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Abstract

In this paper, we introduce the singular words of Sturmian sequences, which play an important
role in studying the properties of the factors of Sturmian sequence. We also completely determine
the powers of the factors, the overlaps of the factors and the structure of the palindromes of the
factors.
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1. Introduction

Sturmian sequence, as a kind of aperiodic sequences with minimal language com-
plexity, have been studied for a long time. These sequences are related to many different
objects and appear in the mathematical literature under many different names, such as
rotation sequences, cutting sequences, Christoffel words, Beatty sequences, character-
istic sequences, balanced sequences, and so forth. A clear exposition of early work
by J. Bernouli, Christoffel, and A. Markov is given in the book by Venkov [19]. The
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term ‘Sturm’ was used by Hedlund and Morse [9] in their development of symbolic
dynamics. There is much literature about properties of these sequences (see for example
Series [17,8,18]). From a combinatorial point of view, they have been considered
by Brown [5], Séébold [16], Mignosi [14] and Ito and Yasutomi [10] (in particular
in relation with iterated morphisms). Sturmian words appear also in ergodic theory,
computer graphics and quasi-crystal. For a survey, we refer the readers to Berstel [2]
or Lothaire [13].

The main aim of this paper is to study the combinatorial properties of the factors of
Sturmian sequences, such as powers of factors, overlaps of factors and the structure of
palindrome factors. By using singular words introduced in [20], Wen and Wen studied
these properties for a class of Sturmian sequences which are generated by invertible
substitutions (see [20,21]). We first introduce the singular words for general Sturmian
sequences, then we completely determine the powers of factors, overlaps of factors and
the structure of palindrome factors. As we will see, the positive separation property
of the singular words plays an important role in the studies. For example, we give a
simple proof of the index of Sturmian sequences obtained by Damanik and Lenz [6],
which we proved independently in 1998.

This paper is organized as follows. We first give some preliminaries in Section 2.
In Section 3, we introduce the standard word A4, which is also an important class
of factors. Sections 4 and 5 are dedicated to the notions and properties of singular
words w, of Sturmian sequence. We establish two decompositions of the Sturmian
sequence by singular words, and prove the positive separation property of the singular
words. Then in Section 7, by using singular words we study systematically the power
of factors, the overlap properties of the factors and the structure of the palindrome
factors.

2. Preliminaries

Let S={l1,l2,...,1+} be an alphabet with k letters [1,/5,..., ;. A finite string
u=ujupus...u, with u; € § is called a word over S, while an infinite string u = u usu;
.Uy ... with u; €S is called a sequence over S. We denote by S* the set of all words
and by S the set of all sequences. The concatenation of two words u =wujuy - - - u,, v=
vy - - - Ug 1s defined as wjuy - - -u,v10; - - - vy and denoted by uv. u” is the concatena-
tion of n copies of u. The concatenation of a word and a sequence can be defined
similarly. Under the operation of concatenation, S* forms a monoid where the neutral
element is the empty word ¢. The length of a word w is denoted by |w| and the num-
ber of appearances of a letter /€S in a word w is denoted by |w|;. L(w) denotes the
k-dimensional vector (|w|;,|wl|s,...,|w|;,). We say a word u is a factor of another
word w, written u <w, if there exist two words vy,v, € S* such that w=uvjuv,. In
this case, we say (|vj|,u) is an occurrence of u in w. The occurrence of a word or
a sequence in a sequence is defined in a similar way. If w=uv, we say u (resp. v)
is a left (resp. right) factor of w, written u<w (resp. v>w). A word u is a factor of
a sequence F €S if there exist a word v and a sequence F’ such that w=wvuF’; if
v=¢, we say u is a left factor of F, and note u<F.
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Let w=x;---x, and u =x,X,41 - - - x, >w, we denote by wo~! the word x1x3 - - - X,—1.
Throughout this paper, the expression wu~! conveys this meaning. We denote by w
the mirror image of w, that is, w =x,x,_1 - - - xox;. If w=1w, the word w will be called
a palindrome. The set of all palindromes is denoted by P. A word w e S* is called
primitive if w=uP = p=1. Let we S* and 0<k <|w|, we define the kth conjugate
of w by Ci(W):=Xty1---xx1x2---x;. The set of conjugates of w is defined by
Cw):={Cr(w); 0<k<]|wl|}.

The language of length n of a sequence F, denoted by Q,(F), is the set of all
factors of F of length n. The language of F is defined as Q(F):= U, Q. (F), ie.
the set of all factors of F. The complexity function of F is defined as p,(F):=#Q,(F).
A sequence F' over an alphabet of 2 letters is called Sturmian if #Q,(F)=n+ 1.

Throughout this paper, we assume S = {a, b}, an alphabet with 2 letters.

Lemma 1. The conjugates of a primitive word w are all different.

Proof. Let w=w; ---wj,|. Suppose to the contrary, there exists 0O<m<n<|w| — 1
such that C,,(w)= C,(w), which means

Wm+1...w‘w‘wl...wm :Wn+l...w‘w‘wl...wn_

Let uy=wyy---w, and uy =w,1| S Wy WL Wiy and we have wujup =upu;. By
Lothaire [12], there exist two integers p,g>0 and a word ug € S* such that u; =ul
and u, = ug, which implies w=u; with =2, contradiction. [

A sequence F €S® is called a balanced sequence if for any wi,w, < F with |w|
= |wa|, we have ||wi|, — [wala < 1.

Consider a line y=0x + 1 (x>0) over the plane with 0 irrational in R* and 75
real. If the line cuts a vertical (resp. horizontal) line, we write letter a (resp. b). If it
cuts lines at some lattice point, we write ab or ba. The sequence obtained is called a
cutting sequence and we note Fj .

The following theorem says that Sturmian sequence, balanced sequence and cutting
sequence are the same thing.

Theorem 1 (Ferenzy [7]). Suppose F € S®, then the following assertions are equiva-
lent:

1. F is a Sturmian sequence;

2. F is a cutting sequence,

3. F is a noneventually periodic balanced sequence.

Remark 1. Let F|,F, € S be two sequences over S. We say that /| and F, have the
same language if Q(F)= Q(F,). This means F; and F, have the same set of factors.
If we are only interested in the properties of the factors, we do not distinguish two
sequences having the same language. It is easy to prove (see for example [7]) that for
any 0 and for any 1,12, QUFp,, )=S2UFp,y, ). Hence in this paper, we only consider
the cutting sequence Fy:=Fj.
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Remark 2. It is easy to see that the sequence /)y can be obtained by changing the
letter a (resp. b) to b (resp. a) in the sequence Fy. So, to analyze the properties of
the Sturmain sequence, we only need to consider the case 0 € [0, 1].

3. Standard words and their properties

Damanik and Lenz introduced the standard words by a direct manner (see for exam-
ple [6]) and obtained some of their properties. We introduce them in this paper from
a geometrical view and give some properties (maybe some overlaps with [6]) that will
be used later.

Let 0 [0, 1] be an irrational, and consider the cutting sequence Fy generated by the
line /y: y=0x (x=0). A lattice (g, p) on the plane is called an asymptotic point if
the vertical distance (or equivalently, the horizontal distance or orthogonal distance)
from (g, p) to the line /, is the shortest among the distances from the points whose
first coordinate is not greater than ¢. Such points can be uniquely ordered by the first
and the last coordinates. By convention we let 4g:=(1,0). Suppose 4, :=(qn, pu) 1s
the nth asymptotic point, and let O, be the square which contains the foot of the
perpendicular from 4, to /y. It is easy to see that the line /y cuts O, twice. Reading
from the next cutting point of the original to the second cutting point in the square
0,, we get a word which will be called the standard word of order n and denoted
also by 4,. By convention, we take 4g=a and 4_; =b.

In order to discuss the properties of the sequence of standard words, we collect some
important and useful facts about the continued fraction which can be found in [11].

Let irrational 6 €(0,1) have a continued fraction expansion 0 =[0;a;,as,...,a,,...]
with a, €N, and let p,/q, be its nth convergent which is defined recursively by

Pnt1 = Qni1 Pn+ Pn—15 Gnil = Ani1qn +qn—1 With po=0, go=1, p1=1 and ¢, =a;.

Proposition 1. For any irrational 0 € (0, 1), we have the following:

(1) f()l" any n,mZO, p2n/q2n <p2n+2/q2n+2<0 < p2m+l/q2m+l <p2m71/q2m71;
(2) for any n>0,(qn, pn)=1, that is, all convergents are irreducible;

(3) for any rational fraction § with 1<t <gqy, |t0 —s|>[g,0 — pa|.

Theorem 2. The point (q,, p,) is the nth asymptotic point of the sequence Fy if and
only if pn/q. is the nth convergent of the continued fraction of 0.

Proof. Since the successive convergents of 0 are also ordered by the numerator and
denominator, we need only to prove that (g, p) is an asymptotic point if and only
if p/q is a continued fraction convergent. By the definition of the asymptotic point,
we see that (g, p) is an asymptotic point if and only if for any s,ze N, 1<t<gq,
|g0 — p|<|t0 — s|. Thus by Proposition 1.3, it is equivalent to say that p/q is an
convergent of 0. [J

Proposition 2. Under the above notations, we have for any n €N
(1) A,,,l <1An <1F9, and abl>A2,,+1, ba DAzn;
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(2) dy=ani2dni1 + duya, where d,:=|p, — q,0| is the vertical distance from the
asymptotic point A, to the line ly;

(3) L(4,)=(pn-qn) and |An‘ = Pn + qn;

4 |An+2| :an+2|An+l‘ + |An|'

Proof. (1) This follows directly from the definition of the standard words.

(2) By the definition of d,, and Proposition 1.1, we have dy,11 = panr1 — g2,+10 and
dan = q2,0 — pan, and the conclusion follows from the recursive relations of p, and ¢,.

(3) Because the segment OA4, cuts vertical lines p, times and horizontal lines g,
times, we get L(4,) =(pa>qn), and so |4,| = p, + qa.

(4) The conclusion is from (3) and the recursive relations of p, and ¢,. [

The following theorem gives the recursive relation of the standard words {4,},>0
which is very useful for us to further study the properties of Sturmian sequences.

Theorem 3. Let A, be the nth standard word of Fy. Then for any n>=0,
An+l = AZHIAnfl'

Proof. We prove it by induction on .

The case n=0, 1 can be checked directly.

By Proposition 2(1) and (4), |4,1]| =awi1|4n| + |4n—1] and 4,1 <94, <A1 <4F,,
thus for n>2, we need only to prove that AT g,

First we consider the case n=2k. By Proposition 2.1, ba>A4,, ab>A,,,. Let Iy be
the associated line. Consider a,; lines /;: y=0x + id, (1<i<a,.;). We denote by
S; and T; (1<i<a,y), respectively, the intersection points of /; with y-axis and line
x=g,. We denote the point (¢,,q,0) by Tj.

Since 4,T;—1 = O0S; (1<i<a,,), the cutting sequence starting from 7;_; is equal to
the cutting sequence starting from S; with the slope 0 (here 4, is the nth asymptotic
point associated with the line /y). On the other hand, by Proposition 2.2, OS; =id, <
d,—1, which implies that the nth standard word 4, is the prefix of the sequence starting
from any S;. So there exist words w; such that wy=A4,wy, w;=A4,wi; (0<i<a,.),
which implies 4% < Fy.

The case of n being odd can be proved in the same way (in this case, we will draw
the lines y=0x —id,). [

From now on, we will always assume that o, f €S and «# f5.
The following proposition can be proved easily by induction.

Proposition 3. Let n>0 and > A,, then
ApAp—y = Ay A o B, Ay 1Ay = Apdpro B ap

The following proposition summarizes some elementary properties of the standard
words.
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Proposition 4. Let Fy be Sturmian and let A, be the standard words of Fy, then
(1) for any n=0, A, <A1, Ap>Api2;

(2) for any n=0, A2 < Fy, AA,1 < Fp;

(3) for any n,me N, 4,4, < Fy;

(4) a®*? L Fy, b> £ Fy;

(5) for any n=1, ba®*'b>As, 1;

(6) any factor of Fy placed between two adjacent b’s is either a® or a“*';

(7) for any n=0, A, is primitive.

Proof. (1) This is the consequence of Theorem 3.
(2) From Theorem 3, we have

ay ay n — =
Anyz =A," 54001 = (4,7 A4,)" P Ap1 = widpAp 1 = wid,A,wa < Fo,

where wi,w; < F,. This implies A,,A,Hl,Aﬁ <Az < Fy.

(3) If m<n, since 4,,<A4, <Fy and Aﬁ < Apy3 < Fy, we get 4,4, <A,A, < Fy.

If n<m and they have the same parity, then 4,>4,, by (1), and 4,4, l>A,2n < Fy. If
m,n have different parity, the similar discussion shows that A,A4,,>A4,,_14,, < Fy.

(4) From (3) we have ba“b>AszA; and A3A4; < Fy. The result follows immediately
from the balance property of Fy.

(5) By Theorem 3 and the definitions of 4_1, A4, ba® b ArA1 > A3 > Ay

(6) This follows from (4), (5) and the balance property of Fjy.

(7) If 4, =w" for some word w and integer k > 1, then we have (p,,q,)=L(4,)=
L(wF) = (k|w|a, k|w|5). This contradicts the fact p,/q, being irreducible. [J

4. Singular words and their properties

In this section we study first two special kinds of factors, and as we will see, they
are the powerful tools in the study of the factor properties of Sturmian sequences.
Let {4,},>—1 be the standard words of the Sturmian sequence Fy and 1> 4,, define

Wn 1= OCAnﬁila RzZZﬁAZ"HilAn—laiy

By Proposition 4, both w, and B, are the factors of Fy. The words w, and B, are
called the singular word of order n of Fy and the adjoining word of w,, respectively.
Since A_;=b, Agp=a, we have w_; =a, wo=>b. For convenience, we take further
A_,=w_,=P_;=¢. We denote by S:=S(Fy):=J,~ ,{w,} the set of all singular
words of Fj.

The following lemma illustrates the structure of w, and B,.

Lemma 2. Let n>0 and A, then

(1) ﬁu_IWn:ﬁAnﬁ_l =Wy—1bi-1, Wna_lﬁ:Przlenfl;
(2) Wi+1 =Wy 1Bi1 By = BiPy 1 Wa—1;

(3) Po=Wu1 i)™

(4) Wn+1 :(Wn—lpn—l)anﬂwn—l-
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Proof. Since f>4,, we have a4, | and fa>A, .
(1) The case n=0 can be checked easily. Suppose n>1, then by the definitions of
w,, B, and Theorem 3, we have

ﬁfx_lwn = ﬁAnﬁ_l = ﬁAZn_lAn—Zﬁ_l = ﬁAn—la_laAzn_illAn—Zﬂ_l = Wyp—15i—-1,

weo " B = BAY Ay o T = BA T Ay 2 Ay 0 = Py

n—1 n—1
(2) As in (1), we get
Wit = Pdniro " = A Ao = BAST ALY T Ay o = w1 Py P
(3) The case of n =0 can be checked directly. For n>1, we have
Py = A Ay o7 = (BA ST T (BAu— i) = Wi P )™ T W

(4) The conclusion follows from (2) and (3). O

By induction, we can easily get the following corollary.
Corollary 1. For any n=—1, w,, P, € P, that is, all words w, and B, are palindromes.
Corollary 2. The left and right factors of length |A,—| of w, are w,_o.

Proof. This follows directly from the fact that w,_, <w,, w,_,>w, by Lemma 2.4.
|

Proposition 5. Let A, be the nth standard word of Fy and C(A,) the set of the
conjugates of A, then

(1) For 0<k<|A,|, Ci(4y) is either a palindrome or a product of two palin-
dromes. Moreover, for 0<k<|4,—1| — 1, Ci(4,)=uP,—1v with vu=w,_y; and for
41| <k <|4,] — 1, Ci(4,) =uw,— v with vu=PB,_;.

City |1 An) =woa Bty Cpy_ | =1(An) =B 1wyt

(2) All elements of C(A,) are different.

(3) C(4,)=C(4,), where C(4,)={w; we C(4,)}.

(4) Q|A,,\(AnAn) = C(An)

(5) wn & C(4n).

(6) Q4,1 =C(4,) Uw,.

(7) Qui,| = Qa,-

(8) For any n=2, Q4 ((Ay—14,) =w, U{C(4,); 0<k<|4,-1|—2}. In particular,
as a factor, w, appears only once in A,_14,.

Proof. (1) By Lemma 2(1), C4,|—1(4,) =w,—1F,—1, which is a product of two palin-
dromes by Corollary 1. It is easy to see that a conjugate of a product of two palindromes
is either a palindrome or a product of two palindromes.

Since |4,—1| = |wy—1], the second follows directly.
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(2) By Proposition 4(7), the word 4, is primitive, hence the conclusion follows from
Lemma 1.

(3) By (1), for any 0<k <|A4,|, Cr(4,) is either a palindrome, or a product of two
palindromes. If Ci(4,) is a palindrome, then Ci(4,)= Ci(4,) € C(4,); if Ci(4,) is a
product of two palindromes, then there exist u,v € P such that Cy(4,)=wuv. Thus

CelAy) =T = v = Cy 14y (4n) € C(Ay ).

This proves C(4,) C C(4,), the reverse inclusion can be proved in the same way.

(4) It is obvious.

(5) By Proposition 2(3) and the definition of w,, we have L(w,)=(p,—1,¢,+1) or
(pn+ 1,4, — 1). On the other hand, for any 0<k <|4,|, L(Ck(4,))=L(4,) = (pu>qn)-
The conclusion follows.

(6) Since Fy is Sturmian, #Q, (Fy)=|4,| + 1. Thus by (2) and (5), we have
Q4,1 =C(4,) U {wn ).

(7) The conclusion follows from (3) and Corollary 1.

(8) Assume a3t A4,, then by Proposition 3, 4,14, = A,4,_ 10~ '~ ap and 4,4, <
A,A,. Therefore the first p=|A4,_;|— 2 factors of length |4,| belong to C(4,), the last
factor of length |4,| is 4,, and the (|4,—| — 1)th factor is w,. [

From the above, we conclude that any factor of Fy of length |4,| must be contained
either in A,_14, or in A,A,. By Proposition 5, we can see that the set of factors of Fy
of length |4,| consists of conjugates of 4, and the singular word w,. The discussions
below will show that, as a factor, the singular word w, has some special properties.

Proposition 6. Let w, be the singular word of order n of Fy, then
(1) for any n=1, we have

_J(pn+1,9,—1) if nis odd,
Liwn) = { (pn— Lgu+ 1) otherwise;

(2) Wy L War1;

(3) for any n=1, wy,p1 =a® 'ua® "', wy, = bvb, where u,v € P;

(4) for any n=2, 1<k<|A4,|, Ci(w,) X Fy, i.e., any proper conjugation of w, is
not a factor of Fy;

(5) for any n=2,w, is not a product of two palindromes;

(6) for any n=2,w, is primitive;

(7) for any n=0,w,> <« Fy.

Proof. (1) If n is odd, then b>4,, so L(w,)=L(ad,b~")=(p, + 1,9, — 1); the case
of n being even can be proved in the same way.
(2) Notice that by the definition of the singular words and Theorem 3, we have

— -1 _ ap —1 ani1+3
Wi+1 —OCA,,_Hﬁ —OCAn HA,,_lB <An 1

So if w, <w,.1, then w, <w,.; <AZ”“+3, which yields w, € C(4,), and contradicts

Proposition 5(5).



W.-T. Cao, Z.-Y. Wen/ Theoretical Computer Science 304 (2003) 365-385 373

(3) From Proposition 4(5), a® b > Ay,y and baw As,. This gives the equalities of
the conclusion. The words u and v are palindromes since w, is a palindrome.

(4) From (3), any proper conjugation of w, contains either > or a®'*2 as its factor.
But Proposition 4(4) says neither b> nor a®*2 is a factor of Fj, contradiction.

(5) Assume that w,=uv, u,v€P. Since w,€P, w,=w,=0u=vu, thus w,=
Cu(wy,) which contradicts (4).

(6) Suppose that w, is not primitive, then there exists an integer p>2 such that
w, =uP.w, € P implies u € P which implies further that w, is the product of two palin-
dromes, contradiction.

(7) Notice that wi =5 and w? =a’*+2, w3, w} « F, by Proposition 4(4).

Now suppose n=2. If w,f < F,, then C(w,) will be the factors of Fj, this contradicts
4. O

A factor w < Fy is called a special word of Fy if both wa and wb are factors of Fj.
The special words introduced first by Berstel [3] for studying the factor properties of
Fibonacci sequence. Since Q,(Fy)=n+ 1, there exists a unique special word of Fy of
length n. The following theorem determines all special words.

Theorem 4. Let w<Fy. Then w is a special word if and only if there exists n€ N
such that w<A4,.

Proof. Since w<4, < Wb 4,, the conclusion of the part “only if”” follows from Propo-
sitions 2(1) and 4(3). The part “if” is thus from the uniqueness of the special word
for any length. [
5. Decompositions of Sturmian sequence by singular words

In this section, we will be able to establish two different decompositions of Sturmian
sequence Fy by singular words and their adjoining words which will be used to study

the properties of the factors of Fjy.

Lemma 3. Let oA, 1, then

An+l = (H Pz) o,
i=0

n
Wp4+1 = ﬁ H Pi:
=0
0 ‘ 0
W2 = [ (W2iP2i ) 2wo,  Wong1 = [ (Waim1Poi—1) ™+ 'w_.
i=n i=n

Proof. Since a>A4,,;, f>A,. By Theorem 3 and the definition of P,, we get

Apr07 " = A9 4, o = A, (BAY T 4,0 ) = 4,7 B
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Repeating the above discussion, we get finally

Ay~ = doa”'PoPy -+ B, =[] P..
i=0

Since Wyt1 = fA,0”", the second equality follows immediately. Similar arguments
show that

—1 Ap+2 —1
Wanga = bAyuipa™ = bAy Asea

= (bA2n+ 1 b~ ! )02n+2 bAz,,a_ 1 _ (WZnPZn )a2n+2 Wan

0
= [T (W2iP2i)™**wy,

i=n

The fourth equality can be obtained in the same way. [

From Proposition 2, we know that for any n€ N, 4, <Fy. This fact combined with
Lemma 3 gives the following decomposition of Fy with respect to P;.

Theorem 5. Fy= [[3 P..

Now we introduce another decomposition of Fy. With this decomposition, we will
establish a “positive separation” property of the singular words which, as we will see,
is a powerful tool in studying the combinatorial properties of the factors.

Let n:5 — S* be a mapping with n(a) =u and 7(b)=v, which we also denote by
n=(u,v). Let F=x1x;---x, €S*, and we define n(F)=n(x;)n(x2)- - n(x,); i.e. the
word 7(F') obtained by replacing the letters ¢ and b in F by the words u and v,
respectively. We also denote by F(u,v) the word n(F). For F €S®, we can define
n(F) in the same way.

Assume that 0 =[0;a;,as,...,a,,...] is the continued fraction expansion of the irra-
tional 0 and let 7, :=r,(0):=[0; ay+1,an12,...]. Then a, + 5, is the nth remainder of 0.

Theorem 6. With the above notations, we have
(1) for any 7’121, F@ZF;«”(A,,,A,,,I);
(2) for any n>=1,

F“ = <H Pl) Frn+2((WnPl’l)a”+271Wan+19WnI)n)~
i=0

Proof. (1) Let R; be the kth standard word of F;,, then we need only to prove
An+k = Rk(AmAnfl ) (*)

We prove equality (*) by induction on k.
The cases k =—1 and 0 are trivial.
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Suppose that (*) is true for any positive integers less than k, then

Apiirr = Ay Ak = R (Apy Aue )Rk 1 (Any An—1) = Ri1 (A, A1)

The first and the third equalities are due to Theorem 3 and the second equality is due
to the hypotheses of induction. This completes the proof of conclusion (1).
(2) Suppose fi>A4,, then

Fy= E;,+2(An+2>An+l) = F;,1+2(Aan+2AnyAn+l)

n+1
apin—1
:AnJrlF;‘nJrz(Anil AnAn+laAn+l)
—1 apy2—1 —1 —1 —1
:AnJrla F}HZ(O(An_,:l Anﬂ ﬁAnJrlO( ,O(An+106 )

= (H Pl) E7,+2(R1+1Wn+1>WnB1)
i=0

- (H Pi) E’»,Jrz((wnpn)anﬂilwnwnﬂa WulFy).
i=0

The first two equalities are due to (1) and Theorem 3, respectively. The third and the
fourth equalities can be checked by the definition of F'(u,v), and the last two equalities
come from Lemmas 2 and 3(1). O

The decomposition in Theorem 6(2) is called the composition of F, with respect to
the singular words of order n.
By Lemma 3 and Theorem 6(2),

—1
ﬂFG = Wn+1Esz+z((WnPn )tln+z Wan+1)WnPn)

= lo_oI tl' (*)7

where t; =w,, tyi1 =w,y1 or B,. This shows fSF, is the concatenation of infinitely
many copies of w,,w,.1,F,. So for a fixed n, there are infinite many occurrences of
w, in Fy. We denote by w, ; the kth occurrence of w, indicated by (*) above, i.e.

Wi,k :(Z?il_l|t,-| — 1, wy). Let W(n):={wyi}tr>1. Now we are going to prove that
w, occurs nowhere else except at w4, i.e. W(#n) contains all occurrences of w, in Fj.
Suppose to the contrary, some occurrence of w, equals none of w, ;. Then w, occurs
in the “middle” of the following concatenations which appear in (*) above:
L. Pan; 2. WnPn; 3. Wit 1 Wn;s 4. WnWnt15
5. w,Bow, (if |B,|<|wi|); 6. B, (Gif |w,|<|B])
The following lemma shows that cannot happen.

Lemma 4. For any n=0, we have
(1) wp X By; By W
This implies w, could not be a prefix of (1), (3), (6), or a suffix of (2), (4), (6).
(2) Assume z=xy =ujupus < Fy, where one of x,y is w,, the other is P, or wy,1,
is one of the first 4 words defined above with 0 <|uj| <|x|, 0<|uz|<|y|, then u, ¢ S.
This implies w, could not be situated in the middle of the (1)—(4).
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(3) Assume z=w,B,w, =ujupus with 0<|uy|,|us| <|wy|. Then uy ¢ S.
This implies w, could not be situated in the middle of (5).

Proof. (1) By Lemma 3(1), [[, Pi=Aus10~ ' =p"'w,y1. By Proposition 6(2),
Wy % Wyt1, which implies w, % [[_, P;.

If a1 =1, By=wy—1 ¥wy. If a, =2, |B,|>|w,|. This proves P, % w;,.

(2) We only prove the case z = P,w,; the other four cases can be proved in the same
way.

Let z=PF,w, and fo>A,, then affi>A, ;. By the definitions of 4, w,, F,, we have

ay1—1 —1 -1 _ aye1—1 —1
z = ujupuz = Bow, = oA T Ay 1 fT AT = oA T A1 Aya”

We now prove u; ¢ S.
(i) Since ‘“2‘ < ‘Pan| = |Wn+l ‘a 25] 7£ Wn+1-
(i1) Notice that

uy < O(_lpnwnﬁ_l :Azn'l_lAn—]An“_lﬁ_l :Azn}l_lAnAn—lﬁ_la_l '<Af1ml+1:

where the second equality follows from Proposition 3. By Proposition 6(4), w, ¢ C(4,),
thus up # w,.

(ili) Now we prove that for any —1<i<un, u; #w;. Suppose that |uz| = |w;| = |4,
—1<i<n. If i=n— 2k, then

AankAankflﬁ_1 [>Pna ﬁAankOC_1 AWy,
but |uy|<|P,|, so
Uy < Ap—ojAp—sk—1Ap_aif 0 <Ay,

hence, u; € C(A4,_»;). Since w,_o; ¢ C(An—2k), Uz 7& Wp—2k-

If i=n — 2k — 1, we can get in the same way as above up <A> ,, , and so
Uy # Wy—2k—1-

(3) This follows from (1). O

Let F=xixp-+-x,--- €AY and u=x,X,11 " Xpas—1, V=Xpam " Xnimisr—1 two fac-
tors of F. We say that the occurrences (n,u) and (n 4+ m,v) are positively separated
in F if m>s and we call the word x,.---X,1m—1 the separating factor of the two
occurrences; otherwise (if m <s), we say the occurrences of u and v are not positively
separated.

Let {(pu,ts)}n>1 be a finite or infinite sequence of occurrences of factors of F. We
say that the sequence {(pu,u,)},>1 is positively separated in F if any two adjacent
occurrences (py,u,) and (puy1,un1) are positively separated. Let {(pn,u,)}n>1 be
a positively separated sequence in F and let v, < F be the separating factor situated
between u, and u,,; (by convention, vy is the factor before u;). We call the sequence
of occurrences {p, + |ua|,v,} of separating factors {v,},>¢ the separating sequence
with respect to the sequence {(pp,un)}n>1-
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From Theorem 6 and Lemma 4, we get immediately

Theorem 7. Let n€ N be fixed. Then

(1) W(n)={wur}e>1 is the sequence of occurrences of w, in Fy;

(2) the sequence W(n) is positively separated in Fy (we say also that the singular
word w, is positively separated);

(3) the separating sequence with respect to W(n) consists of the words P, and w,

(except for vo:=[11_o Pi=B""Was1).
The following corollary also follows directly from Lemma 4.

Corollary 3. Let Fy= H;ooo P; be the decomposition of Fy, and w, < Fy be a singular
word of order n, then every w, must be completely contained in some P;.

Corollary 4. Let u < F, with |4,| <|u|<|dn11] for some n=0. Suppose that w=<u is

a singular word of the highest order contained in u, then

(1) w must be one of the following four singular words: W,_2,Wy_1, Wy, Wyi1;

(2) if w=w,_», then w appears in u exactly a, times;, if w=w,_1, then w may
appear in u from one to a,.\ times; if w=w, or wyy1, then w appears exactly
once in u.

Proof. (1) The restriction on the length of u shows w can take one of the words of
Wi—2, Wa—1, Wy, and w,.

Since |Wyy2|>|4nt1| = |u|, w#wyia. Now suppose w=w,_3. Consider the decom-
position of F, by singular words of order n — 3 and notice that |u|>|4,|, and we can
see that w,_3 appears in u at least a,_; times. Thus from Theorem 6(2), u will contain
either one w,_, or one w,_;, and this contradicts maximality of w in u.

(2) If w=w,_,, then

(1) the separating factor between two adjacent occurrences of w,_, in u must be B,_»,
otherwise w,_; will appear in u which contradicts the maximality w in u;
(ii) w,—, appears in u at most a, times, otherwise w, appear in u;
(iii) wy—, appears in u at least a, times since u>|4,|;
so from (i) to (iil), w,—, appears in u exactly a, times.
The other three cases can be proved by the same argument. [J

Now we discuss the factor F,. By an analogous analysis to w, with known facts
Wy—1 < Py, wy—1 ¥w, and B, ¥ w,, we see that B, is located between two adjacent w,
as a separating factor, or inside some w,, or in the “middle” of the following seven
words:

L Bowas 2. woBys 3. Bowa B 4. BowaWui1; 50 WayWaits 6. W iwys 7. W Wi

The following lemma shows that none of above seven cases could happen.

Lemma 5. Suppose z is one of the above seven words. Let z=ujuau3, 0<|uj| <|Bi],
0<|us|<|Ba|, where By,B, denote the left and right factor of z, respectively, with
|Bi| + |B2| <lz| (for example, in the first case, By =F,, By=w,), then uy #F,.
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Proof. We only prove the first case, the other cases can be proved in the same way.
Assume z =F,w, and u; = F,. We know by Lemma 2(3) that w,_; is a right factor
of uy = B,. This means w,_; must be in the “middle” of P,w, or contained in w,. The

first case contradicts Lemma 4(2) and the second case contradicts Proposition 6(2).
U

Remark 3. Above discussions and Lemma 5 shows that B, appears in F either as a
factor either between two adjacent w,, as a separating word, or contained in some wy, .
In the latter case, the P, is both the suffix and the prefix of w,;; from Lemma 2(2).

6. Combinatorial properties of the factors of the Sturmian sequence

In this section, we discuss the combinatorial properties of the factors of the Sturmian
sequence, such as the power of the factors, overlap property of the factors, and the
structure of the palindrome factor. As we will see, the positive separation property of
the singular words will play an important role in these studies.

6.1. Power of the factors of Sturmian sequence

Theorem 8. Let Fy be a Sturmian sequence with 0=[0;aq,a,...,a,,...]. We have
the following facts:

(1) for any n=1, w2 « Fy;

(2) for any n=1 and 0<k <|4,|, (Ci(4,))" '+ < Fp;

(3) for any n=1 and 0<k<|A,_1| — 2, (Cr(4,))* 2 < Fy;

(4) for any n=1 and |A,—1| — 2 <k <|d,|, (Cp(4,))*+ 2 £ Fy;

(5) for any n=1 and 0<k <|4,|, (Ci(4,))1 73 £ Fy;

(6) let u=Fy with |A,| <|u|<|A,s1| for some n=0. If w, <u, then u* « Fy,

(7) let u<Fy with |A,|<|u|<|4yi1| for some n=0. If w, ¥u and u+# Ci(4,),
0<k<|A,| — 1, 2<t<ay 1, then u* < Fy if and only if u=uy(w,_1By_1 ) w,_1uy with
wpuy =wy, and 0<k<apyy — 2, 1<|uyl, |uz| <4, — 15

(8) let u<Fy with |A,|<|u|<|4us1| for some n=0. If w, ¥u and u+ Ci(4,),
0<k<|4,| — 1, 2<t<ayy1, then v £ Fy,

(9) let u=<Fy with |4,|<|u|<|Ad,11| for some n=0, then u®+*+3 £ F.

Proof. (1) This is due to the positive separation property of singular words (in fact,
we have shown this in Proposition 6(7)).

(2) Since A,414, <442, and A4, < Fy, AyAui14, < Fy by Proposition 4(3). So
Theorem 3 and Proposition 3 imply that A4 4,4, 107 B o B < Fy. Thus, A%+
p~1< Fy. Hence, for any 0<k<|4,| — 1, we have (Ci(d,))™+ 1 <A T2~V < Fy.

(3) As in (2), AZ”*‘HAn_loFI,B*I < Fy. Since 4,1 <4,, we have for 0<k<|4,_1|—
2, Ci(4,) %2 < Fy.

(4) Let |4,—1| — 1<k<]4,| — 1. By Proposition 5(1), Ci(4,)=viw,—1v, with
001 =P,_1. So if Ci(4,) 2 < Fp, then

(anll?zl?l )unHJernfl = (ananfl)anH+1Wn71 < Ck(An)anJrlJrZ "<F9-
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But by Lemma 2(4), we have w,; = (Wy—1FP—1)""'w,—_1. So w,y| appears twice in
the word (w,—1P,—1)*"*lw,_;, which contradicts the positive separation property of
Wnt1-

(5) The conclusion can be obtained by the same discussion as in (4).

(6) Assume w, <u with |4,|<|u|<|4,.1| and u® < Fy. Let u=uv;w,v,, then u
VW00 WyUy < Fp. From Theorem 7, the length of the word between two w, is at
least |P,|, i.e. |vav1]| =B, so |u| =|wy| + |P.| =|A4n+1|, which contradicts our hypothesis
|u| < |An+1 |

(7) Suppose that w is the singular word of the maximum order appearing in u.
Corollary 4 implies that w will be one of the following four words: w1, Wy, Wy_i
and w,_,. By the hypotheses, w # wy,+1 and u # w,, so w must be w,_; or w,_,.

We prove first the part “if”.

Assume first w=w,_,, and by Corollary 4, w,_, appears in u exactly a, times.
Since w,_; does not occur in u, all separating words of w,_, in u are P,_,. So we
have

2:

a,—1 _
u=v1(Wy—25,2)"" Wy_2v2 =015, 102.

We have the following two facts:

(1) |v1],|v2| <|4u=1|. Otherwise, |v1|>|4,—1|, and w,—_1>v; or w,_P,_, > v;. The
first contradicts the fact w,_; does not occur in u and the second contradicts the fact
that w,_, only appears a, times.

(ii) |v1va|>[Ap—1| since |u| =|P—1| + [v201| > |Ap| = |Bici| + [An—1].

By hypothesis

2 a,—1 a,—1
u” = v (Wy—2B2)" " W21 (Wy—2 B —2)™ T Wyovp < Fp,

the word v,v; is the word between two w,_,. But |4,_| <|vovi| <2|4,—1| by (i) and
(ii), we must have that vv; = P,_yw,_2P,_2, thus (Wy—2P,—2)* 'w,_» < u* < Fy, which
contradicts the positively separation property of w,( = (w,—2P,—2)*w,—>). This proves
w 7é Wy—2.

Now we assume w=w,_;. Since w, Xu, all separating words in u with respect
to w,—1 are B,_;, and we can write u=uv;(W,—1F—1)"w,_1v, for some s;=>0 with
Wy—1 L U1, Wu—1 X U2. By the hypotheses,

2 5 K3
u” =0 (Woe 1 B 1 ' Wy 10201 (W1 B— 1 ) w102 < Fy,

thus v,v is situated between two w,_;.

If vv; does not contain w,, it must contain only P,_; and w,_;, which gives v,v;
=(P—iwa—1)?Pi—y for some 5320. So Cjyu= Wy By) T2 = plggrotlp,
where the second equality is due to Lemma 2(1). Hence there exists 0 <k <|4,—1| — 1
such that u=(Cy(4,))", which contradicts the hypotheses.

So we must have vpv; contains w,. Consequently, it contains only one such word,
otherwise u >4, |. Hence by similar discussion as above, we have v,v; =(F,—1W,—1)"
Wn(Wn—an—l )S4-

Since w, ¥ u, then u=u;(W,_1B,_1)" ™ S4w,_quy and wou; =w, 0<s1 + 53 + 54 <
ap+1 — 2. This finishes the proof of the “if” part.
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Now we prove in the following the “only if” part.
Assume u = u1(W,_ 1Py 1 )W, 1up with uou; =w, and 0<k <a, i —2, 1<|uy|, |us| <
|4,| — 1. Then

2 k r
u” =uy(Wp—1 Bt ) W i W (W1 By ) Wy up < Bywy, Py < Fy.

(8) Suppose that u® < Fy, then u?> < Fy. By conclusion (7), u=u;(W,_1B_1 ) w,_1us
with wu; =w, and 0<k<a,., — 2, therefore w,(Wy—i Py wy_ 1w, <u> < Fy. The
positive separating property of w, shows |(w,_1B,_1)w,_1|>|F,|. Hence k>a,,; — 1
by Lemma 2(3), and this is a contradiction.

(9) This follows from conclusions (6)—(8). [

Remark 4. Theorem 8(2) shows that, although each conjugation of the standard word
A, appears in F, infinitely many times, the conjugates are not necessary to be positively
separated. This is an essential difference between singular words and standard words.

Now we study the highest order of the repetition in the Sturmain sequence.
Let »>1 be a rational, we say the sequence F € S® contains a repetition of order
r, if there exist two factors z,x < F' such that
z
and u =r.
x|
In this case we write z=x" (note that x" is well defined if and only if k|x| is an
integer). Above definition is equivalent to that z = (uv)"lu with |u|/(|u| + |v|)= {r}.
Define the free index FI(F) of the sequence F as follows:

74 x[r]+1

FI(F)= sup{r € Q: F contains a repetition of order r}.

The following theorem is proved by Damanik and Lenz [6] (for the related results,
see also Berstel [4], Mignosi and Pirillo [15] and Vandeth [22]). Here we give a simple
proof of this result using singular words.

Theorem 9. Suppose that 0=[0;ay,a,,...] is the continued fraction expansion of 0.
Then

A1 —2
FI(Fy)=2 + sup {an+1 + |"1|} .
n=0 |An|

Proof. For any factor u < Fy, define the index of u by ind(u) = max{r € Q: u" < Fy},
which yields immediately FI(Fp) = sup, ., ind(u).

By Proposition 4(4), ind(b)=1; since |A_1|=|4o| =1, ind(a)=1+a; =2+ (a; +
(|4=1] — 2)/|40]). Suppose |4,|<|u| <|4,+1| for some n=0. If u=Ci(4,) for some
t, then ind(u) = (1/t)ind(Cr(4,)); if u#Ci(4,) (0<k<|4,| — 1,2<t<a,:1), then
ind(u) <3 from Theorem 8(7) and (8). So we only need to consider the word u of
length |4,| for some n. If u=w, is a singular word, ind(u)<2 since w? « Fy. Now
fix n>1 and we are going to determine max{ind(u): u= Cy(4,) for some k}. In fact,
we only need to find the maximum length of the word x < Fy which is a factor of the
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infinite sequence A9 :=A4,A4,4,---. Since the singular word w, is not a conjugate of
Ay, wy, 1s not a factor of x. By Theorem 7, w, is positively separated by the separating
words P, and w,|. So the possible maximum length of x is |A,| + |4,1| + |4a] — 2.
In this case x = o~ 'w,w,; w,a~" with « the first letter of w,. So by Theorem 3 and
Proposition 3, we get

x:ocflwnw,wlw,,of1

= ApAnp1Anf a7 = AT A, A, o

Ay—1|—2
2+an+1+| n|/41n||

12 —1lp—1 _
:Az it An—lOC ﬁ *An 5

which yields the conclusion of the theorem. [J

Remark 5. (1) It is easy to see that the above theorem is also true for 0> 1. (In this
case we will take the continued fraction expression of 0 as [a;; az,...,dy,...].)

(2) Denote ¢, the Sturmian sequence {y1—, 1)(numod1)},>. Then Fy=mn(c,) if
and only if p=0/(1 + 0), where 7 is projection: n(0)=a, n(1)=5.

If 6=[0;ai,az,...,a,,...]<1, then 8/(1+60)=1/(1+1/0)=[0;a,+1,as,...,a,,...];
if 0=[a;ay,...,a,,...]>1, then 8/(1+60)=]0; 1,a;,a,...,a,,...]. Thus, a simple com-
putation shows the equivalence between the result in [6] and Theorem 9.

From Theorem 9, we get immediately

Corollary 5. Suppose that Fy is a Sturmian sequence. Then

sup{ p; Iw <Fy such that w¥ < Fyp} = max {1 +a,2+ sup{a,,}} .

n=2

In particular, if sup,. {a,} = oo, then for any k€N, there exists a factor w<F
such that w* < Fy.

Example 1 (Mignosi and Pirillo [15], Wen Zhi-Xiong and Wen Zhi-Ying [21]). Let
0:@:[0;1,1,1,...] be the golden number, then FI(F@):HT\E, and for any
factor u < Fy, u* « Fy.

6.2. Qverlap property of the factors

Suppose u<F €S®. If there exist words x,y and z such that u=xy=yz and
u*(y):=uz=xyz < F, then we say that the word u have overlap with the overlap
Sactor y (or overlap length |y|), and the word u*(y) is called the overlap of u with
the overlap factor y. We denote by O(F):= O the set of factors of ' having overlap.
The structure of O for the Fibonacci sequence and the Morse sequence have been
studied, respectively, in [21] and [1].
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From Theorem 7, we have
Proposition 7. For any n>=1, w, has no overlap.

Lemma 6. Let u < Fy with |4,| <|u| <|4,+1| for some n=0. Then w, £ u if and only
if u =< o wuw, o weo Tl with o aw,.

Proof. By Theorem 7, if w, ¥ u, u is a factor of either o~ w,Pw,a™" or o= w,w,
w0~ . By Lemma 2(1), o~ 'w,P, = p~'w,,1, which means

o 'w,Pow,o ! = ﬁ_lwnHwnoc_l < oc_lwnwn+1w,,oc_1.

On the other hand, if u < a~'w,w,w,a~"!, then w, €« u from the positive separation
property of w,, and the result follows. [J

Lemma 7. Let w=o"'wyw, w0~ with o<aw,. If u<w with |4,|<|u|<|4,.1| and
UFwyy1, then u has overlap.

Proof. From Lemma 2(1) and (4), we have
w = o Wwweo T = B (W1 B ) P B

By Lemma 6, w, € u. From the hypotheses of the lemma, we see that if u contains
the word w,_1, then it contains the words w,_; at most a,,; times.

(i) Suppose u contains words w,_; for i times (1 <i<a,41) and u=s,(Wy_1Pp_1) !
Wa—1t1. Then s, = 'w,_1P,_ and t; <P,_1w,_ ', where s,,f; may be &. Let w,_,
B_1=s182, Pi_1wy—1 =ti12, then

u=5:(wp1B1) w1ty
= (5251)(S2(Wa—1Pr1) 2 W ity)
= (s2(Wa1 B 1) w1 t)(02th),

so u=xy=yz with x =sps], y:sz(wn_lB,_l)i’Zw,,_ltl and z=1t;. Hence to prove
that u has overlap, it suffices to prove that ut,t; < F,. In fact,

utsty = s5(Wa1B1) " wa_1tiaty = so(Wa— 1P 1) wa 1ty
= ﬂ_IWn_|P”_|((Wn_]Pn_| )["Vn—l)Pn—l"‘}n—lﬁ_1 =w= F0~
(ii) Suppose u contains no copies of w,_;. Because |u|> |w,|, u=sB,_1t < w,_1P,_;
Wo_1, s> B w,_1, t<aw,_1 B!, hence |s|+ || >|w,_1|. This means there exists a word

vy, such that 1 =¢'vg, s=1vos’, wy—1 =t'vos’, and u =vos'B,_ ' vy with hlu| > |vos'B,_1t|.
Since

us' Py_1t'vg = 098’ Py—1t' 008" Po_ 1t vg

=vo8'Py—1t'u = sPy_iwy—1B,_1t



W.-T. Cao, Z.-Y. Wen/ Theoretical Computer Science 304 (2003) 365-385 383

—1 —1
-<ﬂ Wnfanflwnflpnflwnflﬁ
<w,

which shows that u has overlap with overlap factor vg. [J

Theorem 10. Let u < Fy with |A,| <|u|<|Ap+1| and u#wy1. Then

utd O < w,<u.

Proof. Suppose that w, <u and u has overlap. Then w, will appear twice in the overlap
of u. By Theorem 7, any word between two adjacent singular words w, must be
either B, or w,;;, and it follows that |u|>|w,1|. This contradiction proves that u
has no overlap and we prove the implication w, <u =-u ¢ O. The opposite implication
u¢ O = w, <u follows directly from Lemmas 6 and 7. [

Remark 6. If a word w < Fy has overlap, then the overlap factor does not need to be
unique. For example, let a,,; =2, and let

wi= B W 1 P ) w1 = o s e < F

Then the word u= B~ (w,_1B,_1)*w,_1f~" has two overlaps w and w’ := uBP,_1w,_,
B!, and the corresponding overlap factors are BP,_iw,_ 1~ and B(P_1w,—1)*p~",
respectively.

Corollary 6. Let Fy be a Sturmian sequence. We have the following:
(1) for any n=1 and 0<k<|4,_1| — 2, Ci(4,)! € O;

(2) for any n=1 and |4,_| — 1<k<|4,| — 1, Ci(4,)" ! ¢ O;

() for any n=1, 0<k<|d,_1| — 2, and a,,2>2, Ci(4,)"+ 2 ¢ O;

(4) for any n=1, 0<k<|4,_1| — 2, and a,, =1, Ci(4,) 2 € O.

Proof. (1) First, we have |4,|< |AZ”*‘H| <|Api2|. f0<k <|4,—1]|-2, then by Propo-
sition 5(1) we can write that Cy(A4,) =uP,—1v with vu =w,_; and |ul, |v| <|w,—1|. Now

Cr(Ap) ' = (B, v) " = uB,_{ (W1 By ) Wy By,

but we also have w1 =(w,—1P,—1 )™+ w,—_. The positive separation property of w,_;
shows w41 % Ci(4,)™+! and the result follows from Theorem 10.

(2) If |[4y—1| — 1<k <]4,] — 1, then Ci(4,) =uw,_ v and vu=PF,_;, which implies
Ck(An)an+l+l = u(Wy— 15— 1) Wy U = uwy 410,

(3) In this case, |d,1] <|4z" 2 < |4,12| and we can show that w,, | < Cy(A4, )%+ +2
in the same way as above.

(4) We have in this case |4,2| <\AZ"“+2|<|A,,+3|. Since w,,, is not a factor of
Ci(A4,)1*2, we have Ci(4,)**? €O by Theorem 10. [



384 W.-T. Cao, Z.-Y. Wen/ Theoretical Computer Science 304 (2003) 365-385

6.3. The Palindrome factors

In this subsection, we study the structures of the palindrome factors of Sturmian
sequences. We recall the following basic facts: both w, and B, are palindromes; w;, is
positively separated by the separating factors w,; and F,; the words w,_P,_; and w;,
differ merely by the first letter; B, <w, and B,>w;,.

Lemma 8. Let u—<Fy with |4, <|u|<|4,11| for some n=0. If w,«u and B, ¥ u,
then u<wy,1.

Proof. Since w, £ u, u~<o"'w,w, w,0~" from Lemma 6. Because |u|<|4,,1|, we
have either u <o 'w,w,p or u—<w,w,a!. First suppose u <o~ 'w,w,y ;. Then
Lemma 2(1), we have

u =< o W1 = B Wam 1 Bas ) Wt < (W1 B )

Since P, = (Wy—1Pi—1)™ ~'w,_1 Ku, we have u < (Wy— 1B 1) ' Wy_1 = Wyy1.
The case u <w,,w,a~' can be proved similarly. [

Theorem 11. Let u € P with |A,| <|u| <|Au41| for some n=0, then u<Fy if and only
if u is one of the following forms:

(1) u=xw,% with x>P, and |x|<}|B,|;

(2) u=xP,x with x>w, and |x|<%|w,l;

(3) u=x(Wy_1Py_1 Yw,_1X, where x>P,_|, 0<k<a,,| — 1. Moreover if k=0 then
x|> 1P

(4) u=x(Py_1Wp_1 )P, 1%, where x>w,_1, 0<k<a,.i — 1. Moreover if k=0 then
x| > 2 |wa].

Proof. The part “if” is ready to check by noting that B,w, B, < Fy and w,P,w, < Fy for
any n € N.

Now suppose u € P is a factor of F, with |4,| <|u| <|4,11] for some n=0.

(i) Suppose w, <u, and we write u=xw,y. Then x is a right factor of either B, or
Wyt1 by Theorem 7(3) Since |x|<|u|— |wn| <|dns1|—|wn| = |P,| and B, is a right factor
of w41, we get x> P,. In the same way y<F,. Since u € P, u=u=2xw,y = yw,x. The
positive separation property of w, shows that w, has only one occurrence in u. So we
have j =x which yields x| =|y|<1|B,|. Conclusion (1) is proved.

(i1) Suppose P, <u, u#w,;1 and write u=xF,y. We conclude x>w,. In fact, by

noting that w,_ <B,, and |x|<|u| — |B)| <|4ns1| — [P = [Wa| = [Wau—1Fi—1]|, we have
that either x>w, or x>w,_1P,_; due to the positive separation property of w,_;. Since
UF Wyp1, X # Wy 1Po_1, we have x>~ 'w,_P,_; =a~'w, by Lemma 2(1), and further

x>w,. In the same way y <w,. But w,_; €w,, so w,_; €x and w,_; ¥ y. Since u € P,
u=u=xP,y=yP,x. Above analysis shows w,_; €£X and w,_; € y. Because w,_; is
both left factor and right factor of B,, we have y =x by the positive separation property
of w,_1. We prove thus assertion (2) of the theorem.

Now if neither (i) nor (ii) holds, then u<w,;; by Lemma 8. By using the fact
Wyl = (Wy—1B—1)**'wy,_1, and by an almost same discussion as above, we get the
assertions either (3) or (4), which finishes the proof of the theorem. [J
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From Theorems 10 and 11, we get

Corollary 7. Let u < Fp with |A,| <|u|<|4,+1| for some n=0, then u is a palindrome
without overlap if and on if u=xw,% with x> P, and |x|<}|P|.
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