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In this sequel to an earlier work on the subject, the authors present a further
analysis of the convergence problem of Kampé de Fériet’s double hypergeometric
series (and also of Lauricella’s multiple hypergeometric series) when the arguments
take on values on the boundaries of the known open regions of convergence of
these series.  © 1992 Academic Press, Inc.

1. INTRODUCTION AND MAIN RESULTS

In 1921 Kampé de Fériet [3] initiated the study of the case
B=5 and D=D
of the double hypergeometric series:
g5 | (@):(b); (D)
FiB 5 |: XYy
P (c): (d); (d);

i ;4=1 (aj)m+n f=1 (bj)m I—If;1 (bj/')n f_’i_y_"
. (Cj)m+n L (dj)m o (d;)n m' n! ’

mn=0 Jj=1 Jj=1 Jj=1

(1.1)
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where (4), denotes the Pochhammer symbol defined by

1"(/1+n)_{1, if n=0,

== UG+ 1), if neN=1{1,23 .}
(12)

A systematic (and detailed) study of the double series (1.1) is an important
problem, since the definition (1.1) incorporates many simpler (and useful)
double hypergeometric series, including (for example) the four Appell series
F,, .., F,, and their seven confluent forms:

¢1’ (p25 ¢3’ yIl’ lIlZ":’]"z’Zs

which were introduced by Pierre Humbert (1891-1953). Furthermore, (1.1)
reduces when y =0 to the generalized hypergeometric series:

F ay,..,a,,b,,..,bg;
ArBTCHD I:Cl, o Cordyy o dp; x}.
(For definitions and various important properties of these simpler
functions, see Appell and Kampé de Fériet [1]; see also Srivastava and
Karlsson [5].)

For the double hypergeometric series (1.1), Srivastava and Daoust [4]
deduced from much more general results (proved by them) that

(i) f A+B>C+D+1 and A+ B >C+D'+1, then the series
(1.1) diverges whenever x #0 and y #0;

(i) f A+B=C+D+1 and A+ B =C+ D’ +1, then the series
(1.1) converges absolutely, provided that

max{|x|, |y} <1 when A<C,

|x| A= 4 p| VA O < when A4>C; (13
(iii) if A+B<C+D+1 and A+ B <C+ D' +1, then the series
(1.1) converges absolutely for all x, yeC;

it is understood (in each situation) that no zeros appear in the
denominator of (1.1).

In Case (ii) above, it is not yet known as to what additional constraints
(if any) would guarantee the convergence of the double series (1.1) when
x and y lie on the boundaries of the regions described by (1.3). The main
object of the present paper is to solve this problem completely. We also
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consider the corresponding problem involving the convergence of the
multiple hypergeometric series:

” (b)) . (B
s o]

4 (n}
i jA 1 (a )m|+ -+ my, jB=1 (b_],)ﬂq ]._[B b(n))m,,
g ('l)
MYy tiig =0 1_L= (Cj)m1+ s+ my jD=1 (dj’)ml o D (d(n))

..... Zn_ (1.4)

which unifies and extends the four Lauricella series FY", F{, F, and F
in n variables. In fact, as already observed in the literature [5, pp. 37-381,
the multiple hypergeometric series (1.4) is a special case of the generalized
Lauricella series in several variables, which was introduced by Srivastava
and Daoust in 1969.

Our solutions of the convergence problem for the double hypergeometric
series (1.1) are contained in Theorems 1, 2, and 3 below.

THEOREM 1. Let A+ B=C+D+1, A+B=C+D'+1, and A=C.
Then the series

A:B+1.B' +1 (a): (b), (b,); :l 15
EO VY (19

(i) converges absolutely when |x| =1 and |y| =1, if and only if

A= Re<2a+3§:lb—z C—ZB:dj><0

= ji=1 =

=1

A B +1 A B
5=Re(z G+ Y b~ -3 d,')<o,
Jj=1 j=1 j=1 J
and

B+1 B +1 A B B’
g—Re(z 4+ L b+ L H-To-L 47 dj’><0
j=1 j=1

ji=1 j=1
(ii) converges conditionally when |x|=1and |y|=1 (x#1; y#£1), if
A<, o<1, and £e<2;

(ili) diverges when |x| =1 and |y| =1, if at least one of the following
three conditions does not hold true:

AZ, 0Z1, and e<2.
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THEOREM 2. let A+ B=C+ D+ 1, A+ B =C+ D + 1, and
C—A=xk>0. Then the series

e ns [(@7 ) ()
A (S ™) (e

(i) converges absolutely when |x| =1 and |y| =1, if and only if

B+t A+x B
1= Re(za+ s b—zc-zd,>

J=1 Jj=1

and
B +x+1 A+k
5= Re(za+ D> c_zd)<o
J
(ii) converges conditionally when |x|=1and |y|=1 (x#1; y#1), if
A< and é<l.

THEOREM 3. Let A+ B=C+ D+ 1, A+ B =C+ D + 1, and
A—C=x>0. Then the series

FA+~ B+1; B-fl[(a%(b)fyi)f x,y} (1.7)

:B+k ;B +k

converges absolutely when

X[V 4 [yl =1 (x#0; p#0), (1.8)

A+x B+1 B +1 A B+x B +K
s=Re<za,+zb,+z b=-% o= Y d- % d )+h<1
j j j=1 j=1 j=1

(1.9)

2. DEMONSTRATIONS OF THEOREMS 1, 2, AND 3

2.1. Proof of Theorem 1

Case (i). Denoting the general term of the series (1.5) by A4,,x™ y",
and making use of the familiar asymptotic estimate:

I'la+n)  pRela— &)

T(h+n) (n—> 0), (2.1)
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we have
HLI m+n HB+1 (b ) I_LB:EI (bj,)n ﬂ_}’_’
j—l jm+n j_l(d) I_I (dj’)n m! n!

| (e (@), ]‘ -
A bl [ERE

(a,+m+n, .., aA+m+n]
Lc,+tm+n, .,cotm+n
r"b1+m, e bgtm by, +m
L di+m,.,dg+m 1+m
b +n,...by+n by +n
di+n,.,dg+nl+n
'n'm' (mo> ooyn—> ), (22)

IAmnx l _‘

|

~H (m+ny>mb-

where H, is a constant, |x|{=|y| =1,

a=Re (ji aj—jg C/)’ [}:Re(i b’_-i dj>’

j=1 J=1 j=1

B’ D’
re(E- % 0)
7

J=1 j=1

(2.3)

C, D, and D’ (and 4, B, and B’) being always specified in the context, and

rl:ocl,..., al,}_lﬂ(a,)mf(ap)
Bivoo Byl T(BY)---T(B)

To prove Case (i) of Theorem 1, it is sufficient to apply the following

result.
LEMMA 1. Let o, B, yeR. Then the series
Y (m+nymttai! (2.4)
mn=1

converges if and only if

a+p<0, o+7y<0, and a+f+y<0.

Proof. Let us fix m=1 (n=1) and obtain the condition x+7y<0
(a+ p<0). Hence 20+ f+7y<0; and if « =0, then o+ f +7<O0.
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In the case when o <0, we have

[vo] o0
Y (m4nymfwl= Y (m+n)ymf !
mn=1 mznzl
+ Y (m+nymf il (25)
1Em<n

and

n o
(m+n)?*mP-"n—t=prth-lp-! (1 +;n_> .

When m 2 n, the hypothesis « < 0 implies that

2a§<1+3) <1
m

Now if we denote the simultaneous convergence or divergence of two series
by the equivalence symbol ~, then the following relations are easily
verified:

z (m+n)amﬁ-lny~l_,\_, Z (m+n)oz+ﬁfln"/wl
mznz1 mznzt1
— i <mm+[1'1 i ny~l>
m=1 n=1
1 =
(; Z ma+ﬂ+/»l (7>0),
m=1
z{ Y m***inm (y=0), (2.6)
m=1
Y meti-] (y<0).

Hence the condition a + f +y < 0 follows, and the proof of the necessity
part of Lemma 1 is completed.
Next we observe that, if « >0, then

(m_*_n)zzmﬁflnyfl§m1+/371ny+a71_

Thus the convergence of the series (2.4) follows from the conditions
a+ <0 and o+ 7y <0. On the other hand, if « <0, then the convergence
of the first series on the right-hand side of (2.5) follows from the
relationship (2.6). The convergence of the second series on the right-hand
side of (2.5) can be proved similarly.

409 164°1-8
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The proof of Lemma 1 is thus completed.

Case (ii)). We need the following result in this case.

LEMMA 2. Let a, B, yeR, and
Epn=(m+n)mf 'n 1
Then, for the equalities:

lim e¢,,= lim lim ¢,,=lim lim ¢,,=0

mn— oo m-—»o0 n-— o0 n—=>00 m-—
to hold true, it is necessary and sufficient that
a+f+7<2, a+p=1, and  a+y=L

The proof of Lemma 2 is easy, and we omit the details involved.
Setting

n

m.n_
Amnx Y = Upy U

where

=xm n

mn
and

- 42:1 (aj)m +n £=+11 (bj)m H‘,B=+i ! (bj,)n 1

umn - g ’ s
f:l (cj)m+n l—IjB=l (dj)m Hf=1 (dj )n m' n!

let us use the conditions |x|=|y|=1 (x#1; y#1),

a+p<l, at+y<l, and at+p+y<2.

Then it is readily seen that

1. The partial sums §,,,=>7_, >"_, v, are bounded;
2. {u,,,} converges uniformly to zero when m — oo and n — o0;
3. the series

©
z lum,Obum+1,0 »

m=0 n

luo,n‘ uO,n+1 B
0

I 18

and

o
Z Iumn_um+l,n—um,n+l+um+1‘n+1
mn=0

are convergent.

(2.7)
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By appealing now to Theorem 1.1.3 of Yanushauskas [6, p. 17], we
obtain the conditional convergence of the series (1.5) under the specified
conditions.

Case (iii). It is obvious that the condition

lim u,,=0

mn— 0

is necessary for the convergence of the double sequence {u,,,}. Therefore,
the validity of the assertion of Theorem 1 in Case (iii) follows from the
relationship (2.2) and Lemma 2.

2.2. Proof of Theorem 2

Case (i). With the help of the asymptotic estimate (2.1), we find for the
general term of the series (1.6) that

f=1(aj)m+nnjgk+l(bj)m étk-kl(b]{)n x_m_)’_"

fz+1’( (cj)m+n I_IjB=1 (dj)m jB;1 (dj,)n m' n!

| Byn X™ y"| =

mint )¢
~Hy(m~+n)*tmf gy ™ | y|"
2 ) fx|™ | vl )

(m—>o0;n—00), (2.8)

where H, is a constant, and «, 8, y are defined by (2.3) with the numbers
of parameters appropriately specified as in (2.8).

By Stirling’s formula:

N~ 2n ' 2e=! (1> o),

we have
m+1/2 . n+1/2

m! n! m n
(m+n)!~v2nW (m—o0;n—> ).

Then, for [x| =1 and |y| =1, we find from (2.8) that

| B X ") ~ (21 Hom -+ m)* (V20 b= 0208 gy |20
(m+n)m+n

=(2n)" H,B,,.
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Furthermore, for sufficiently large m and n,

m"n" _ 1 1 <1 1 (peR™)
(m+n)"*"" (1 +n/m)" (1 +m/n)" n” m? P ’
Hence we obtain
B;nn<(m+n)a+(l/2)x mﬂA(I/Z)xAl—pxn77(1/2)xflfp»c' (29)

In accordance with Lemma 1, the double series with a general term of the
type (2.9) converges for sufficiently large values of p. So, by taking into
account the conditions A=a+ f <0 and d =« + y <0, we conclude that the
series
Y. B
mn=1

converges. The sufficiency part of the conditions in Case (i) of Theorem 2
is proved.

The necessity part becomes evident if we fix m =0 (n = 0) in the series (1.6).

Case (ii) of Theorem 2 can be proved by the same technique as in
Theorem 1.

2.3. Proof of Theorem 3

Let us consider the general term of the series (1.7):

m+n)!'l*
(Conx o~ ) ey |

m! n!
=H;C,,|x|"|yI", (2.10)
where H, is a constant.

By the principle of mathematical induction, it is not difficult to obtain
the inequality:

[(m+n)!:|"< [x(m+n)]! (2.11)

mlnl | = (km)! (xkn)!’
Now choose M e N so that
KM+ B+Kk—-1>0 and KM+y+Kk—1>0.

Then we obtain the inequality:

KkM+B+k—~1 kM+y+r—1

m n
(m+n)2xM+2K+B+yv2 <L
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Hence

Z ComlxI™ 1"
mn=1

mKM+ﬂ+K71nKM+“/+K~1

(m+n)2xM+2K+t3+y-2

i m+n)u+ﬂ+y+k~2
2M
':( +n) (m+ﬂ)’] EIE

MnM(m! nt)

o«
< Z m+n 1+ﬂ+y+x~2[

mn=

i wipirin 2| (mEn+2M) P
~ Y (mtn)tt 2[(m+M)!(n+M)!] x|™ )

(m4+n)™ - (m+n)tye
mMnM(m!n!) ] x| y]

| [k(m+n+2M)]!
[(m+ M) [k(n+ M)]!

élxy'_M Z (m+n)a+li+y+k~2

mn=1

.(\'C/m)x(M+m)(\,</D*‘)K(M+")
<|xy|=™ zw: la+ﬂ+7+K—2(m+\x/l—)7’)x(l+2M)

1=2

=lxyl =M 3 Pt (since x| 4+ 1y =1). (212)

1=2

The last series converges if « + ff+y + k < 1. This evidently completes the
proof of Theorem 3.

3. CONVERGENCE OF THE MULTIPLE HYPERGEOMETRIC SERIES (1.4)

Our demonstrations of the preceding section can be appropriately
extended to obtain the corresponding convergence conditions for the
multiple hypergeometric series (1.4) when

H=14+C+DP—4—BO=0  (k=1,..n). (3.1)

For the convenience of the interested reader, we summarize our results as
follows.

THEOREM 4. Let 4, =0 (k=1,.,n), A=C, and

b= =lxl =1
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Then the series (1.4)
(1) converges absolutely if and only if

A Btk Dk}
m=M(Z%+ZW’Zc—Zwﬂ (k=1,.,n) (32)

j=1 j=1 Jj=1

and
(k)

A n  B%
6=M(2@+Z T b zc_z zwﬂ<o (3.3)
J k=1 j=1

= k=1 j=1

(1) converges conditionally when x, #£1 (k=1, .., n), if
o<l (k=1,.,n) and o <n;

(iil) diverges if at least one of the following n+ 1 conditions does not
hold true:

pS1(k=1,..,n) and o<n.
THEOREM 5. Let 4,=0(k=1,..,n), A<C, and
x|=--=lx,|=1 (34)

Then the series (1.4)

(i) converges absolutely if and only if p, <0 (k=1, ..., n);
(ii) converges conditionally when x, #1 (k=1, .., n), if

pr<l1 (k=1,..,n),
px being defined by (3.2).

THEOREM 6. Let 4,=0 (k=1,..,n) and A> C. Then the series (1.4)
converges absolutely when

VA x|V D= (g, #0;k=1,.,n),  (3.5)

c+A—C<1, (3.6)
where @ is defined by (3.3).

We conclude by remarking that the convergence conditions, given by
Theorems 4, 5, and 6 above, can readily be specialized to deduce the
corresponding results for the familiar Lauricella hypergeometric series F ",
FQ, F®, and F{ in n variables.



CONVERGENCE OF MULTIPLE HYPERGEOMETRIC SERIES 115

ACKNOWLEDGMENTS

The present investigation was supported, in part, by the Natural Sciences and Engineering
Research Council of Canada under Grant OGP0007353.

REFERENCES

1. P. AppeLL AND J. KamPE DE FERIET, “Fonctions Hypergéométriques et Hypersphériques;
Polynémes d’Hermite,” Gauthier-Villars, Paris, 1926.

2. A. ERDELYI, W. MAGNuUS, F. OBERHETTINGER, AND F. G. Tricomi, “Higher Transcendental
Functions,” Vol. I, McGraw—Hill, New York/Toronto/London, 1953.

3. J. KampE DE FERIET, Les fonctions hypergéométriques d’ordre supérieur & deux variables,
C.R. Acad. Sci. Paris 173 (1921), 401-404.

4. H. M. Srivastava AND M. C. DaousT, A note on the convergence of Kampé de Fériet’s
double hypergeometric series, Math. Nachr. 53 (1972), 151-159.

5. H. M. SRIVASTAVA AND P. W. KARLsSON, “Multiple Gaussian Hypergeometric Series,”
Halsted Press (Ellis Horwood Limited, Chichester), Wiley, New York/Chichester/Brisbane/
Toronto, 1985.

6. A. 1. YANUSHAUSKAS, “Double Series,” Nauka, Novosibirsk, 1980. [In Russian]



