chapter 5] of the third author the
solution of a degenerate interpolation problem was constructed. In some special cases the solution
could be expressed in a more simple form (see [12]). Using this more simple form it is proved that the
corresponding solution is optimal in some sense (see [12]).
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In this paper, it will be shown that the formula for the solution of a degenerate interpolation problem
which was obtained in [18, Chapter 5] can be transformed into an essentially more simple and more
efficient formula. In the case of the interpolation problems named after Nevanlinna-Pick and Schur,
respectively, our formula coincides with the formulas obtained in the paper [12].

Using the obtained formula we formulate and solve the extremal interpolation problems for a
considerably broader class than studied in the paper [12]. We mention that the results of the paper
[12] had a conditional character since the conditions for the existence of the matrix p;, were not
known at this time. In the meantime these existence conditions were found for all problems studied
in this paper (see [10]).

The scalar versions of the considered extremal problems have a long history and were studied by
several authors (see, e.g., [21,1,7,2,3,4]). Nevertheless some of our results will be even new for the
scalar case. (This concerns particularly our investigations on the situation which we call the Jordan
block case.)

At the end of this paper we accomplish a short comparison of our approach to interpolation prob-
lems with former known approaches (see [21,1,7,2,3,4]).

1. On an interpolation problem associated with an operator identity

It was shown in the monograph [18, Chapters 1 and 2] that an operator identity generates in a
natural way a corresponding interpolation problem. In this paper, we will concentrate on operator
identities which produce interpolation problems for bounded holomorphic matrix functions.

Let m and n be positive integers. We consider complex n x n matrices A and S and complex n x m
matrices ¥; and ¥, which are connected by the operator identity

S — ASA* = IIjIT*, (1.1)
where
. —I 0
= ¥, = (0 D). (12)

Then the following interpolation problem is associated with the operator identity (1.1): Determine
all pairs [t (¢), «] consisting of a monotonically increasing m x m matrix-valued function z(¢) and a
Hermitian m x m matrix « such that the integral representations:

S= % "Iy — €A1 (W) — Po)de(@)]- (P — Wyl — e oA (13)

and

Yi+ ¥ = [ (n—e“A (=P + Prde(p)

+[-¥1+ ¥l [ia - % dr(go)] (1.4)

-7

are satisfied.

With each pair [z (¢), «] satisfying (1.3) and (1.4) we associate the function
elv —¢
el +¢

The pairs [z (¢), o] satisfying (1.3) and (1.4) are closely related to some matrix inequality associated
with the operator identity (1.1). This will be explained now. Let

fo- (.5 B

B@) = n+ A1 (W5 — P1w(0)) (1.7)

. 1 (7
F(¢):= —ia + E/ dz(p), |¢] < 1. (1.5)



764 B. Fritzsche et al. / Linear Algebra and its Applications 430 (2009) 762-781

and
~ Im —W*(©)W(2)
Cy=——"72"",
1-¢¢
Thenit has been proved in[9, Section 6.2] that a holomorphic m x m matrix-valued function w(¢), |[¢| <
1, satisfies the matrix inequality
Ley=0, |g1<1 (1.9)

if and only if there exists a pair [t (¢), «] satisfying (1.3) and (1.4) such that the function F(¢) defined in
(1.5) fulfills

w() = FQ) +Im)F@) —Im~1, ¢l < 1. (1.10)

We note that inequality (1.9) is an abstract form of Potapov’s fundamental matrix inequality [16].

Now we are going to express the holomorphic m x m matrix functions w(¢) satisfying (1.9) in
terms of a particular operatorial calculus which was developed in [9, Chapter 11, 19]. Outgoing from
the function F(¢) given by (1.5) we set

G@)=[F=DI Il <1, (111)

From (1.5) and (1.11) we conclude

(1.8)

1+elor

m dz (). (112)

G(;‘):ia-l—%/jz

We define now for each complex n x n matrix A without spectrum on the unit circle an operator
G(A) mapping the set of complex n x m matrices ¥ into itself by the formula

CAY:=iVPa + % (n + €AY (I — eA) 1P dr(g). (1.13)
Let A be a complex n x n matrix without spectrum on the unit circle which satisfies
I — AA* > 0. (1.14)

Then from [9, Proposition 11.2.3] it follows that the operator I + G(A) is invertible. Thus, the operator
(I + G@A)~1(GA) - I) is well defined. This operator turns out to be closely related to the m x m matrix
function w(¢) defined by

W) :i=Um + G NG —Im), 1¢] < 1. (1.15)
Namely, if
W)=Y kb, 1zl <1, (1.16)
k=0

denotes the Taylor series of w(¢) and ¥ is a complex n x m matrix, then

I +GA)) ' (GA) -~ D = AW (1.17)
k=0
In view of (1.14)-(1.16) we define
WA :=d +GA)Y LGA) - D). (1.18)
If the function w(¢) is defined by (1.10) then from (1.11) and (1.15) we conclude
W) = w01 ¢l <1 (1.19)

From [18, Section 6.2], we obtain now the following result.

Proposition 1.1. Let the relations (1.1) and (1.2) be fulfilled and let A be a complex n x n matrix without
spectrum on the unit circle which satisfies (1.14). Let w(¢) be a holomorphic m x m matrix function in the
unit disc |¢| < 1 and let the matrix L(¢), |¢| < 1, be defined by formulas (1.6)—<1.9). Then
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Loy =0 g1<1,
if and only if

Y =w@A) Y, (1.20)
where

W) = [wE=Or, gl <1

Some interrelations of formula (1.20) with well-known results due to Sarason [20] are described in
the book [18, Section 11.3] and in the paper [19].

2. On the degenerate case of an interpolation problem associated with an operator identity: the
form of the solution

In this section, we will study the interpolation problem associated with the operator identity (1.1)
in the degenerate situation. This will be explained now in more detail.

Let the positive integers m and n satisfy the inequality n > m and let N:=n — m. We suppose that
the matrix S is nonnegative Hermitian and satisfies

rankS = N. (2.1)

We partition S into blocks via

S_ Su S N
S21 S ym

(2.2)
—_ =~
N m
and suppose that the matrix Sq; is positive Hermitian, i.e.
S11 > 0. (2.3)
Moreover, we suppose that the matrix A has the lower block triangular form
A (A11 0 ) IN
“\A A m
21 22 } (2.4)
—_ =~
N m
From condition (2.3) and (2.4) it follows that
s (‘X> —0, (2.5)
Im
where the N x m matrix X is defined by
X:=S;'S1,. (2.6)
We introduce the m x m matrices
My :=[=X*, I} (In + ¢0A) ™' ¥ (2.7)
and
My :=[=X*,Im)(n + c0A) "1 ¥a, (2.8)

where ¢ is a fixed complex number satisfying || = 1 and det(I, + {oA) # 0. Following the book [18,
p. 84] we introduce the matrix

A(g):=lom + (G0 — OI €Iy + A 7S5y + o), (2.9)
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where
=1, ¥, (2.10)
=[N, Onsm] Phe K € (1,2} (2.11)
and
A=Ap. (2.12)

We note that the matrices ‘Pk,k € {1,2}, have the size N x m. In the sequel we will use the block
partition
i aig) b)) m
i) - (t}(c) b .
¢ m
&) d@) } (2.13)
—— ——
m m
As it was shown in[18, Section 5.3] the degenerate interpolation problem associated with the operator
identity (1.1) has a unique solution F(¢) which is given by the formula

F(&) = 1a@)M; + b@)M31[€@)M; + bo)M31 7" (2.14)
Remark 2.1. The degenerate interpolation problem under consideration is defined by the relations

(2.1)-(2.4). The connection between the function f(g) and the interpolation problem will be explained
later (see Sections 3-5).

Our aim is to reduce formula (2.14) to a simpler form. This is the content of the following result
which is crucial for our further considerations.

Lemma 2.2. The solution F(;) can be written as

= o (—QCIN + A TX 4+ AL Clm + A3 )‘H)
Foy=Y 21 22
© =" ( (lm + A%y) 71

y [.l,, (—(;IN +ADTX + A3, ¢ +A§2)*1]>]
2 (lm + A%y) 71

-1

Before proving Lemma 2.2 we present its main application.
Hereby we consider the case that n = km with some k € {2,3,...}. Let the m x m matrices Yi, Y>,
..., Yy_1 be defined by the block partition

—X=col(Yy,..., Y 1). (2.15)
(Hereby, the symbol col(Yy,..., Y;_1) stands for the block column withs blocks Y1, .. ., Y;_;.) Moreover,
let

Yi:=In (2.16)
and

Y::CO](YL...,Y](). (2.]7)
Then the combination of (2.5), (2.15)-(2.17) yields
Sy=o. (2.18)
In view of (2.4) and (2.9) we have
o1 _ (CINEAYTT (el + A TTAS @l + Agy) !
Ch+AH = ( 0 hy +A§2)*1 . (2.19)

Taking into account formulas (2.15)-(2.19) the application of Lemma 2.2 leads us to our main result.
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Theorem 2.3. Let n = km with some k € {2,3,...} and let Y be defined by (2.15)-(2.17). Then the solution
F(¢) has the form

Fo) =[Pl +AY Y W5 ¢l +AH YL (2.20)

Proof of Lemma 2.2. Successively applying (2.13), (2.9), (2.7) and (2.8) we obtain

a@) b (M:)
) dwe)) \M3

= {bam + co — OIT @l + A1y + o)~ 115

qﬁ; Ay —1 -X
X <Y’§) (In + 20A™) (Im ) . (2.21)
In view of (2.10), (2.11), and (1.2) we get
IT = (N, Onem) (1, W) = (I, Onscn) 11 (222)

The combination of (2.21), (2.22) and (1.2) yields

a@) b (M;) I 0 4 o1 (—X)
~ ~ x| = (I + A )
(c(;) d(t)) M; nto Im

* I Awy—1c— A —
+ @ -0l (0 N )(;IN +AHTIS Iy + A !
mxN

e — 1 (=X
X (IN, On ) T IT* (I + ToA™) 1(1,11)' (2.23)

Now we consider some part of the second term at the right-hand side of (2.23). Using (1.1) we obtain
ST —Ax\—1 -X * —Ax\—1 -X
T Iy + £oA®) = (§ — ASA")(In + £pA")
Im ]m
TTAX Ak —1 X
= (5= coASIGoA" + 1)~ 1) + A (1Y),
According to (2.5) the relations
H.* — s —1 X — A —1 —Axy—1 -X
T (In + 0A" ™ () = 15Un +€0A") ™" — 20AS + 50ASUn + 2AD 1 { |
Ak —1 -X
= (In + 20A)SUn + LpA") <Im ) (2.24)

are true. Taking into account successively (2.4), (2.2), (2.12), and (2.6) we get
SN + 20A) " N, Onsm) U + £0A)S = ST (S11,S12) = (I, X). (2.25)
Because of (2.24) and (2.25) we infer

(6o — OIT* (0 N )(;IN + A0S U+ o)

I

mxN
(X

(O T + 204 ()

* 1 Ak — AR\ — -X
= (o -0 ( N )(;1n+A) LI, X) - (In + ZoA*) ‘( ) (2.26)
0m><N Im

The combination of (2.23), (2.26) and (1.2) provides
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a@) b (M;) (WT)R e (_X>

¢ d )=\ +%0A ,

(c({) d(;)) M3 %5 () Un + ZoA*) P
where

R@)= (’g ,0> + (0 —0) (0 In ) @Iy + A9 I, X).
m mxN

Our next aim is to compute the matrix
¢
R(@)(In + 5oA") ™! (, ) :
m

In view of (2.24) we have

C(IN+ Q- OCIN+AYTT o - Oy +AHTIX
R(¢) = 0 " :

Taking into account (2.4), (2.12) and (2.29) we infer

a1 Iy + oA ™! —20(IN + 20A") "1A3, (Im + oA} )_1>
In + 20A = 21 22 .
( n <o ) ( 0 (Im + {0/-\32)_1

Using (2.29) and (2.30) we obtain

R I TnA* -1 _ a1 () qll({) >'
(&)(Un + §A™) ( 0 (Im + {0A§2)71

where
@) = [Iv+ o = Iy + A9 Uy + 5A" !

= oIy +AM¢IN +AH Iy + ZoA") !
= oIy +AH!

and
012(0) = [~y + G0 — &Iy + A) ooy + GoA") A3,
+ (co = Oy +A97IX] (i + oAz !
= {~CIv+ AN + A + o = O]
x Tolly + ZA") A3 + o — Oy +AY X (m + ZoAy) "
Let us simplify the expression for qq3(¢) in the following form:
q12(0) = [~ &I + A oIy + QoA Zo I + A" A3,
+ @0 = OCIN+A) X (n + Zoz) !
= -+ A7 + Go — OCIN + AYTIX] I + SoA3y) !
= @Iy + A=A + (o — OX1(m + SoA3)
Thus, we deduced the following formulas:

an @) = oIy +AH !
and

q12(0) = Iy + A =A%, + o — OX1m + ToA3) ™"

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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In view of (2.31) we have

— =1 (XY _ (—q11(OX +q12(0)

Using (2.32) and (2.33) we infer
—q11 ()X +q12(2)
= —40(¢h +A)TIX + €Iy + AT =AY + (o — X - Um + Z0A%y) !
= (¢Iy + A9 [=50XUm + T0AS,) — A3y + (Go — OX1Um + LoAsy) L.
The right-hand side of the last equality can be transformed in the following way:
— quOX +q120) = @Iy +A)TUX + A3y € + Az2) T 1@ hm + Aa)
x (Im + CoA3y) L. (2.35)
The combination of (2.14) and (2.35) shows that the solution F(2) can be written in the form:

= o (—QIN + A TX + A3 i + A >—11)
Fo)=¥ 21 22
©="i( (¢l +A3)"!
A\ — * * \— -1
N [Y’z <—(cIN +A%) l[)(JF/AP(_c]Im+A22) 1])] _
¢Im + A5)

The proof is complete. []
3. On extremal matrix interpolation problems

In this section, we state some basic facts on extremal matrix interpolation problems. Most of the
material is taken from the monograph [18, Chapter 7] and the authors’ paper [10].

Let the matrices A, S, and ¥y, k = 1,2, have the sizes mL x mL and mL x m, respectively, where S,
is nonnegative Hermitian. We suppose that these matrices are connected by the relations

Sk — ASA* = P Wi, k=1,2. (3.1)
Setting

§:=S, - 5;. (3.2)
We deduce from (3.1) and (3.2) the equality

S —ASA* =V, 75 - V1 . (3.3)

We introduce the block-diagonal matrix

R:=diag (p,...,p),
——

L
where p is a positive Hermitian matrix of size m x m. In addition we shall assume the equality
AR = RA. (34)
This is justified, since it was shown in [12] that condition (3.4) is true in a number of concrete
examples.
From Egs. (3.1) and (3.4) it follows that
Sy —AS,A* = VL5 - Py, ’{’p, (3.5)
where
S,:=S; —R71S;R71, (3.6)

¥, =R1¥. (3.7)
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Thus we have constructed a set of operator identities (3.6), where the positive Hermitian matrix p
plays the role of a parameter. A set of interpolation problems, see [18, Chapter 6] corresponds to this
set of operator identities. A necessary condition for the solvability of these problems is the inequality

RS,R — S; > 0. (3.8)

Now we turn to extremal interpolation.

Definition 3.1. We shall call the matrix p = pyj; > 0 @ minimal solution of inequality (3.8) if the fol-
lowing two requirements are fulfilled:

1. The inequality
RminSZRmin -5 =0 (3.9)

holds where

Rinin = diag (omin, - - - » Pmin)
—_—

is valid.
2. If p > 0 satisfies inequality (3.8), then

rank(RpinS2Rmin — S1) < rank(RS,R — Sp). (3.10)
(In other words, R, minimizes the rank of RS;R — S; > 0.)
Remark 3.2. The existence of p,, follows directly from Definition 3.1.

We shall write the nonnegative Hermitian matrices S, S, and R in the following block forms:
S(k) S(k)
S = ( 17120 1,2, (3.11)
(k) (k)
52; 53
= 0). m=dig @0 (3.12)
0 P —
-1
k)

where Sg‘z) are blocks of size m x m,SS’;) has the size (L — 1)m x (L — 1)mand S\ has the size (L — 1)m x
m. The following result is proved in [18, Proposition 7.1.1].

Proposition 3.3. Suppose that for all p > 0 satisfying inequality (3.8) the upper diagonal block is positive
Hermitian, i.e., that

RiSPR; -S> 0
holds. If p = q > 0 satisfies inequality (3.8) and the relation

455, = 535 + CHQiST Q- sH7'a, (3.13)
where
Qi :=diag@.q,....q, Cr:=Q153q -5, (3.14)
———
-1

then

Pmin = q-
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Now we investigate the question of existence of the corresponding matrix q. For this reason, we
consider the equation

aS2q = S5 + S5 (QiSPQ; — S\ 1S, (3.15)
where
S12:=Q;85)q -1 (3.16)

We make the following two assumptions.

Condition 1. The matrix S, has the block structure
S2 = (G

where all m x m blocks Cj, have the shape
Cix = ajlm

with some complex number ay.

Condition 2. The matrix S, is positive Hermitian (S, > 0).

In view of Condition 1 we obtain

Sz = Q7S -S43
QZS(Z) (2))—15(2) 5(1)

[QZS(Z) S;})](S(2))—ls(2) (1)(5(2))—15(2) _ 5511)

and

Q (2)Q QZS(Z)
We introduce the following notations:

QZS‘Z) 59‘ _(5<2> 15§22> (3.17)

and

C: 5(1)(5<2>)_15<2> _ 5512). (3.18)
Then obviously E* = E and Eq. (3.15) can be written in the form:

annG? = S + (B*E + CHE~1(EB + C)

or

anng® = S5, + B*EB+ B*C + C*B+ C*E”'C. (3.19)
Using (3.17) and (3.19) we infer

q’T =U + C*E”1C, (3.20)
where

T:=annlm — (S2)*(s2)~152 (3.21)
and

U:=B*C+C*B—B*S{)B+55)
— (5(2))* (5(2)> 5(1)(5(2))—15%) _ (5(2)) (5(2))—15(1)

—(S“)) (5(2))‘15§22)+S§2). (3.22)
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In view of Condition 2 the relation
T>0 (3.23)

is true.
According to Condition 1 and (3.21) the matrix T has scalar type, i.e.

T = Blm. (3.24)
From (3.23) and (3.24) it follows that

B8 >0.
Hence Eq. (3.20) takes the form

¢’ = %(U +C*E710). (3.25)

If we compare Eqs. (3.15) and (3.25) we see that S, depends on g, but C does not depend on g. Taking
into account this fact we can apply Theorem 3.3 of the paper [17] to Eq. (3.25). Moreover, we observe
that the matrix E can be represented in the form

E=DQ?D -5\,

where
. (2)

D:=,/S;7 > 0.

Now we rewrite Eq. (3.25) in the form
1

¢ = U+ Q2 -p'sp ey, (3.26)
where

C;:=D"1cC.

We introduce the notation
U:=diag U, U,...,U).
——

-1
Definition 3.4. We call an interpolation problem regular if the condition
1. p1sthp-
B 1
is satisfied.

In the paper [10], we obtained the following result.

Theorem 3.5. Let the Conditions 1 and 2 be fulfilled and let the interpolation problem be regular. Ifsﬁ) >0
then Eq. (3.15) has a unique solution q such that q > 0 and Q;S$’Q; > S\

Corollary 3.6. Under the assumptions of Theorem 3.5 the relation pfnin = ¢ holds.

Remark 3.7. Under the assumption that pp,;, is known an explicit representation of the solution of the
corresponding extremal interpolation problem is given in monograph [18, Chapter 7]. In the special
case of the extremal interpolation problems named after Schur and Nevanlinna-Pick, respectively, this
solution is written in a simpler form in the paper [12]. In the general case the solution was written in
a simpler form in Section 2 of this paper.
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We have shown that there is one and only one positive Hermitian solution of Eq. (3.15) which
satisfies condition (3.8). In the case L =2 in [9] it was proved that Eq. (3.15) has one and only one
positive Hermitian solution.

4. On extremal interpolation for bounded holomorphic matrix functions

First we assume that the matrix S is defined by (3.2) where the matrices S; and S, satisfy the
operator identities (3.1). _

Let the conditions of Theorem 2.3 be fulfilled. Then the matrix function w;,(¢):=F(—¢) can be
written in the form (see (2.20))

Winin(§) = Py (©)[P2(9)] 7", (41)
where

Ps(¢) = Wi(=¢lm +ADTY, se(1,2) (4.2)
and

Y = col(Yy,...,Y). (4.3)

Now we can formulate the first result of this section.

Theorem 4.1. Let the m x m matrix function w(¢) be holomorphic in the unit disk |¢| < 1 and satisfy the
following conditions:

1. The m x m matrix function
9(§):=W()P2(¢) (4.4)
can be represented in the form

9(©) =P1(0) +Q©), (4.5)

where

Q@) =Co+C1¢ + 6% + -+
is holomorphic matrix function in the disk |¢| < 1.

2. The inequality
wH W) < pf, Ig] <1 (4.6)

is fulfilled where pq is some positive Hermitian m x m matrix.
Let T be a complex mL x mL matrix which is a lower block triangular matrix with m x m blocks and
satisfies

T*T = S,. 4.7)
Then we have the inequality

Y*T*TY < Y*T*R2 TY, (4.8)
where

R, = diag(p1,...,01)- (4.9)
————
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Moreover, if pi # Im then there exists some vector h € C™ such that
h*Y*T*TYh < h*Y*T*R2 TYh. (4.10)
Proof. Let the number ry € (0, 1) be chosen such that each point « belonging to the spectrum of the

matrix A satisfies the inequality |«| < rg. From (4.4) and (4.6) we obtain then

1 2r X i 1 27 . .
3 fo o* (roe)p(rpe'?)do < 3 fo P3(roe'?) p3 P, (rpel”)de. (411)

From (4.11) and (4.2) we deduce

27 . . SR
%/ 0" (roe")p(rpel?)do < Y* (ZA’ ¥yl ¥ A)* r(21+2)) Y. (4.12)
0 :
Jj=0

Since the m x m blocks of ¥, and A commute with p; the identity
S AW IV AN =R,y | Y AP, g(Af)*) R,, (4.13)
j=0 j=0

is true. In view of (3.1) we infer from [6, Theorem A3.4, part (a)] the identity
S AV A =5, 1e{1,2). (4.14)
j=0

Combining (4.12)-(4.14) we get

27
lim lf ¢* (roe)p(roe*)do < Y*Ry, 1R, Y. (4.15)

ro—>1-0 27
In view of (4.2) and (4.5) the equality

2 . ) . ' ‘
]=0

+ c]*c] 0 (4.16)
]=

is valid. From (4.16) and (4.14) it follows

2 . a > .
lim l/ " (roe)p(rge'?yds > Y* (ZAJ Y, *{(A’)*) Y = Y*SY,
0 :
iz

ro—1-0 21

whereas inequality (4.15) implies

2
lim l/ ¢* (roe”)p(roe”)do < Y*R,, SoR,, Y.

ro—1-0 27
Thus, we have

Y*S1Y < Y*R,, 2R, Y. (4.17)
In view of (3.2), (4.3) and (2.18) we get

S —SpY=Sy=0.

Hence
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Y*S,Y = Y*S1Y. (4.18)
From (4.18) and (4.17) we infer
Y*S,Y < Y*R,, SR, Y. (4.19)

From Condition 1 and the shape of the matrix R, it follows
SR, =Ry, S2.
From this and the choice of T it follows
TR,, =R,,T.
Hence, inequality (4.19) implies inequality (4.8). The inequality (4.10) follows from (4.5) and (4.16) and
the fact that the function Q(¢) does not identically vanish. The theorem is proved. []
Remark 4.2. From Theorem 2.3 and the construction of the function F(;“) it is clear that
F(OF @) <In, 12 <1.
Hence, we have
Wiin@OWiin(©) < Im, 12 < 1. (4.20)

Now we consider the case that the matrices S; and S, satisfy the operator identities (3.1) and,
additionally, the condition

rank(RyinS2Rmin — S1) = (m — 1)L. (4.21)
We set

5 =RminS2Rmin,  P1:=¥1, ¥3:=Rinin V2. (4.22)
In view of (4.22) and (3.1) we obtain the operator identity

S, — AS,A* = P, 5. (4.23)
Setting

S:=S, -5 (4.24)

and taking into account (4.21)-(4.23) we can reduce our problem to the previous case. The correspond-
ing Lm x m matrix Y satisfies now the equation

S, —SpY =o. (4.25)
The corresponding matrix function wy;,(¢) can be written in the form

Winin(©) = P1(©) - P2 &)1, (4.26)
where

Bot) = Po(—cIy + AT, se(1,2). (4.27)

Using the identity

£

.
Y3Rpin = Pmin P2,

we obtain

P3(6) = pmin V3 (~¢Iy +AH Y. (4.28)
From (4.26)-(4.28) we infer

Winin(©) = P1(=¢In +AD Y [P5(=¢In + ATV (omin) ™ (4.29)

In view of Remark 4.2 we have
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Winin (O Winin(©) < Im, 121 < 1. (4.30)
Now we consider an m x m matrix function w(¢) which is holomorphic in the unit disk |¢| < 1 and
satisfies the following conditions:
1. The m x m matrix function Vv(;)ﬁz(g) - I~’1 (¢) is holomorphic in the unit disk || < 1.
2. The inequality
WHOWE) < A7 Iel <1

is fulfilled where 5; is some positive Hermitian m x m matrix.

Let the matrix T be chosen as in Theorem 4.1 and let
T:=TRpin. (4.31)

Then T is a complex mL x mL matrix which is a lower block triangular matrix with m x m blocks and
taking into account (4.31), (4.7), and (4.22) we obtain

T*T = RminT*TRmin = RminSZRmin = §2~
Then from Theorem 4.1 we obtain

YTTY < V*T*RETY (4.32)
and the existence of some vector h € C™ such that

nY*T*TYh < i*Y*T*R&TYh. (4.33)

Thus setting

P1:=1/ PminAs Pmin» (4.34)

we see that pq is a positive Hermitian m x m matrix and the formulas (4.32) and (4.33) can be rewritten
as

Y*T*RZ, TY < V*T°R2 TY (4.35)
and

hY*T*RZ, TYh < hYT*R2 TYh. (4.36)
Let

Winin(§) :=Win(¢) - Pmin (4.37)
and

Q) =Ws(~thm +AHT'Y, se(1,2). (4.38)
From (4.37), (4.29), and (4.38) we obtain the representation

Winin(©) = Q1 (©)[Q2(0)1 7. (4.39)
From (4.37) and (4.30) we infer

[Winin (O Winin(©) < pjpin- (4.40)
From (4.22), (4.27), and (4.38) it follows

Pi() = Qi) (441)

whereas formulas (4.28) and (4.38) imply
P2(8) = pminQ2(0)- (442)
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Now we are able to formulate the main result of this section.

Theorem 4.3. Let the m x m matrix function W (¢) be holomorphic in the unit disk |¢| < 1 and satisfy the
following conditions:

1. The m x m matrix function W(¢)Q2(¢) — Q1 (¢) is holomorphic in the unit disk |¢| < 1.
2. The inequality
W*OW©) < pf, 1¢l <1
is fulfilled where pq is some positive Hermitian m x m matrix.
Let T be a complex mL x mL matrix which is a lower block triangular matrix with m x m blocks and
satisfies
T*T = S,.
Then we have the inequality
Y'T*RE, TY < YT*R2 TY.
Moreover, if p1 # pmin there exists some vector h e C™ such that

b x T p2 Vh hxV*T*p2 TV H
RV TR, TYR < PV T*R2 TV R,

Proof. Let
W(E):=W() - pot. (4.43)

From (4.34) and the choice of w(¢) we see that w(¢) is an m x m matrix function which is holomorphic
in the unit disk [¢| < 1. In view of (4.41)-(4.43) we have

WP (0) = P1(0) = W) Q(0) - Qi (D).
Thus, the function w(¢)P,(¢) — Py (¢) is holomorphic in the disk |¢| < 1. Let

p1 1=\/(Pmin)’1pf(pmin)’] : (4.44)
Then g4 is a positive Hermitian m x m matrix satisfying

p? =\ omin 72 Prin- (4.45)
From (4.43) and (4.44) and the choice of w(¢) we obtain

WHOWE) < A7, Iel < 1.
Hence from (4.34)-(4.36) and (4.45) we obtain all assertions. The theorem is proved. [

Corollary 4.4. The regularity Condition 1 in Theorem 4.3 cannot be fulfilled if p7 < p2. and p? # p?2. .

Remark 4.5. Theorem 4.3, Corollary 4.4 and the examples below show that the matrix pp;, has a
minimality property which is different from the property of having minimal rank.

Taking into account Theorem 4.3 and Corollary 4.4 we call the m-dimensional subspace spanned by
the vectors TY subspace of minimality. We think that in applied problems the subspace of minimality
can have a physical sense.

Example 4.6. In the Schur problem we have S = I. Thus, T = [ and the space of minimality is spanned
byY.
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5. Regularity and interpolation problems

In this section, we show that in a broad class of cases the regularity condition is equivalent to the
corresponding interpolation conditions. According to Proposition 1.1 the interpolation problem can be
formulated as follows. Determine all bounded m x m matrix functions W(¢) which are holomorphic
in the unit disk |¢| < 1 and satisfy the condition:

VAP, =Y, (5.1)
where
V@) :=[W(-DT" (5.2)

The matrix V(A) can be computed by transforming the matrix A to Jordan block form. Let U be a
nonsingular matrix which transforms the matrix A to its Jordan block normal form Ay i.e.

A=UAUT,
where
A] = diag(Aq,. .. ,Ap)

and where fors € {1,.. ., p} the matrix As has the size (ps + 1)m x (ps + 1)m with some ps € {0,1,2,...}
and has the m x m block partition

Zlw 0O 0 - 0 0
In  2zlm 0O - 0 0

a=| 0 o ozl oo 00
0 0 0 - In zln

Iff(¢) is a holomorphic function in the unit disk then using a well-known formula (see, e.g., [ 11, Section
5.1]) we obtain

f@9)Im 0 0
fﬁfzf)fm f@9)Im e 0
f(AS): . ) SE{], 'p} (53)
), ps—1) '
f Pp’s (!Zs) In L (pps—)1()2!5) Im - f@)lm
Setting
P=U1Y,, Py=U1Y,,
we obtain
vApP, = 7.

Then
VO (z5) = Vr(l?in(ZS)' se{l,...,p}, j€(0,...,ps}.

This implies that the function W (¢) satisfies the regularity Condition 1 in Theorem 4.3.
Using the function Wy;,(¢) defined in (4.37) we introduce

Vinin (@) :=[Win (=D1". (5.4)
From (1.20) and (5.4) it follows that
Vimin@¥2 = ¥1. (5.5)

Example 5.1 (Nevanlinna-Pick problem). Let the complex m x m matrices n1, 73, . .., n; and the pairwise
different points zy,z, . . ., z; belonging to the open unit disk || < 1 be given. Then the corresponding
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Nevanlinna-Pick problem is to determine all bounded holomorphic m x m matrix-valued functions
w(¢), |¢| < 1, which satisfy the conditions

w(=2z5) =i, sef{l,... k).

As it was shown in [18, Section 7.3] in this case the km x m matrices ¥; and ¥, and the km x km
matrix A are given by

I Z1Im 0 0
n m 0 2ln 0
'Ill:: ) leZ: y A= . . . . . (56)
Tk fm 0 0 Ziln

Proposition 5.2. Let the matrices V1, ¥, and A be given as in (5.6). Let W (¢) be a bounded m x m matrix
function which is holomorphic in the unit disk |¢| < 1. Then W (¢) satisfies the regularity Condition 1 from
Theorem 4.3 if and only if the relations (5.1) and (5.2) are true.

Proof. The assertion follows by a straightforward computation using the residue theorem. []

Example 5.3 (Schur problem). Let the complex m x m matrices ag,dy,...,a; be given. Then the cor-
responding Schur problem is to determine all bounded holomorphic m x m matrix-valued functions
w(¢), |¢| < 1, which satisfy the conditions
w(0) )
7 =a;, je{0,...,k).
As it was shown in [18, Section 7.3] in this case the (k + 1)m x m matrices ¥ and ¥, and the (k +
1)m x (k + 1)m matrix A are given by

I 0 O
a o In O 0 o0
V= e Yy=1.], A= 0 Im 0 0 (5.7)
a* : : : :
. :
‘ 0 0 0 In 0
Then for |¢| < 1 we have
V(@) = Vinin(@) = 1 2! + 0pac P 4 (5.8)

Taking into account (5.8) we obtain the following result:

Proposition 5.4. Let the matrices ¥, ¥, and A be given by (5.7). Let W(¢) be a bounded m x m matrix
function which is holomorphic in the unit disk |¢| < 1. Then W (¢) satisfies the regularity Condition 1 from
Theorem 4.3 if and only if the relations (5.1) and (5.2) are true.

Example 5.5 (Jordan block case). Let p € N and let z1,2,,. ..,z be pairwise different points from the
open unit disk |¢] < 1. For s € {1,...,p} let ps € Ng and agsay,...,ap,s be a sequence of complex
m x m matrices. Then we want to determine all bounded holomorphic m x m matrix-valued functions
w(¢),|¢| < 1, which satisfy the conditions

wl (-2 )
% =dajs, se{l,...,p}, je{0,...,p}.
In this case, we have
A:=diag(A1,Ay,. ..,Ap), (5.9)

where fors € {1,...,p} the (ps + 1)m x (ps + 1)m matrix A is given by
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ZsIm 0 0 -0 0
Im ZsIm 0 0 0
Aoe | O I Zlm o o | (510)
0 0 0 oo Imo zZsIn
Moreover, let
Y1 ¥n
Y12 L 47)
Vi=| . |, Y2:= . |, (5.11)
Pip Yo
where for s € {1,...,p} the (ps + 1)m x m matrices ¥, and ¥ are defined by
aas ITTl
ajs 0
V5= Tl Yas= . (5.12)
Aps s 0

and where the m x m matrix ag is nonsingular. Using (5.3), we obtain from the relations

VAP, =¥ (5.13)
and

Vmin@A) ¥, = ¥V (5.14)
the expression

V(@) = Viin(@) = ¢ — &P+, ¢l <1, se(l,....p}. (5.15)

From formulas (5.10)-(5.15) we see that

VA Y, =¥, (5.16)
ifand only if foralls € {1,...,p}and allj € {0, ..., ps} the relations

VU);!—ZS) —a, (5.17)
are true.

Proposition 5.6. Let the matrices ¥, W and A be defined by formulas (5.9)-(5.12). Let W (¢) be a bounded
m x m matrix function which is holomorphic in the unit disk || < 1. Then W (¢) satisfies the regularity
Condition 1 from Theorem 4.3 if and only if the relations (5.4) and (5.5) are true.

6. Comparison of different approaches and results to the extremal interpolation problems

1. The scalar extremal problems named after Schur and Nevanlinna-Pick were investigated in papers
by Carathéodory and Fejér [8], Takagi [21], Akhiezer [1], Clark [7], Adamjan et al. [2,3,4] and others. The
matrix versions of these problems were treated in the paper [12]. In all these papers the Schur problem
and the Nevanlinna-Pick problem were handled separately. The approach developed in this paper is
based on a unifying principle: The regularity of some matrix function is required (see Condition 1 in
Theorem 4.3). This allows us to consider a whole class of matricial interpolation problems with the
same method. This class contains a problem (the so-called Jordan case) which is even new for the
scalar case.
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Our method of construction of the extremal solutions is based on results from the book [ 18, Chapters
5-7 and 11], the paper [10] and Section 1 of this paper.

The method used to prove that the constructed solutions are extremal was prompted by Akhiezer’s
paper [1]. It should be mentioned that in the papers [1,4] even extremal problems for meromorphic
functions having a finite number of poles in the unit disk |¢| < 1 were studied. Such types of results
have not been obtained in the matrix case up to now.

2.Asit wasindicated in the Adamjan et al. paper [4] scalar versions of extremal problems are closely
related to problems of best approximation.

Open problem: Investigate the connections between extremal problems and corresponding approx-
imation problems in the matrix case.

In the important paper Adamjan et al. [5] the case of a matricial (even operatorial) function w(¢)
was considered, whereas p was chosen as a scalar.

3. In the paper [12] our extremal interpolation problem was compared with the superoptimal
interpolation problem (see [22,15,14]). It was proved that these two interpolation problems have quite
different answers.
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