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Abstract

This paper is a follow up of the author’s programme of characterizing Ramsey classes of structures by a combination of model
theory and combinatorics. This relates the classification programme for countable homogeneous structures (of Lachlan and Cherlin)
to the proof techniques of the structural Ramsey theory. Here we consider the classes of topological and metric spaces which
recently were studied in the context of extremally amenable groups and of the Urysohn space. We show that Ramsey classes are
essentially classes of finite objects only. While for Ramsey classes of topological spaces we achieve a full characterization, for
metric spaces this seems to be at present an intractable problem.
c© 2006 Elsevier B.V. All rights reserved.
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1. Introduction — Ramsey classes

Given a set X and a positive integer k we denote by
(X

k

)
the set of all k-element subsets of X . Using this notation

the Finite Ramsey Theorem (FRT) [35] takes the following form:

Theorem 1.1. For every choice p, k, n of natural numbers there exists N with the following property: If X is a set of
size N and

(X
p

) = A1 ∪ A2 ∪ . . . ∪ Ak is any partition then there exist i, 1 ≤ i ≤ k, and Y ⊆ X, |Y | ≥ n, such that(Y
p

) ⊆ Ai .

Undoubtedly, this is a formally complicated statement calling for a special terminology. Some of it is by now
standard: we speak about colourings (instead of partitions) with sets Ai called colour classes, and the set Y is called
homogeneous. The notational economy culminated in the invention of the special symbol N −→ (n)

p
k for the core part

of Theorem 1.1 and with the definitions of the A-Ramsey Property and of the Ramsey class. These notions are defined
below and they allow us to formulate Ramsey’s theorem simply by saying that the class of all finite sets endowed with
subsets has the A-Ramsey property for every member A of it and that the class of all finite sets with isomorphism and
subset relations is a Ramsey class. Ramsey’s theorem can then be formulated in the following concise form:
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For every choice p, k, n of positive integers there exists an integer N such that

N −→ (n)
p
k .

There are several other known theorems which follow a similar pattern. The original results were generalized and
sharpened in various ways, see [23,6,29,11]. The whole area has recently been very active and connects with several
mathematical disciplines (see e.g. the spectacular development related to Szemerédi’s regularity lemma [9,36] and
to combinatorial number theory [10]). The aim of this (partially survey) article is to list several Ramsey classes of
topological and metric spaces in the context of the classification of Ramsey classes. For topological spaces our list
is complete and we have a full classification result for Ramsey classes. On the other hand for metric spaces the
classification of Ramsey classes seems to be very difficult (as indicated by [5,4]). To facilitate the unified framework
we use the following general formalism (see e.g. [32,26], and recent [25,15]):

Let K be a class of objects which is isomorphism closed and endowed with a notion of subobject. Given two objects
A, B ∈ K we denote by

(B
A

)
the set of all subobjects A′ of B which are isomorphic to A. We say that the class K has

the A-Ramsey property if the following statement holds:
For every positive integer k and for every B ∈ K there exists C ∈ K such that C −→ (B)A

k . Here the last symbol
(which we call the Erdős–Rado Partition Arrow) has (in the class K ) the following meaning:

For every partition
(C

A

) = A1 ∪ A2 ∪ . . . ∪ Ak there exists B ′ ∈ (C
B

)
and an i, 1 ≤ i ≤ k, such that

(B ′
A

) ⊂ Ai .
In the extremal case that the class K has A-Ramsey property for every object A ∈ K we say that K is a Ramsey

Class.
These notions crystallized in the early seventies, see e.g. [23,28,6]. This formalism and the natural questions it

motivated essentially contributed to establishing Ramsey Theory as a “theory” (as nicely put in the introduction to
[11]). The notion of a Ramsey class is highly structured and in a sense it is the top of the line of the Ramsey notions
(“one can partition everything in any number of classes to get anything homogeneous”). Consequently there are
not many (essentially different) examples of Ramsey classes known. In this paper we completely characterize those
classes of topological spaces which are Ramsey. We also discuss the similar characterization for metric spaces and
give evidence that this is at present a very difficult problem (using [3,4]).

Recently Ramsey classes were revitalized in the (surprising) context of extremely amenable groups and minimal
flows (see [15,8]). This connection is based on a combination of combinatorial and model theoretic methods. It was
observed already in [24] that Ramsey classes have the amalgamation property and thus every Ramsey class leads to
an (ultra)homogeneous structure. Consequently one can relate the classification of Ramsey classes to the (Lachlan–
Cherlin) programme of classification of homogeneous structures, see [18–21,5]. Combination of this with structural
Ramsey theory led to the classification of Ramsey classes of undirected graphs [24], tournaments and posets [25] and
even monotone classes of general relational systems [25,13]. Here we complement this by giving a classification for
topological spaces.

The paper is organized as follows: In Section 2 we consider the natural restriction for Ramsey classes: finiteness
and rigidity. In Section 3 we characterize finite topological spaces and T0-spaces. In Section 4 we briefly consider
Ramsey classes of metric spaces. Section 5 contains some remarks and open problems.

2. Finiteness and rigidity

Let X, Y, Z be topological spaces. We denote by
(Y

X

)
the set of all subspaces X ′ of Y which are homeomorphic to

X . For a positive integer k we write

Z −→ (Y )X
k

in the above meaning of the Erdős–Rado arrow for topological spaces and their homeomorphisms. We also say that
Z is X-Ramsey for Y (and k colours). Ramsey properties in this setting were defined in [30,33] where there has been
proved (jointly with Jan Pelant):

Proposition 2.1. For every topological space Y and every cardinal α there exists a space Z such that

Z −→ (Y )1
α.

(We denoted by 1 the singleton topological space.)
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In several ways this is a singular and a misleading [41] result:

(i) Proposition 2.1 is proved by a construction similar to the lexicographic product, which produces at best T1-spaces
Z even if Y satisfies stronger separation conditions. The existence of a Ramsey Hausdorff space Z is at present
open for Hausdorff spaces Y .

(ii) There are only few results (see e.g. [41,42]) which deal with |X | ≥ 2 (i.e. partitions of non-singletons). It seems
that it is difficult to get a non-discrete homogeneous set.

(iii) A Ramsey class K of topological spaces cannot contain any space X which is homeomorphic to X \ x for every
x ∈ X (for example the infinite discrete space ω.) This we state as:

Lemma 2.2. Let X be homeomorphic to X \x for every x ∈ X. Then for any topological space Z there holds

Z �−→ (X)X
2 .

Proof (cf. [32]). Assume the contrary: Let Z be a space with Z −→ (X)X
2 . Let ≤ be a well ordering of Z and define

a graph (V , E) by letting V denote the set of all subsets of Z and by letting (A, B) ∈ E iff A \ min A = B . Our
assumption implies that the graph (V , E) has chromatic number > 2. On the other hand it is easy to see that the graph
(V , E) does not contain any circuit (i.e. it is a forest) and thus its chromatic number is ≤ 2. �

This example also motivated the question (posed in [33]) of whether for the unit interval I there holds (for some
cardinal α)

Iα −→ (I )1
2.

These remarks should indicate that when considering Ramsey classes of topological spaces one is essentially
dealing with finite structures. It is well known that finite topological spaces are modelled by posets or quasiordered
sets. We briefly review this connection:

If X is a finite topological space then for any x ∈ X denote by Ux the intersection of all open sets containing x . Ux

is an open set. If we define the relation ≤X on X by

x ≤X y ⇐⇒ x ∈ Uy,

then it is easy to see that ≤ is a quasiorder on X (i.e. a reflexive and transitive relation). If in addition X is a T0-
space then (X,≤) is a partially ordered set (a poset, for short). This correspondence of finite topological spaces and
quasiorders is functorial:

f : X → Y is continuous iff f : (X,≤X ) → (Y,≤Y ) is a homomorphism.

It follows that the category of all finite topological spaces with continuous mappings and the category of all
quasiordered sets with homomorphisms are isomorphic. (See Section 5 and, e.g., [38,22] for various aspects of finite
topological spaces.)

Denote by T the class of all finite topological spaces and by T0 the class of all finite T0-spaces. The classes T and
T0 are isomorphic (as categories) to the class QO of all finite quasiorders or to the class of all finite posets P .

The classes QO and P fail to be Ramsey. This can be seen easily. For example consider the posets (X,≤X ), where
X = {1, 2, 3} and 2 ≤X 3 is the only non-reflexive relation, and (Y,≤Y ), where Y = {1, 2, 3, 4} and ≤Y contains
only the non-reflexive pairs (1, 2), (3, 4). Assume that some poset (Z ,≤Z ) satisfies

(Z ,≤Z ) −→ (Y,≤Y )
(X,≤X )
2 .

In this situation fix an arbitrary linear extension ≤ of ≤Z and define a partition (colouring)(
(Z ,≤Z )

(X,≤X )

)
= A1 ∪ A2

as follows: If x1, x2, x3 are vertices of a copy (X ′,≤X ′) of (X,≤X ) in (Z ,≤Z ) and xi corresponds to the vertex i
then we put (X ′,≤X ′) ∈ A1 iff x1 ≤ x2, x3. Otherwise we put (X ′,≤X ′) ∈ A2. It can be seen easily that any copy of
(Y,≤Y ) has to contain copies of (X,≤X ) of both colours. For quasiorders one can proceed analogously.

In fact, one has the following more general result: the only topological spaces which may have the X-Ramsey
property are those for which the corresponding quasiorder has a unique extension. To formulate this explicitly we
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shall need the following elementary facts about connections of posets and quasiorders: Let (X,≤X ) be a quasiorder.
Denote by ∼X the symmetric part of ≤X . ∼X is an equivalence on X and we denote by Ex the equivalence class of ∼X

containing x . Obviously ∼X is a congruence on (X,≤X ): If x ≤X y and x ∼X x ′, z ∼X z′ then also x ′ ≤X z′. Thus
we can choose for every class Ex of equivalence ∼X a fixed element x̂ ∈ Ex such that x ∼ x ′ implies x̂ = x̂ ′. Put
X̂ = {x̂; x ∈ X}. It is clear that (X̂ ,≤X ) is a poset and that the mapping φ̂ defined by ˆφ(x) = x̂ is a homomorphism
(X,≤X ) −→ (X̂ ,≤X ). A compatible extension of ≤X is a linear order ≤X of X which coincides with ≤X on all pairs
of distinct comparable yet not equivalent pairs: x <X y ⇒ x <X y, and such that the symmetric part of ≤X is a
congruence of <X : x <X y, x ∼X x ′, y ∼X y ′ ⇒ x ′ <X y ′. If ≤X is a compatible extension of ≤X then φ̂ is also a
monotone mapping (X,≤X ) −→ (X̂ ,≤X ).

This procedure may be reversed. Given a poset (X,≤X ) we can create a quasiordering (X ′,≤X ′) by replacing each
x ∈ X by a set Ex of equivalent points and by defining the relation ≤X ′ accordingly: For x ′ ∈ Ex , z′ ∈ Ez we put
x ′ ≤X ′ z′ iff x ≤X z. This operation is called blowing up of (X,≤X ). If all sets Ex have the same size then the
blowing up is called uniform blowing up.

If X is a topological space and then we apply the above notions to the quasiorder (X,≤X ) corresponding to the
space X .

We say that the space X (and the quasiorder ≤X ) has unique compatible extension if for any two compatible
extensions ≤ and ≤′ there exists a mapping f : X → X which is both an isomorphism (X,≤X ) → (X,≤X ) (i.e. a
homeomorphism of X) and a monotone mapping (X,≤) → (X,≤′).

The following is then not hard to prove:

Proposition 2.3. For a quasiorder (X,≤X ) the following two statements are equivalent:

(i) (X,≤X ) has unique compatible extension;
(ii) (X,≤X ) is a chain-sum of equivalence classes and the uniform blowing up of antichains.

Thus apart from the finiteness of the space X (the copies of which we are colouring) we have one more structural
obstacle to Ramsey classes — the non-unicity of compatible orderings. A standard way to achieve rigidity is to
consider structures with a fixed “canonical” linear ordering. Consequently, we shall consider topological spaces
(X,≤X ) with a fixed compatible extension denoted by ≤X . The pair (X,≤X ) will be called a linearly ordered
topological space, for short LO-space (or ordered quasiorder (X,≤X ,≤X )). The class of all finite topological
LO-spaces with monotone injective continuous mappings will be denoted by �T and the class of all finite ordered
quasiorders with all monotone monomorphisms will be denoted by �QO. Analogously, the class of all linearly ordered
T0-spaces with all monotone continuous mappings will be denoted by �T0 and the class of all finite ordered partial
orders with all monotone homomorphisms will be denoted by �P . In the next two sections we discuss their Ramsey
properties.

3. Characterization of Ramsey classes of topological spaces

Let K be a fixed Ramsey class of finite quasiorders and let �K be the corresponding class of all ordered quasiorders.
We think of �K as a subclass of �QO. Assume that �K is a Ramsey class. Then the class K has the amalgamation property,
see [25,15]. (The amalgamation property holds generally for any isomorphism closed hereditary Ramsey class of
structures; for graphs it has been observed already in [24].) Let K be the corresponding homogeneous quasiorder
(Fraı̈ssé limit) such that the age of K is the class K.

This relates two seemingly unrelated things: Ramsey classes and homogeneous structures. This allows us to use
known results about homogeneous structures (in the cases when their classification programme is completed) and then
to try to decide whether the corresponding classes (i.e. their ages) are Ramsey. Schematically we proposed (see [25])
to proceed as follows:

I. Ramsey Classes ⇒ Amalgamation Classes.
II. Amalgamation Classes ⇒ Generic Structures.

III. Generic Structures ⇒ Special Generic Structures.
IV. Special Generic Structures ⇒ Ramsey Classes.
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This scheme may be symbolized as follows:

Ramsey Classes ===�⇒ Amalgamation Classes����
����

Special Structures ⇐�=== Generic Structures

Step I is provided by the amalgamation property of Ramsey classes [25] and Step II is provided by the Fraı̈ssé
Theorem [7]. The bottlenecks of this programme are obviously statements III and IV. The statement III symbolizes
the classification programme (of Lachlan and Cherlin; see e.g. [18–21,5]). The Ramsey theory context IV is presenting
also some interesting (and profound) problems.

Despite the difficulties we believe that this is a realistic project, as also illustrated by the fact that in this way
all Ramsey classes of ordered graphs, partially ordered sets and tournaments were determined [24,25]. We do not
know what are Ramsey classes of relational structures. But we are hopeful that we can deduce a strengthening of
the amalgamation property in such a way that the classification programme will be easier. This is illustrated by
classification of all monotone Ramsey classes of relational structures given in [25].

Let us return to our main theme. The ages of homogeneous posets are determined by Schmerl [37] and (apart from
the singleton posets which form the only finite example) these are classes listed below as 1, 2, 3, 4, 5, 6, 7. We can
extend this classification to the ages of homogeneous structures of quasiorders. This is easy by the above remarks
about factor posets of quasiorders and the blowing up of posets:

Assume that (X,≤X ) is a homogeneous quasiorder, let ∼X , Ex , x ∈ X , be the corresponding equivalence. Then
(X,≤X ) is transitive and thus all equivalence classes Ex , x ∈ X , have the same size and thus (X,≤X ) is a uniform
blowing up of its factor poset (X̂ ,≤X ). If we consider ages of these blown up homogeneous posets then we obtain
classes listed as 8, 9, 10, 11, 12, 13, 14:

1. the class P of finite posets;
2. the class LO of all finite linear orders;
3. the class DLO of all disjoint unions of linear orders DLO;
4. the class DLOk of all disjoint unions of ≤ k linear orders (k ≥ 2);
5. the class A of all finite antichains;
6. the class OA of all chain-sums of finite antichains;
7. the class OAk of all chain-sums of cardinality constrained (k ≥ 2) antichains;
8. the class QO of all quasiorders;
9. the class QLO of all quasiorders which factorize to a linear order;

10. the class QDLO of all quasiorders which factorize to a disjoint union of linear orders;
11. the class QDLOk of all quasiorders which factorize to a disjoint union of ≤ k linear orders (k ≥ 2);
12. the class QA of all quasiorders which factorize to a finite antichain;
13. the class QOA of all quasiorders which factorize to a chain-sums of finite antichains.
14. the class QOAk of all quasiorders which factorize to a chain-sum of finite antichains of size ≤ k.

Let us now discuss the Ramsey properties of these classes. The classes of ordered structures listed in
2, 3, 5, 6, 9, 10, 12, 13 may be seen to be Ramsey by an easy application of Ramsey’s theorem (or its product version,
see e.g. [26]). The classes 4, 7, 11, 14 fail to be Ramsey as they do not have even the singleton Ramsey property.
The class 1 is the class of all ordered posets, which is Ramsey by [29,32]. So it remains to consider the class of all
ordered quasiorders �QO corresponding to 8. As we shall prove, this is also a Ramsey class and thus we completed the
classification of Ramsey classes of topological spaces.

Theorem 3.1. There are exactly 10 Ramsey classes of linearly ordered finite topological spaces.
There are exactly 5 Ramsey classes of linearly ordered finite T0-spaces.

(The finiteness of these lists should be seen as surprising.) The Ramsey property of the class �QO may be proved
by following and modifying the proof that �P is a Ramsey class. Another possibility is to deduce the fact that �QO is a
Ramsey class from the Ramsey property of the classes �P and �QA:
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Proposition 3.2. The class �QO of all ordered quasiorders is a Ramsey class. (Equivalently, the class �T of all finite
ordered topological spaces is a Ramsey class.)

Proof. Let (X,≤X ,≤X ) ∈ �QO. Let X̂ be the factor poset of (X,≤X ). We may assume X̂ ⊂ X . The order of X̂ is
inherited from ≤X (and thus it will be denoted by the same symbol ≤X ). The factor poset (X̂ ,≤X ) can be used to
reformulate objects in �QO. An object (X,≤X ,≤X ) may be interpreted as the object (X̂ ,≤X ) together with a system
EX = (Ex ; x̂ ∈ X̂) of subsets of X . The pair (X, E) may be thought of as an object of QA endowed with a compatible
order ≤X . This decomposition of an object of �QO into objects of �P and �QA allows us to prove the Ramsey property
of �QO.

Let (X,≤X ,≤X ), (Y,≤Y ,≤Y ) be objects of �QO and let k be a fixed positive integer. Consider the factor posets
(X̂ ,≤X ,≤X ) and (Ŷ ,≤Y ,≤Y ). As �P is a Ramsey class there exists (Z ′,≤Z ′,≤Z ′

) ∈ �P such that:

(Z ′,≤Z ′,≤Z ′
) −→ (Ŷ ,≤Y ,≤Y )

(X̂,≤X ,≤X )
k .

Clearly we may assume |Z ′| ≥ |Y | (by possibly adding isolated vertices). Now consider the structures
(X, EX ), (Z ′ × Z ′, ({Z ′ × {z}; z ∈ Z ′)) with compatible orderings ≤X , and the lexicographic product of ≤Z ′

. These

objects belong to the class �QA. Put k ′ = |k A| where we put A = ((Z ′,≤Z ′)
(X,≤X )

)
. Thus the colours {1, 2, . . . , k ′} can be

associated with mappings ι : ((Z ′,≤Z ′ )
(X,≤X )

) −→ {1, . . . , k}. By the Ramsey property of the class �QA there exists a set U

with equivalence classes EU and a compatible extension ≤U such that

(U, EU ) −→ (Z ′ × Z ′, ({Z ′ × {z}; z ∈ Z ′))(X,EX )

k′ .

In this situation let (Z ,≤Z ,≤Z ) be an object defined by the uniform blowing up of (Z ′,≤Z ′,≤Z ′
) by (U,≤U ).

We shall prove that

(Z ,≤Z ,≤Z ) −→ (Y,≤Y ,≤Y )
(X,≤X ,≤X )
k .

Towards this end consider an arbitrary colouring(
(Z ,≤Z )

(X,≤X )

)
= A1 ∪ . . . ∪ Ak .

Define first a colouring(
(U, EU )

(X, EX )

)
= A1 ∪ . . . ∪ Ak′

by putting (X ′, EX ′) ∈ Aι if for every (X ′′,≤′′
X ) ∈ ((Z ′,≤′

Z )

(X,≤X )

)
the colour of the subobject of (Z ,≤Z ) induced

by (X ′, EX ′) and (X ′′,≤′′
X ) has colour ι(X ′′,≤′′

X ). By the Ramsey property of (U, EU ) there exists a copy Z̃ of
(Z ′ × Z ′, ({Z ′ × {z}; z ∈ Z ′)) with all its subobjects isomorphic to (X, EX ) coloured by a single colour ι0. Consider

now the subobject of Z induced by the set Z ′ × Z̃ . The mapping ι0 induces a colouring of
((Z ′,≤Z ′ )

(X̂,≤X )

)
and thus finally

there exists a subobject (Y ′,≤Y ′ ,≤Y ′
) of Z ′ isomorphic to (Ŷ ,≤Y ,≤Y ) such that its blowing up by convenient subsets

(of size ≤ |Y |) of Z̃ gives the quasiorder isomorphic to (Y,≤Y ,≤Y ). �

4. Ramsey metric spaces

An interesting Ramsey class is formed by all finite metric spaces. This has been proved in [30] for graphs (and
isometric embeddings) in the case of singleton Ramsey and edge Ramsey properties. The general case was asked in
[15] in the context of topological dynamics and of the properties of the Urysohn space (which is defined and studied
in the last papers of both Urysohn [39] and Katětov [14]); see [40,15,12] for recent developments. The problem has
been solved in [27]:

Theorem 4.1. The class �M of all linearly ordered finite metric spaces with monotone isometric embeddings is a
Ramsey class.
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The strongest method available for proving Ramsey properties seems to be the amalgamation method [31,32]
which implies many of these results either directly or by a modification of the method. See [26] and references given
there. Basically (and very informally), if an “unrestricted amalgamation” is valid in a given class K then the class K is
a Ramsey class. This applies not only to the above examples (such as posets or quasiorders) but also to metric spaces
(by a careful extension of the amalgamation method, see [27] for details).

Any class of metric spaces where the values of the distances are bounded by a constant is also a Ramsey class. There
are other Ramsey classes of metric spaces (such as metric spaces induced by forbidding some finite configurations)
and the list is growing and at present there is no evidence of a characterization of Ramsey classes of metric spaces.
But there is evidence that this may be a hard problem, as the corresponding classification problem for homogeneous
metric spaces has been studied in the context of Borel reducibility in [3,4].

The structure of the Urysohn space leads to several open problems analogous to the case of the Rado graph (i.e.
the Fraı̈ssé limit of all finite undirected graphs). One can ask about particular Ramsey properties of the Fraı̈ssé limit
of all finite metric spaces which we denote by M and call the rational countable Urysohn space. M is the unique
homogeneous metric space which is universal for all finite rational metric spaces. Does it hold that

M −→ (M)1
2?

(A similar question has been asked by Hjorth, [12]). Note that for homogeneous graphs this has been answered by
Sauer in a sequence of papers, see e.g. [34]. Another, perhaps too ambitious, question is whether the metric space M
admits a finite presentation in the sense of [13]. Without going into details let us just note that all homogeneous posets
and quasiorders admit such a presentation.

5. Concluding remarks

Although from the topological point of view the finite topological spaces are easy, they nevertheless lead to some
interesting and profound research (see e.g. [22,17,38]). In this context perhaps Ramsey classes of topological spaces
(where finite structures seem to play a pivotal role) could be of some interest.

Recently finite topological spaces captured the attention of several researchers especially in the context of image
processing and digital topology. The is related to the analysis of a screen (see e.g. [16]) and it may be also useful in
the conceptual analysis of harmonious data as suggested by [1].
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References
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[36] V. Rödl, J. Skokan, Regularity Lemma for k-uniform hypergraphs, Random Structures Algorithms 25 (2004) 1–42.
[37] J. Schmerl, Countable homogeneous partially ordered sets, Algebra Universalis 9 (1979) 317–321.
[38] R.E. Stong, Finite topological spaces, Trans. Amer. Math. Soc. 123 (1966) 325–340.
[39] V.V. Urysohn, Sur un espace métrique universel, Bull. Sci. Math. 51 (1927) 43–64, 74–90.
[40] A.M. Vershik, The universal Urysohn space, Gromov metric triples and random metrics on the natural numbers, Russian Math. Surveys 53

(5) (1998) 921–928.
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