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1. Introduction

The matroid terminology follows Oxley [5]. Let M be a matroid and X be a subset of the ground set E.
The connectivity function X is defined as A(X) = r(X)+r(E —X) —r(M). Observe that A(X) = A(E —X).
Forj > 1, a partition (X7, X;) of E is called a j-separation if |X;|, [X2| > j, and A(X;) < j — 1. When
A(X7) =j — 1, we call (X;, X3) an exact j-separation. When A(X;) = j — 1and |X;| =jor |X3| =jwe
call (X1, X3) a minimal exact j-separation. For k > 2, we say M is k-connected if M has no j-separation
forj < k — 1. A matroid is internally k-connected if it is k-connected and has no non-minimal exact
k-separations. In particular, a simple matroid is 3-connected if A(X;) > 2 for all partitions (X;, X5)
with |Xq], |[X2] > 3. A 3-connected matroid is internally 4-connected if A(X;) > 3 for all partitions
(X1, Xp) with [X4], [X3] > 4.

The 1-sum, 2-sum, and 3-sum of binary matroids are defined in [6]. A cycle of a binary matroid is
a disjoint union of circuits. Let M; and M, be binary matroids with non-empty ground sets E; and E,,
respectively. We define a new binary matroid M; AM, to be the matroid with ground set E;AE, and
with cycles having the form C;AC, where C; is a cycle of M; fori = 1,2. When E; U E; = ¢, then
M{AM, is a 1-sum of My and M,. When |E4|, |[Ez| > 3,E; N E; = {z} and z is not a loop or coloop of

E-mail addresses: skingan@brooklyn.cuny.edu (S.R. Kingan), manoel@dmat.ufpe.br (M. Lemos).

0195-6698/$ - see front matter © 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ejc.2011.12.006


https://core.ac.uk/display/82076048?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.ejc.2011.12.006
http://www.elsevier.com/locate/ejc
http://www.elsevier.com/locate/ejc
mailto:skingan@brooklyn.cuny.edu
mailto:manoel@dmat.ufpe.br
http://dx.doi.org/10.1016/j.ejc.2011.12.006

S.R. Kingan, M. Lemos / European Journal of Combinatorics 33 (2012) 1022-1029 1023

M; or M,, then M{AM, is a 2-sum of My and M,. When |Eq|, |Ez| > 7,E1 NE; = T and T is a triangle
in M; and M,, then M1 AM, is a 3-sum of M; and M.

An element e in a non-regular matroid M is called a regular element if both M\ e and M /e are regular.
Seymour posed the following problem that appears in Oxley’s book Matroid Theory [5, 14.8.8]: find all
3-connected non-regular matroids with at least one regular element. In this paper, we take a step
toward solving this problem by determining the class of 3-connected non-regular matroids with at
least two regular elements.

We denote the 4-point line as U, 4 and the Fano matroid as F;. We denote by Sg the following
single-element extension of F;. It is self-dual. A single-element extension of Sg that will play a role is
Py shown below.
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For this paper, it helps to think of F; as the single-element extension of the 3-wheel with spokes
labeled {1, 2, 3} where the new element forms a circuit with {1, 2, 3}. The matroid Pg is the single-
element extension of the 4-wheel with spokes {1, 2, 3, 4} where the new element forms a circuit with
any three consecutive spokes, say {1,2, 3}. Then Py \ 1 = Sg and Py \ 3 = Sg. Moreover, P\ {1, 3} = F;.

Let Ff and Sg be the matroids obtained from F; and Sg, respectively, by adding an element in parallel
with an element belonging to at least two triangles. Note that every element of F; is in at least two
triangles, but only one element of Sg is in two triangles. The main result of this paper gives a complete
characterization of the matroids with at least two regular elements.

Theorem 1.1. A 3-connected non-regular matroid M has at least two regular elements if and only if

(i) M is Uy 4, F7, F or Sg; or
(ii) M is the 3-sum of F; or Sg with a 3-connected regular matroid (with the possible exception of elements
in parallel with the 3-sum triangle); or
(iii) M is the 3-sum of Fé’ or sg with two 3-connected regular matroids (with the possible exception of

elements in parallel with the 3-sum triangle). These two 3-sums are made along two disjoint triangles
of F¥ or S5.

In order to prove this result we use the following theorems. The first is by Oxley and appears
in [4, 3.9].

Theorem 1.2. Let M be a non-binary 3-connected matroid having an element e such that M \ e and M /e
are both regular. Then M = Uy 4. O

The next result by Zhou appears in [7, 1.2]. The matroid Sq9, shown below, is the first matroid in
the internally 4-connected infinite family of almost-graphic matroids Ss;,+1 [3]. The matroid M[E5]
appears in [1] where Kingan characterized the class of matroids with no minors isomorphic to
M(Ks \ e), M*(Ks \ e) and AG(3, 2). M[Es] is a splitter for this class. It is self dual and internally
4-connected. The self-dual 4-connected matroid T;, appears in [2].
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Theorem 1.3. A non-regular internally 4-connected binary matroid other than F; and F;' contains one of
the following matroids as a minor: M(Es), S19, S7p, T12 \ e, and Ty /e. O

It can be checked that S1g, S7T12 \ e, and T1,/e each have one regular element and M (Es) has zero
regular elements. Moreover, the number of regular elements in a non-regular matroid is bounded
above by the number of regular elements in any non-regular minor. We use this fact throughout the
paper. The next result follows from Theorem 1.2 and the above discussion.

Corollary 1.4. If M is an internally 4-connected binary non-regular matroid having at least two regular
elements, then M is isomorphic to F; or F;.

Finally, we use the following results by Seymour that appear in [6, 2.9 and 4.1].

Theorem 1.5. If (Xy, X3) is an exact 3-separation of a binary matroid M, with |X1|, |X| > 4, then there
are binary matroids M1, My on X;UT, X, UT, respectively (where T contains three new elements), such that
M is the 3-sum of My and M,. Conversely if M is the 3-sum of My and M, then (E(M;) —E(M,), E(M;) —
E(My)) is an exact 3-separation of M, and |[E(M1) — E(My)|, |[E(M3) —E(My)| > 4. O

Theorem 1.6. If M is binary and is the 3-sum of My and M,, and M is 3-connected, then M, and M, are
isomorphic to minors of M. O

In the next section, we give several separation lemmas that are used in the proof of the main theorem.
In the third section, we give results on the number of regular elements in a matroid. Finally, in the
fourth section, we prove Theorem 1.1. The difficulty in completely finishing off Seymour’s problem
lies in determining the structure of the non-regular internally 4-connected matroids with one regular
element.

2. Understanding 3-separations in the context of regular elements

We will denote by si(M) and co(M) the simple and cosimple matroid, respectively, associated with
M. Let M be a 3-connected non-regular binary matroid such that M is the 3-sum of matroids M; and
M, where |E(My)|, |[E(M3)| > 7, E(My) N E(M;) = T and T is a triangle in M; and M;. Assume that
e € E(M1) — E(M,) is a regular element of M.

Lemma 2.1. The element e is not spanned by E(M,) — E(M;) in M.

Proof. Suppose eis spanned by E(M,) —E(M;) in M. Then e is spanned by T in M; and so e is in parallel

tosome elementt € T.By hypothesis, M \ e is regular. Observe that M; \ e and M, are regular because:

(i) when |[E(My)| > 7, M \ e is the 3-sum of M \ e with Mj;

(ii) when |[E(M1)| = 7, My \ e has 6 elements and is isomorphic to M(K4). So M \ e is obtained from
M, after a A — Y operation along the triangle T.

But M, is obtained from M; \ e by adding e in parallel with t. Therefore M; and M, are regular; a
contradiction because the class of regular matroids is closed under 3-sums. Thus e is not spanned by
E(Mz) —E(Ml) in M. |

Lemma 2.2. The element e is not spanned by E(M,) — E(My) in M*.

Proof. If N; is obtained from M; by a A — Y operation along the triangle T, then M* is the 3-sum of N
and NJ. Applying Lemma 2.1, we conclude that e is not spanned by E(M,) — E(M;) inM*. O
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In the next result, we describe how the presence of a regular element in M; impacts the structure
of M. We prove that one of two situations must occur: either M; is non-regular with e as a regular
element and M, is regular or M, is non-regular and M is a small matroid with a specific structure. In
the latter situation we prove that E(M;) — T = T’ UT* where T is a triangle and T* is a triad such that
e € T"NT*and E(M;) — E(M,) is closed in M. Since M is binary, a triangle and triad must intersect
in an even number of elements. This means M; has just 7 elements, one of which is parallel with an
element of T.

Lemma 2.3. (i) M, is a regular matroid; or
(ii) thereis a triangle T' and a triad T* of M suchthate € T' N T* and E(M;) — T =T UT*

Moreover,

(iii) when (i) happens, M1 is a non-regular matroid having e as a regular element;
(iv) when (ii) happens, E(M;) — E(M,) is closed in M.

Proof. Assume that (i) does not hold, that is,

M, is non-regular. (1)
First, we establish that

r(M;) = 3 orsi(M/e) is not 3-connected. (2)

Suppose that r(M;) > 4 and si(M/e) is 3-connected. If T’ is a triangle of M containing e, then, by
Lemma 2.1, |[E(M;) N T’| < 1. Therefore we may assume that si(M/e) = M/e\ X, forX C E(M;) —T.
If My/e \ X >~ M(Ky), then M, is obtained from si(M/e) after a Y — A operation along the triad
E(My) — (eUX UT).So M, is regular; a contradiction to (1). If My /e \ X 22 M(K,), then si(M/e) is the
3-sum of M;/e \ X and M,. As si(M/e) is regular, it follows that M, is regular; a contradiction to (1).
We have (2).

If N; is obtained from M; by a A — Y operation along the triangle T, then M* is the 3-sum of NJ and
N. Note that Lemma 2.3(i) holds for the decomposition M = M; A M, if and only if Lemma 2.3(i)
holds for the decomposition M* = N A N;. The analogous statement occurs when we replace (i) by
(ii). Therefore, the dual of (2) becomes

r(Ny) =3 or [co(M\e)]* =si(M*/e) is not 3-connected. (3)

By Bixby’s Theorem [5, 8.4.6], si(M/e) or co(M \ e) is 3-connected. By (2) and (3), r(M;) = 3 or
r(N7) = 3. Taking the dual when necessary, we may assume that

r(Mp) = 3. (4)

Next, we prove the following claim.

Claim: My does not have a minor N such that T and T' = E(N) —T are triangles of N,e ¢ E(N) = TUT’
and r(N) = 2.

Suppose that N exists, say N = M; \ X/Y. By hypothesis,e € X UY and so M \ X/Y is regular.
Moreover, M \ X/Y is isomorphic to M,. Thus M, is regular; a contradiction to (1). Therefore the claim
holds.

If si(lM;) =~ F;, then M;/e is a rank-2 matroid. By Lemma 2.1, M;/e has T as a triangle. We
have a contradiction by the claim because every parallel class of M;/e is non-trivial. Hence, by (4),
si(Mq) =~ M(Ky4). In particular, T* = E(M;) — cly, (T) is a triad of M;. By Lemma 2.1, e € T*, say
T* = {e, ey, ez}. Letfi, ..., fy be the elements of cly;, (T) —T. For each i, there is t; € T such that { f;, t;}
is a parallel class of M. By the claim, k < 2. Next, we establish that

k=1. (5)

As |[E(M1)| = 7 and |[E(M1) — cly, (T)| = 3, it follows that k > 1.1f (5) does not hold, then k = 2. In
M; /e, by the claim, e; is in parallel with f;, say e; is in parallel with f;, for both i. Therefore T; = {e, e;, fi}
isatriangle of M, for bothi,and so T{ AT, A{ f1, f2, t3} = {e1, ez, t3}, where T = {t, t5, t3} is a triangle
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of M. Thus N = My \ e/eq is a minor of M; contrary to the claim. Thus (5) holds. By the claim e; or e,
is in parallel with f; in M /e, say e1. Thatis, T" = {e, e1, f1} is a triangle of M; and so of M. We have (ii).

Assume that (i) happens, that is, M, is regular. Thus M, is non-regular because M is non-regular.
To conclude (iii) we need to prove only that e is a regular element of M;. By the proof of Theorem 1.6,
there are disjoint subsets Y and Z of E(M;) — E(M;) such that N = M, \ Y/Z is a 6-element matroid
suchthat T” = E(N) — T is a triangle of N and, for each f € T, thereisanf” € T” such that {f,f"}isa
circuitof N. So M \ Y /Z is isomorphic to M;—this isomorphism fix each element of E(M;) — E(M;) and
sends f” into f, foreachf” € T”. Asboth M\ e and M /e are regular, it follows that (M \e)\Y/Z >~ M;\e
and (M/e) \ Y/Z ~ M /e are regular. That is, e is a regular element of M;. We have (iii).

Assume that (ii) happens. If E(M;) — E(M;) spans an element g of E(M,) — E(M;) in M, then
[E(M;) — E(M;)] U g is a 3-separating set for M. Using the 3-separation induced by this set, we can
decompose M as the 3-sum of matroids M] and M, such that E(M;) = [E(M;) — E(M)]Ug U T”
and T” = E(M}) N E(M3). Note that, in M;, the element g is in parallel with some element of T”. In
particular, M7\ g > M; is regular. So M is regular; a contradiction to this lemma. Thus E(M;) — E(M5)
isclosedinM. O

Now that we have shown M has a clearly defined structure, we want to say more about the second
situation. Recall that R(M) is the set of regular elements. For a triangle T’ and triad T* of M, we say
that T/, T* is an undesired fan if T’ N T* N R(M) # @. Note that {T’ UT*, E(M) — (T’ U T*)} is an exact
3-separation for M and by Theorem 1.5, it is possible to decompose M as a 3-sum using it. In the next
lemma we show that the presence of an undesired fan implies the existence of two regular elements.

Lemma 24. If T’, T* is an undesired fan in M such that E(M{) —E(M,) = T'UT¥*, thenT'NT* C R(M).
Moreover, if T* — T’ = {f}, then M /f is a 3-connected non-regular matroid such that T' N T* C R(M /f).

Proof. Suppose that T’ = {e, ¢/, t}, T* = {e,e/,f} and e € R(M).In M/¢/, t and e are in parallel. As
M\ eand so M /e \ eis regular, it follows that M /¢’ is regular because M /¢’ is obtained from M /e’ \ e
by adding e in parallel with t. Using duality, we conclude that M \ ¢’ is regular. Hence €’ is a regular
element of M and so T' N T* C R(M).

Next, observe that E(M;) = T'UT*UT and E(M,) = [E(M)—(T'UT*)]UT. As M, is regular, it follows
that M, is non-regular. By Lemma 2.3, f does not belong to a triangle of M. So M /f is 3-connected
because si(M/f) is 3-connected. But M /f >~ M, because M /f has three non-trivial parallel classes
each containing one element of T’ and another of T. The result follows because R(IM) C R(M/f). O

In the next lemma, we prove that, when this happens, it is possible to uncontract f keeping the
property of these two regular elements.

Lemma 2.5. Let N be a 3-connected non-regular binary matroid having different regular elements e and
€. Suppose that T' is a triangle of N such that e, ¢’ € T’ and {e, €'} is not contained in a triad of N.If M is
a one-element binary lift of N, say M/f = N, such that {e, €, f} is a triad of M, then e and ¢ are regular
elements of M (and M is 3-connected).

Proof. Observe thatsi(M/e) = M/e\e'.But,inM\e’,eandf areinseries.SoM/e\e’ >~ M/f\e' = N\¢
and si(M/e) is regular. Thus M /e is regular. As M \ e/f = N \ e, it follows that M \ e/f is regular and
so M \ eis regular. That is, e is a regular element of M. A similar argument holds withe’. O

3. The number of regular elements in a matroid

Next, we prove a result on the number of regular elements in a binary non-regular matroid. Observe
that, F;' has two single-element extensions Sg and AG(3, 2). The matroid AG(3, 2) has one single-
element extension Z,. The matroid Sg has two single-element extensions, Z4 and Pg. Observe further
that F; and F; have seven regular elements, Sg has six regular elements, and Py has four regular
elements. AG(3, 2) has zero regular elements and consequently, so do all its 3-connected extensions
and coextensions.

Lemma 3.1. Let M be a 3-connected non-regular binary matroid. If |[E(M)| > 9, then |R(M)| = 0, 1,2
or 4, Moreover, if |R(M)| = 4, then R(M) is both a circuit and a cocircuit of M.
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Proof. Assume this result fails. Choose a minimal counter-example M. We have four possibilities:
[IR(M)| = 3; or |[R(M)| = 4 and R(M) is not a circuit of M; or [R(IM)| = 4 and R(M) is not a
cocircuit of M; or |R(M)| > 5. In all four cases, R(M) # (. In particular, AG(3, 2) is not a minor of
M because R(AG(3, 2)) = @. Thus Sg is a minor of M. But the only 3-connected binary single-element
extension of Sg without a minor isomorphic to AG(3, 2) is Py. Therefore M has Pg or P§ as a minor. But
I[R(Pg)| = 4 and R(Ps) = R(P{) is both a circuit and a cocircuit of Ps. Hence |[E(M)| > 10. Moreover,
[IR(M)| < |R(Pg)| = 4 and by Corollary 1.4, M is not internally 4-connected.

Suppose |[R(M)| = 3. By Theorem 1.5, we can decompose M as the 3-sum of matroids M; and M,
such that E(M;) N E(M,) = T and E(M;) N R(M) # ¢. If Lemma 2.3(ii) occurs and f € T* — T/,
then by Lemma 2.4 and the choice of M, the results holds for M /f. Moreover, T' N T* C R(M). As
R(M) € R(M/f) and |[R(M)| = 3, it follows that [R(M/f)| = 4 and R(M /f) is both a circuit and a
cocircuit of M /f. Thus R(M) U g is a cocircuit of M, where {g} = R(M/f) — R(M). If R(M) U g is not
a circuit of M, then R(M) U {f, g} is a circuit of M containing T*; a contradiction. Hence R(M) U g is
both a circuit and a cocircuit of M. Note that [R(M) U g] A T* is a triad of M and [RIM) Ug] A T is a
triangle of M whose intersection contains a regular element. Therefore, by Lemma 2.4 the intersection
has two regular elements (g is the other regular element); a contradiction. Thus Lemma 2.3(i) occurs.
Observe that R(M) is contained in a circuit-cocircuit of M; consisting of regular elements avoiding T.
Thus every element in this circuit-cocircuit is also a regular element of M; a contradiction. Thus we
proved that M cannot have exactly three regular elements.

Next, suppose |R(M)| = 4, but R(M) is not a circuit and cocircuit. By Theorem 1.5, we can
decompose M as the 3-sum of matroids M; and M, such that E(M;) NE(M;) = T and E(M;) N\R(M) #
¢.If Lemma 2.3(ii) occurs, f € T* — T/, then, by Lemma 2.4, M /f has the same regular elements as M.
By the choice of M, R(M) is a circuit-cocircuit of M /f. As R(M) Uf contains a triad of M, it follows that
R(M) U f is not a circuit of M. Thus R(M) is a circuit-cocircuit of M.

We may assume by Lemma 2.3(i) that M, is regular, M is non-regular, and |[R(M)| € E(M;). By the
choice of M if |[E(M;)| > 9, R(M) is a circuit-cocircuit of si(M;) and therefore of M; a contradiction.
Thus M, has at most 8 elements. Since si(M;) is non-regular, si(M;) is isomorphic to F; or Sg. In both
cases, R(M) is a circuit-cocircuit of this matroid. O

Using the previous lemma, we can refine the second part of Lemma 2.4.

Lemma 3.2. Let M be a 3-connected non-regular binary matroid with |[E(M)| > 10 and suppose T, T* is
an undesired fan of M such that T* — T = { f}. Then M /f is a non-regular 3-connected matroid such that
R(M/f) = R(M).
Proof. We argue by contradiction. Since T N T* C R(M)), it follows from Lemma 2.4 that [R(M)| > 2.
Lemma 3.1 implies that |[R(M/f)| is 2 or 4. If |R(M/f)| = |R(M)|, then R(M/f) = R(M) because
R(M) € R(M/f); a contradiction. By Lemma 3.1, [R(M/f)| = 4 and |[R(M)| = 2. Moreover, R(M/f) is
a circuit-cocircuit of M /f.

Since T* C R(M/f) U f, it follows that R(M/f) is also a circuit-cocircuit of M. Therefore T' =
T A R(M/f) is a triangle of M and T* = T* A R(M/f) is a triad of M. But T’ is a triangle of M /f
containing two regular elements of M /f such that no triad of M /f contains these two elements. By
Lemma 2.5 these two elements are also regular in M. Hence R(M /f) = R(M); a contradiction. [

A 3-separation {X, Y} for a 3-connected matroid is said to be trivial provided |X| = 3 or |Y| = 3.

Lemma 3.3. Let M be a 3-connected non-regular binary matroid such that |[R(M)| > 1. If any non-
trivial 3-separation for M has the union of a triangle and a triad of a undesired fan as one of its sets,
then M is isomorphic to Sg, F7 or F5.

Proof. If |[E(M)| < 8, then the result holds. Therefore, suppose that |E(M)| > 9. First assume that M
has just one non-trivial 3-separation. By Theorem 1.5, M is the 3-sum of matroids M; and M, such that
E(M;) — E(M,) is the union of the triangle and the triad of the undesired fan. Thus E(M;) NR(M) # ¢.
Observe that Lemma 2.3(ii) holds in this case. By the uniqueness of the 3-separation for M, M, is
internally 4-connected. By Theorem 1.3, M, is isomorphic to F;. Thus |[E(M)| = 8; a contradiction.
Hence M has at least two non-trivial 3-separations.

Let Ty, T{ and T,, T, be different undesired fans of M. Fori € {1, 2}, setZ; = T;NT;*. By Lemmas 2.4
and 3.1, and orthogonality, R(M) = Z,UZ, is a circuit-cocircuit of M. In particular, Z; and Z, are unique
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and these are the unique undesired fans of M. If T; — T} = {t}and T — Ty = {f},then T, = Z, Ut
and T} = Z, Uf because Ty AT, = T} A T, = R(M). Observe that Z; U Z, U {f, t} is a 2-separating
set for M; a contradiction. O

4. The main result

In this section, we give the proof of Theorem 1.1.

Proof of Theorem 1.1. First, we prove the “only if” part. If M is non-binary, then by Theorem 1.2 we
may conclude that M = U, 4. Therefore suppose M is binary and non-regular. Assume that M is binary
non-regular and |[R(M)| > 2.If M is an internally 4-connected matroid, then by Corollary 1.4, M is
isomorphic to F; or F.

Thus we may assume that M is not internally 4-connected. By Lemma 3.3, Sg is the unique matroid
having all non-trivial 3-separations induced by the union of a triangle and a triad of some undesired
fan. The result follows in this case. Therefore, we can assume that M has a 3-separation such that none
of its sets is the union of a triangle and a triad in a undesired fan, say {X;, X,}. By Theorem 1.5 there
are 3-connected matroids (up to parallel elements with the common triangle) M; and M, such that
M is the 3-sum of M; and M; and, fori € {1, 2}, E(M;) = X; U T. By definition, T is the common
triangle between M; and M,. By Lemma 2.3 we may assume that M; is non-regular and M, is regular.
Moreover, R(M) C X;. We may assume that M, is also 3-connected (the elements in parallel with
elements of T, if they exist, are in M,). By Lemmas 2.1 and 2.2, T does not span any element of R(M)
in M; or M7. Thus by induction we have three possibilities.

First, suppose M, is isomorphic to F; or Sg. The result follows because M is the 3-sum of a matroid
isomorphic to F; or Sg (that is M) with a regular matroid (that is M,).

Second, suppose M is the 3-sum of matroids N; and N, along a triangle T’ such that R(M) C E(N;);
T’ does not span any element of R(M) in Ny; Ny is isomorphic to F; or Sg and N, is regular (We may
assume that T'"NE(M;) = @.).If [E(N;) NT| > 2,then T C E(N,) because an element of E(N;) — E(N;)
spanned by E(N,) —E(N;) in M; must be in parallel with some element of T in Nj. In this subcase, M is
the 3-sum of Ny and the regular matroid obtained by doing the 3-sum of N, and M, along the triangle
T. The result follows in this case. Thus we may assume that |[E(N,) N T| < 1. As any two triangles of
N1 meet (recall that Ny is isomorphic to F; or Sg), it follows that E(N;) N T = {t}. Thus t is in parallel
with an element ¢’ of T in N,. Let N7 be the matroid obtained from N; by adding ¢ in parallel with t'.
Note that T is a triangle of N}. Thus N} is isomorphic to F or S;. Moreover, M is the 3-sum of N} with
Ny \ t and M. The result also follows in this case.

Third, suppose there are matroids N, Ny, and N, such that:

(1) M is the 3-sum of N, N; and N;

(2) N has elements t; and t; in parallel,

(3) N\ ty is isomorphic to F; or Sg;

(4) E(N7) and E(N;) are disjoint;

(5) T; = E(N) NE(N;) is a triangle in both N and N, for both i € {1, 2};

(6) t; € T;, for bothi € {1, 2};

(7) Ny and N, are regular and 3-connected (up to some parallel elements with elements of T; and T,
respectively);

(8) (T UTy) NE(M3y) = @.

We begin by showing that [E(N;) N T| < 1,forbothi € {1,2}.If|[E(N) NT| > 2,sayi = 2,
then E(N;) — T, spans T in My. As t; and t, are the only elements of N in parallel, it follows that
T C E(N,) — Ty, otherwise the unique element belonging to E(N,) — T, would be in parallel in N with
some element of T, and this element is not t;. Hence M is the 3-sum of N, N; and N}, where N, is the
3-sum of N, and M, along T. The result follows, by induction. Thus we may assume that |[E(N;) N\T| < 1,
for bothi € {1, 2}. Moreover, when |[E(N;) N T| = 1, say E(N;) N T = {a;}, g; is in parallel with some
element a; € T; in N;. If A; = {a;}, when this happens, and A; = ¢ otherwise, then M; is the 3-sum
or N\ [{ay, a2} — (A1 U Az)] with N1 \ A; and N, \ A, where N’ is obtained from N by adding, for
bothi € {1, 2}, g; in parallel with ;. As T does not span any element of R(M) in N’, by Lemma 2.1, and
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|R(M)| > 2, it follows that T spans T or Ty, say T». That is, each element of T is in parallel with some
element of T, in N’. We can transfer these elements for N, and we arrive at the previous case.

Finally, to see the “if” part, we use Lemmas 2.5 and 3.2 to reduce the Sg case to the F; case in the
3-sums. The F; case is easy to verify. 0O
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