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We study the Szegé kernel for a class of strictly pseudoconvex domains in C% An
explicit algorithm is given to compute the complete asymptotic expansion for the
symbol of the Szegd kernel for these domains. It is then easy to compute the first
three terms explicitly in terms of the defining function and its derivatives. We give
an example where the first three terms (including the logarithmic term) are all non
zero. Finally, we show that if the second term vanishes identically, then the bound-
ary is locally biholomorphic to the surface Im w=1z|2.  © 1990 Academic Press. Inc.

0. INTRODUCTION AND STATEMENTS OF RESULTS

Our goal here is to obtain explicit formulas for the Szegd kernel for some
domains in C?. If we let (z, w) be coordinates near 0e C?2 then we shall
study strictly pseudoconvex domains whose boundary (near 0) is given by
the equation

Imw=¢(z, 2). (0.1)

Here ¢ is a real valued, real analytic function of (z, Z) with ¢(0, 0)=0.

It is well known from the work of Boutet de Monvel and Sjdstrand [2]
that the Szegd kernel for a bounded strictly pseudoconvex domain can be
written as a Fourier integral operator with complex phase. Such an
operator is determined completely by a phase function which we denote by
¥ and a classical symbol which we denote by A. It follows from [2] that
in the case under discussion here

III(Z, w, 2/’ W’):w——W’—Zi(p(z, 2,)’ (02)

where (z, w, Z’, w') varies near 0e C*.
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It is also possible to compute the principal symbol of A. This is done in
[2] by using the fact that the principal symbol is invariant under canonical
transformation. The lower order terms however are not invariant and are
not discussed in [2]. One of our goals here is to compute the complete
asymptotic expansion for 4. Indeed we give a recursive algorithm for
computing all the lower order terms for 4. In particular we compute the
first three terms explicitly in terms of ¢ and its derivatives. This gives a
complete description of the logarithmic term. We call this term /4 _, in what
follows. In fact we compute the Szeg6 kernel explicitly modulo a bounded
function. See the corollary below.

Now we state our results. Let € be a smoothly bounded strictly
pseudoconvex domain in C? Assume that near O the boundary of 2 is
given by (0.1). We will denote by S the Szegdé kernel of £2. Our main
result is

THEOREM. Let 2 and S be as described above. Then there exists a symbol
h of order 1 such that S(z, w, Z', w') is (modulo a smooth function) equal to

J’ eV BT 3 1) de (0.3)
V]

near (0,0)edR2 x0Q. Here h is smooth in all arguments. Also h is
holomorphic in z and antiholomorphic in z' for each fixed . Furthermore h
has an asymptotic expansion of the form

Wz, Z', 1)~ i h_ilz,2)17k, (0.4)

k=1

where the terms hy, by, h_,, .. can be computed recursively using formulas
(2.24), (2.25), and (2.26). The first three terms are given explicitly in terms
of ¢ and its derivatives in (2.28), (2.32), and (2.38).

Remark 0.1. We interpret the expression in (0.3) as an oscillatory
integral defining a distribution near (0, 0) e 02 x 0€2. The formula is well
defined because of the estimate (2.9). We refer the reader to either Melin
and Sjostrand [7] or Treves [9] for the general theory of Fourier integral
operators with complex phase.

Remark 0.2. We make the assumption that ¢ is real analytic primarily
to simplify the exposition. In this way we obtain formulas for the &; as
quickly as possible. The arguments we give in Sections 2 and 3 should go
through to yield the C* analog of the theorem. Indeed, if ¢(z, 7) is merely
smooth, then ¥ can be defined using almost analytic extensions, as in [2].
Then the transport equations can be derived using the (complex)
stationary phaise method. We leave these details to the reader.
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The next result is an immediate consequence of the theorem.

COROLLARY. Let Q and S be as described above. Then we have
S=h, /(=) + ho/(—ip)—h_, log(—i)+ O(1) 0.5)

near (0,0)e 0Q x 02. Here y is given by (0.2), h, is given by (2.28), hq is
given by (2.32), and h _, is given by (2.38).

The paper proceeds as follows. In Section 1 we describe the three dimen-
sional abstract CR structure determined by (0.1). We denote by L a par-
ticular non vanishing holomorphic vector field generating this structure.

In Section 2 we construct operators H and K such that LK=TI— H. This
is valid locally and the construction depends only on the abstract CR struc-
ture. We impose conditions on H and K so that they are uniquely deter-
mined by “transport equations” (2.24), (2.25), and (2.26). This section is
motivated by the classical geometrical optics construction from hyperbolic
theory and the article of Greiner, Kohn, and Stein [5]. We use only the
most elementary facts from the theory of Fourier integral operators with
complex phase. In particular, we do not reduce the problem to normal
form via canonical transformation as was dene in [2].

In Section 3 we realize the abstract CR structure as a piece of hypersur-
face in C°. Then we show that if £ is a strictly pseudoconvex domain
whose boundary (near 0) is given by (0.1), then H is essentially the Szego
kernel for €. The work in Sections 1, 2, and 3 is enough to prove the
theorem.

In Section 4 we indicate how the corollary follows from the theorem and
conclude with some examples. In particular we show that our results are
consistent with the classical formula in the case when ¢(z, z) = |z|>. We
also give an example where h,, ko, and h_, are all non zero. In this
example ¢ is a polynomial of degree 3.

We conclude the article by pointing out the fact that if 4, vanishes
identically, then the surface (0.1) is biholomorphnically equivalent to the
surface Im w = |z}

Remark 0.3. In [4] Fefferman studied the asymptotic behavior of the
Bergman kernel for strictly pseudoconvex domains and indicated how
similar results could be obtained for the Szegd kernel. The results of Boutet
de Monvel and Sjostrand [27 came later using different methods.

In [4] an example is given of a domain where the logarithmic term for
the Bergman kernel is present. The defining function for this domain is a
polynomial of degree 8.

SROKE 1-11
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1. THE CR STRUCTURE

We begin by describing the CR structure under consideration. Let
(x, y, t) be coordinates near 0e R>. Throughout this article z will denote
the function

z=x+1iy (1.1)

and z will be its complex conjugate. Let ¢ be a real valued, real analytic
function defined near 0 € R% In other words we will assume that ¢ has a
convergent power series expansion near 0 in the variables (z, Z) and we will
write ¢ = @(z, Z). We also assume that

¢(0,0)=0. (1.2)
We define the function w by
w=t+1ip(z Z). (1.3)
The functions z and w determine a unique CR structure near O e R>. If
we define the vector field
L=20/0z~ip,(z,2)0/0t (1.4)
then it follows that

Lz=0= Lw. (1.5)

We will use the standard notation

0/0z = 3(0/0x — i0/dy) (1.6)

and 0/0z will denote the complex conjugate of J/0z. Also ¢, will be the
same as d¢/0z. B
L will denote the complex conjugate of L, that is

L=20/0z +ig.(z, 7) 3/at. (1.7)

We see then that L and L are linearly independent and hence generate a
CR structure near 0e R®. Formula (1.5) tells us that z and w are first
integrals for this structure.

The final assumption that we will make is that the structure is strictly
pseudoconvex at 0. In other words we will assume that

®..(0, 0) > 0. (1.8)
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Remark 1.1.  Structures where Im w is independent of ¢ are called rigid
in Baouendi, Rothschild, and Treves [1]. Before this, rigid structures were
studied by Tanaka [8]. This paper of Tanaka was the precursor to the
article of Chern and Moser [3].

2. AN APPROXIMATE INVERSE FOR L

Our goal in this section is to construct operators K and H such that
LK=1-H, (2.1)

where 7 is the identity operator. K and H are by no means uniquely deter-
mined. We will impose further conditions on these operators so that H will
resemble a Szegd projector.

Remark 2.1. Let U be a neighborhood of 0e R’ All operators
constructed in this section will be continuous linear operators from
Cy(U)— C*(U), for appropriate U. If 4 is such an operator, we will
denote its distribution kernel by A(x, y, r;x, ), ). Here (x',),1) is
another set of coordinates near O € R®. If ue CT(U) then we write formally

Au(x, y, t)= [m AQx, y, 5x, v, ) u(x’, vy, ) dx" dy’ dt’, (2.2)

where dx’ dy’ dt’ is Lebesgue measure.

From the work of Boutet de Monvel and Sjostrand [2] we know the
Szegd projector (for a strictly pseudoconvex domain) can be written as a
Fourier integral operator with complex phase. Taking this as motivation,
we will construct K and H as Fourier integral operators. See Melin and
Sjostrand [7] or Treves [9] for the basic facts about the theory.

To begin the construction we introduce the phase function

Uiz, w, z/, w)=w—w —2ip(z, Z), (2.3)
where z and w are defined as before and
Z'=x"+1iy (24)
w =1 +ie(z, ) (2.5)
We pause to discuss some of the properties of . First observe that

Wiz, w,z,t' —ip(z,Z))=t—r. (2.6)
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Since ¢(z, z) is real it follows that
0(z,7)=0(z, 2). (2.7)
Hence we see that
Imy(z, w,Z', W)=z, 2) — (2, Z) + (2, ') — (2, ). (2.8)
It follows from (2.8) and (1.8) that there exists a constant C > 0 such that
Imy(z,w, 2, w)=2Clz—2z|? (29)

for (x, y, ¢, x', y', t') near Q.
A straightforward computation shows that

Ly =2i(¢ (2, 2) — 9.(2, 2)). (2.10)

If we define the function g as follows

oz 2, z")=j01 0.z pZ+ (1= p)Z) dp (2.11)

we see that (2.10) becomes
Ly=2iz—-2)glz,2, 7). (2.12)
Also observe that
g(z, 2, Z)=¢ |z, Z). (2.13)

Again a simple computation shows that

L =0. (2.14)

These are the main facts we will need about Y. Note that ¥ is essentially
the phase used by Boutet de Monvel and Sjostrand [2].

We now begin our construction of K and H. H will be a Fourier integral
operator with i as phase. The operator K will be the sum of two operators,
K* and K~ which we define now.

We define the kernel of K~ by

K (xynx,y. 1)

0
= n(z—7) j e T B g (2.15)

- 00



FORMULAS FOR THE SZEGO KERNEL 159
We define the kernel of K* by
K (x, 3, t; x, ', t)
= n(z =) j: QUE I F ) dt2n (216)

We define the kernel of H by

H(x, p, 1 X', ¥/, 1) = jo W 1y e (2.17)

Our goal now is to find symbols s and % so that (2.1) is satisfied. We

assume s to be of order 0 and A to be of order 1. Indeed we assume that
s and h have asymptotic expansions of the following type:

oL

$(2,2,Z,1)~ Y s _(z,52) " (2.18)

k=0

hz,Z, 1)~ Y h_u(z,7)t* (2.19)
k= -1

We will see that (2.1) will determine K and H uniquely if we impose the
following conditions on s:

Solz, 2, 7) =1 (2.20)
s (2,2,5)=0,k>1 (2.21)

for all z near 0. We shall see that each s_, is real analytic in the variables
(z,Z,Z'). We will also assume that each A4 _, is real analytic in the variables
(z,2'). Hence i _, will be completely determined once we know its value
when z' =2,

If we let K=K* + K~ and compute LK we will see that LK=1— H
where the symbol of 4 is given by

Wz, 2, 1)y =1/2n*(21g(z, z, 2’} s(z, 2, Z', 1)
—s5.(2,2, 2, 1)/(Z-2")). (2.22)

To arrive at (2.22) we have used (2.20), (2.21), (2.12), (2.14), and (2.6). We

have also used the fact that 1/zZ is a fundamental solution for 8/dz. Note

that (2.6) was used in conjunction with the Fourier inversion formula.
We may write for small (z, z, ')

sz, 2,7z~ 7) = —f 5.2, 2, p7+ (1 = p)') dp. (2.23)
0
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If we substitute this formula into (2.22) and take (2.18) and (2.19) into
account we obtain the following “transport equations”

hi(z,2')=1/n’g(z, Z, Z') 54(2, 2, ') (2.24)

h_(z,2')=1/27n? <2g(z, 22)s_; (2,2, 7)

+[ 6o @zt (1-p)2) dp) (2.25)

for k> 0. We obtain these formulas by equating terms of like homogeneity
(in 7) in (2.22).
Note that by (2.21) and (2.25) we also have for k>0

h_i(z, 2) = (1202)(s e (2, 5, 2) (2.26)
= (—120%)(5_),. (2, 3, 2). (226)

We see that (2.24), (2.20), and (2.13) show that
hi(z, 2) = (1/7*) ¢ (2, 2). (2.27)

Since we assume /4, is analytic we have

hi(z,2') = (1/7%) ¢ (2, Z'). (2.28)
Now that h, is completely determined we substitute into (2.24) to obtain
so(z, 2, 2) =04z, 2')/8(z, 2, Z'). (2:29)

Now that 4, and s, have been determined we can compute A, from (2.26)
and hence s_, from (2.25). Continuing in this manner all the terms in the
asymptotic expansions for s and 4 can be computed in the following order

hlsSO,hOas~1’hﬁlas~2’"" (230)

by alternating between (2.25) and (2.26).

Now the theory [7], [9] allows us to choose smooth (ie., C*, symbols
s and A with the given asymptotic expansions (2.18) and (2.19). These sym-
bols are uniquely determined up to an error of order —co. We will assume
then that s = s(z, Z, Z’, ) is smooth for (z, z’) near 0 and 7 > 0. Furthermore
we may assume that s is real analytic in (z, Z, Z') for each fixed t>0. We
may also assume that s vanishes for 7 near 0. We pick a similar realization
for h.

We now have achieved our goal of constructing operators K and H such
that LK =7— H. Furthermore we have an algorithm for computing the full
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symbols of K and H. One of our goals here is to compute k, and h ,
explicitly in terms of ¢ and its derivatives. Before doing so we introduce
some notation.

For non negative integers j and k we define ¢, by

@ = (0 *foz’ 0Z*)(z, 2). (2.31)

To compute h, we use the fact that s, is known from (2.29) and use
{2.26)". It then follows that

hol(z, 2) = (1/47'52)((.011 ©a— (PlZ(pZI)/((Pll)Z- (2.32)

The computation of 4 _, is more complicated. First note that we have for
k=0

h_ i i(2,2) = (~1/87)(8/0z)((s _1)2= @11y (2.33)

where the right hand side of (2.33) is evaluated at z’ = Z. To prove this first
differentiate both sides of {2.25) with respect to z. Evaluate this expression
when 2z’ =7 and take (2.21) into account. It follows that (2.33) is true by
differentiating again with respect to z and using (2.26").

Letting k=0 in (2.33) we may compute h_, since s, is known. First
some notation. We define M,,, M,;, M1, as follows:

Myu=0 03— 030 (2.34)
Myu=0,035— 0,03 (2.35)
My3=0,102— ¢ 10,. (2.36)

Also define Q by

Q=3My(My;—30,,0) — AMzz(‘Pu)2
+ 60, Re(p 2 M ;). (2.37)

It now follows from (2.33) that
h_\(z,2)= —0Q/24=*(p,)". (2.38)

Remark 22. 1t follows from the work of this section that if f is a
smooth function near 0 e R® such that Hf is real analytic then there exists
u such that Lu = f. Indeed, since L has analytic coefficients we can find v
such that Lv= Hf by the Cauchy-Kovalevska Theorem. Then we may let
u= Kf +v. On the other hand, one would like to prove the converse of this
statement as was done in Greiner, Kohn, and Stein [5]. That is we would
like to show that if there exists u such that Ly = f then Hf is real analytic.
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This does not seem to be directly possible using our approach. This is
because of the estimate (2.9). Usually one needs an estimate of the kind

Imy>C(lz—2)2+ (1= 1')?). (2.39)

We can obtain (2.39) if we wish to use as phase ¥ + iy to define H and
K. Using this approach we can obtain the correct solvability results.
However, this method greatly complicates the transport equations (2.24)
and (2.25). Since our aim is to provide explicit formulas we have chosen to
use { as phase.

3. H AND THE SZEGO KERNEL

In this section we construct a small dommain 2’ = C? and show that the
Szeg6 kernel for ' differs from H by a smooth function (near the origin).
We then show how the Theorem follows from this fact. We use only the
most elementary facts about the Szeg6é kernel. For those not familiar with
this topic, see for example Krantz [6].

From Section 2 we have operators H and K defined by (2.15), (2.16),
and (2.17) such that (2.1) holds. To be precise there exists an open
neighborhood U of 0e R® such that H and K are continuous linear
operators from C P (U) - C*(U) and LK=71—H.

We shall assume that U is small enough so that the map from U into C?
given by

(x, p, )= (x+ iy, t+ip(z 2)) (3.1)

is a real analytic diffeomorphism. If we denote coordinates near 0 in C? by
(z, w) then we see that the image of the map (3.1) is a piece of hypersurface
given by the equation

Im w=¢(z, Z). (3.2)

We denote this hypersurface by M. Now we may think of A and X as
operators mapping C (M) - C*(M).
If >0 we define the open set O, C? by the following

0,={(z, w): Imw> ¢(z, Z) and |z|* + |w|* <&*}. (3.3)

Note that we may define ¢ as in (2.3) where now we may think of
(z, w, z’, w') as an arbitrary point near 0e C* Hence it follows that there
exists an £> 0 such that the estimate (2.9) holds for (z, w, z/, w')e O, x M.
This is enough to ensure that H and K can be extended as bounded
operators mapping C (M) — C*<(0,) provided that ¢ >0 and U are taken
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small enough. Note that because /4 depends only on z and 7’ it follows that
if fe CF(M) then Hf will be holomorphic on O,.

Now let Q' be a sxtrictly pseudoconvex open subset of C? with smooth
boundary such that ' < O,. We also assume that near the origin the
boundary of €' is given by Eq. (3.2). Such an Q' is easily constructed. Let
S’ be the Szegd projector associated with €. In other words S’ is the
orthogonal projection from LX(32’) onto H*(0Q'). Here H? is the closed
subspace of L? consisting of the “boundary values” of holomorphic func-
tions on . For the precise definition of H? see for example [6].

Recall that the kernel of S’ is holomorphic in (z, w) and antiholomorphic
in (z/, w'). Hence we write S’ = S'(z, w; Z', w'). Also we have S’f = f for all
feH~

If A and B are bounded operators from CF(M)— C*(0R') we say that
A ~ B if the kernel of 4 — B is a smooth function near (0,0) in M x M.

We now will show that S'~ H. Observe that if we denote the formal
transpose of L by 'L, we have ‘L= —L. Let y e C 7 (M) have small support
and be equal to 1 near the origin. It foliows from (2.1) that

S'yLK=S'y — S'yH. (3.4)

In (34) the symbol y indicates “multiply by x.” Since S° is anti
holomorphic in (z', w') and ‘L= —L we have §'yLK ~0. Hence it follows
that S'~S'H. We also have S'H~H. Indeed this follows since
Hf e H*(08') for all fe C(M). Hence S’ ~ H.

Now to conclude the proof of the Theorem. Let 2 < C? be a bounded
strictly pseudoconvex domain with smooth boundary. Assume that near 0
the boundary of Q is given by (0.1). Let S be the Szeg6 kernel for 2. We
know (from [27]) that near 0, S can be written as a Fourier integral
operator with phase . Furthermore the full symbol of S near 0 depends
only on the defining function of 2 near 0. This is pointed out in [2,
p. 162]. Hence near 0, § and §’ have the same full symbol. We conciude
that S differs from H by a smooth function near 0.

4. CONCLUDING REMARKS

We would like to conclude with some remarks and examples.

Remark 4.1. From formula (2.19) we see that there exists a constant
C > 0 such that

Ih(z, 2, 1) = hy(2, Z) T = ho(z, ) — h_ (2, 2')7| < CJ? (4.1)

for z and ' near 0 and 1 large. Hence we see that the contribution to the
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kernel of § from the remaining terms (i.e., those of order < —2) is a
bounded function.

Now the contribution from the first three terms can be computed by
interpreting the oscillatory interals as “finite part” integrals. For example
we have the classical formula

pf [ e defi= —log(—i) -y, (42)
0
where y is Euler’s constant. Hence it follows that the Szegd kernel can be
written modulo a bounded function as

S=hy/(—ip)*+ho/(— i) —h_, log(— i)+ O(1) (4.3)

near the origin. Note that v is given explicitly in (2.3), &, is given by (2.28),
hy is given by (2.32) and A_, is given by (2.38). Please note that similar
comments have been made in [2].

ExaMpLE 4.2. Suppose that ¢(z, Z) = |z|2 It follows from our computa-
tions that in this case we have

Wiz, w, 2, W) =w—w—2izz' (4.4)
hy(z,2)=1/n’ (4.5)
h_i(z,2)=0 forall k£=0. (4.6)

Hence the results we obtain from {4.3) are consistent with the classical
formula ‘
S(z,w, Z, W)= —1/n*(w—w' —2izz')% (4.7)

ExampLE 4.3. Suppose that ¢(z, Z)=|z|*+azz*+az* with aeC.
A simple application of our formulas shows that

(0, 0) =1/ (4.8)
ho(0, 0)= —|a|?/n* (49)
h_1(0,0)= —8 |a|¥/n. (4.10)

So we see that if the constant a is not zero then the first three terms in the
asymptotic expansion for S are really there.

Remark 4.4. 1f hy vanishes identically. then the surface Im w = ¢(z, Z) is
biholomorphically equivalent to the surface Im w= |z|%
Indeed, the fact that s, vanishes is equivalent to the fact that

Alog 49 =0. (4.11)
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This follows immediately from {2.32). Now (4.11) implies that there exist
functions f and g holomorphic near 0 such that

(2, 2) = |f(2)]* + g(z) +8(2) (4.12)

with £.(0) #0. We introduce new coordinates near (0,0)e C’
z=f(z) (4.13)
Ww=w—2ig(z). (4.14)

Now we see that ¢(z, z) —Im w= |3 — Im W.
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