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We prove the existence and uniqueness of global solutions to the mixed problem
for the Carrier equation

u,,M<I uzdx> Au+ |u) |*u, =0
2

with acoustic boundary conditions.  © 2000 Academic Press

1. INTRODUCTION

Beale and Rosencrans [ 3] introduced acoustic boundary conditions into
the rigorous wave propagation literature, and Beale carried out a detailed
analysis of them for the wave equation in both bounded domains [ 1] and
exterior domains [2]. See also [8] for a classical heuristic discussion. The
idea is that each boundary point acts as a spring. The boundary is “locally
reacting” in that these springs do not influence one another. Think of the
solution of the wave equation u,, = ¢24u as the velocity potential of a fluid
(in three dimensions) undergoing acoustic wave motion; the acoustic
boundary condition says that each point on the boundary reacts to the
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excess pressure of the wave like a resistive harmonic oscillator. The precise
formulation is

pu,~+ f0,+ gd,+ho=0; (1)

here d(x, t) is the normal displacement to the boundary at time ¢ with the
boundary point x, p is the fluid density, and f, g, 7 are nonnegative
functions on the boundary with f; 4 strictly positive. Condition (1) must be
coupled with a condition expressing the impenetrability of the boundary,

Ou
=0, 2)
on the boundary for all time; here v is the unit outer normal. The wave
equation with (1), (2) is governed by a (C,) contraction semigroup (or
unitary group if g=0) on a “four-component” Hilbert space of vectors
(u, u,, 0, 0,) with a suitable energy norm (cf. [1-3]).

These acoustic boundary conditions have great intuitive appeal. It is easy
to imagine a music hall designed with these conditions in mind, but with
a portion of the boundary (e.g., the floor) absorbing.

We shall consider problems of this sort, with a homogeneous Dirichlet
condition on a portion of the boundary and acoustic boundary conditions
on the rest of the boundary. Our result will be new when specialized to
u, = c*Au. But we shall work in a much more general context, namely, that
of nonlinear wave equations related to problems studied earlier by
Kirchhoff, Carrier, and others (see [4, 5]). The equation we consider is

ut,M<L2 u? dx> Au +C |u,|*u,=0; (3)

here xe Q<=R” and 0<7< T, where u is a position function on R* =
[0, c0) and 2 is a smooth bounded domain. The boundary 0Q = I" is made
up of two disjoint pieces, Iy, I';, each having nonnempty interior. The
Dirichlet condition u(x, ) =0 is imposed for (x, t) e I, x [0, T'], while the
acoustic boundary conditions (2), (3) are imposed for (x,#)el; x[0, T'].
Here T is any fixed but otherwise arbitrary positive number. Thus we are
dealing with global existence.

2. EXISTENCE THEORY

Let Q < R” be a bounded open connected set with a (sufficiently) smooth
boundary I"'=0%. Suppose I'=1, u I'; where I, is a measurable subset of
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I" such that meas(I"y) >0, and I'; = I'\I"y. We shall study the existence and
uniqueness of solutions to the initial boundary value problem

u"—M<f uzdx>Au+C|u’|°‘ ‘=0 in Q=0x(0,T); (4)
Q

u=0 on Xo=I,x(0,T); (5)

pu' + f6" + gé'+ho=0 on X, =I;x(0,T) (6)

0

a%‘_5':0 on 2,=I1x(0,T) (7)

u(x, 0) = uo(x), u'(x,0)=uy(x) in Q. (8)
Here '=2;p and T are positive constants; C is a nonnegative constant;
f(x), g(x), and h(x) are continuous real functions on I, such that
f(x)>0, h(x)>0and g(x)=>0forallxe I';; and M e C}([0, 0); R) satisfies

|M'(2) 212
O<Wl0<M(;»), ngo, for all AZO,

Where m, and k, are constants.

We employ the usual notation for the standard functional spaces (see
[7]). The inner product and norm on L% Q) and L*I') are denoted by
(-5 -)ll-]l and (-, -)p, || - | 7 respectively. We denote the Hilbert space
H(4,Q)={ue H(Q); Aue L*(Q) }, provided with the norm

4] £10, 2y = (et Zry + [l Aul?) 2,

where H(Q) is the usual real Sobolev space of first order.
7o : HY(Q)— HYX(I') and y,: H(4, Q) — H ~Y(I') are the trace map of
order zero and the Neumann trace map on H(4, ), respectively. Therefore

Yolu) =u, ,V1(u)=<au> for all ue 2(Q),
r v/ \r

and the generalized Green's formula

u ou Ov
I (—du).vdx= Z J —— 5 dx —y1(u), 70(V)) 12y < 12 (1)

o Ox; Ox;
holds for all ue H(4, Q) and ve HY(Q).
We denote by V the closure in H'(Q) of {ueCY(Q);u=0 on I,}.
Since Q is a regular connected domain we have that V={ue H'(Q);
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70(u)=0 ae. onT,}, V is a closed subspace of H'(Q), the Poincaré
inequality holds on V, and the norm

r=( 1,5 o)

is equivalent to the usual norm from H(Q).

THEOREM 1. Let a>1l,uge VAaH*(Q),u; e VL™ Q) be given.
Then there exists a pair of functions (u(x, t), o(x, t)) which comprise a solution
to the problem (4)—(8) in the class

ueL®(0, 5 V), u(t)eH(A,2) ae in[0,T]; 9)
W eL®0,T:V)nL**20, T; L**%(Q)); (10)
u" e L0, T; LA(Q)); (11)
8,0, 0" e L0, T; L3(I)). (12)

Proof. Let {®;};cn. {2;};en be orthonormal bases of ¥ and L*(I'),
respectively. For each m e N we consider

“
Il

U Eiml(1) @;(x), xeQ and te€[0,T,],

>

<

.

ks
-~

)

Bim(t) z;(x), xel' and t€[0,T,],

I3 EMs

~
—

which are solutions to the approximate problem
(1), @) + M| (D) (V (1), Vo,) = (8,,(2), 70(0;)) 1]
+ Cll, (O] 1, (1), ) =0, 1< j<m
(pyo(u, (1)) + f0,,(1) + 803, (1) + ho, (1), z;) p =0, 1< j<m;
Un(0) =ttop,  Up(0) =1y, 0,(0)=0do,  0",(0) =71(ug,),

where g € LA(I'), ug,, = 272 (g, 0)) @, 1, = D7 (141, 0;) @;, and 0 <
T, <T
Therefore we have the approximate equations

(U (1), @) ([t (D) 4y (1), @)
\

— 4+ (V Vw) — (0, C =
o T (Vi) V) = G10), (o)) o+ €220 22 m =0,

1
(ot (1), 2) = 5 (fOo(1) + g0, (1) + h,(1), Z) s (14)
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for all wel[w, ..., w,,] = Span{w,, .., w,} and z€[z,, .., z,]. The local
existence (for some 7,,>0) is standard.

Estimate 1. Taking w=2u,,(t) in (13) and z=20,,(¢) in (14) we have

d plu,(®?
dt | M([|u,,(1)])
2pC u (015255

er+2(g)

M([lu,(1)]1)

_2/)M’(Hum(t)|\ )
(M([u(1)]%))?

C,
<7
M(||u,(1)]%)

+ 0 )5+ 1S 120, ()| 3+ [11125,,(0)]1 7

5 (U (1), (1)) 7, (1)1 = |1 120, (1) |1 7

()] 3y + 1 €220 (D)2

Since a>1, it is clementary to see that there exists a function
C,: (0, 0) — (0, o0) such that

Co (1)1 22y < Cale) & ufu (03535, forall e>0.

After we have chosen &> 0 sufficiently small, we get, for some constants
C;, Cy>0,

d [ plu,(0)?

dt | M(||u,(1)]I?)

14y (1)) 555

L 2(Q) 125 2
< Cat 8120, (0]
P M, (012 "

+p 5+ 1f 120, (O 7-+ A2, )7

Integrating this from 0 to ¢t < T,, we find

p<||m(([;>+ﬂ (O 11205 (D1 7+ 1820,

IHU’ ( )”L(x+2(9)
C, [ e g (14 [ jons))2d 15
sy B ( +f) 105090 S) (15)

where Cs is a positive constant which depends on u,, u;, M, T and

lg HLw(r)-
From (15), Gronwall's inequality gives

15 (D17 < Ce.
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This and (15) imply that there exists a constant C, independent of m and
te[0, T,] such that

p Ll (1)

5% 2 125 2 12 2
M7y T2 NN+ 1 20,7+ BP0, 17

2
[ ety ()22 0
3 .

ds < C,.
o M(|u,(s)]?) 7

Using this and the Poincaré inequality we can see that there exists a
constant M, independent of m and ¢, such that

mo < M(||u,,(1)]1?) < M. (16)

Thus there exists a constant Cyg such that

t
It (014 Dt 10,0 4 101154 [ ()1 55 s < .

(17)

which completes the first estimate. Taking into account (17) we can extend
the approximate solutions u,, and J,, to the whole interval [0, T'].

Estimate 2. Taking t=01in (13) and (14) we get
(U (0), @) = M([|ttgpn | *)(Athops @) + C(|th1,0|* th 1, @) =0,

(f97,(0), 2) p+ (g71(thom)> 2) r+ (hdg, 2) p+ p(Polt1m), 2) F=0.
Putting w=u,,(0) and z=4/,(0) we obtain

14, (0) 1 < (M([[ 40, 117 [| Att || + C 1411 332 )) 14 ()],

10" (01 7-< Co(1 + [[ttom || 2y + |th1m | mr1(2)) 107,(0) | -
Therefore

[ (0) I + 1167, (0) | < Cio. (18)

Differentiating (13) and (14) with respect to ¢ and taking w =2u,,(1),
z=20n(t) we obtain
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df plus)]?
dt | M(Ju,,(1)))

+2p(oc+1) Cllup (1)]%, (4, (1))

+p [ (OI5+ | f 205, (O 7+ [17120,,()] 7

M|, (D)
_2pM (Ju, (0)]) -
= a3 W0 1) i (0]
4pCM (1)) o
TR LA G UNZAG)
—~21g"30(1)3- (19)

We observe that

2p(oc+ 1) C(|u,, (1)]%, (uiz(t))z)<2p(<x+1) Cl|u, (0)]%, (1, (1))?).

M, N M(|lu,(1)]?) ’

2p M’ (||u,,,(1)]I?)

(M(lu,(1)]1*))?

4pCM’(|lu,,(1)]?)
M(|lu,(1)]?)

(W5 (1), (1)) 1, ()2 < Cyy i, (1) 1%

(143, (1), 14, (2)) (10, (D)% 143, (1), 14, (1))

¢ «
< Coael|u (1)]% (1, (1)) )+%Huin(l)\| e forall &>0;

La+2(9)a
2|80 (1) 7< Crs [05,(0)]1 7.
Choosing ¢ > 0 sufficiently small and applying this to (19) we get

d[ plu,())? 2 1
— | et p Ul (D54 20 (O 7+ B0, (1)1 7
d M(H”m(I)HZ) P O+ 1f Nz (OI7

< Cua [ (D)1 555 )+ CasUum (DI + 167, (1) 7).

L“+2(.Q)

Integrating over (0, T), using (17), (18), and applying Gronwall’s
inequality we have

(12 + e, ()5 + 107, ()| 7+ 105, (D] 7 < Cie, (20)

which is the second estimate.

From (17) and (20) there exist a subsequence of (u,,),,.n and a sub-
sequence of (J,,)men, Which we denote by the same notations, and
functions u, ¢ such that
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Xy in L=(0, T: V),

U

Wy, =~u'  in L0, T; V),
w,—u' in L**2(0, T; L*T2(Q)),
ul, 2w in L0, T: LY(Q)),
5,20 in L*(0, T; L3(I)),
8,20  in L0, T: LXT)),

on 56" in L=(0, T; LA(T)).

Since V é»Lz(.Q), using the compactness theorem of Aubin and Lions
[7], we obtain

u,, —u in L%0, T; L*(Q)),

! !

u, > u in L*0, T; L*(Q)).

Taking into account the above convergences and passing to the limit in
the approximate equations we have

(" (1), @) + M([u(@)I2)[(Vu(?), V) —(5'(2), 7o(@)) ]
+ C(u' ()" u'(1), @) =0, (21)

(rolu'(2)), 2) p= —/1) (fo" (1) + gd'(1) + ho(1), 2) -, (22)

for all we V, ze LA(I') a.e. in [0, T].
From (21) we obtain

L} u"(x, 1) p(x) dx — CM(|u(2) 1) Ault), @) o) x o)
+f lu'(x, t)|*u'(x, 1) p(x)dx=0, forall pe2(Q),ae. in[0, T].
Q

Therefore Au(t)e L*(2) ae. in [0, T] and
u — M(|ul|*) Adu+C | |*u' =0 ae in Q=0Qx(0,7T), (23)
which shows that u satisfies (4). Since u(¢) e V a.e. in [0, T ] we have that

(5) is proved. From (22) we can see that u and ¢ satisfy the boundary
condition (6).
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Now we shall interpret the sense in which u and ¢ satisfy (7). Multiplying
(23) by w e V and integrating over 2 we find

('(1), @) = M([u(2) |*)(4u(?), @) + C(lu'(1)]* (1), @) =0.

Since u(t) e H(4, Q) a.e. in [0, T], using the generalized Green’s formula
we have

(u"(1), @) + M([u()]1>) [(Vu(t), V) —{py(u(), (@)D =12y mr ]
+ O (1)]* (1), ) =0.

This and (21) give
(1)), Yol @) ) =12y < gy = (0°(1), yo(@)) s (24)

for all we V and a.e. in [0, T'], which proves (7).
The initial conditions (8) can be proved in a standard way and the proof
of Theorem 1 is complete. |

THEOREM 2 (Uniqueness, regularity, and continuous dependence on the
parameters). Let n<3. Under the hypotheses of Theorem 1, if

a>1 for n=1,2 (25)
or
l<a<?2 for n=3, (26)

then for each uy € V.o HX(Q) and u, € V there exists a unique pair of functions
(u(x, 1), d(x, t)), which is a solution to the problem (4)—(8) in the class

ue C([0,T]; V)N CH[0, T]; LARQ)); u(t)ye H(4,Q) ae. in[0,T];

(27)
u'eL”0,T; V), u" e L*(0, T; LA(Q); (28)
6eCN0, T; LA(T));  6"eL™(0, T; LA(I)). (29)

Moreover the solution u, & depends continuously on the parameters f, g, h, u
and u,.

Proof. Taking into account (25) and (26), the Sobolev imbedding
theorem gives V' & L***2(Q). This allows us to get one more estimate for
the approximate solutions. Let (u,,),,cn and (9,,),,cn be the approximate
solutions as in the proof of Theorem 1. Thus we have the following extra
estimate.
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Estimate 3. Let u and m be arbitrary fixed natural numbers, u > m. We
define &, (1) = f,,(t) =0 for all j=m +1, .., u, and we put

Uy = Uy — Uy, 0p=0,—0p.
From (13) and (14) we have
M([[t()112) (s, (1), @) — M(Jlu, (1) 1) (14, 1), @)
M([lu,()I12) M([|u(2)]%)

, 01" 1) @) _ (1" (1) 0)] _
~ OO0l r+ €| T ) M(Jun(0)]) ]‘0’

+(Vu,(1), Vo)

(Po(v3,(1)), 2) = —; (JOu(1) +80,,(1) + h0,,(1), 2)

for all we[w,, .., w,] and ze[zy, .., z,].
Adding and subtracting appropriate terms, taking w=2v/(¢) and
z=40,(t) we find

[

d [ plv,l(r)
dt | M(|lu,()]1?)

L 2P U1 (1) = [u, (D1 (1), v,,(1))
M|, (1)]17)

+p oD+ 1 /20,0 7+ Ih”@m(t)lzr}

_ _2 |g1/20rm(t)%+2P{M(|u,u(l)|2)_M(|um(l)2):| (u,,( )

M1 M{Juy(0)?) | ot onk1)
YI2) = M([n(0)]2)
D17 M (D))

M(|ju, (1
M([ju,(
pM’(I\uﬂ(t)\\z)

M([lu,()]?)

+zpc{ }uu (017, (1), 0, (1))

(4, (1), w, (1)) v, ()| (30)

Now we observe that
2pC

M(lu,(1)]?)

2 g0, (0]I7<Cy 10,,(0)]F

M(||u,(2)1%) — M(||lu()]?)
M([lu,(0)]12) M(llu,(2)1%)

< oo 5+ 10,,(0)117).

(O 1, (1) — |, (D] 203, (1), v, (1)) =

(1(1), 0,(1))
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Here we have used
| M ([l (2) %) — M([lu,(2)[12)]
“m (t)I\Z
24, (117
< C(Nu (O + et D) N0 N < C [0,(2) ] 375

C{Muuﬂ(oz)—M(um(z)V)

M(Ju0)]?) M(Jup(1)]?)
<Gy 0Oy | 1) ()] [0,(1)]
< (012552 ) Tom( D15+ C3 10,02

< Gyl (D52 o, ()15 + C3 v,,(0)17
< Cs([on() 5+ 105, (01).

} (ud, (1), (1), 0 (1))

Here we have used V< L?>**%(Q). Next,
) M'(Ju(0)]?)
M([lu,(2)]?)

Applying this to (30) we obtain
p v (0]

dt M(|Ju,()]?)

< Gl (OI7 + 0O 5+ 10, (D1 7+ 10,,() 11 7)-

(w4 (1), w, (1) |0,(1)]1> < Cg [[0,(0)]

+p lou(O15+ 1120, 7+ 720,07

Integrating from 0 to ¢ and using Gronwall’s inequality we have

[0 (DI + 01T+ 105, (D1 7+ 10,117
< Cs([15,0)17 + [0, 0) 15+ 10, 0) [ 7+ 110,(0) 1 7);

then

05O + 1[0 DT+ 10, DT+ 10,1 7S Col10,,(0)112 + [0, 0) ] 212(2))-

This estimate shows that (u,,(?)),,cn 18 a Cauchy sequence in

C([0,T]; V) and in CY[0, T]; L*(2)). Moreover, it shows also that
(O(t))men is a Cauchy sequence in CY[0, T]; LAI')). Therefore
(27)—(29) is proved.

To prove that the solution u, 6 depends continuously on the parameters
/s & h, ug, and u; let us consider two sets of parameters, {f, g, h, ug, u;}
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and {/7, g, iy, 1, }, with associated solutions u, 0 and 4, d, respectively.
Putting

v=u—1i and 0=0—0

and proceeding as in Estimate 3 we have

EAWALIOlS 2 12 12
ai | o P PO+ LS PO+ 11200 7
L 20U ()17 () = | () (1) ¥'(1)
M(Ju(0)])

=-2[g"0 (|7 +

2p[M(|u(<t>|2) = MU ) o)

Mlu(0)]D) M) )
2pCLMUu(t)|?) = MUED DT,
M) M(a)?)  FOFE@, v

2pM'(Jul()]?)
M(Ju()]?)

F2((f=1)8"(1), 0(1) r+2((§—8) 8'(1), 0'(1))
+2((h—h) 8(1), 0'(1))
< Crol 10 (12 + ()12 + 110(2) |2+ 6(2)]12)

(' (1), (1)) ' ()]

+Culllf—= f“ (rl)+Hg gz (r)“‘“h th(rl))

Integrating this from 0 to 7 and using Gronwall’s inequality we have
'O + llo() 15+ 101 7+ 10(2) | 7
< Coo(10(0) 12 + [0(0) 1320y + 1L/ =T Iy + 18 = &l 2y + W= Bl ).

From this we can see that

u— il + 0 —3¢

c\([o, T1; LAR)) c\([o, T1; LAI))

< Collf=F ey + 18 =8em, + 1h =Rl &,

+ lup— uo ” +Hu1—u1 H )s

HX(Q)

which completes the proof of Theorem 2. |
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3. THE ACOUSTIC BOUNDARY CONDITION

Thus far we have divided the boundary I” into two parts, one of which
(I'y) has positive measure and has the homogeneous Dirichlet boundary
condition imposed upon it. Now we let that positive measure shrink to
zero. For each meN, let Iy, be a subset of /" such that

meas(l,,) >0, forall meN;
Toiny1y S Loms forall meN;

lim meas(/,,) =0.

m — o0

We denote V,,={ue H'(Q); po(u) =0ae. on I'y,},and Vo =U2_, V,.
Therefore, putting W=TV_ #'® we have that W is a closed subspace of
H\(Q), Hy(Q)cV,cV,c---cV, ,cWcH'(Q), and the Poincaré

inequality is satisfied in W. Moreover,

“ Ou
=2 [ |5

=1 i

2 12
dx>

is a norm in W equivalent to the usual norm of H'(Q).

THEOREM 3. Under the assumptions of Theorem 2 with n=2 or n=3, for
each uy e Wn HX Q) and u, € W there exists a unique pair of functions
(u(x, 1), (x, ) in the class

ue C([0, T]; W) CY[0, T1; L*(Q));

(31)

u(t)e H(4, Q) ae.in [0,T];
W e L0, T; W), W' e L2(0, T: LA(Q)); (32)
6eCY0, T LX(IN)); 0" e L0, T; LX(I)); (33)

such that

u”M(J uzdx>Au+C|u'|°‘ "=0 in 0=0Qx(0,T); (34)
Q

pu' + f6" + g6 +hé =0 on X=Ix(0,T); (35)
0
E”_grzo on X=Ix(0,T); (36)
v

u(x, 0) =uy(x), u'(x,0)=u;(x) in Q. (37)
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Moreover the solution u, 0 depends continuously on the parameters f, g, h, u,
and u,.

Proof. Let (tgp,)men aNd (Uy,,)men DE tWo sequences such that
Uy, €V,, " HX(Q) and  uy,—ou, in Wn H*(Q);
Uiy €V, and Ui = Uy in W.

Thus, by Theorem 2, for each meN there exist a unique pair of
functions u,,, J,, in the class

Uy € C([0, T1; V,,) 0 CHLO, TT; LH());
u,(t)e H(4, Q) ae.in[0,T];
u, eL*0,T,V,); u!, e L*(0, T; L*(Q));
6,,€CH0, T; LXATI)); 6", e L0, T; LA(I)),
such that

y,— M|t |?) Aty + C i, |, =0 in ©;

prou,) +6,,+ g0, +hd,, =0 on X;
P1(un(1)), yol@) ) = (0,(1), ) forall weV,, ae in[0,T];
um(O)ZuOms u,rn(o)zulm

Since the constant of the Poincaré inequality on W does not depend on
the measure of Iy, (see the Appendix), we can see that all estimates that
we have done before still true for (u,,) and (J,,). Therefore by taking the
limit when m goes to infinity, Theorem 3 is proved. |

Remark 1. The boundary condition (36) is satisfied in a weak sense.
This means that

u(t)ye H(4, Q) ae. in [0, T]
and
(), Yo(@) D w12y x mircry = (0'(2), Yo(@)) s for all we W.

Remark 2. When M(A)=1, C=0 and n=3 we can consider the
Hilbert space Hp(2)=H'(2) modulo constant functions, instead of W.



106 FROTA AND GOLDSTEIN

Our result in this case was obtained in Beale [1] using semigroup
methods. He considered an equivalent initial value problem

v'(t) = Auv(t) t>0,
v(0) =10,

in the Hilbert space # = H,(Q) x L*(2) x LA(I') x L*(I") with norm

ol = p 1oy 11y + 2 0212+ 171203 17+ 11LfP0a |17
D
and A: D(A) < # — A the operator defined by

D(A)={veAH; Adv, e L*(Q2), v, e H(Q) and y,(v,) = v,}

1
Av= <Uza Avy, vy, _17 (pyolvs) + hos + gv4)>.

Then he proved that A4 generates a (C,) contraction semigroup (a
unitary group if g=0), which solves the initial value problem. He also
showed that 4 has a noncompact resolvent and a nonempty essential spectrum.
Moreover a description of the spectrum of the semigroup generator 4 was
obtained. The remarkable feature here is that 4 does not have a compact
resolvent; rather 4 — (A — A) ! has essential singularities in C. This is a
fascinating result for which we have no nonlinear analogue.

Remark 3. The damping term C |u,|* u, in Eq. (3) is not sufficient for
the global solvability when a =1, C>0. However, one can consider this
case with additional assumptions. When the measure of 2 is sufficiently
small or the size of the initial data (u,, u,) is sufficiently small, then global
solvability holds. The details will appear elsewhere. Finally we remark that
in our basic equation (3) the right-hand side (zero) may be replaced by a
given forcing function F(x, t), where Fe H'(Q). The proof goes through
with only inessential changes; we omit the details.

APPENDIX

Let 2 be a bounded connected open set in R” with a sufficiently smooth
boundary. Then the canonical injection of H'(Q) into L*() is compact,
and H'(Q)< C(2) holds by a Sobolev inequality if n<3. Let x, Q.
Then there is a constant k = k(£2), depending only on £, such that

lull* < k() [V ul|? (38)
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holds for all ue H'(Q) such that u(x,)=0. ( Recall ue H(Q) implies
ue C(Q), so that u(x,) is well defined. More precisely, the equivalence class
of u contains an everywhere continuous function on Q, which we identify
with u).

The proof of the Poincaré inequality (38) is similar to that in [6,
pp. 127-129]. We proceed by contradiction. Assume (38) fails to hold.
Then there is a sequence (u,,) in H'(Q) such that

HumHHl(.Q)zls Z’lm(XO):Oa and Oy HvumH2< HumH2<1

for all m, where a,, — oo0. (Recall HuHHl(Q) lul>+ | Vu|? and | -| is the
L*(Q2) norm). By compactness, a subsequence of (u,,) (which we also
denote by (u,,)) converges weakly in H'(Q) to ue H(Q). Then u,, con-
verges to u strongly in L% Q) and uniformly since C(Q) = H(Q) is com-
pact. Hence ue C(Q) and u(x,)=0. Since «,, > oo we have |Vu,,| — 0,
and Vu,, > Vu in the sense of distributions. It follows that Vu =0, and
since ue HY(Q), u(x)= C is a constant since £ is connected. But u e C(Q)
and u(x,) =0, whence u is the zero function. Thus |u,, || = 0, which coupled
with |Vu,,|| — 0 implies |lu,, || z1q) — 0. This contradicts |u,, |z o) =1,
and so (38) follows. ||

We present an alternative version of (38) in a special context which
admits a simple proof and a concrete bound for k() with dim(Q)
arbitrary. Now let Q2 be a bounded convex set in R” (for any n). Let
Xo €02Q. Let D be the diameter of 2 and let V= {ue C'(Q); u(x,)=0}.
Then

lul>< D | Vul? (39)

holds for all ue V. Thus (38) holds (on the H(Q) closure of V) with
k(Q)= D>

We prove (39). Let xe Q. Let e¢; be a unit vector in R” pointing from x,
to x, and let /=|x — x| ge. Then by the fundamental theorem of calculus

f (x(,—i-se1 ) ds; (40)

here we extend e, to e, e,, ..., ¢,, an orthonormal basis of R”, and we let
V1, Vo be the corresponding Cartesian coordinate system. By the
Cauchy-Schwarz inequality applied to (40),

2

()<t [ | 2 (gt seq) | s

o |0y
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Let L be the portion of the line {x,+ se;, se R} which intersects . Then

u \? A
2 —_— =
Ju(x)| <DL<ay > dy =D |

1

2

ﬂ(xo—i-sel) ds, (41)

oy

where 4 (< D) is the length of L. Integrating both sides of (41) over L gives

a 2
[ W dn<p2[ (£5) dn<0? [ 1Vul?dy. (42)
L L \0y; L

To review, we pick x € Q and then choose the coordinate system yq, ..., y,,.
Next, for any f'e L*(Q),

| 1frdy=|

Ey,

. Lz [El S dy, dy, ---dy, (43)

where y, € E; means Fyy(y, ., V) S V1 < Fia( V2, s Va)y V2 € E, means
Fol(y3s s V) < Y2 < Foo(y3, ., ¥,), and so on until y, € E,, means F,; <
Vv, < F,,, where F,,, F,, are constants. This is valid since 2 is convex. And

our choice of the coordinate system { y, ..., y,} implies

J, UoPan=] 112

Now integrate over y, € E,, ..., y, € E, as in (43), taking for f the choices
u and Vu. By (42),

| )P ay<p*| [Vu(y)? dy,
Q Q

which is (39). [

This argument can be extended to more general domains, but rather
than taking L the line through x, and x, to be parallel to the y, axis, we
take the path from x, to x to be a continuous broken line with sides
parallel to the coordinate axes in the yq, .., y, coordinate system. The
details are very messy and we omit them.
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