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Abstract

We compute the spin-dependent and spin-independent structure functions of the forward virtual-photon
Compton tensor of the proton at O( p3) using heavy baryon effective theory including the Delta particle.
We compare with previous results when existing. Using these results we obtain the leading hadronic con-
tributions, associated to the pion and Delta particles, to the Wilson coefficients of the lepton—proton four
fermion operators in NRQED. The spin-independent coefficient yields a pure prediction for the two-photon
exchange contribution to the muonic hydrogen Lamb shift, A ETpg (& A) = 34(13) peV. We also compute
the charge, (r"), and Zemach, (r") (), moments for n > 3. Finally, we discuss the spin-dependent case, for
which we compute the difference between the four-fermion Wilson coefficients relevant for hydrogen and
muonic hydrogen.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

The spin-dependent and spin-independent structure functions of 7", the forward virtual-
photon Compton tensor of the proton, carry important information about the QCD dynamics.
They test the Euclidean region of the theory since Q> = —g? > 0. For Q% ~ m2 # 0, the behav-
ior of T"" is determined by the chiral theory, and can be obtained within a chiral expansion using
Heavy Baryon Effective Theory (HBET) [1]. If one works within a large N, ideology (where N,

* Corresponding author.

http://dx.doi.org/10.1016/j.nuclphysb.2014.07.027
0550-3213/© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.


https://core.ac.uk/display/82077812?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.nuclphysb.2014.07.027
http://www.elsevier.com/locate/nuclphysb
http://creativecommons.org/licenses/by/3.0/
http://dx.doi.org/10.1016/j.nuclphysb.2014.07.027
http://creativecommons.org/licenses/by/3.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2014.07.027&domain=pdf

70 C. Peset, A. Pineda / Nuclear Physics B 887 (2014) 69-111

is the number of colours) the Delta particle should be incorporated in the HBET Lagrangian [2],
as the Delta and the nucleon become degenerate in the large N, limit. We use this motivation to
incorporate the Delta particle in the effective Lagrangian. We do so along the lines of Refs. [3-5],
i.e. we do not impose the large N, relations among the couplings but let them free and fit to
the data. This effective field theory has a double expansion in ~m /m, and ~A/m,, where
A = Ma — My. Note that this creates a new expansion parameter m, /A ~ 1/2; the associated
corrections will be incorporated in our computation together with the pure chiral result.

Within this framework we compute the spin-dependent and spin-independent structure func-
tions of the forward virtual-photon Compton tensor of the proton at O(p?) in Heavy Baryon
Chiral Perturbation Theory (HBxPT) including the Delta particle. T*" cannot be directly re-
lated to cross sections obtained at fixed energies, as it tests the Euclidean regime. Nevertheless, it
is possible to obtain it (up to eventual subtractions) from experiment through dispersion relations,
i.e., through specifically weighted averages of measured cross sections over all energies. Possible
constructions are the so-called generalized sum rules, which, for large energies, can be related
with the deep inelastic sum rules. These have been studied in Ref. [6] for the spin-dependent
case. The spin-independent case has been briefly discussed in Ref. [7]. We will not enter into this
interesting line of research in this paper.

Instead, our main motivation for obtaining the chiral structure of 7#" is that T"" appears in
the matching computation between HBET and non-relativistic QED (NRQED) that determines
cg’ i and cf b (l; = e or w), the Wilson coefficients of the lepton—proton four-fermion operators
in the NRQED [8] Lagrangian. As soon as hadronic effects start to become important in atomic
physics, these Wilson coefficients play a major role. They appear in the hyperfine splitting (spin-
dependent) and Lamb shift (spin-independent) in hydrogen and muonic hydrogen (see Refs. [9,
10,7]). Therefore, their determination allows us to relate the energy shifts obtained in hydrogen
and muonic hydrogen. Even more important, these Wilson coefficients usually carry most of
the theoretical uncertainty in these splittings. This is particularly so in the case of the muonic
hydrogen Lamb shift. At present, it is the limiting factor for improving the precision of the de-
termination of the electromagnetic proton radius from the measurements taking place at PSI[11,
12] of the muonic hydrogen spectra. This necessity to improve our knowledge (of the spin-
independent) lepton—proton four-fermion Wilson coefficient has led us to compute this quantity
in HBxPT including the Delta particle. Fortunately enough, this object is chiral enhanced.
Therefore, the O(p?) chiral computation yields a pure prediction, without the need of new coun-
terterms, of A ETpg, the (hadronic) two-photon exchange contribution to the muonic hydrogen
Lamb shift: AEy = E(2P32) — E(2S51,2). Note that, since m, /m; ~ 1, we keep the complete
m,,/my dependence in such predictions. These results have been used in the recent determina-
tion of the muonic hydrogen Lamb shift and the proton radius performed in Ref. [13]. One of the
main motivations of this paper is to give the details of the hadronic-related part of that analysis.

We profit this analysis to revisit the distinction between the Born and non-Born terms of
T*Y and AEtpg. Such distinction produces the so-called Zemach (or Born) and polarizability
corrections to the Wilson coefficients (names also used for the associated contributions to the
energy shifts: hyperfine or Lamb shift). For the spin-independent case we have a good analytical
control and can also compute the charge, (r"), and the Zemach, (r")(), moments, for n > 3,
since they are dominated by the chiral theory. The polarizability correction of A ETpg is also
usually split into the so-called inelastic and subtraction terms. We will also discuss what HB x PT
has to say in this respect.

The paper is distributed in the following way. In Section 2 we present HBET and NRQED. In

Section 3 we compute TV, In Section 4 we compute cg’ li, (r2k+1 ), and A E1pg. For the latter we
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also discuss its separation into Born, polarizability, inelastic and subtraction terms. In Section 5

we discuss about cf: i and the Zemach radius, (rz), before we conclude.

2. Effective field theories

In this section, we will present the main building blocks of the HBET and NRQED La-
grangians needed for our analysis (see also Ref. [9]).

2.1. HBET

Our starting point is the SU(2) version of HBET coupled to leptons where the Delta particle
is kept as an explicit degree of freedom. The degrees of freedom of this theory are the proton,
neutron and Delta, for which the NR approximation can be taken, and pions, leptons (muons
and electrons) and photons, which will be taken relativistic. This theory has a cut-off u < M,
m,, which is much larger than any other scale in the problem. The Lagrangian can be split in
several sectors. Nevertheless, the fact that some particles will only enter through loops, since
only some specific final states are wanted, simplifies the problem. The Lagrangian can be written
as an expansion in e and 1/M, and can be structured as follows

Luger =Ly + L1+ Ly + Lig + Lv,ay + Ly, ay + Ly, ayx + L, a)ins 2.1)

representing the different sectors of the theory. In particular, the A stands for the Delta particle:
the spin 3/2 baryon multiplet (we also use A = Mx — M, the specific meaning in each case
should be clear from the context).

The photonic Lagrangian reads (the first corrections to this expression scale like '/ M;)

1 ey dao,R dZ(t) 2 v
EV:_ZF Fu + W-i_m FwD F", 2.2)
P T

where dp g stands for the hadronic contribution. The second term will not be considered any
further in this paper, since we are mainly interested in the lepton—proton four-fermion operators.
The leptonic sector can be approximated to (i D, =id, —eA,)

L= LGP —m)l;, 2.3)

where [; = e, (.
The Lagrangian of a heavy baryon at O(1/ M[%) coupled to electromagnetism reads

2 Déll) (p)

Ly =NiDg+ D) + —eF_4.B
p 2M, " 8m3 T 2M,
(P (p)
CD . CS
_eSM%[V.E]_lema-(DPxE—ExD,,)}Np, (2.4)

where i DY) = idg + Z,eA°, iD, =iV — ZeA. For the proton Z,, = 1 (for the neutron Z, =0
and for all indices p — n).

The Delta particle mixes with the nucleons at O(1/M ) (O(1/M [2,) terms are not needed in
our case). The only relevant interaction in our case is the p—AT—y term, which is encoded in the
second term of
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eb,

(TTGM B3@mN+h&L (2.5)
Mp

Fo.
Lnay=T"({i0 — Tan)  PTap

where T stands for the delta 3/2 isospin multiplet, N for the nucleon 1/2 isospin multiplet and
the transition spin/isospin matrix elements fulfill (see [14])

o /2 7 3/2) ij _ . ijk k 791/2) . b3/2) _ b b

TG %0 = ‘(2‘3” —ietat). T Th = ( 267 —ie"7°). (2.6)

The baryon—lepton Lagrangian provides new terms that are not usually considered in HBET.

The relevant term in our case is the interaction between the leptons and the nucleons (actually
only the proton):

1 I = - 1 L= _
LN.ay= el ch’RprONpl,' yoli + e ZCE,RNpVJVSNpliVjVSZi- 2.7
V2 P

The above matching coefficients fulfill c3 R= c3 r and c4 R= c4 r Up to terms suppressed by
my; /M, which will be sufficient for our purposes.

Let us note that with the conventions above, N, is the field of the proton (understood as a
particle) with positive charge if /; represents the leptons (understood as particles) with negative
charge.

The hadronic interactions are organized according to their chiral counting. Since a single
chiral loop already produces a factor 1/(4m Fy)> ~ 1/M?2, we only need the leading pionic La-
grangian coupled to electromagnetism:

Lr=[(3y —ieA")nt][(8" +ieA*)n ™| —mintr~
+ %(aﬂno)(a“no) ~ %m%norro. (2.8)

We do not need to account for pion self-interactions, and the pion—baryon interactions are only
needed at O(my ), the leading order, which is known [3,15-17]:

Ln.aye =NGTy+ gau- SN + gana(T) wiN +h.c.) (2.9
where
U=u?=¢""/Fr, (2.10)
=8, + I, (2.11)
[ .
FuzE{u'auu—l—uauﬂ—i%Au(uTr3u+ut3uT)}, (2.12)
uy =iu'V,Uu’, (2.13)
1 1
wh = 3 Tt = =87 = = A . (2.14)
g b

T}" is the Rarita—Schwinger spin 3/2 field and Sy = éyyflwv” is the spin operator (where we
take v, = (1, 0)).

This finishes all the needed terms for this paper, since the other sectors of the Lagrangian
would give subleading contributions.
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2.2. NRQED(11)

In the muon—proton sector, by integrating out the m, and A scales, an effective field theory
for muons, protons and photons appears. In principle, we should also consider neutrons but they
play no role at the precision we aim. The effective theory corresponds to a hard cut-off v < m
and therefore pions and Deltas have been integrated out. The Lagrangian is equal to the previous
case but with neither pions nor Deltas, and with the following modifications: £; — L, + ELNR)
and Ly Ay = Lne + ,C%f ), where it is made explicit that the muon has become NR. Any
further difference goes into the Wilson coefficients, in particular, into the Wilson coefficients of
the baryon-lepton operators. In summary, the Lagrangian reads

LNRQED(u) =Ly + Lo + ELNR) +Ln+ Lye+ 55\1;15), (2.15)
where
1 2 D4 ([7)
Ly=N!{iD - E— o-B
N P{l O oM, T 83 2M
C(p) C(P)
—e-L_[V.E]—ie -D,xE—ExD,)N (2.16)
8M? SM; b
. D2 D4 (n)
clem:zl;{ingL Ny = =
2m,  8my “om,
C(u)
+ieZ, g2 ——o0-D, xE— ExDM)} 2.17)
m
and'
Cl’lu Cpl#
NR _ N, i, 1 t

with the following definitions: iDg =1idy — ZMeAO, iD,=iV+Z,eAand Z, =1. L, stands
for the relativistic leptonic Lagrangian in Eq. (2.3) and Ly, for Eq. (2.7), both for the electron
case only.

Our main interest is the determination of cp " and cfl“ by matching HBET to NRQED. At
O(a?) we can symbolically represent this matchmg as in Fig. 1.

2.3. NRQED(e)

If we focus in the electron—proton sector, things go quite as in the previous section. After
integrating out scales of O(m, A), an effective field theory for electrons coupled to protons (and
photons) appears. This effective theory has a cut-off v <« m and pions, Deltas and muons have
been integrated out, but the electron is still relativistic. After integrating out scales of O(m,) in
the electron—proton sector, we still have an effective field theory for electrons coupled to protons

Im plu
1 cf/4 — c3/4 NR in Ref. [9]. We eliminate some subindices to lighten the notation.
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T

P i

Fig. 1. Symbolic representation of the matching between HBET and NRQED for cé’ li and cf l . The bubble represents
the hadronic corrections.

P

and photons. Nevertheless, now the electrons are NR. The Lagrangian is quite similar to the one
in Section 2.2 but without a light fermion and with the replacement ;« — e. It reads

LNRQED() = £y + LNV 4 Ly + ﬁ,(VIiR). (2.19)
We will perform the matching to this theory directly from HBET. At O(«?) this matching can be
symbolically represented by the same figure as in the case of the muon, namely Fig. 1.

3. Forward virtual Compton tensor 74"

The electromagnetic current reads J* =), Q;g;y"q;, where i = u, d (we will not consider
the strange quark in this paper) and Q; is the quark charge. The form factors (which we will
understand as pure hadronic quantities, i.e. without electromagnetic corrections) are then defined
by the following equation:

)
(p'.s|J 1 p,s) = ﬁ(p’)[Fl (@)r* +iF(q?) T2

oM, }M(p), (3.1

where ¢ = p’ — p and F}, F, are the Dirac and Pauli form factors, respectively. The states are
normalized in the following (standard relativistic) way:

(p'. X p.2) = @7)*2p°8> (b = )y (3.2)

and
_ 1+ s

u(p,s)u(p,s)=@+ Mp) 2y ’{, (3.3)

where s is an arbitrary spin four-vector obeying s> = —1 and p - s = 0.
More suitable for a NR analysis are the Sachs form factors:
2
Ge(q®)=Fi(a*) + = P(a%),  Gula®)=Fi(a®) + Fa(a)- 3.4)
P

Nevertheless, the main object of interest of this paper is the forward virtual-photon Compton
tensor,

T :i/d4x eI (p, s|T{I*(x)I" (0)}Ip.s), (3.5)

which has the following structure (0 =g - p/M, = v - q, although we will usually work in the
rest frame where p = ¢°):
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\

(7 ®)

. . . . . . / [ . .
Fig. 2. Two-loop diagrams with an internal pion loop contributing to 03p " and cf #  Crossed diagrams and those obtained
through permutations are implicit.

[y

979 2 1 MI"O v M["O v 2
T = (—g“”+—>51 r.q +—<p”——q“ P’ ——5-q")5(p.q
)i+ g (- 220 )52(0.47)

- Ml— "% 50 A1(p. g%) — # " 4, (Mpp)ss — (q - $)po) A2(p. q7)
p p

=Ty"+T)". (3.6)

It depends on four scalar functions, which we call structure functions. We split the tensor into the
symmetric (spin-independent), TSM V= TSV * (the first two terms of Eq. (3.6)), and antisymmetric
(spin-dependent) pieces, Ty = —T," (the last two terms of Eq. (3.6)). We have computed this
tensor at O(p>) in HB x PT. The diagrams that contribute are listed in Figs. 2, 3 and 4 (without
closing the loop with the muon, i.e. without the muon line). The first figure refers to diagrams
without Delta contributions (pure chiral), the second to the tree-level Delta contribution, and the
last to one-loop chiral diagrams involving the Delta particle. Expressions in D =4 — € and four
dimensions for each diagram can be found in Appendix C. Summing them up we can reconstruct
the tensor structure of 7V (in other words, check gauge invariance). In principle, more diagrams,
besides those drawn should be considered but they do not contribute to the structure functions at
the order we aim in this work.
It is also common to split 7# into two components, which we label “Born” and “pol”:

LV LV
T =Tl +Th. 3.7)

The Born term is defined as the contribution coming from the intermediate state being the proton
(somewhat the elastic contribution). The associated structure functions can be written in terms of
the form factors. They read (or, rather, they are defined as)
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AN /

"/ \

. . . . . o [ [ . L ..
Fig. 3. One-loop diagram with an internal Delta particle contributing to c3p * and cf " Crossed diagram is implicit.

(2)
/ J

\\

®)

. . . . . I [ / .
Fig. 4. Two-loop diagrams with an internal pion and Delta loop contributing to cé’ “ and cf " Crossed diagrams and

those obtained through permutations are implicit.

Born 2\ Ap2(,2) 2(‘12)2(;%/1(‘12)

Sl ('O’q )_ 2F1 (q ) (2Mp,0)2 _ (q2)2’ (-8)
AMyq® Fi(q*) = (4> F3 (%)

SBom , 2 = p 1 2 , 39

"0 ) @Myp)* = () o

4M2q* Fi(g*)Gm(g?)

Born 2\ — _52(,2 p

AP (p.q7) =—Fy(q7) + = (3.10)
4M3p F>(g*)Gm(q?

ABom (5 g2) = 0 F2(g7)Gm(g”) 31D

2Mpp)? - (g%)?

From these expressions one could easily single out the point-like contributions. The remaining
contributions, with the O(p?) accuracy of our chiral computation, are encoded in the following
expression (we split G g,y into pieces according to its chiral counting: G%’)M ~1/M Z ~1 /A’;():
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Tﬁom =ind(v-q) Tr[uﬁ (—4P+Gg)Gg)v“v"

2 ’
+ oG Gy (V" pa[s” s Jap pr =V pi "7 ]%'P+)>]s (3.12)
p

+vy

where p; = . Note that TBOrn is proportional to §(v - ¢) and G(O) 1. The expressions for

Gg), G;}I) can be found in Refs. [15,18,19]. We write them here for ease of reference:

2 2 2
@2y 27) 1 oL, 84 _ 28ina
G = — 424
£ (1) =075 +(471F7T)2(q <12+ 49

4 5 (5 ‘12 2
S a2 =L a/A2 - m2 YR (m2)
3 9 /AT —m2
1
1 21,3, 4, 28 5
e [ [ (536 360 )+ 5
0

1 5, 20, m?
+ §+§g 9gﬂNA q( 1+x)x|In m%
16 A 4
+3 8721NAﬂ<3q x(1—x)+ A% —m? )lnR( )} (3.13)

where (the coefficients él and Bjo are counterterms of the HBET Lagrangian from [19])

<r2> _ dGE(_qZ)

d(qz) q2:O
3(ics + k) 1 1 7 104
— 128, + 6B
M2 (471F)2< 128146810 + 384~ 57 8ana
40 , A 5 , 40 , My
= (R 14562 — = m(22)), @314
5 &ana A2 n( (mn))+< T84~ g 8ana )10 (G.14)
and
arM, |
Dy 2y_ 2 TMp ~5
64 (0) =~ s / dx{i = mz)
32 :
2 Mz
d Y (.
+9(%””“(4711? )2/ x{ <4A2) n(m)
0
A2 —m? A2 —
+ X2 R () — 7Vm”1n72(m3{)}, (3.15)
A A
with
2 A AZ ~2
R(m*)=—=+,— -1, m? =m2 —¢*x(1 —x). (3.16)
m m
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For the spin-dependent case, the only contribution is the term proportional to GEJI), which
comes from the A]13°rn term (this is the only term that contributes to the Born (Zemach) piece of
the hyperfine splitting). For the spin-independent case we only need Gg).

Eq. (3.12) comes from diagrams (5) and (6) in Figs. 2 and 4 after properly subtracting the
subdivergences.

Following common practice we define the electromagnetic charge density as

4’k

)3 eik‘rGE(_kz)' (3.17)

Pe(r) =

The inverse of its Fourier transform allows us to obtain the even powers of the moments of the
charge distribution of the proton,

o0

2 . (_l)n 2n 2n G (_1)n 2n/. 2n
Ge(—k ):ka /dr(47r)r pe(r)zzmk {r2n). (3.18)
n=0 0 n=0
By Taylor expanding Eq. (3.13) we obtain (for £ > 1)
= 257 (1 4+ GG+ 20k~ DI — 12
32F2n?
+ ?ﬁné%ﬁgiNA{ <(31t2kk) y? — 6>F(k)2
) (= DFH1417K(3 4 2k) (2K)! 2 V1—y2 }
2k —1) (I —y2)k
m272k

1k
+ b4 gZNAy*4+2k(1 _ y2)2 (k|)2
18F272 57

—1/2 3 1

—3(y2 -1 B1L,1,1—k2,=—k1——

SRR R GRS S
—1/2 5 1
—4(y* =1 Bl1,1,2—k2,~—k1——
Y )<k—2>3 2( 2 yz)

(5 ) (1)

2—2k 2 k
m 2 o =1 (k!)z

_ T
9F27'[2 8xNA
T

1
1=yt
00 2

2r)! o (T 1 y
—_— 3 F _ka A 1- k )
X222r+1r(r!)2y ( +y ) k 241 2 +r y2_1

r=1

1+r 1 y?
_ 432 Fi—k = 2—k+r,——)|, 3.19
)’< r >2 1( 5 +r y2—1>} (3.19)

where y = ", and ' (n) is the Euler I" function.
The odd powers of the moments of the charge distribution of the proton are obtained (defined)
through the relation:
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(r2H1) = 72T 2+ k) A2k
T(—1/2—k)

U N P g (d e 3.20
2r)3 20 E(—q )_X_:W d—(12 E(—q ) o . (3.20)

An analytic expression of this quantity is relegated to Eq. (4.12). Note that, by using dimensional
regularization, we can eliminate all the terms proportional to integer even powers of g in this
expression. For k > 1, this integral is dominated by the chiral result and can be approximated by

2k+ T 3/ I (2+k) 1

k+1 4+2k 2 2

r - - @ 7 2 ) 391
( > I ( 1/2 k) (ZT[)D (Ox)\D—1 2(2+k) ( q ) ( )

Finally, let us note that, by construction, both Té‘ovm and T“ o1 comply with current conserva-
tion. The separation (definition) of the Born and polarizability terms is in general ambiguous, see,
for instance, the discussion in Refs. [20,21]. In our case, as far as we give an explicit definition

for Té‘om, this ambiguity disappears. In what follows we consider the computation of T];g‘l)

3.1. Computation of Tp’é‘f

We split each SF ol / A?OI in the following way:

1 1 1 1 1 1 1 1
= ST+ ST+ ST A = AT AT A

P A (3.22)

SPO] and Ap encode the contributions only due to pions. They are produced by the diagrams
llsted in Flg 2 Summing them up we can reconstruct the tensor structure of 7", In D dimen-
sions the structure functions read

2
SPol (61 qo) _izM (m JO(O m )+Jo(0 m ) JO(ﬂ]o,m%)
1
+4fdx{(2x— 1)J3(qox, )
0
— (1= x)(m* + (¢* - 2q§)x2)12”(qox,n~12)}> + (g0~ —q0),  (3.23)
I & q*
SPO (q q) F‘;M 2<Jo(0 m )+m JO(O m ) Jo(qo,m%)
T CI()

1
+/dx{q2q2(1 —2x)%(1 — 0)x2JY (qox, ?)
0
+2¢%2x — DxJ{(qox, m?) — (1 — x)(4(m* — 2¢3x?)
+q*(4x? 4+ 2x — D(1 + 6x +d(2x — 1)))) I (qox, i)

+4(2x — D J3(qox, nﬁ2)}> + (g0 ~ —qo0). (3.24)
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1

2
1
Ap01 (4%, q0) = Z%Mgfdx{—Jz’(qox,rhz) + qox? J§(qox, m?) + xDy (nﬁz)}
P q0
0
+ (90 = —qo), (3.25)
1
1 g -
A% (4% q0) = F/;M* / dxx(2x — 1) J§(qox. m*) — (g0 = —qo), (3.26)
where the loop functions J; have been defined in D-dimensions in Eq. (B.1).
These structure functions reduce to the following expressions in D = 4:
2 2 2
pol 1 gA 3 m m
et =2 (57 MP’””{EH—?‘ (1 VT
1 m2 2
— = [—Z(2 Iy (m%,4°, %) {, 3.27
2 2 2 2
3 I m m q
SPOI , 84 ) (2. (24L ™ T 4
Ha = (5 ) e |-G+ (3 5 )
(qO)ZqZ m]ZT q2
4m2 q2 + (q2)2 2q2
m2 q2 qZ(qO)Z
+—2(2—- 1-2)+ V1—z
q ( (q°)2( ) 4m§q2+(q2)2>
1 2 612 q2 s 0 2
+§ —;<2+3¥+m—%>zl (m,,,q JI)}’ (3.28)
1
~ 2.2\ —1/2
ApOl (q ) 0) Lg—A 2/d —m2 aor _ 1——q0~x / sin~! qo¥ )
2 F7 P q0 m2 m2 %)
0
(3.29)
1
2 2 -1/2
pol 1 843 x(2x —1) qpXx . 1 qox
AS (q, 0) = 2 F2 p/d N 1 = sin 7= ) (3.30)
0
where
02
_@r (3.31)
mJT
and
: 1
A (mf,,qo,qz) =/dx
mr g2 2
0 Z —5X—X

my|q|

2 2 2
) +arctan<q7+q
2lqly/m2 —

;)

99
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(3.32)

. ( 2ima/q? — q* )
=11n .
2i/q?\Jm2 — 45 +q* 245

For D =4 we can compare with previous results in the literature. Sp °l and 52 were originally
computed in [7]. We agree with those results, which were obtained w1th different methods, either
by dispersion relations or through a diagrammatic computation assuming gauge invariance. In

the case of real photons (for g = 0 in the Coulomb gauge) we recover the results of [15]. Spo1
has also been checked in the limit gg — 0 in Ref. [22], and sPO 1 /2 ,, forall g and q in Ref. [23].

The spin-dependent structure functions, Apo and Ap , agree with the ones given in Eqgs. (30)
and (34) of [6], up to a normalization factor. They follow from summing up all the contributions
of the diagrams in Fig. 2 that have an antisymmetric contribution, i.e. diagrams (2), (4) and (5)
of Fig. 2.

We now move to contributions involving Delta particles. We first consider tree-level Delta
mediated contributions. The corresponding diagram is pictured in Fig. 3, and the associated con-
tributions read:

4 b3 Aq?
ST (4% 40) = — g AE M0 ——, (3.33)
IM; “q5—A+in
4 b2 Aq?
S5 (% q0) = LM, ——L— (3.34)
2,A 91‘4]27 pq02_A2+”7
4p? a4
AP\ (4 q0) = o bm2 20 (3.35)
OM2 P gs — A2 +in
4b?
AN (P qo) =y} IO (3.36)

9!\4127 pqg—Az—i—ir)

Eq. (3.33) agrees with [7] and, in the limit gg — 0, with the leading order expression of [22]
up to normalization. Eq. (3.33) differs from the expression obtained in Ref. [7] using dispersion
relations by a local term. For the spin-dependent terms we are in agreement with [6].

The last set of diagrams that we consider are those with one internal chiral loop and virtual
Delta particles. They are drawn in Fig. 4 producing the following D-dimensional expressions for
the structure functions:

32D-2 211 1
ST alaa0) == oy (422 (Zw—1>J2’<—A,mi>—zfo<qo—A,mi>
T

—/dx{(l — 1) (=A% +m? 4+ ¢2x? +2g0x (A — gox))
0

x J3 (qox — A, %) + —(l—x)( DL (m?) + 2D, (%))

+ 2x — DJ3(gox — A, %) }) + (90— —q0), (3.37)

8D—-2  g? 2
Shra(a® q0) = —gﬁMpcq? (ggA) (Jo(qo —A,m3) — (D = DJy(—=A,m3)
0
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1
+/dx{(1 — )04 (q0x — A, %) (¢*(D(1 — 2x)* — 4x(1 — 4x) — 1)
0
+dim? — 4(A% + 2q0x (qox — A))) +2¢7x (1 = 2x) Jj(qox — A, %)
+ Q2 (1 — 0)x22x — D(1 = 2x)J{ (qox — A, %)
—4Q2x — 1) Jj(qox — A, i?)

+ 4—(1 — x) (> D (1?) +2D,’,(ﬁz2))}>

+ (g0 = —q0), (3.38)
2
1 2 S NA )
AII)OJTA(CI ,CIO):_( 7;77{ ) MP3(D 1)/dx{x(A+qu)JO( qox — A, m )
oy 1 .
—xD} (mz)%fz’(—qox - A, mz)} + (g0 = —q0), (3.39)

2

pol 2 8aNA 3 8 -2

AZnA(q qo) ( F ) Mp3(D_1)/dxx(1—2x)]6(—qox—A,m)
0

— (g0 = —q0). (3.40)

The results for D = 4 dimensions are:

pol (2 4 8ana A A —qo A+qo
e () 2(252) o5
1 r;l2
/dx{—(Sx—S)ln( )
my mn
0
— 201 — a2 A
+ m_2<<5x_3+ ~2‘l( X)X 2)2( —l—qox)
4 m*= — (A + qox) 2
2 2
(1 — X)x A = gox
Sx—3 z , 341
+(x +rh2—(A—qox)2> < = ( )

2 2
pol 2 4 8ina A A —qo A+qo
e =gt G 02()+2(352) = (5
m T T T

3

0

1
m? 1 [m2 _[A+qox
/dx{m—(3x — 5)ln<m”> +3 m—%z( Tz )(4(3 — 5x)
0
B =701 —2x)%¢% —4¢*x%  ¢*q*(1 —x)x%(1 — 2x)2>
m? — (A + qox)? (2 — (A + qox)?)?
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1 [m2 _[(A— 3—7x)(1 —2x)%q? — 4q’x?
1L g (B0 ) (45— 5y 4 CTTOU 2070 — 4T
4\ m2 V2 M2 — (A — gox)2

T

2,2 2 2
q (I—X)x (1—2x) q q B )
A+ gox A — qox

X (mrr(}’;lz — (A —|—q0x)2) + mn("ﬁz —(A— qox)2)>}i|’ (3.42)

1
pol [ 2 2 8ina g e 1 X(A — qox)
Alaald’a0) =55 ="M (1_/dx " {<_q_o+rh2

— (A —qox)?
A — 1 A A
><Z< QOX)+(_+ _x(A+q0%) )Z( +6IOX>} ’
NIE qo Mm% — (A +qox)? m2
(3.43)
Apol (2 _ _gyzzNA M3
27rA(q "10) ~on2 F2
1 (A\;@x) (A+qox)
dxx(1 —2x)Vm A2 - ,
0/ ( ) { 2—(A- CIOX)Z 2—(A+610x)2}
where we have defined Z as
Z(x)=vx2 - 1In(vx2 — 1 +x). (3.44)

The D=4 express1ons for Sf o and S 2 x A agree with Eqgs. (51) in [17] for the case of real

photons, i.e. g> = 0 and in the Coulomb gauge.

Summing up all the contributions of the diagrams in Fig. 4 which have an antisymmetric con-
tribution, i.e. diagrams (2), (4) and (5), we get the spin-dependent part that agrees with Egs. (33)
and (36) in [6], up to a normalization factor.

In all expressions we use principal value prescriptions, the Dirac delta contributions associated
to the propagators have gone into the Born term. Nevertheless, from the point of view of the
effective theory this splitting between the polarizability and Born term is quite arbitrary.

4. Matching HBET to NRQED: cg’ i (spin-independent)

The matching between HBET and NRQED can be performed in a generic expansion in 1/M,,
1/m, and o. We have two sort of loops: chiral and electromagnetic. The former are always
associated to 1/(4m Fy)? factors, whereas the latter are always suppressed by « factors. Any
scale left to get the dimensions right scales with m, or A. In our case we are only concerned
with obtalmng the matching coefficients of the lepton—baryon operators of NRQCD with O(a? x
Zl )) accuracy.

Tn what follows, we will assume that we are doing the matching to NRQED( ). Therefore, we
keep the whole dependence on m;, /my . The NRQED(e) case can then be derived by expanding
M, VErsus my.
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&
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Fig. 5. Symbolic representation (plus permutations) of the Zemach correction in Eq. (4.5).
At O(a?), the contribution to cé’ l (see Fig. 1) from matching HBET to NRQED can be written

in a compact way in terms of the structure functions of the forward virtual-photon Compton
tensor. It reads [24]

4
ORI 1
ST i i A,

x {(3k5. g + k) S1(iko.£. —kz) — K>S (iko. . —k3) } + O(c). 4.1

This result keeps the complete dependence on my, and is valid both for NRQED(u) and
NRQED(e). This contribution is usually organized in the following way

1’11 pli pli pli 3
€3 =R T €3 point-like T C3 Bom T €3 pot T O(@”). 4.2)

pli

I
¢3 g 1s suppressed by an extra factor m;, /M), i.e. cf

R~ azmli /M . This goes beyond the aimed

accuracy of our calculation and so we neglect c
The second term in Eq. (4.2) corresponds to Eq (4.1) assuming the proton to be point-like.
With the precision needed it reads in the MS scheme (see [25])

M, o S mp 1 My 1
3pomt Jlike (V) = m, m M,, 11174-5 In —- v2 +§ . 4.4)

4.1. c3Bom and Zemach moments

The third term in Eq. (4.2) is generated by the spin-independent Born contribution to 7" in
Eq. (3.12). We symbolically picture it in Fig. 5. At leading order in the NR expansion it reads’

2 In this expression we have computed the loop with the proton being relativistic to follow common practice. Never-
theless, this assumes that one can consider the proton to be point-like at the scales of the proton mass. To stick to an
standard EFT approach one should consider the proton to be NR. Then one would obtain

2

Pl 2 Mp My 1

3p01m-11ke my, (ln Uzl + g . 4.3)
1

The difference between both results is of the order of ¢3 R, and gets absorbed into this coefficient (which we do not know

anyhow). Therefore, the value of cg , will be the same no matter the prescription used. In practice there could be some
difference due to truncation, but alway% of the order of the error of our computation.

3 In Ref. [10] we named this object c3 lZemach'
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—1
2 d7q 1 OGO (_g2

Note again that this result holds for both NRQED(e) and NRQED(u). In other words, the exact
dependence on my; is kept (at leading order in the NR expansion). The linear dependence in the

lepton mass makes this contribution much smaller for the case of hydrogen. G%O) = 1. We take

the expression for Gg) from Eq. (3.13). The use of effective field theories and dimensional reg-
ularization is a strong simplification, which we have already used when writing Eq. (4.5). This
guarantees that only low energy modes contribute to the integral, and that we only need the non-
analytic behavior of G(z) in g% around m, and A. In other words, even though some point-like

contrlbutlons are still encoded in G(Z) they do not contribute to the integral. The analytical be-
havior in ¢2 produces scaleless integrals, which are zero in dimensional regularization. This is a
reflection of the factorization of the different scales. Therefore, we do not need to introduce the
point-like interactions to regulate the infrared divergences of the integrals at zero momentum, as
it is done if trying to compute this object directly from the experimental data. We will come back
to this issue when we discuss the Zemach moments.

The computation of c; ZB om Was made in Ref. [10]. Here we give a simplified expression:

2 2
" of My \NPmy [3, 1 32, m
¢4 Bom = 2(7@) <—4nF0> _mn{4 A+§+3”8nNA_Az _ﬂmz

s

o0

2, m,,Z (—1)'T'(=3/2)

7 ETNATA T+ DI(=3/2 - 1)
2(r +2) my \
Boso — —Z g H2) L 46
X{6+2 350 4+2}(A)} (4.0)

where the first line is due to scales of O(my) and the terms proportional to B, are due to scales
of O(A), where (this corrects Eq. (61) of Ref. [10])

[ | VT=emE e L] i<
B,= | dt 5 X
0 1-1 —A/12 —larccos[%] ifr>1
3
B _ﬁ(H%_% —H_)l'G -3
are-1%)
. I'n-2) 1l n—2n—-1nn
21 " F A’ A T A _’_71
+ 1“2(%32<2’2’2’22)
- 3 3 1.5 5 .1
22723 G -39 -39+ 3153 7533735 9)
(n—3)
HRG-33-33+k3-33-%)
(n—5)
Zsec(G) (0 =2 Hi—n + 2 =n)H) _y +n(=In(2)) — 1 +1n(4))
+ — . @

(n—2)rQ—5Hresh)

and H,, is the n harmonic number.
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Eq. (4.6) encapsulates all the non-analytic dependence in the light quark masses and in the
splitting between the nucleon and the Delta mass (proportional to powers of 1/N, in the large
N, limit) of c3 Bom- Lhis expression is the leading contribution to the Zemach term in the chiral
counting (supplemented with a large N, counting). This is a model independent result. Other

contributions to the Zemach term are suppressed in the chiral counting.

pl;
C3 Born

(r") E/613”'”'"/613Z/)e(IZ—lr|)f)e(z)- (4.8)

The Zemach moments can be determined in a similar way as the moments of the charge distri-
bution of the proton. For even powers we have the relation”

can be related with (one of) the Zemach moments:

o (—=D"
GE(—K) =) ———K"(r*),. 4.9
E( ) ~ (2}’[ + 1)| (r >(2) ( )
The odd powers are obtained (defined) through the relation:

ey TPTR2 4K g
(V >(2)— 1 _
[—1/2 —k]

d’q 1 2 2 . Q" ([ d\" 2 2
WW[GE(_q)_ZW(W) Gel~t)

n=0

}. (4.10)
=0

Again, using dimensional regularization, we can eliminate all the terms proportional to integer
even powers of ¢ in this expression. For k > 1 this integral is dominated by the chiral result and
can be approximated by

3/2F[2+k YA+2k !

U1y
(rF )y =2 x 12— k] (Zn)Dl prIpE)

— =GP (—g?) =20, @1
It is possible to get an analytlc result for these integrals. We obtain (y = —)

1-2% 2+4g32+k)
(47 Fp)? 34+4(k2—-1)

4 5 mk+2)(=DFT 3.5 )
- — L VR -k
o8 NAT s p kg 0 PN TR

422! G 0
TNA < r! T[—1/2—k—r]

3
4
r+zk+3
|:B2k+2r+4 - 7B2k+2r+2:| } 4.12)

§+k+r

(r2E 1) ) 2 2r2* ) > 20[3/2 + k]

o= {F[3/2+k]

In Table 1 we give our predictions for some selected charge and Zemach moments,’ both in
the effective theory with only pions and in the effective theory with pions and Deltas. The even

4 Note that comparison with Eq. (3.18) gives algebraic relations between the even charge, (rz”), and Zemach, (rzn)(z),
moments.
5 Note that (r2k+1 o) = 2(r2k+1y with the precision of our computation.
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Table 1

Values of (r") in fermi units. The first two rows give the prediction from the effective theory: the first row for the effective
theory with only pions and the second for the theory with pions and Deltas. The third row corresponds to the standard
dipole fit of Ref. [26] with (r2> = 0.6581 fm3. The fourth and fifth rows correspond to different parameterizations of
experimental data [27,28], with the latest fit being the more recent analysis based on Mainz data. For completeness, we
also quote (r3)(2) = 2.71 fm? from Ref. [29].

(r3) (r*) () (r) 7 )
T 0.4980 0.6877 1.619 5.203 20.92 0.9960
T&A 0.4071 0.6228 1.522 4.978 20.22 0.8142
[26] 0.7706 1.083 1.775 3.325 7.006 2.023
[27] 0.9838 1.621 3.209 7.440 19.69 2.526
[28] 1.16(4) 2.59(19)(04) 8.0(1.2)(1.0) 29.8(7.6)(12.6) - 2.85(8)

powers are obtained by direct numerical Taylor expansion of Eq. (3.13), or using the analytic
formulas in Eq. (3.19). The odd powers are obtained from Eq. (4.12). We have also numer-
ically checked the values of (r**1) directly using Eq. (3.20). In order to estimate the error
of the charge/Zemach moments and the other quantities we compute in this paper we proceed
as follows. We count m; ~ ,/Aqgcpmg and A ~ AI%—SD. We then have the double expansion

I’I’lq A
and Toco

~

uis:d ~ L We still have to determine the relative size between my and A.
AqQcp Aqep Ne

We observe that m, /A ~ N, /% ~ 1/2. Therefore, we associate a 50% uncertainty to the

pure chiral computation. For all Zemach moments we observe good convergence, with the con-
tribution due to the Delta being much smaller than the pure chiral result, and well inside the
50% uncertainty. Leaving aside the Delta, the splitting with the next resonances suggest a mass
gap of order Aqcp ~ 500-770 MeV depending on whether one considers the Roper resonance
or the p. For practical purposes, we also count mg ~ ,/Aqcpms ~ 500 MeV of order Aqcp.

Therefore, we assign 72— ~ 1/3 and —2— ~ 1/2, as the uncertainties of the pure chiral and the
AQcp AqQcp

Delta-related contribution respectively. We add these errors linearly for the final error. This gives
the expected size of the uncomputed corrections but numerical factors may change the real size
of the correction. In particular, huge discrepancies with these estimates may signal the failure of
HB x PT for obtaining some of the observables considered in this paper.

The chiral prediction is expected to give the dominant contribution of (") for n > 3. For
n = 2 it could also give the leading chiral log. For smaller n the chiral corrections are sublead-
ing. Note that for all n > 3, these expressions give the leading (non-analytic) dependence in the
light quark mass as well as in 1/N,. This is a valuable information for eventual lattice simula-
tions of these quantities where one can tune these parameters. In Table | we also compare with
the standard dipole ansatz [26], and with different determinations using experimental data of the
electric Sachs form factor fitted to more sophisticated functions [27,28].° The latest fit claims
to be the more accurate. Nevertheless, we observe large differences, bigger than the errors. This
is specially worrisome for large n, since the chiral prediction is expected to give the dominant
contribution of (r") for n > 3. In this respect, we believe that the chiral result may help to shape
the appropriated fit function and, thus, to discriminate between different options, as well as to
assess uncertainties. The impact of choosing different fit functions can be fully appreciated, for

6 The agreement with [27] for n = 7 is accidental. We have checked that the growth with # is different with respect the
chiral prediction.
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Table 2

Predictions for the Born contribution to the n = 2 Lamb shift. The first two entries correspond to dispersion relations.
The last two entries are the predictions of HBET: The 3rd entry is the prediction of HBET at leading order (only pions)
and the last entry is the prediction of HBET at leading and next-to-leading order (pions and Deltas).

peV DR [34] [36] HBET [10] () (T&A)

AEBom 23.2(1.0) 24.7(1.6) 10.1(5.1) 8.3(4.3)

instance, in the different values of the electromagnetic proton radius obtained in Ref. [30] versus
Refs. [31,32] from direct fits to the ep scattering data. Such values differ by around 3 standard
deviations. On the other hand, even if on general grounds one may expect the charge/Zemach
moments will be more and more sensitive to the chiral region for n — oo, large fractions of the
experimental numbers are determined by the subtraction terms included to render these objects
finite (for odd powers of n). We stop the discussion here but the reason for such large discrepan-
cies should be further investigated.

As we have already mentioned, c; IB om €an be related with (one of) the Zemach moments:

do 0%, ,
Cngom 3 ZMZ’"I’( >(2)’ <r3>(2) /Q“ (Gz( Q)_1+T< )) (4.13)

Note again that the terms proportional to “1” and r? vanish in dimensional regularization. We
can now obtain (m, =m, Mp/(m, + Mp))

Plu

3
€3 Born 1 (ma
AE , 4.14
Born = Mf, 7'[< ) ) ( )

the Born contribution to A ETpg, from the effective field theory. We quote our results in Table 2.
The pure chiral result was already obtained in Ref. [10]. The w & A result corrects the evaluation
made in that reference due to the error in its Eq. (61). Note that the new result is much more
convergent, since the correction associated to the Delta is much smaller. On the other hand, our
result is now much more different with respect to standard values obtained from dispersion re-
lations. We quote two of them in Table 2. One may wonder whether such difference is due to
relativistic corrections. An estimate of the relativistic effects can be obtained from the analysis
made in Ref. [33], which, however, is based on dipole form factors parameterizations. The dif-
ference between the relativistic and NR expression was found to be small (~3 peV). It should be
checked whether this feature holds with different parameterizations. If so, the difference seems
to be mainly due to the computation of the Zemach correction (see Table | and the discussion
above). Therefore, as stated above, the reason for such large discrepancies should be investigated.
In the mean time we will stick to our model independent prediction from the effective theory.

4.2. Matching HBET to NRQED: c3 pol

Finally, we consider the polarizability correction. It is obtained from Eq. (4.1) but subtracting
the Born term to the structure functions of the virtual-photon Compton tensor. The expressions
at O(p?) in HB xPT can be found in Section 3.1. The final expression reads

2
pli _ _ ap2M (AN g 42 mud A _ A2 n8(8iNa\" Az
A= M”mn<Fn) N S —etMy 2 Al )BT @1y
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where

o0
43k 1 / dw 1 1

2= | G aries {2+ (1 +K)°) Al (. k)
0

T W 0)2 + 47;1, m
+ (1412 KBl (0, 12) ). (4.16)
For the case of only pions we have 7, =m, /my and

1

1 3 1—x
A (0, k) =——| - +V1+ 0?2+ 4.17)
il ) 47T|: 2 J \/1+x2a)2+x(1—x)w2k2

1
1 1-2
BT (o, K2 _—/dx|: a
8w J V142202 + x(1 — x)w?k?

1 1—x)(1—2x)2
1 d-od-&mF ] (4.18)
2(1+x20? +x(1 — x)0’k2)?
For the case of Delta at tree level we have /iip =m, /A and
1 o’k?
AR (0,K%) = — ———, 4.19
g0 ) 7?2’ +1 (4.19)
11
B2 (0,K*) = —— : 4.20
E( ) 0)2+1 ( )

For the case of loops including the Delta we have miar =m, /A and

AL (0,1)
1
1 1+V1—1¢2
= dx{3v1—1¢2In ;
1272 t
0

+ %/W(ln(ﬂ —In(l—io+ \/m))
= 2
_(3—5x)ln<1_|_(1+k (1 —x)xw )

t2

(1> = 1)(3 = 5x) +2ix(3 = 5x)w + x(3 — 5x + 3k*(1 — x)(1 — 2x))w?
V1—12 4 x00(=2i + (=1 +K2(=1 + x)w)
(1 —ixo4+V1 =12 +x0(=2i + (-1 +Kk2(—1 +x))w))}
X In + (w — —w)
Vi — 1+ k) (—1+x)xa?

+2

421

B (0.10)
1

=0 dx(1 —2x)?
0
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5 { K2(1 — x)x20%(1 4+ iwx)
2 — A +k)(—1+x0)x0)(1 — 12+ x0Q2i + (=1 + K2(—1 4+ x))w))
—34+12(3 = 7x) + x(T+2i(=3+Tx)® + (3 — Tx + 3k>(1 — x)(1 — 2x))w?)
(1 -2+ x0Qi + (-1 +Kk2(—1+x))w))3/?
5 ln<1 +ixw++/1 =12 +x0Qi + (-1 —K2(1 — x))w)
V2= (1 +K) (=1 +x)xa?
where 1 = m /A. Note that the imaginary part of these expressions comes only from the Wick
rotation of ko and will vanish upon integration.

The pure pion contribution was already found in Ref. [7]. Our full prediction for the polariz-
ability term including the Delta effects reads

>} +(w—> —w), 4.22)

Pl

c 1 3
bl (m’“ ) — 18.51(-loop) — 1.58(A-tree) + 9.25(7 A-loop)
Mp T 2

=26.2(10.0) peV. (4.23)

AEpol =

In Table 3 we compare our determination with previous results. Most of them are obtained by
a combination of dispersion relations plus some modeling of the subtraction term that we dis-
cuss below. The analysis of Ref. [23] has a different status. In this reference the polarizability
correction was computed using B xPT with only pions. Such computation treats the baryon rel-
ativistically. The result incorporates some subleading effects, which are sometimes used to give
an estimate of higher order effects in HB x PT. Nevertheless, the computation also assumes that
a theory with only baryons and pions is appropriate at the proton mass scale. This should be
taken with due caution. Still, it would be desirable to have a deeper theoretical understanding of
this difference, which may signal that relativistic corrections are important for the polarizability
correction. In any case, the B x PT computation differs of our chiral result by around 50% (this
means around 1.5 times the error we use for the chiral contribution, once the Delta is incorporated
in the calculation), which we consider reasonable.

It is also worth discussing the LEX approximation used in Ref. [23]. This approximation con-
sists in setting gg = 0 everywhere except in the denominator in Eq. (4.1). For the pure chiral
result, this approximation works remarkable well (18.51 (exact) vs. 17.85 (LEX)). Neverthe-
less, such success does not survive the incorporation of the A particle. For the Delta tree-level
contribution we find (—1.58 (exact) vs. 0 (LEX)). The real problem appears from the O( p3)
pion—Delta result. For such contribution there are 1/qq singularities in the tensor that only cancel
if the complete expression is used. Doing the LEX approximation leads to divergent expressions.
Even more worrisome is the fact that, at present, there are no theoretical justification for using
the LEX approximation for the integral in Eq. (4.1). It is not correct to assume that the photon
energy that appears in the integral, gg, corresponds to the energy in the atomic system. It rather
reflects virtual fluctuations of order of the pion and muon mass (as well as of the A scale). Since
those particles are relativistic at those scales it is theoretically incorrect, a priori, to neglect gq.
In any case, on the light of the good agreement for the pure chiral case, it would be interesting to
see whether one could find a theoretical justification for such behavior.

It is also interesting to consider the limit m;; <« my, which is relevant for the hydrogen atom.
In this limit Eq. (4.15) approximates, with logarithmic accuracy, to

li
ot = —aMpmy [Sayf” = BTGy, (4.24)
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Table 3

Predictions for the polarizability contribution to the n = 2 Lamb shift. The first four entries use dispersion relations for
the inelastic term and different modeling functions for the subtraction term. The number of the fourth entry has been
taken from [23]. The Sth entry is the prediction obtained using B x PT. The last two entries are the predictions of HBET
discussed in this paper. The 6th entry is the prediction at leading order (only pions) and the last entry is the prediction at
leading and next-to-leading order (pions and Deltas).

(ueV) DR + Model  [34] [35]  [36] [37] BxPT [23] (w) HBET[7] (w) [13] (n&A)
AEpo 12(2) 115  7.4(24) 153(5.6) 8. 2("'1 2) 18.5(9.3) 26.2(10.0)

Fig. 6. Diagram contributing to the polarizability correction with Inm, accuracy. The matching coefficients of the proton
can be ¢ Ay O C4,, OF, in other words, the proton polarizabilities.

2
pl; 2 2ml, A 49 5 omy; M Mz 8 25
= b ~— 4+ = Zh TP (=) 2
Gpol T 7Y Mo TR AL G Fy? T\, ) T 27 Bna
M 45A 4A? — 49m?
T + " n[R(m2)] ) nf 22X ).
/AT —m2 (47[F0)2 /A2 = mZ AZ —m2 my,
(4.25)

These logs can be obtained by computing the ultraviolet behavior of the diagram in Fig. 6. This
contribution is proportional to c4, and c4, or, in other words, the polarizabilities of the proton
(see [38,39]). For the pure pion cloud, the polarizabilities were computed in Ref. [15]. The con-
tribution due to the A can be found in Ref. [40]. The scale in the logarithm is compensated by
the next scale of the problem, which can be m, or A. For contributions which are only due to the
A or pions, the scale is unambiguous. In the case where pions and A are both present in the loop
we will choose the pion mass (the difference being beyond the logarithmic accuracy). It is known

that the pure chiral prediction of oz(p ) and ﬁ](vf) nicely agrees with the experimental values. This

agreement deteriorates after the inclusion of the Delta effects, specially for ,31(‘5). Nevertheless,

(r (p)

this object is comparatively small, and even more so for Sy , the combination that ap-

pears in the logarithmic approximation. Whereas the experimental number reads Sa(p ) 1(‘,’;) ~

54 x 10~* fm> [41], the pure chiral result gives (Sa(p) ﬁ(p))(yr) ~ 60 x 10~* fm?, and after the

inclusion of the Delta we obtain (Sa(p ) ,8(p ))(n&A) ~73 x 10~* fm>. Again the inclusion of
the Delta deteriorates the agreement but the difference is of the order of one sigma according to
our error analysis. We take this as an indication that effective field theory result will not be very
far off from the real number for the case of muonic hydrogen and that, maybe, the pure chiral
result compares better with experiment than after the inclusion of the Delta. Nevertheless, we
will not make any assumption in this respect and stick to the complete prediction of the effective
theory.
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It is also customary to split the polarizability term (note that the Born term has already been
subtracted from it) in what is called the inelastic and subtraction term:

d*kp 1 1
Qm)* ki kf +4m7 kg

_ dQ2 Q2 4m121_ 5
- Zmz, Q2{1+<1 zmg,)< @“—1)}51(0’—@, (4.26)

d*ke 1 1
Qm)* Ky, kg 4+ 4mi kG g
x {(3k§ ¢ + k) (S1(iko,e, —k%) — S1(0, —k%)) —K*Sa(iko,e, —k%)}.  (4.27)

It is argued that the inelastic term does not require further subtractions and can be obtained
through dispersion relations. On the other hand, the subtraction term cannot be directly obtained
from experiment. This fact has been used in Ref. [42] to emphasize that the polarizability term
is affected by huge theoretical uncertainties. In this paper, we can avoid making any assumption
about the dispersion relation properties of these quantities. This is possible within the framework
of effective field theories. In this setup the splitting between the inelastic and subtraction terms
is unmotivated, and to some extent artificial (as it was the splitting between the Born and polar-
izability term). Let us elaborate on this point and see what effective field theories have to say
in this respect. The main problem comes, as it has already been pointed out in Ref. [23], from

pli 4
3 qup = —€ Mpmy,

(355, + &) $1(0, —k)

pli  _ 4
C3inel = — € MPmli

the diagram in Fig. 3. This diagram yields a finite (an small) contribution to c3 -1 (and therefore

to the energy shift, see Eq. (4.23)). Nevertheless, when splitted into c3 lmel and c3’lsub, each term
diverges in the following way

i oo 4 amy s
Bcgsub —dc gmel — _ga A bl,F 1n(v/mli)' (4.28)

If we set the ultraviolet cutoff to the p mass, v = m,, the energy shift of each term is one order of
magnitude bigger ~—11.37 ueV than the exact result for the sum. Obviously such contribution
is fictitious and may alter the value of the individual terms. On the other hand, it is possible to
perform this splitting for the case of the pion and pion—Delta loop. We obtain the following:

AE®® (77 -Joop) = —1.62 peV; AE®™® (r A-loop) = —1.23 peV. (4.29)

They are of the same magnitude. Their size is barely one order of magnitude smaller than the
total polarizability term. For the case of the pion loop it is possible to obtain analytic expressions
in the limit m,, = m, which is a rather good approximation:

gia5m3

(sub) _ mu
AE (n—loop)]mnzmu = 64712F2 ( 143G —2In2)=—1.40 peV, (4.30)
where G >~ 0.9160 is the Catalan’s constant. For these quantities the LEX approximation works
quite well, both for the pion and the pion—Delta loop case. We find’

7 For my, = mz an analytic expression can be found for the pion-loop case [23]:

5,3

£ (5ub) _ gA“ mymy (1 _
Efgx (T-100D)] = T2 ma \2 G+1In2)=—-1.08 peV. 431
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Table 4

Values for the subtraction and inelastic terms that one can find in the literature.

(ueV) [34] [35] [36] [22] [37] [23]
AE(UD) —-1.8 -23 —5.3(1.9) —4.2(1.0) 2.3(4.6)) 3.0
AE(ineD) 13.9 13.8 12.7(5) - 13.0(6) 52

(D) This number is the adjusted value of Ref. [37], given in [23].

AESY (m-loop) = —1.23 peV;  AESS (r A-loop) = —0.91 peV, (4.32)

which is again asking for a theoretical explanation of this relatively good agreement.

For comparison we show different values obtained for the subtraction and inelastic term ob-
tained in the literature in Table 4.

We now combine the contribution from the Born and polarizability term and summarize our
final results for A ETpg:

AEtpE = AEBom + AEpo = 28.59(1) + 5.86(1 &A) = 34.4(12.5) peV. (4.33)

‘We would like to emphasize that this result is a pure prediction of the effective theory. It is also the

3
. . . . . . m
most precise expression that can be obtained in a model independent way, since O(m MozS A3“ )
QCD

effects are not controlled by the chiral theory and would require new counterterms. Our num-
ber is only marginally bigger than A Etpg = 33(2) ueV [22]. This number is the one used in
Ref. [12] for its determination of the proton radius. It is obtained as the sum of the elastic and
inelastic terms from Ref. [36] and the subtraction term from Ref. [22]. Note that this evalua-
tion is model dependent. Even though the low energy behavior of the forward virtual Compton
tensor was computed to O(p*), this does not reflect in an improved determination of the polar-
izability correction, since an effective dipole form factor is used, not only at the p mass scale,
but also at the chiral scale. This problem also introduces a model dependence in its error es-
timate. Other existing determinations [34-36] yield quite similar numbers but suffer from the
same systematic uncertainties. In this respect our calculation is model independent and have
completely different systematics. The fact that we obtain similar numbers is comforting for the
reliability of the proton radius determinations obtained in Refs. [12,13]. On the other hand, one
should not forget that the individual contributions are quite different, and the reasons for that
should be further investigated. Yet it is quite remarkable that the total sum gives such similar
numbers.

5. Matching HBET to NRQED: ¢} i (spin-dependent)

We proceed in the same way as in the spin-independent case. We will assume that we are
doing the matching to NRQED(y). Therefore, we keep the whole dependence on my, /m; . The
NRQED(e) case can then be derived by expanding m, versus m . We match HBET and NRQED
order by order in a generic expansion in 1/M,, 1/m, and o.. We have two sort of loops: chiral
and electromagnetic. The former are always associated to 1/(47 Fg)? factors, whereas the latter
are always suppressed by « factors. Any scale left to get the dimensions right scales with mi,
or A.

At O(a?), the contribution to cf l (see Fig. 1) from matching HBET to NRQED can be written
in a compact way in terms of the structure functions of the forward virtual-photon Compton
tensor. In Euclidean space it reads
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o €t [ dPk o1 1

“ T3] el i ramiid,

{Al(szE, —k3) (kg g+ 2kE) +1i 3k2—A2(szE, k%)}—i—@(a?’), (5.1
p

consistent with the expressions obtained long ago in Ref. [43]. This result keeps the complete de-
pendence on my; and is valid both for NRQED(u) and NRQED(e), i.e. for hydrogen and muonic
hydrogen. Similarly to the spin-independent case, this contribution can be organized in the fol-
lowing way

cPli 3
G = C4 R R + 6‘4 pomt -like T C4 Born + C4 pol + O(Ol ) (5.2)

Within the effective field theory framework the contribution from energies of O(m ) or higher in
Eq. (5.1) are encoded in cff’l}"2 ~ cf’R (analogously to c3). The other terms (associated to energies

of O(my)) were computed with O(a? x (Inmg,In A, Inmy;)) accuracy in Ref. [9]. We quote
(p)

them here for ease of reference® (cp =1+kp):
cilpomt e = <1 — %)a In m—g, (5.3)
4Born ~ (4ra)’ Mp3 / (;lD)[;k] k14Gg))G(l) 5.4)
:(4711”1;270)2 zi 2|:gA1nv—2+gg72TNAln€22:| (5.5)

2 2
i My 8(Tn w8 AT Pe g A
4rll T AnFp)2 w3\ 8 12))[°AT w2 9oTNAT 2 [T g P

Summing up the three terms one has

2 2 b 2
pl ~ Hp 2 mli F o2 A

2 2
m 2,2 7
P2 2,24 Mo
(47 Fo)? §<§+2 2)” galn
2 2
My 28(5 T\ 22 A
T anrr® 27\3 " 72 )7 svaln iy ©7
2 2 2
(Nez00) o) MM "Mp 22 2. My

Parametrically, the three contributions, Egs. (5.3), (5.4) and (5.6), are of the same order. Nev-
ertheless, the polarizability and the point-like term are much smaller. This is consistent with the

8 In Ref. [9] cy lBom was named 8c4 Zemach’ as Eq. (5.4) corresponds to the Zemach expression [44], the leading order
in the NR expansion of the Born term. The point-like contribution diverges irrespectively of doing the computation in
a relativistic or NR way (see the discussion in Ref. [9]). Here we only quote the NR expression, which is more natural
from the effective field theory point of view, as it avoids any assumption about the behavior of the theory at the proton
mass scale.
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fact that the polarizability correction seems to be small [45-47], if determined through dispersion
relations. As already discussed in Ref. [9], the effective field theory computation gives a double
explanation to this fact. On the one hand, this is due to the smallness of the numerical coeffi-
cient of the polarizability term, but there also seems to be some large N, rationale behind. Since
grNA =3/ (2\/5) g4 in the large N, limit, the polarizability term vanishes (see [6]) except for
the tree-level-like Delta contribution (the last term in Eq. (5.6)). Nevertheless, the latter also van-
ishes against the «,-dependent point-like contribution (which effectively becomes the result of a
point-like particle) in the large N, limit, since bf =3 / (2\/§)KV and k), = ky /2 [48]. Note also
that the point-like term and the tree-level-like Delta contribution are suppressed by 1/m factors
with respect the Born contribution.

This discussion also illustrates that splitting the total contribution into different terms may
introduce spurious effects that vanish in the total sum. We have also seen a similar thing but in a
different context for the case of the spin-independent computation.

ple pli

. ply . .
Our computation allows us to relate c *and ¢ ¢ in a model independent way. Since cj p =~

cf,R up to terms of O(azmli /Aqcp), we can obtain the following relation

Plu _ _ple plu ple Pl ple 3 2
G =4 + [C4 ,point-like C4,p0int-like] + [64,p01 G4 pol] + O(Ot o mM/AQCD)' (5.9)

Note that we have already used the fact that c4 Born Cancels in the difference, as it is independent
of the lepton mass. The experimental and theoretical results discussed before suggest that c4 Bormn
is the leading contribution to the Wilson coefficient. Therefore, such contribution can be obtained
from cf le, which can be determined from the hyperfine splitting of hydrogen. In Ref. [9] it was
estimated to be cfle ~ —48a?. By considering differences in Eq. (5.9) the ultraviolet behavior

gets regulated and the logarithmic divergences vanish. This makes these contributions to be very
small an negligible compared with the uncertainties. For the point-like contribution we obtain

! ] K2 m2

Pl Dle _ p mo 2

€y, point-like C4,point-like - (1 - Z)“ In — m2 ~2.09a°, (5.10)
e

and for the polarizability we obtain (note that this term vanishes in the large N, limit, except for
the tree-level-like contribution)

cf”gol et = 0170 () + 0.072(A) +0.0080* (T&A) = 0.240”. (5.11)

. I . . . .
Overall we obtain cf # ~ —4602. The bulk of this contribution is expected to come from the

Born term, which in turn is related to the Zemach magnetic radius,

:ll-lk

/—% 0%)Gu(0%) - 1] (5.12)
0

by the following relation

3 1 I TT M m2 4 Az (v= =m )
7)=—— Pli ~__ 7P |2l T2 =2 e
<r > - A szMp C4,B0m ) (1 F0)2 |:gA In 112 + ggnNA In 1)2 1.35 fm.

(5.13)
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The chiral log result compares well (~30%) with existing predictions (~1.04-1.08 fm) from
hydrogen hyperfine [49,50], from dispersion relations [29,28], or from the muonic hydrogen
hyperfine [12]. Note that in the case of the determinations of (rz) from the hyperfine splitting
(either from hydrogen or muonic hydrogen) one needs to control the relativistic hadronic affects
associated to the Born term as well as the polarizability correction. On the other hand, if we are
only interested in the hyperfine splitting it may make more sense to consider cf i as a whole. We
relegate a more detailed discussion to future work.

6. Conclusions

We have computed the spin-dependent and spin-independent structure functions of the for-
ward virtual-photon Compton tensor of the proton at O(p?) in HBxPT including the Delta
particle. We have given D-dimensional expressions too. Those are relevant for future higher
order loop computations. We have compared our results with previous computations. The D =4
expressions for the spin-dependent structure functions were computed in [6]. We agree with their
results. The D = 4 expressions for the pure chiral (without Delta contributions) spin-independent
structure functions were computed in [7]. We agree with their results too. The Delta-associated
contributions to the spin-independent structure functions are new. We also profit to present all
these results obtained throughout the years in a unified form.

We have used these results to determine the leading chiral and large N, structure of c3l and

cf [i, or, in other words, to determine their non-analytic dependence on m, and N.. The fact that
we have full control over the quark mass dependence makes our result very useful for eventual
lattice determinations of these quantities. By fine tunning the mass in simulations we can identify
the results obtained in this paper and up to which mass the chiral is good approximation. One
could also vary N, to check the theory.

These Wilson coefficients appear in the hyperfine splitting (spin-dependent) and Lamb shift
(spin-independent) in hydrogen and muonic hydrogen. cgj li, the relevant Wilson coefficient for
the Lamb shift, is chiral enhanced. Therefore, the O( p3) chiral result is a pure prediction of the
effective theory, which we use to determine

AEtpp = 28.6(7) + 6.1(t&A) = 34.4(12.5) peV, 6.1)

the energy shift associated to the (hadronic) two-photon exchange of the Lamb shift. These re-

sults have been used in the recent determination of the muonic hydrogen Lamb shift and the

proton radius performed in Ref. [13]. We would like to emphasize that Eq. (6.1) is the most pre-
3

cise expression that can be obtained in a model independent way, since O(m Mots A’Z" ) effects
Qe
are not controlled by the chiral theory and would require new counterterms. Our final number

is quite similar to previous estimates existing in the literature. Nevertheless, those computations
require the splitting of the two-photon contribution into different terms. Some of them are then
computed using different dispersion relations, whereas one last term requires modeling its Q°
dependence. In contrast, we have used the same method for all computations contributing to our
result, yielding a parameter-free prediction. On the other hand, one should not forget that the
individual contributions are quite different, and the reasons for that should be further investi-
gated. In this respect we have discussed what the effective theory has to say about the separation
into Born, polarizability, inelastic and subtraction term. The Born contribution is related with
the Zemach moments. In this paper we have also given the prediction of the effective theory for
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some charge, (r"*), and Zemach, (")) moments. Finally, we have also discussed the chiral de-
pendence of the spin-dependent four-fermion Wilson coefficient, cf ki , and obtained the relation
between cf ¢ and cf  given by the effective theory.
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Appendix A. Constants and parameters

In our computations we have used the following values:

m,, = 105.6583715 MeV (A.1)
my = 139.57018 MeV (A.2)
M, =938.272046 MeV (A.3)
A =293.728 MeV (A.4)
o =1/137.035999679 (A.S)
ga =125 (A.6)
grna =105 (A.7)
Fp, =92.5 MeV (A.8)
bir =3.86 (A.9)

The values of the masses and the fine structure constant come from the PDG database [41].
The values of the effective theory parameters correspond to the NR limit.

Appendix B. Master integrals

We follow the notation of [16,17] and assume a negative infinitesimal imaginary part for all
the propagators.

1 dPl {10 Ly, Lyl Ll Ll
i) Qm)P (-1—qo—in(m?—1>—in)
= {Jo(go. m). v J1(q0. m). guv J2(qo. m) + v,v, J3(q0. m),

(8uvVa + guaVy + gua)VuJa(qo, m) + v, vyve J5(go, m),

(8uv8ap + &ua&vp + va8up)J6(qo, m) + (8uvvavp

+ 8uaVvVp) + &upVvVa) + guaVuVp) + gapvuvv) J7(q0, m)

+ ..}, (B.1)

where in D-dimensions:
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Dy (m) =mP2(4x)~P/?r (1 — g)

2 D 1
fotao.m) = WF<2‘ 2 ) I (m? = g3 + Y0P
—4q0

andin D =4 —¢:
2

m- -~
Dn(m) = @L + O(E),

~ 1 m?
2e
L=pu <—€ ~|—(yE—1—1n47[)>+ln<—2).

For the function Jy we get when |w| <m

90 - 1 ~1 =90
Jo(Qoamn)Z@(l—L)—m m2 — qg cos 1m—+0(€),
T

and for the case where w < —m we get the analytically continued function

\/615 —m? (/qé—mz —qo)
In
m

472
All the other functions are related to Eq. (B.7)/Eq. (B.6) and Eq. (B.4) by:

0 ~
Jolgo.m) = <5 (1= L)+
T

J1(go, m) = qoJo(go, m) + Dy (m),

1
(g0, m) = — ((m* = 5) Jo(qo, m) = goDx (m)),

J3(g0, m) = goJ1(q0, m) — J2(qo, m),
m2
J4(go, m) = qoJ2(q0, m) + EDn (m),

J5(qo, m) = qoJ3(q0, m) — 2J4(q0, m),

D+1
J1(g0, m) = m*J2(qo, m) + (D + 2)Js(qo, m).

1 2
Jo(qo.m) = —— ((m2 — 42) Ja(qo, m) — %Dn(m),

We also define the derivative function
n

Ji(n)(CIO, m) = Wji (g0, m).

Appendix C. Amplitudes for the diagrams

+ O(e).

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

B.7)

(B.8)
(B.9)
(B.10)

(B.11)
(B.12)

(B.13)

(B.14)

(B.15)

Throughout this work we use the normalization u(p)u(p) = 2M, and we define A =
Mx — My, % = m% — qzx(l — x) and the function Z has been defined in Eq. (3.44). We

work in the rest frame where v = (1, 0).



C. Peset, A. Pineda / Nuclear Physics B 887 (2014) 69-111 99

C.1. Pion loops

Here we collect the amplitudes of all the diagrams contributing to the proton polarizability
through a loop of pions, represented in Fig. 2, plus the ones with a crossed photon lines or
permutations, which are assumed to be implicit in the representation. For all the diagrams here
&
F2°
for the propagators of k14 — h19. Diagrams with only 1 pion are zero due to the fact that we are
working in the static limit.

we consider the overall factor A =2M, We assume a positive infinitesimal imaginary part

MY =Ag"ho(q%, qo), (C.1)
MY = A{hl(qz, q0) (" —v"v") + hz(qz, qo)ielw"‘ﬂvaSﬁ}, (C.2)
ME" = Alh3(a%. 90)8"" + ha(a. q0)a"q” + hs(a®. qo) (4" +v"q")

+ he(q?, go)vv'}, (C.3)

MG = Alh1(a%, q0)g"" +hs(a”, 90)a"q" + ho(q°, go)v"v"

+h10(q7, q0) (a" 0" +¢"v") + h13(q7, qo)i ("*Pv” — P v g, Spv,

+hii (g% q0)ie™ ™ Spvg + hia (g2, qo)i (€°P " — 7P g1)q3 Spva)},  (C4)
ME” = Afhia(g®, go)v"v" + 115(g°, g0) (¢"v" + q"v*)

+hi6(4%, q0)i (" Pv” — P! ) g Spua ],

ML = Ahi7(g%, qo)vv”, (C.5)
MEY = Ahis(q?, go0)v*v”, (C.6)
M = Ahig(g?, qo) v v”, (C.7)

where the & functions read:

ho(q?, g0) = —Jo(0,mz) — m% J§(0, my), (C.8)
1

hi(a% 90) = 5 (o0, m7) + Jo(=g0, m7)), (C.9)

hz(qza q0) = —Jo(qo, mi) + Jo(—qo. mi) (C.10)

h3(q°. 90) = Z/Idx(l — (D + D(Jg (qo0x, m*) + J§ (—gox, m?))
0
— x?q* (S (qox, m?) + J3 (—qox, m?)) }, (C.11)
ha(q®. q0) = % /1dx(1 —x)(2x — D{(D@x — 1) + 6x + 1) (] (qox. %)
0
+ Jz//(—qox, rﬁz))
— @x — Dx*q?(J (qox, m?) + J§ (—qox, m?))}, (C.12)
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h5(q2,q0) = | dx(1 —x){(—2Dx+D—2x — 1)(J4{/(qox,m ) J”( qox, mz))

+ O~ _

x(2x — 1)(xq2(.ll”(q0x, n~12) — J{’(—qox,ﬁaz))

—2q0(J (qox, %) + J5 (—qox, m?))) }, (C.13)
1

he(q?, q0) = 2/ dx(1 —x){(D — D)(F (qox, %) + J§ (—qox, m?))

0
+ x(—xqz(Jé’(qox, rhz) + J5 (—qox, n~12)) + 4q0(J4 (qox, n~12)
— T} (=qox,m?))) = 2(J¢ (qox, m?) + J¢ (—qox, %))}, (C.14)
1
h(g% qo0) = —Z/dx{Jz’(qox,rﬁZ) + J3(—qox, m?)}, (C.15)
0
1
hs(q?, q0) = /dxx(l — 2){J§(qox, m?) + J§(—qox. m?)}, (C.16)

1
ho(¢*. o) =2 / dx{—qox(J{ (qox, m*) = J{ (—qox, m*)) + J3 (qox, m*)
0

+ J5(—qox, m?)}, (C.17)

1
hlo(qz, 610) = /dxx{ %(Zx — 1)(J6(q0x, ﬁzz) + J(;(—qox, n~12)) + J{(qox, n~12)

0
—Ji (—qox,naz)}, (C.18)
1
h11(q*. qo) =4/dX{J£(qox,ﬁ12) — J5(—qox,m%)}, (C.19)
0
1
hi2(q?, q0) = — / dxx (1 —2x){J§(qox, m*) — J§(—qox, m?)}, (C.20)
0
1
hi3(4°, 90) = —Z/dXX{J{ (qox. m?) + J{ (=qox, m*)}, (C.21)
0
) 1
h14(q>. q0) q—/ x{(D = 1)(J4(qox, %)
0

— J4(—qox.m?)) + q*(1 — x)x(J{ (qox. ?)
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— J{(=qox,m%)) — qo(1 = 2x) (3 (qox, M%) + J3(—qox,m?))},  (C.22)

his(q%. qo) = 2qo dx(1 —2x){(D + 1)(J}(qox, m*) + J}(—qox, m?))
+q°x(1 —x)(JO/(qox,m ) + Jo(—qox, mz))} (C.23)
2
hie(q”. go) = “w /dX{Jz’(qox,fﬁz) — J3(—qox, m?)}, (C.24)
—1 1
h17(q% q0) = —2Tq—( 2J5(0,m%) + J2(—qo. m2) + J2(q0, m%)), (C.25)
0
2 D—11 2 2 2 2
his(q”. q0) = 3Tq_2(‘]2(q0’mn) + J2(—=q0.m3) = (J2(0.m) + J2(0.m3))).
0
(C.26)
D—11 1
hio(q”. q0) = T%( (2(q0,m2) + Jo(—qo, m%) —212(0,"1721))> (C27)
and, for D = 4 — ¢ dimensions we obtain:
2 3
ho(q”, qo) = F + O(e), (C.28)
hi(q? q0) = _ZTO +0Ce), (C.29)

1 ~ 1 L 0
ha(q*, q0) = mqoL + ) <2,/mg — g} sin 1(2—) - qo> + O(e), (C.30)

e

1 (6m2 q2 _ 8m2 q2 _ q4)
h3(612,610)=F( & 2 7T20 7
” 22V’
My Q(% 2 2 2 My (2””;21 + ‘]2)
-— 1——2(2mﬂ—q +2q0)~|—72 + O(e), (C.31)
q mx q
ha(q”. qo)
_ -1 <(—6mi<q —243) +4* +2q5)4m3 (g5 — 4*) + ") 7
16m 20*V/ 2 (4m2 g +q*)

+mn(16m (@ — g}) —2m2(6q* — 16422 +13¢) + ¢*2q* — 642 + )
4(4mn 2+q4)

| (mx(16m3 (g5 —g%) +m7 (1005 —40%a5) +4° +24"a0) || a3 ) , 0
a*@4m2a® +q%) m ’

(C.32)
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(g a0) = —— _ mrqo(16m3q* — 6m7q5(q* —249) +4° +24%43)
I 6 T Emq +q%)
qo(m2(10g3 — 4g%) + q* + 2¢°q3)
+ T TS ya
2q9*vq
| (maao(6mq® +m3 (140°q ~8¢9 +34%) [\ 46\ e
q*(4m2q? + g% m ’
(C.33)
he(q”. qo)
_ b (_aPOmaa? —2a0) +a* +24%q5)
167 2q*/q2 !
N mz 8my (qq — q*) — 2m2 (¢ +2q*q3 — 69%q3) + 4° +24%43)
q*(4miq® +q*)
4 (ma (8m2 (g* — qi) +m2 (—6q° + 32g*q3 — 48¢°q5 + 169 + ¢* — 84%¢3 + 4q%qy))
q*(@dm2q? + g%
4
-2 )4+ 00, (C.34)
m
2
_ 40 2 5.2
s 1 (Emdrgh (' Tm @2, 2
h7(q sCIO)—E 5 2\/7 7 - P - p + O(e),
q’Vq
(C.35)
2.2 4 2 2 3meq?, |1 — 4 2 )
2 1 (@4mzq~+q" +2q qO) 4 m2 mz (q +2610)
h8(‘1 ) QO) = 16—7'[ 2q4\/q7 Il + q4 - q4
+ O(e),
(C.36)
) 1 (@m2q*q> +q°+2q%q}) _  ma(q* —84%q2 +4q)) a2
ol ) = g 2q*V/¢q? he q T m?
20,2 2
mzq-(q~ + 2q5)
- ) + 0, (C.37)
s 1 [ qo@mia® +4>(24* +q})
hio(q ,QO)=E - N 7
qa*Vq
2
1= 2 (mrqo(g? — 49%)) 2, 2
mz mxq0(2q° + q§)
+ 7 4 4 q4 10 ) + O(e), (C.38)
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1 ~ q0 -1 / qox 2
I’lll(qz, qo) = —4-”—26]0[‘ + m + — 27[2 <2 m2 — C] X2 SlIl l(ﬁ> +qox ln<m—2

g

+ O(e), (C.39)
o] sin~! (22
h12(q”. q0) = m/dM(l —2x)~7";+0(6), (C.40)
o m? — q5x?
(6% q0) = 1. 1 1 2\ 2qoxsin”! (X 7=)
T Y (o
82 8n2  4n? ) m2 2 — g2x?
+ O(e), (C.41)
1 2 1
2 q 2 2 m 2 2
h4(q”. q0) = EW(%” —q° )L - gq—;(zmn —q°)
1 qg
+ 8——2(2m +q*—2q3),/1— m—2+(9(€), (C.42)
T
his(q?. qo) = 1 2mi—¢q? Lm”(2m2_2) 4
15\9 > 40 3271 qz\/_ 2z — 167 qoq2 x — 40 m%
+ O(e), (C43)
1
1 - 1 1 m? 2 qox
his(q?, —L—— —/d In[ — ) + =/m? — g2x2sin”!
16(CI QO) 872 82 + 42 J x{x n(m%> + % m< — qyx-sin —
+ O(e), (C.44)
1 m3 qz 3/2
0 b4
3 m3 q2 3/2
his(q?. q0) = Eq_g(l — (1 — m—%) ) + O(e), (C.46)
0 T
1 m3 qz 3/2
h19(q2, QO) = Eq—g<1 - < — m—g) ) + Of(e). (C47)
0 Fd

These expressions agree with Eqs. (81)—(84) of [17] when gg =0 and € - v =0.
We have explicitly checked that our result is gauge invariant through the following relations
between the A’s:

ha(q?, q0) + h11(q*, g0) +q*h12(q?, g0) + qo(h13(a?, q0) + hie(q?, q0)) =0,  (C.48)
ho(q*, q0) + h1(a®, q0) + h3(q*. q0) + h7(q%. q0) + qo(h10(q?, q0) + h15(4*, 90))
q*(ha(q*. q0) + hs(q*. q0)) =0, (C.49)

2

2
q
—q—%(—hl(qz, 40) +h6(42’ q0) +ho(q”. o) +h14(q2» q0)

+ h17(f12, q0) + h18(5]2’ q0) + h19(427 q0))
+ho(q?, 90) + 11 (g%, qo0) + h3(q%, q0) + h7(4*, 90)
+q2(h4(q2,CIo) +h8(612,610)) =0. (C.50)
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C.2. Pion loops which include a A excitation

Here we collect the amplitudes of all the diagrams contributing to the proton polarizability
with a A particle and through a loop of pions, represented in Fig. 4, plus the ones with a crossed
photon lines or permutations, which are assumed to be implicit in the representation. For all the

2
diagrams here we consider the overall factor A = —%M » g”F#. We take a positive infinitesimal
ks

. . A A
imaginary part for the propagators of iy, — h{y.

Miny = A" (4, 90) (C51)
Mis = A{(g" = v"v" ) (a7, qo) + ie"*Pva Sph3 (4%, q0) ) (C.52)
MAY S = Alg" h5 (g% q0) + 4" q" 1§ (g% q0) + (a™v" + v*q")hE (47 q0)

+v"0"hg (¢, q0) }, (C.53)

M= Alg"h3 (@%, q0) + 4" a g (a%, q0) + (a"v" +v"q")hip (47, 9o0)
+ vh 0" h§ (g% qo) + i€ Py Sghty (42, qo0)
+ivgy S/SQA( p)mtﬁqv _Evkaﬁ M)hA (612 CIO)
(

+ iVaSpa (€MPy” — MP Y pA (42, o)), (C.54)
Miyrs = A{o"v"hiy(q% q0) + (¢"v" +v"q")hi5 (4%, q0)

 iVaSpa (€M Py — MP Y pA (42 o)), (C.55)
Migze = Alv* v (4%, 90) ). (C.56)
Mo = Alo"v"hiy(¢%, q0)}, (C.57)
Migrs = Alv*v iy (4%, 90) | (C.58)

where in terms of the master integrals:

hy (4% q0) = =2(D =23 (=A, m3), (C.59)
(a2 40) = D= (Jolgo — A, m2) + Jo(—qo — &, m2)), (C.60)
th(qzv q0) = ﬁ(h(% —A, mi) —Jo(—q0 — Am%)) (C.61)

D -2 N -
hs (qz, q0) = 4ﬁ / dx(1— x){—q2x2(J2”(qox — A, mz) + 75 (—gqox — A, m2))
0
+ (D + D(F (qox — A, i) + I (—qox — A, ?))}, (C.62)

D-2
hi (a% q0) = ﬁ/dx(l —x)(2x — D{—q*x*@x — D(J{ (qox — A, %)
0
+ I (—=qox — A, %)) + (4x (D + 1) — (1 +2x)(D — 1))
x (J5(qox — A, w?) + T (—qox — A, %))}, (C.63)



h$' (4, q0)

h' (4%, q0)

18 (4, q0) =

hg' (4%, q0) =

h§' (4%, q0)

D
hlAO(qz’ qo) = D

iy (a%, q0) =
hy (%, q0) =
hlA?,(qz’ CIO) = -

hiy(a®, q0) =
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1
zzD_‘zfdx{_qzxz(l_zx)(J{/(qox—A,na) T (=gox — A, 7i%))

D—-1

+ 2gox(1 — 2x)(J5 (qox — A, m) + J) (—qox — A, ))
+ (D —1-2(D+ 1)x)(J4{/(q0x —A,m ) - J4 (—qox - A,rﬁz))},

(C.64)
1

= 4g—:? / dx(1— x){x(—qzx(Jé’(qox — A, n~12) + J5 (—qox — A, rh2))

0
+4q0(J4 (qox — A nﬁz) Ji (—qox — A 1512)))
—2(J (qox — A, %) + I (—qox — A, %))}, (C.65)
1
—4—2 dx{J3(qox — A, %) + J)(—qox — A, m?)}, (C.66)
0

zg:?fdx(l_zx)x{fé(qox—ﬁﬁiz)+Jo’(—cmx—A,rhz)}, (C.67)

1

:42—:? dx{Jﬁ(qox — A,n~12) + Jz’(—qox — A, n~12)

0
— qox(l{(qox —A, rhz) — Jl’(—qox — A, nﬁz))}, (C.68)

1
—:? /dxx{Z(J{(qox — A, n~12) —Ji(—q0x — A, n~12))

0

— (1 =2x)q0(J§(q0x — A, %) + J§(—gqox — A, %))}, (C.69)
1

57 | dxtsslaox — 4, m?) — J3(—qox — A, m?)}, (C.70)
0

1
—il/dxx(l —20){Jf(qox — A, m?) — Jj(—qox — A, @?)}, (C.71)

D —

0
A 1

m/dxx{]{(qox—A,nﬁz)—i—J{(—qox—A,nﬁz)}, (C.72)
0

D-21 |

S Tm dx{(D — 1)(J4(qox — A, m?) — Jj(—qox — A, m?))
0

— (1 =2x0)q0(J5(q0x — A, n~12) + J3(—gox — A, nﬁz))
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hts(q%. q0) =

his(q>, q0) =

h17(q27 q0) =

hts (%, qo0) =

hiz(q%, q0) =

hiy(a®, q0) =
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+ (1 —)xq*(J(gox — A, %) = J{ (—qox — A, %))}, (C.73)
1
pD-21 / o .
D_1q dx(1 =20){(D + D (J5(qox — A, m*) + J3(—gqox — A, m*))
+q° (1= 0)x(J(gox — A, %) + Jo(—qox — A, %))}, (C.74)
1
- _2_ = dx{J3(qox — A, m?) = J3(—qox — A, i*)}, (C.75)
D —1gqo
0
11
22 a2 q—( 205(0,m3) + J2(—=q0, m3) + 2 (a0, m3)), (C.76)
0

D-2(1-D 1

+ 12(q0— A, mi))), (C.77)
D-2D—13
ﬁqu(h(qo—A m2) + J2(=qo — A, m3)
—2h(-A,m2)), (C.78)
D-2D—11
2 -1 4 =2 (Jz(qo—A,m%)—i—Jz(—qo—A,m?,)

- 2
— 25 (~A,m2)). (C.79)

These results, in the limit g = 0 and in the gauge where € - v = 0, agree with Egs. (89)~(92) of

[17].

Now, expanding in D =4 — € we get

ho' (4, q0) =

h(a%, q0) =

h5 (4%, q0) =

h (4%, q0) =

1 ~ 1 A
——47_[2 AL — —27[2}’"712 m_n , (C80)
1 - 1 A — A
AL+ ——(3ma( 2 D) 4 z(2E19)) _oa) + 00,
6 187 My my
(C.81)
1 . 1 A+qo A—qo\\) 59
—qoL + — Z - Z (@)
67210 + 672 (mn< ( o > ( o 3 + O(e),
(C.82)
5AL A :

+ [ axa - olsal -

— — n

1272 or2 T er2 ] VT m2
0

2.2
= q°x A+ qox
vm?{5—- Z
v (( 'ﬁz—(Aﬂqux)z) ( 2 )

2.2
q-x A—qO_x
(5 )2 (27 o




hf (qzv QO)

h(q ro

hGA (qzv QO) =
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1

1
247 Q/dx(l—x)(Zx—l)
0
2 A+qu A CIOX
22x —1 ( >
{ @x=D—=7| —(A+q0x)2+ Ry ———

— ((1 14x> ?x22x - 1) )Z(A+q0x>
‘(“W)z i~ + g2 )\ Vi

(( 14x> @?x22x —1) )Z(A_qox>}
‘(A RO i — (&g )\ V2

i O(E) (C.84)
1
2 2
9 q
12n2/dx{(2x—1)x ( T (A qox)2 72— (A + gox)?
0
m? x?(2x — Dg*(A + qox)
_njlz_(A—i-qu)z( m2_(A+q0x)2 - Ox(5(1—2x)—4x)

A+ qox
+ A(4x +32x — 1)))3( - )
+ & <x2(2x — D*(A — qo1)
2= (8= qo)? T = (A= gov)?

I/I’;lz

o, (C.85)

1
IAZJFAJFI/CI(I ){—241 mi?
_ b A1 a7
67 or? " er2 ] U T m2
0

+q2x2( A+ qox b A — gox )
2—(A+qox)?  m?— (A —qox)?

+ /1’712< q xz(A+q0)C)2 4q0x(A+qu)+q2x2 _2)
(2 — (A +qox)2)? 2 — (A + qox)>

A+ gox =2 q2x?(A — gox)?
xZ( N >+\/n7<(~2_(A_q0x)2)2

q x? _461())6(A Clox) A — gox
TR (A g ) ( )} +0(), (C.86)

+ gox(5(1 — 2x) — 4x) + A(4x +3(2x — 1)) )Z(ﬂ”

1
1 ~ 2A 1 ﬁl
__WAL+9 7~ 32 _%
0

+ m2<Z(A_~qZ‘)X>+Z<AJ_ ))}—i—@(e), (C.87)
m
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hg (4%, q0) =

hs (4%, q0) =

hio(a*,90) =

1ty (4%, q0) =

his (a7, q0) = —

ht5(q%. q0) =

hiy(q®, q0) =
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' A+qox A— q‘)x
on2 O/dm B ZX)X\/_{ —(A + qox)2 T (A W)2 }
o (C.88)

1
1 - 2A 1 m?
— AL- = d -
372 ox? T 322 2/ x{ <mg)
0

+\/n?<<1 _ X(qo(A +q0v)) >Z<A+q0x>

m? — (A + qox)? m2

x(qo(A — qox)) A — qox
(e ) (55 ) oo (€5

(28 + go(dx — 1) Z(~74%)
m2 — (A + qu)2

/dx\/_x{

1272

(go(dx — 1) —2A) Z (A4
Jii?
+ FEy —s } +0O(e), (C.90)

- 1
g0l Sqo 1 n? - A — qox
— - d 1 . _ 2
672 " 18n2 372 x{qoxn<m; "I\
0
A+
—z( qox))}+0(e), (C.91)
,,;‘12
1 (A qox
— | dx( = 2x0)x V2| ———Ym* ~
122 | SO E m{ ayy qox)2
0
Z(A+q0x) o o
—m}—i- (e), (C.92)

(A+qo0)Z(278Y) (A - qox)Z(A )
—Vvm ( >}+(’)(e), (C.93)

~2—(A+qo)c)2 m? — (A — qx)2
AZ 1 : w2
e /dx (—1+8x)AIn(
a3 m2
0
,/n",‘ll

201 _ iy —
+q_(<3A_q0(1_5x)_q (1 x)x(qox+A)>Z( qox A)
0

(A + gox)? — m? 2
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2 _ _ _
_(3A+q0(1_5x)_q(1 x)x( qujrA)>Z<qox A))}

(A — gox)? —m? 2

+ O(e), (C.94)

1
his(q% q0) = #/dx(l —20)]10A1In 2
1532 2472q, m2
0

T

HM«W——W +5>Z A+qox>
m2

— (A +qox)? 2
2
q (1 —x)x A — qox
I e
~ 1
L 1 i N A + gox
Hio(4740) = 10 36n2 _2/ {XI (_%) T (Z( 2 )
0
A —qox
~2(E)) o (€96)
hiy(a*,40) = — 2( 3LA+2A ~ E<((QO+A)2_”I’2I)Z( +ﬂ"°>
+ (g0 — &)~ mi)z(ﬂ) Co(em 4 A2)2<_£)))
My My
+ O, (C.97)
A2 1 _ M 2 A+qo
hlg(CI ,610) 172 ( 3LA+2A qo (((q + A —m )Z( - )
+ ((qo — A)?* = mi)Z<M> —2(—m2 + Az)z(—ﬁ>>>
my my
+ O(e), (C.98)
1 = My A+gq
hty (g%, q0) = W<_3LA +2A — g<((qo +A)? — mi)z< - 0)

L e R SR E ()

+ O(e). (C.99)

We have explicitly checked that our result is gauge invariant through the following relations
between the 22s:

h8 (a2, q0) + hy (a2, q0) + a*hts (4%, q0) + qo(hy (a2, q0) + 1y (a2, 40)) =0, (C.100)

h§ (61 qe)+hA(q qo) +h§ (q qo) +h% (q q0) + qo (A% (6] ro)+h15(q 490))
+4°(h§ (4% q0) + hg (4°. q0)) =0, (C.101)
2

—%(—h?(qz, q0) + h§ (g%, q0) + h& (q*. q0) + hty(a*. q0) + ht (a7, 90)

+hix(q%, 90) + 115(9°, 90)) + 1 (a7, q0) + 1T (a7, q0) + 15 (a7, q0) + 15 (47, q0)
+q2(h5 (g% q0) + & (4%, q0)) =0, (C.102)
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which are equivalent to:

ha(q% g0 — A) +hi1 (g% g0 — A) + q*h12(q%. g0 — A) + qo(h13(q>. 90)

+hi6(g?, g0 — A)) =0, (C.103)
ho(q% g0 — A) +hi(q% g0 — A) + h3(q% g0 — A) + h7(q% g0 — A)

+q0(h10(g*. g0 — A) + his(g*. g0 — A)) + q*(ha(g®. q0 — A)

+hs(q?, g0 — A)) =0, (C.104)

2
—Z—‘;(—hl(qz, d0— D)+ ho(a? g0 — A) + ho(q>. g0 — A)

+ hia(q% g0 — A) + hi7(q% g0 — A) + hig(q%, go — A) + hio(q%, go — A))
+ho(q? g0 — A) +hi(q? g0 — A) + h3(q*. qo — A) + h7(q* g0 — A)
+¢*(ha(g% g0 — A) + hs (g% g0 — A)) = 0. (C.105)
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