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Abstract

In this paper we study a class of Caffarelli-Kohn—Nirenberg inequalities without restricting the pertinent
parameters. In particular, we determine the values of the corresponding optimal constants and the functions
that achieve them, i.e., minimizers of a suitable functional. By studying a corresponding Euler—Lagrange
equation, we also determine infinitely many sign-changing solutions at higher energy levels in addition to
the found ground-state solutions.
© 2008 Elsevier Inc. All rights reserved.
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In this article we will discuss one particular case of the Caffarelli-Kohn—Nirenberg inequal-
ities, introduced in [2]. It was noted by some authors (see e.g. [6] and [7]) that if one chooses
to work with the smaller space C3° (RN \ {0}) of smooth functions in R which vanish in a
neighborhood of the origin as well as outside of a compact set, then the inequality
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will hold for some C(N, a, b) independent of u and without restriction on the parameters (a, b)
in the whole plane. The inequality above is void of content if C(N, a, b) = 0 but, as stated in
Remark 1, this only happens at the point (a, b) = (%, #).

In the Caffarelli-Kohn—Nirenberg article [2], since the functions u are not required to vanish
at the origin, it is necessary to have a and b less than %, and a + b < N — 1 for integrability
reasons.

In this new setting, we point out some interesting facts regarding the exact value of the best
constant C (N, a, b) in (1) and the functions that achieve it. Therefore we define on C(‘)’o (RN \ {0}
the energy functional

2 1 2 1
(faw oz d2)? (o [ d)?

2
u
fRN |x‘a+b+l dx

E(u) ; 2)

so that the best constant C (N, a, b) in (1) is the infimum of E (u).

The organization of this paper is the following. We start in Section 1 with the one-dimensional
case and some preliminary lemmas needed in our approach. Then we prove Theorem 2, the one-
dimensional version of Theorem 1. In Section 2 we prove Theorem 3 stating that minimizing
sequences of E(u) may be taken to consist entirely of radial functions. And we show how the
radial case in RV “folds” into the one-dimensional version of (1). In Section 3 we derive the
Euler-Lagrange equation associated with the energy E, and we prove Theorem 1 below, in which
we find the best constants C(N, a, b) in (1) (infima of E(u) in (2)) and possible functions that
achieve them (minimizers of E(u)). In Section 4 we prove the existence of infinitely many other
stationary points of E(u) at discrete energy levels higher than C (N, a, b). Finally, in Section 5
we provide a few concluding remarks and questions.

In order to state Theorem 1, we let the regions A;, A3, B;, and BB, be defined by the lines
b= NT_2 and a = b + 1, as shown in Fig. 1. We define A = A; U A, and B = B; U B3, where
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we assume that the line a = b + 1 is disjoint of both A and B, and the line b = 2 , with the
point (N N~ 2) removed, is common to A and 5.

Theorem 1. According to the location of the point (a, b) in the plane, we have:

|N—(a+b+l)|

(a) In the region A the best constant is C(N,a,b) = and it is achieved by the

functions u(x) = Dexp(tl}f_lH —), with t <0 in Ay and t >0 in Ay, and D a nonzero

constant.
(b) In the region B the best constant is C (N a,b) =

functions u(x) = D|x|*¢+D-N exp(l‘x_l_l — Y, witht > 0in By and t <0 in Bo.

(¢) In addition, the only values of the parameters where the best constant is not achieved are
those on the linea =b + 1, where C(N,b+1,b) = w

w and it is achieved by the

Remark 1. Note that along the line b = N—_Z , the best constants, as given by the formulas for
regions A and B, do agree. Moreover, at the point (N N= 2) the constant is zero.

Remark 2. The presence of the parameters D and ¢ in the class of minimizers is due to sym-
metries of the inequalities (1), also inherited by the Euler—Lagrange equations (see (23)). The
homogeneity evidently explains D. As for ¢, we have that if # = u(x) is a minimizer of (1), then
sois v = v(y), where y =rx and u(x) = v(y). Indeed, if (say) we assume ¢ > 0 we have

Va@P gy [ VO

! |2b

dy,
|x|2b ly

7

2<x) 24N / 2<y)

| |2a | |2a

and

u?(x) dx — (4o +1=N 2(y)
|x|a+b+l - |y|a+b+l

RN

and we infer that E(u) = E(v). The sign constraints on ¢ in Theorem 1 are dictated by integra-
bility requirements.

1. The one-dimensional case

We begin with an elementary fact involving functions « in CSO(O, 0), i.e., smooth functions
u : (0, 00) — R having compact support in the open half-line (0, c0).

Lemma 1. Given 8 € R define v(s) = s# u(s™) for each u € C§°(0, 00). Then

[ [

m|\|\)
mlm
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Proof. From u(r) = r#tv(r=1) and r = s~ we calculate
=B+ Drfo+ P (—r72)u, = rP[—sv, + (B + Do),

and

2

L gy = =5 B [s0, — (B + 1] ds
rp

Then, noticing that the right-hand side above can be written as

2 2
—v—“ds+d(7(’3+ Ly >

sB sB+1
the result follows by integration. O

Remark 3. By letting D'2(0, 00; =P dr) denote the closure of C°(0, 00) with respect to

2
the norm |ju|| := ( fooo I:—g dr)'/?, we note that the above lemma says that the mapping u(s) —

sPtu(s~1) is a linear isometry from the Hilbert space D'2(0, oo; r P dr) onto itself. As such,
Lemma 1 is interesting by itself.

Next, let us consider the one-dimensional version of (1) where, for simplicity, we write
C(a, b) instead of C(1, a, b) for the best constant:

) Fur? \'{ Tu? T ur(r)?
C“(a,b) /—ra+b+1 dr | < / T dr / o dr ). 3)
0 0

0

A type of proof that is often found in the literature is as follows (where u € C§°(0, 00) is
arbitrary):

o o
_ d u? ) uu, 4
0= dr ,,a+b dr=—(a+Db) +b+1dr+ +bd )
0 0
hence
b| [ [ lullu|
a+ uu, ullu,
2 ‘/ra-i-b-i-l dr = ‘/ ra-i-b yatb dr,
0
so that the Cauchy—Schwarz inequality gives (3) with
b
Cla.b) > ‘%‘ 5)

On the other hand, if we apply Lemma 1 with 8 =2b and

u(ry =rty(r 1), s=r1, (6)
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to the last integral in (3), straightforward calculations on the other two integrals show that (3)

becomes
00 2 00 0
) v(s)? v(s)? vs(s)?
¢ (a,b)(/mds> < </ JHh—2a+4 ds $2b ds ).
0 0

0

Therefore, by defining a = 2b — a + 2 and b = b, the above reads

, F o2 \ ([ o) T vy(s)?
C(a,b) /s&+5+1 ds| < / 2 ds / 2 ds ). @)
0

0 0

In other words, if C(a, b) denotes the best constant in (3) for a given (a, b), and if we define the
affine transformation

a=2b—a+2,
{E:b, (8)
then the best constant C(a, b) in (7) satisfies
C@a,b)y=CQRb—a+2,b)=C(a,b) V(a,b)eR%. )

For completeness we state the following lemma concerning (8), whose obvious proof we omit.

Lemma 2. Each point (a, b) on the line a = b + 1 is fixed under the affine transformation (8);
in particular, the line a = b + 1 is invariant under (8). In fact, the only other lines which are
invariant under (8) are the vertical lines b = b (constant).

From now on we denote A = A U Ay, where A; is the region definedbya <b+1,b < —%
and A is the region definedbya > b+1,b > —%. We also let B = B U B,, where B; is defined
bya>b+1,b<—LandBybya <b+1,b>—3 (cf. Fig. 2).

Theorem 2 (One-dimensional case of Theorem 1). For each (a, b) € A the best constant C(a, b)
in (3) is given by

la + b|

C(a,b)= >

and is achieved by the functions

t
u(")=D€XP<m ’”bH_a)’ (10)

for arbitrary D € R and t # 0 with sgn(t) = —sgn(b + 1 — a). On the other hand, for (a, b) € BB,
the best constant C(a, b) in (3) is

13b —a + 2|

C(a,b)= >
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and it is achieved by the functions
t
u(r) =Dr2b+1exp<7b+ . _arb“—“), (11)

where D € R is arbitrary and t # 0 is such that sgn(t) = —sgn(b 4+ 1 — a).

Proof. First note that the region B (resp. BB) is the image of 4; (resp. A2) under the affine
mapping given in (8). Also note that the line given by a = b + 1 is the complement of AU 5.
Now, in view of (5), (8) and (9), we have that

la + b| |a+b|}‘ (12)

C(a,by=C(a,b)> ,
(a,b) (a,b) max{ 2 2

On the other hand, it was shown in [6] that, for (@, b) in the region A = A; U A;, one has

la + b|

C(a,b) = 5

13)

with C(a, b) being achieved by the functions

t
u(r)= Dexp(mrbﬂ—a)’

for arbitrary D € R and ¢ # 0 with sgn(¢) = —sgn(b + 1 — a). In particular, such u satisfy

oo

u? oou2
/rT’bdr<oo, /mdr<oo. (14)
0 0
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Therefore, by noticing that
a+b|>la+b & (@+b’>@+b? & (@—b—1)2b+1)<0
we also conclude that, for (a, b) in the region 5 = B U B;, one has

i+ b 3b—a+2
C(a,b)=|a—;|=| 2a+ 5 (15)

with C(a, b) being achieved (recall (6)) by the functions

t
U(S) — DS2b+l exp(ﬁsb—i_l_a),
—a

for arbitrary D € R and ¢ with sgn(¢) = —sgn(b + 1 — a).

The proof is complete. We point out that, when a = b 41 (i.e., (a, b) is in the complement of
AU B), it was shown in [4] (cf. also [5]), that the best constant is C(b + 1, b) = |2b+” and that
it is not achieved. 0O

2. Reduction to the radial case

Let us denote by Cra(N, a, b) the best constant in the inequality (1) when restricted to the
space of radial functions

Ca(RY N\ {0}) = {u € CP(RY \ {0}): u(x) =u(lx])}.
That is,
Crad(N,a,b) =infE(u) whenu e Cff’rad(RN \ {0}) \ {0}.
Theorem 3. For all pairs (a, b) we have C3q(N,a,b) = C(N, a, b).
The proof follows at once from the following

Lemma 3. For any u € C§° (RN \ {0}) there exists a function uraq € C0 rad(RN \ {0}) such that
E(u) > E(urad)-

Proof. For a number of other calculations (e.g. in [4], or prior to this, in [8]), the transformation
of integrals over RV to integrals over the cylinder C = SV~! x R has turned out to be very useful.
The idea for the proof of the lemma is to convert inequality (1) into a new inequality in terms of
functions on C. Decomposition in terms of spherical harmonics then reveals that the inequality
is sharp for radial functions only.

So, consider the diffeomorphism ¥ : RV \ {0} — C = S¥~! x R given by T'(x) =
(ﬁ, —In|x|) = (0, t). To any function u € C(‘)’O(RN \ {0}) we associate the function v € CgO(C)
by

N-2-2b
v(r(x)) = |x| u(x). (16)
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It is a straightforward calculation to check that

N —2—2b\?
/|x|—2b|Vu|2dx=f[|W|2+(f) vz]dﬂ,
RN C

where the gradient of v and the measure du correspond to the standard metric on the cylinder
induced by the Euclidean metric in RN*L Also,

/|x|_2“u2dx Z/eZ(a—b—l)tUZdM
RV c
and
f|X|_a_b_ll/t2d.xZ/E(a_b_l)tv2dﬂ.
RV c

Therefore, on the cylinder C, the inequality (1) is equivalent to

(Je P2 dw) (JelIVolP + =220 dw)

2 2000y —
C°(N,a,b)<E“(v) = (fc ea=b=D1y2 4)2

a7
We now decompose v in terms of spherical harmonics Yy (6), where we require

—AgYr =AYy and / Y .Y d6 = 6.

SN-1

Note that Ap = 0 is a simple eigenvalue and Y, is constant on S¥~!. There exist functions
fi € C3°(R) such that
o
v, 0 =) fi)Yr ().
k=0
One can now check that, for any function p = p(¢), it holds
oo
/,ovzd,uz/p(t) [ v2(9,t)d9dt=Z/p(t)sz(t)dt.
c R SN~ k=0

Similarly, it holds that

N—2-2b\?
/[|Vv|2+ <72 > U2:| du
C

- oo e (22 o
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Therefore, if f; is not identically zero for some k > 1, i.e., if v is not constant on every sphere
SN=1 x {r} then, since Ax > 0, we have that

(0 fo @D 21 d (2 Jl(£O? (1) + (A522)2 2 ()] dt)

E2
W= (0 Jp e« (20 dr?

(18)

Next, if we let (1) = (352 f2(t))Z, then

(2 Ok LOSe@)?
> 1> = t
P 3 T

which, substituted into (18), gives

(Jp@“ Vo0 dD) (Jpl(@) (1) + (F522) %9 (1)) di)
(f]R e(afbfl)z(pZ(t) dt)z :

Ez(v) >

This means that, when we view ¢ (¢) as a function on the cylinder which is independent of 6 and
we define upq(x) = x|~ 3 @(T (x)), we then have

E(u)=E(v) 2 E(p) = E(urad),
with equality if and only if # = u,q. This concludes our proof. O

The inequalities (1) have a nice “folding” property. Namely, under appropriate symmetry
assumptions on the functions u, they reduce to inequalities in lower dimensions of exactly the
same type. We exemplify this fact by reducing the inequality for radial functions from dimension
N to one dimension, i.e., from C(ﬁiad(RN \ {0}) to C§°(0, 00).

When we work with the class of radial functions in RY , inequality (1) becomes

%) 2 %) )
C2(N,a,b)(/rN_“_b_2u2dr) < (/rN_za_luzdr> </rN_2b_lu$dr>.
0 0 0

And, when N =1 this inequality reads

%) 2 o) %)
2, 1 I/tz I/L2 u%
C“(a,b) ——dr | < —dr ~dr |,
Fa+bo+1 r2a y2b
0 0

0

where we are using C(a, l;) instead of C(1, a, 13). Therefore, we have:

Remark 4. Regardle§s of the starting dimension N, the radigl case (N,a,b) drops down to
one dimension (1, a, b), when we consider a = a — N > Landb=p-X > 1 Moreover, the best

constant satisfies C(N, a, b) = C (&, b).
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3. Proof of Theorem 1 — The Euler-Lagrange equations

Proof. We have seen from Theorem 2 in Section 1 that, when N =1, it holds

® 9 2 ® 5 ® 9
CZ(a,b)</%dr> < (/ urz(:) dr)(/ u;z(z) dr), (19)
0
latbl if (a,b) € A,

0 0
Cla,by=1 .2 20
(@b {M if (a, b) € B. 20

where the best constant is given by

Moreover, these optimal constants are achieved by the functions

t
u(r):Dexp(mrbH“) (21)
and

1
u(r)y = Dr?0+! exp<7b - rb+]”), (22)
—da

respectively, where D € R\ {0} and ¢ (of the right sign) are arbitrary. Therefore, Remark 4 above
concludes the proof of Theorem 1. In other words, we have the inequality

2 2 2 2
5 u u |Vu|
¢ (N’“’b)</ e [abFT dx) <</ 2 dx)( i )
RN RN RN

where the best constant is

PN N -1 N -1
C(N,a,b):C(a,b):C(a— ,b— )

and C(-,-) is given in (20). In addition, C (N, a, b) is achieved, respectively, by the functions in
(21) and (22), withr = |x|. O

Remark 5. The case a = b + 1 was considered in [4], and it appears also in [5]. It is known that
the best constant is C(b + 1,b) = % and it is not achieved. The way this was shown in [4]
was through the change of variables

2b+1
u(ry=r—"2 v(=Inr), t=—Inr,

which is just the one-dimensional variant of (16). Indeed, one has

o0

2 T 2
/”rz(z) dr = / [vf(z)+<—2b2+1> vz(t)]dt
0
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and
o o
2
u-(r) . 2
f—rZ(b-H) dr = / ve(t)dt.
0 —00

Therefore, it follows that

C%(b+1,b) =inf

SO i) + G2 (0)]dr <2b+ 1)2
Joo vA() dt 2

and it is not achieved because the corresponding Euler-Lagrange equation

2b+1\?
—V + T v=Av

has solution of exponential type, linear, or oscillatory, none of which is integrable.

Next, let us consider (cf. [6]) the space H al b(RN ) obtained from C3° (RM\ {0}) by completion
under the weighted Sobolev norm

Vul>?  u? 12
Il :=</[ N |x|2a}dx> '

RN

Recalling that the square of the energy functional is given by

2 2
(v oz d2) (fgv T do)

2
(f]RN ‘x|au+b+l_ dx)?

E*(u)

it is not hard to calculate its Euler—Lagrange equation, which is given by

Vu u u

where
2 Vu|2
f N de f N l—dx
K@) = % and  M(u) = % 24)
fRN W dx fRN W dx

We should note that the coefficients K (1) and M (u) in (23) are homogeneous functionals of
degree 0 and that (23) itself is homogeneous of degree 1 (so, if u is a solution so is au for all
o €R). Also, u € Halﬁb(RN) is a weak solution of (23) if and only if

d
(D(E?)w).¢) = —E>(u+19)li0 =0 Vo € H,,
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In particular, since we know from Theorem 2 that the (radial) functions u that achieve the best
constants in (1) satisfy

—L dr < o0, —dr < oo,
72b r2a
0 0

it follows any such function belongs to H al b(]RN ) (recall Remark 4). Moreover, it is a standard
fact that any such u is a weak solution of (23), i.e., one has the following lemma (for completeness
we provide its easy proof):

Lemmad. Let U € Hal’b(]RN) be a minimizer of E(u). Then U is a weak solution of (23).

Proof. Since U is a minimizer of E(u), it is also a minimizer of E%(u), and so, for any given
Qe Halb, one has

E>(U +1t9) > EX(U) VieR.

Therefore, for r > 0 (resp. t < 0), it follows that

;[EQ(U +tp) — EZ(U)] >0 (resp. <0).

Letting t — O gives
(D(E%) W), ¢) =0,
that is, U is a weak solution of (23). O
4. Multiple solutions
In this section we construct multiple solutions for (23). Namely, we prove the following:
Theorem 4.

(a) For any pair (a, b) with a # b + 1 Eq. (23) has infinitely many sign-changing solutions on
discrete energy levels.

(b) For certain pairs (a, b), Eq. (23) has multiple (nontrivially distinct) solutions on the same
energy level.

Proof. For the proof we use again the transformation on the cylinder (16) that was used in
Section 2.

Similarly to before, given u € C®°(RN \ {0}) N H, ,(RY), there exist f; € C*(R) N H'(R)
such that

vO,0) =Y fil)Yi(0). (25)

k=0
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Then

ISR o P R AR [y 020 + D+ IR (1 di)

B S0 fa eV 20 dr

(26)

We therefore look at the equations

N —2-2b\?
—fi + {[Ak-k <f) i|—l—K(v)e2(”bl)t—2M(U)€(ab])t}fk=0, 27

where, similarly to (24), we have

JellVol? + (M50 dpe
Jpe2a=b-Diy2 gy

K@) = (28)

and

JellVol? + (M=3220) 0 dpe
fC ela—b—=1)1,,2 du

M@) = (29)

With these notations, we have

E()=M®)/V/K ).

Remark 6. In fact, only the ratio E(v) = M (v)/+/ K (v) matters in (27), since the translation

t—>1t— m In K reduces (27) to
N-2-2b\’
—f+ {[Ak + <f> } elamb=Dr 2E(v)e‘“‘h‘1”}fk =0.

Note that K and M in (27) are non-local coefficients in that they depend on v. For the inter-
mediate calculations we disregard this dependency and we will assume K and M to be two fixed
positive constants. We then “assemble” the higher-energy solutions as in (25), sometimes using
more than one Y. It is important to make sure that the constants K and M used to construct v are
indeed related to v through (28) and (29). This will be checked (see Remark 6) in what follows.

Consider k a nonnegative integer, and K and M fixed positive constants. It is convenient to
transform Eq. (27) into the Whittaker equation

IS

9
K }w:O. (30)

1 «
W+ 11—+ —+
Z Z

4

A change of variables realizing this transformation (using f instead of f) is

VK pla=b=Dy

_ w@) _
= |a—b—1| and ?—f(t), (31)
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where we denoted

M/VE A + (H=522y2
Kk=———— and pu= . (32)
la—b—1| la—>b—1]|

Assuming that w is a differentiable function on (0, co) satisfying

w2 . wi(2)
lim = lim =

=0t 2 =00

0 (33)

and that f and w are related through (31), it is not difficult to check that

—2-2b\? v
/[(f/)2+()»k+<Nf) )f2:|dt=|a—b—1|/|:w§+<_%+M2>Zi2w2i|dz,
R 0

(34)
because
T 1
/(f’)zdt =la—b-— 1|/ w? —z lww, + Zz_2w2:| dz
R 0
T d 2 1 1
2 1w —2..2 —2..2
=|a—b—1|/_wz—d—z<z 7)—§Z w +ZZ w :|dz
0
T 1
=la—b— 1|/ wg - Zzzwz}dz,
oL
since the boundary terms vanish in view of (33). We also have
a—b—1] [
2a—=b=i (2 4, 1970~ / 2, 35
/e ! 4K waz (35)
R 0
and
1 oo1
(a—b=1)t £2 7, _ 2
e dt = ——= | —wdz. (36)
Rf f ZJEO/Z

Note that if v(0, 1) = fi(t)Yx(0) (we call such a v a single mode), and f; is obtained from w
via (31), then we have from (34)—(36) that

JoZwd2)? (f*1w? + (— L+ P Lu?ldo)

EWw)=la—b—1| fooo%wzdz

(37
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Moreover, if w is solution of (30) then, after multiplying the equation by w and integrating

by parts, we obtain

/|: (——+M)—2 ] Z—K/E dz——/w dz. (38)
0 0
On the other hand, it is known (e.g. see [9]) that a solution of (30) is given by
_z l_;,_u 1
Miep@) =e 2227 B | S+ —r 1+2u2),
where, for any B not a negative integer or zero, | F1(«; §; z) is the hypergeometric series
o ala+1) , al@+1)---(a+r—1)
Fia; i) =1+ —z+———2"+- -+ Z+
1Fi(es i 2) 1~ 2B(B+1) PBB+D - (BHr—1)
Let n be any nonnegative integer, and assume « and p are such that
1
,u:ic—n—5>0. 39)
We then consider the solution of (30) given by
w@ =M, 1@ =e 17 Fy(—n; 26 — 203 7). (40)
Note that, since « = —n, the hypergeometric series | F1(—n; 2k — 2n;z) is a polynomial of
degree n, so that w satisfies conditions (33). We now show that this w satisfies the equality
(4D

T 1

fw2d2=2f —w?dz.
Z

0

0

Indeed, we have

o0 o0
f wldz = / e_zzz’(_zanlz(—n; 2k —2n;z)dz
0 0

d

!\l

[d I

/— 2 2 2"1F2( n; 2k — 2n; z))dz+21c/—w2dz
Z

0 0

d
+/€_Zz2kd_(1_'71F1(—n;2K _2”;Z))2dz
z
0
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and (41) will follow if we show that
—7.2K d —n 2
e’z d—(z 1 Fi(=n; 2k —2n; 7)) dz =0. (42)
z
So, we need to show that

o
/6—222:( " Fi(=n; 2k — 2n; z)) ( _"1F1(—n;2/<—2n;z))dz=
0

But it is straightforward to see that

di(Z_anl(—m 2k —2n;2)) = —nz” TV Fy (= (n — 1); 2k — 2n; 2)
z

and, hence, (42) follows from the equality
o0
/efzzz'“z”*]lFl(—n; 2k —2n;2)1 Fi (—(n — 1); 2 — 2n; 2) dz =0. (43)
0

The above equality (43) is obtained from the more general fact that Laguerre polynomials

{Lf _l(z)}n are orthogonal with respect to the gamma distribution e~z 1dz for B> 0 (e.g.
see [1], p. 282). The relevant relation is

Fi(=n: f:2) = i L@
B T/ N VRV R e PR

where 8 = 2k — 2n in our case.
Next, having shown (41), we obtain from (38) and (41) that

[[s2 (i) oocct [ 1
/ ——+u dz=—/—w dz. 44)
0 @ 20Z

And, by substituting (41) and (44) in (37), we get
E(w)=la—b—1|«.

Therefore, recalling (32), we obtain E(v) = M/ V'K, which verifies Remark 6.
We note that, whenever condition (39) holds, it follows by substitution from (32) that

Eo M (N2 b—1 : 45
_ﬁ_ k+(f) +la—b-— |<n+§> (45)
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Radial solutions
For (a, b) fixed, let n € {0, 1, 2, ...} be arbitrary. Then, on the energy level

E,=|N =272 +la—b—1] + 1
=|— a—b—-1|{n+ =),
" 2 2

there is a radial solution u(|x|) obtained from v(6, t) = f(¢) through (16) where, in turn, f(¢) is
obtained from w(z) given by (40) via (31).

Single mode nonradial solutions
More generally, for A > 0 fixed, let n € {0, 1, 2, ...} be arbitrary. Then, on the energy level
Ey.» given by (45) there is a solution u(x) obtained via (16) from the 1-mode solution v(6, t) =

Yi(0) fien (0.

Multiple mode solutions
Let a be such that, for different pairs (A, n) and (X;, m), the energy level given by (45)
satisfies E = Ey , = E| n, thatis, a is such that

1 N —2-2b\? N—2-2b\?
a—b—1=— |+ ———=) — Jm+|———=) ).
n—m 2 2

Then, there is a solution on the energy level E obtained from the 2-mode v(0, t) = Y (0) fx.n () +
Y1(0) f1.m (1).
By the same token, if there are three pairs (Ag, n), (A7, m) and (4}, p) such that

e N e )
e () - e (),

then there is a solution obtained from 3-mode solution v(6, 1) = Y;(0) f} p(t) + Yi(0) fi n (t) +
Y1(6) fi,m(1).

Note that, in the cases b =0 or b = N — 2, one has Ay + (W)2 =(k+ NT—z)z’ since
Ak = k(k + N — 2). Therefore, the above equality becomes

1 1
la—b—1]=——(1—k) = ——(k—)),
n—m p—n

and if one is able to find distinct pairs (k1, n1), ..., (k,,n,) suchthat ja—b—1| = m(kiﬂ —
ki) foralli =1,...,r — 1, then an r-mode solution can be found at the corresponding energy
level. O

In fact, we have the following (explicit) consequence of Theorem 4:
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Corollary 1. Let b =0 (resp. b = N —2) and let a # 1 (resp. a # N — 1) be an arbitrary rational
number. Then, for any positive integer r, there exists a countable set of energy levels

N -2 1
E:Ek,n=<k+—2 >+|a—b—1|<n+5),

with k,n — oo, such that, on the level Ey ,, there are r-mode solutions.

Proof. Given (a, b) as above, we write the positive rational number |a — b — 1] in irreducible
form as

la—b-11="2.
q

In view of the preceding arguments, if we find distinct pairs (k1, ny), ..., (k,, n,) such that |a —
b—1|= ﬁ(ki.}.] —k;) foralli =1,...,r — 1, then an r-mode solution can be found at the

corresponding energy level

N -2 p 1
Ek],nl =<’<1+T>+;<nl+5) (46)
Then, the idea is to consider the linear Diophantine equation

xq—yp=1 47)

and use the fact that, in view of our assumption of p and g being relatively prime, (47) has
infinitely many solutions (x, y) given by

x=k+zp, y=n-+2zq,

with (k, n) being a fixed solution and z € Z arbitrary.
For k and n fixed, the energy level E = Ej . as in (46) will have at least

k n
SENEE
p q

solutions (as usual, | x| denotes the largest integer less than, or equal to, x), with k=k + jp,
A=n— jq,with j € {—ng, —ng +1,...,[4]}. Clearly, as k or n (or both) tend to infinity,
r — oo as follows from (48).

As an illustration, say p and g are fixed, and we want to construct r-mode solutions with
1 <r < 3. For that, we can consider k > p and n > 2q and the energy level E = E;_p, , and the
3-mode solution v(0, t) = Y, (8) fi;.n, (t) + Yy (0) fry,ny () + Yiz (0) fies 5 (), With

k1:k+p, k2=k, k3=k_17,

ny=n-—2q, n,=n-—gq, n3 =n.

An important point to note is that the coefficients of p and ¢ add up to the same constant.
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And, for 1-mode and 2-mode solutions (at the same level E = Ey_, ,,), we simply take anyone
of the terms in the above v (0, 1), and the sum of any two such terms. O

5. Concluding remarks and questions

Remark 7. This paper was inspired by the work in [6] after the present authors realized that,
for (a, b) in B, the value of the best constant obtained in [6] was not correct. As a result, we
now obtained the best constant for all pairs (a, b) as well as the corresponding minimizers (ex-
cept for a = b + 1, when the best constant is not achieved). In addition, we showed that all
minimizers were one-signed, radial functions forming a 2-dimensional manifold parameterized
by D e R\ {0}, t € (0, 00) (resp. t € (—00,0)), and we constructed infinitely many other sign-
changing, nonradial, higher-energy solutions of the Euler-Lagrange equation corresponding to
the pertinent functional.

Remark 8. As we saw in Section 4, the approach we used to (explicitly) construct some of the
multiple-mode solutions in the case (a,b) € Q x {I;} (with hb=0or N—2, and a #* b+ 1)
involved solving a linear Diophantine equation. If we want to consider other values of b, the
same approach would lead to more complicated higher order Diophantine equations. Therefore,
considering that the Euler—Lagrange equation (23) is “almost linear” (in the sense that it is ho-
mogeneous of degree 1), the question of describing/constructing all solutions of (23) (perhaps
by a different method) would naturally arise. A possible difficulty may be the fact that Eq. (23) is
non-local. As far as we are aware, there is not much done regarding non-local equations in RV .

In particular, it would be interesting to see whether there are solutions with infinitely many
modes.

Remark 9. The general case of weighted-norm inequalities involving L”-norms must be handled
differently and constitutes work in progress [3] which will appear elsewhere.
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