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Support vector machines (SVMs) have attracted much attention in theoretical and in
applied statistics. The main topics of recent interest are consistency, learning rates and
robustness. We address the open problem whether SVMs are qualitatively robust. Our
results show that SVMs are qualitatively robust for any fixed regularization parameter A.
However, under extremely mild conditions on the SVM, it turns out that SVMs are not
qualitatively robust any more for any null sequence X, which are the classical sequences
needed to obtain universal consistency. This lack of qualitative robustness is of a rather
theoretical nature because we show that, in any case, SVMs fulfill a finite sample qualitative
robustness property.

For a fixed regularization parameter, SVMs can be represented by a functional on the set
of all probability measures. Qualitative robustness is proven by showing that this functional
is continuous with respect to the topology generated by weak convergence of probability

S rt vect hi . . . h
upport vector machines measures. Combined with the existence and uniqueness of SVMs, our results show that

SVMs are the solutions of a well-posed mathematical problem in Hadamard’s sense.
© 2011 Elsevier Inc. All rights reserved.

1. Introduction

Two of the most important topics in statistics are classification and regression. Both settings assume that the outcome
y € Y of arandom variable Y (output variable) is influenced by an observed value x € X (input variable). On the basis of

a finite data set ((x1, Y1), ..., (X, ¥n)) € (X x Y)7, the goal is to find an “optimal” predictor f : XX — Y which makes a
prediction f (x) for an unobserved y. In parametric statistics, a signal plus noise relationship
y=fx) +e

is often assumed, where fy is precisely known except for a finite parameter 6 € R” and ¢ is an error term (generated from
a Normal distribution). In this way, the goal of estimating an “optimal” predictor (which can be any function f : X — ¥)
reduces to the much simpler task of estimating the parameter 6 € RP. Since, in many applications, such strong assumptions
can hardly be justified, nonparametric regression has been developed which avoids (or at least considerably weakens) such
assumptions. In statistical machine learning, the method of support vector machines has been developed as a method of
nonparametric regression; see e.g., [34,26,31]. In this framework, the estimation of the predictor (called empirical SVM) is a
function f which solves the minimization problem

1 n
min — L(x:, yi, f (%)) + AF NI, 1

min ; (e, y1. £ () + AIF I (1
where H is a certain function space. The first term in (1) is the empirical mean of the losses caused by the predictions f (x;),
as measured by the loss function L. That is, the first term rates the quality of the predictor f. The second term penalizes the
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complexity of f in order to avoid overfitting, X is a positive real number. The space H is a reproducing kernel Hilbert space
(RKHS) which consists of functions f : X — R.

Since the rise of robust statistics [32,19], it is well-known that imperceptible small deviations of the real world from
model assumptions may lead to arbitrarily wrong conclusions; see e.g. [23,24,22] for some recent books on robust statistics.
While many practitioners are aware of the need for robust methods in classical parametric statistics, it is quite often
overseen that robustness is also a crucial issue in nonparametric statistics. For example, the sample mean can be seen as a
nonparametric procedure which is non-robust since it is extremely sensitive to outliers: Let X, ..., X, be i.i.d. random
variables with unknown distribution P and the task is to estimate the expectation of P. If the observed data are really
generated by the ideal P (and if expectation and variance of P exist), then the sample mean is the optimal estimator. However,
it frequently happens in the real world that, due to outliers or small model violations, the observed data are not generated
by the ideal P but by another distribution P’. Even if P’ is close to the ideal P, the sample mean may lead to disastrous results.
Detailed descriptions and some examples of such effects are given, e.g., in [32,19], and [20, Section 1.1].

In nonparametric regression, similar effects can occur. In this setting, it is often assumed that (Xq, Yy), ..., (X;;, Yy) are
i.i.d. random variables with unknown distribution P. This distribution P determines in which way the output variable Y; is
influenced by the input variable X;. However, estimating a predictor f : X — Y can be severely distorted if the observed
data (x1, y1), ..., (Xp, yn) are not generated by P but (due to small errors) by another distribution P’ which may be close
to the ideal P. In order to safeguard from severe distortions, an estimator S, should fulfill some kind of continuity: If the
real distribution P’ is close to the ideal distribution P, then the distribution of the estimator S, should hardly be affected
(uniformly in the sample sizes n € N). This kind of robustness is called qualitative robustness and has been formalized in
[17,18] for estimators taking values in RP.

In order to study this notion of robust statistics for support vector machines, we need a generalization of this formalization
as given by [11] because, here, the values of the estimator are functions f : XX — Y which are elements of a (typically infinite
dimensional) Hilbert space H. In case of support vector machines, the estimators

S (X x YY" —>H
can be represented by a functional
St Mi(XxY)—H

on the set M(X x Y) of all probability measures on X x Y:

1
Sa(x1, 1), -+ & Yn)) =S (Tl Z(S(Xia)’i)>
i=1

for every (x1,¥1), .- ., (Xn, ¥n) € X X Y where % Z?:l 8(x;.y; 1s the empirical measure and §, y,) denotes the Dirac measure
in (x;, y;). It is shown by [11] that, in such cases, the qualitative robustness of a sequence of estimators (S;)nen follows
from the continuity of the functional S (with respect to the topology of weak convergence of probability measures). While
quantitative robustness of support vector machines has already been investigated by means of Hampel’s influence functions
and bounds for the maxbias in [7] and by means of Bouligand influence functions in [8], results about qualitative robustness
of support vector machines have not been published so far. The goal of this paper is to fill this gap on research on qualitative
robustness of support vector machines.

Under very mild conditions, we obtain the following results: For fixed regularization parameters, support vector
machines are qualitatively robust in the sense of [ 17,11]. If classical null sequences A, needed to obtain universal consistency
are used, support vector machines are not qualitatively robust any more in this sense. Roughly speaking, qualitative
robustness fails for null sequences A, because the notion of qualitative robustness originating from [17] not only requires
a continuity property but even equicontinuity over all possible sample sizes and this conflicts with universal consistency.
However, this lack of robustness is of a rather theoretical nature because, in applications, one is always faced with a finite
sample of a fixed size and our results show that support vector machines are “qualitatively robust” for finite samples of any
fixed size — a property which we will call finite sample qualitative robustness.

The structure of the article is as follows: In Section 2, we recall the basic setup concerning support vector machines,
define the functional S which represents the SVM-estimators Sy, n € N, and give the mathematical definitions of qualitative
robustness and finite sample qualitative robustness. In Section 3, we show that the functional S of support vector machines s,
in fact, continuous under very mild assumptions (Theorem 3.3). This implies that support vector machines are qualitatively
robust for any fixed regularization parameter A > 0 and are finite sample qualitatively robust for every sequence
of regularization parameters (Ap)neny C (0, 00) (Theorem 3.1). We also demonstrate that, for null sequences (Ap)nen,
finite sample robustness can neither be strengthened to ordinary qualitative robustness in Hampel’s sense [17,11] nor to
qualitative robustness in the sense of [4] (qualitative resistance). As a byproduct, it follows from Theorem 3.3 that empirical
support vector machines are continuous in the data - i.e., they are hardly affected by slight changes in the data (Corollary 3.5).
Under somewhat different assumptions, this has already been shown in [31, Lemma 5.13].

Section 4 contains some concluding remarks. All proofs are given in the Appendix.
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2. Support vector machines and qualitative robustness

Let (§2, 4, Q) be a probability space and let X be a Polish space with Borel-o-algebra B(X). That is, X is a separable
completely metrizable topological space (e.g., a closed subset of R?). Let Y be a closed subset of R with Borel-o-algebra
B(Y). The Borel-o -algebra of X x Y is denoted by B (X x 4) and the set of all probability measures on (X x Y, B(X x Y))
is denoted by M1(X x Y). Let

Xisoon Xt (82, A4,Q —> (X, B(X))
and

Yi,.., Yt (82, 4,Q — (¥, B(Y)
be random variables such that (Xi, Y1), ..., (X, Y,) are independent and identically distributed according to some
unknown probability measure P € M1 (X X Y).

A measurable map L : X x ¥ x R — [0, 00) is called a loss function. It is assumed that L(x,y,y) = O for every

(x,y) € X x Y — that is, the loss is zero if the prediction f (x) equals the observed value y. In addition, we will assume that
Lx,y,): R—[0,00), t> Lxy,t)
is convex for every (x,y) € X x Y and that the following uniform Lipschitz property is fulfilled for a positive real number
ILl1 € (0, 00):
sup |L(Xay’ t) _L(vay t/)| = |L|1 : |t_t/| Vt,t/ eR. (2)
*x.y)eXxy
We restrict our attention to Lipschitz continuous loss functions because the use of loss functions which are not Lipschitz
continuous (such as the least squares loss on unbounded domains) usually conflicts with several notions of robustness; see,
e.g., [31, Section 10.4].
The risk of a measurable function f : X — R is defined by

Run(f) = / L(x,y.f(x)) Pd(x. )
XxY

where P(d(x, y)) denotes integration by P with respect to x and y.

Let k : X x X — R be a bounded and continuous kernel with reproducing kernel Hilbert space (RKHS) H. See e.g. [26]
or [31] for details about these concepts. Note that H is a Polish space since every Hilbert space is complete and, according
to [31, Lemma 4.29], H is separable. Furthermore, every f € H is a bounded and continuous function f : X — R; see
[31, Lemma 4.28]. In particular, every f € H is measurable and its regularized risk is defined to be

Ripa(f) = Rp(F) + AlFIIG
for A € (0, 00).
Anelement f € H is called a support vector machine and denoted by f; p ; if it minimizes the regularized risk in H. That is,
Rip(fies) + Mfeealy = flg_f (Rip(F) + AlFII)-

We would like to consider a functional
S: PI—)f]_’p,)L. (3)

However, support vector machines f; p , need not exist for every probability measure P € M1(X x ¥%) and, therefore, S
cannot be defined on M;(X x Y) in this way. A sufficient condition for the existence of a support vector machine based
on a bounded kernel k is, for example, R; p(0) < oo; see [31, Corollary 5.3]. In order to enlarge the applicability of support
vector machines, the following extension has been developed in [9]. Following an idea already used by [21] for M-estimates,
a shifted loss function L* : X x ¥ x R — R is defined by

L*(x,y,t) =L(x,y,t) —L(x,y,0) V(x,y,t) € X x Y x R.
Then, similar to the original loss function L, define the L*- risk by
R alf) = [ 103, 00) P )
and the regularized L*- risk by

R () = Reep () + AIF I
for every f € H.In complete analogy to f; p ,, we define the support vector machine based on the shifted loss function L* by

frepa = argfienlg(ﬁw,p(f) + AIFIE)-
The following theorem summarizes some basic results derived by [9]:
Theorem 2.1. Forevery P € M1(X x Y) and every A € (0, 00), there exists a unique fi» p , € H which minimizes R» p ;, i.e.

Rixp(fiep2) + AMfiepally = flgg (R p(F) + MIFIE)-
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If a support vector machine f p ; € H exists (which minimizes Ry p ; in H), then

fL*,P,A = fL,P,A~

According to this theorem, the map
S: M1(XX%)—>H, P'_)fL*,P,)»

exists, is uniquely defined and extends the functional in (3). Therefore, S may be called an SVM-functional.
In order to estimate a measurable map f : X — R which minimizes the risk

Rup(f) = f L(x, 7. £ () P((x. ).
XxY

the SVM-estimator is defined by
Sn: (X xY)" — H, Dy = fi.ppn

where fi p, 1, is that function f € H which minimizes
1< 5
= DLy fx0) + Al I
i=1

inH for D, = ((X1,X2), ..., Xz, ¥n)) € (X x Y)"and A, € (0, oo) is the regularization parameter. Let P, be the empirical
measure corresponding to the data D, for sample size n € N. Then, for A = A,, the definitions given above yield

ft.0g.2m = Sn(Dn) = S(Pp,) = fipy, 1n- (4)
Note that the support vector machine uniquely exists for every empirical measure. In particular, this also implies f; p, », =
Jix o, o
The main goal of the article is to investigate qualitative robustness of the sequence of SVM-estimators (Sp)nen. According to [17]
and [11, Definition 1], the sequence (S,)nen is called qualitatively robust if the functions

M(X X Y) = M{(H), P S,(P"), neN,

are equicontinuous with respect to the weak topologies on M;(X x Y) and M;(H). Occasionally, we will replace
equicontinuity by continuity and call (S,).ey finite sample qualitatively robust then. Here, M;(H) denotes the set of all
probability measures on (H, B(H)), B(H) is the Borel-o-algebra on H, and S,(P") denotes the image measure of P" with
respect to S,. Hence, S,,(P") is the measure on (H, 8(H)) which is defined by

(Sn(PH)(F) = P"({Dn € (X x ¥)" | Su(Dy) € F})

for every Borel-measurable subset F C H. Of course, this definition only makes sense if the SVM-estimators are measurable
with respect to the Borel-o -algebras. This measurability is assured by Corollary 3.5 below.

Since the weak topologies on M1(X x %) and M;(H) are metrizable by the Prokhorov metric dp;, (See Appendix A.1),
the sequence of SVM-estimators (S,)nen is qualitatively robust if and only if for every P € M1(X x 4) and every p > 0
there is an ¢ > 0 such that

dPro(Qa P) <& = dPro(Sn(Qn)»sn(Pn)) <p Vn e N.

The sequence of SVM-estimators (S,)nen is finite sample qualitatively robust if and only if for every P € M;(X x %) and
every p > 0 and every n € N, there is an &, > 0 such that

dPro(Qs P) <& = dPro(Sn(Qn)a Sn(Pn)) < p.

Roughly speaking, qualitative robustness and finite sample qualitative robustness mean that the SVM-estimator tolerates
two kinds of errors in the data: small errors in many observations (x;, y;) and large errors in a small fraction of the data
set. These two kinds of errors only have slight effects on the distribution and, therefore, on the performance of the SVM-
estimator. Fig. 1 gives a graphical illustration of qualitative robustness.

3. Main results

The following theorem is our main result and shows that support vector machines are (finite sample) qualitatively robust
under mild conditions.

Theorem 3.1. Let X be a Polish space and let Y be a closed subset of R. Let the loss function be a continuous function
L:X xY xR — [0,00) suchthat L(x,y,y) = 0 forevery (x,y) € X x Y and

L(x,y,-): R — [0, 00), t = Lx,y,t)

is convex for every (x,y) € X x Y. Assume that L fulfills the uniform Lipschitz Property (2) for a real number |L|; € (0, c0).
Furthermore, let k : XX x X — R be a bounded and continuous kernel with RKHS H.
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S

Fig. 1. Sketch: reasoning of robustness of S(P). Left: P, a neighborhood of P, and M (X x ¥). Right: S(P), a neighborhood of S(P), and the space of all
probability measures of S(P) for P € M7 (X x ¥).

Then, the sequence of SVM-estimators (S,)nen iS finite sample qualitatively robust for every sequence of regularization
parameters (Ap)neny C (0, 00). If the regularization parameters A, = X € (0, 00) do not depend on n € N, then the sequence of
SVM-estimators (S,)nen is qualitatively robust.

Of course, this theorem applies to classification (e.g. 4 = {—1, 1}) and regression (e.g. ¥ = Ror ¥ = [0, 00)). In particular,
note that every function g : Y — R is continuous if ¥ is a discrete set — e.g. ¥ = {—1, 1}. That is, in this case, assuming L
to be continuous reduces to the assumption that

X xR — [0, 00), x,t) > L(x,y,t)

is continuous for every y € 4. Many of the most common loss functions are permitted in the theorem, e.g. the hinge loss and
logistic loss for classification, e-insensitive loss and Huber’s loss for regression, and the pinball loss for quantile regression.
The least squares loss is ruled out in Theorem 3.1 — which is not surprising as it is the prominent standard example of a loss
function which typically conflicts with robustness if X and Y are unbounded; see, e.g., [7,8].

Assuming continuity of the kernel k does not seem to be very restrictive as all of the most common kernels are continuous.
Assuming k to be bounded is quite natural in order to ensure good robustness properties. While the Gaussian RBF kernel is
always bounded, polynomial kernels (except for the constant kernel) and the exponential kernel are bounded if and only if
X is bounded.

Our result shows qualitative robustness in the sense of [17,11] only for fixed regularization parameters A which do not
depend on the sample size. However, it is necessary to choose appropriate null sequences (A;),en C (0, 00) in order to prove

universal consistency of the risk Rp+ p(fi* p,.5,) 5 infrey Rex p(f) and fi+ p, 5, B arginfrey R+ p(f) forn — oo where ¥
denotes the set of all measurable functions f : X — R. Universal consistency of support vector machines was shown by [27,
35,28]. We alsorefer to [6,1,9,30]. For sequences (A;)nen C (0, 00), our result only shows finite sample qualitative robustness
of support vector machines. Though this is weaker than ordinary qualitative robustness, it is comparably meaningful in
applications because, in applications, one is always faced with a finite sample of a fixed size.

In case of null sequences (Ay)neny C (0, 00), finite sample robustness cannot be strengthened to ordinary qualitative
robustness. The following proposition shows that, for null sequences (A;,),en C (0, 00), support vector machines cannot be
qualitatively robust in the in the sense of [17,11]. This shows that the asymptotic results on universal consistency of support
vector machines - which require appropriate null sequences (A;)seny C (0, 00) — are in conflict with Hampel’s standard
notion of qualitative robustness. Such a partial conflict between consistency and qualitative robustness also happens in
ill-posed estimation problems where the goal is to estimate the value of a discontinuous functional T : P +— T(P). In this
case, every consistent estimator is not qualitatively robust in the ordinary sense as follows from [18, Lemma 3] and [11,
Theorem 1]. This happens for example in nonparametric density estimation as has been pointed out in [11, Section 2].
In addition, support vector machines also cannot be qualitatively robust in the sense of [4] (qualitative resistance) for
null sequences (A,)neny because qualitative resistance of support vector machines would imply qualitative robustness in
Hampel's sense; see [4, Theorems 3.1, 4.1 and 4.2] and [ 18, Theorem 3]. For simplicity, the following proposition focuses on
regression because it is assumed that {0, 1} C Y. A similar proposition (with a similar proof) can also be given in case of
binary classification with support vector machines where usually ¥ = {—1, 1}.

Proposition 3.2. Let X be a Polish space and let Y be a closed subset of R such that {0, 1} C Y. Let k be a bounded kernel with
RKHS H. Let L be a convex loss function such that L(x,y,y) = 0 for every (x,y) € X x Y. In addition, assume that there are
X0, X1 € X such that

IfeH: f(xo)=0, fx1)#0 (5)
L(x1,1,0) > 0. (6)

Let (Ap)nen C (0, 00) be any sequence such that lim,_, o, A, = 0. Then, the sequence of estimators
Snt (X xY)" —H, Dy fipg, MEN,

is not qualitatively robust.
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Note that, assumptions (5) and (6) in Proposition 3.2 are virtually always fulfilled except for degenerated cases (e.g. k a
constant function or L = 0).
The proof of our main result, Theorem 3.1, is based on the following theorem which is interesting on its own.

Theorem 3.3. Let 1 € (0, 0o) be fixed. Under the assumptions of Theorem 3.1, the SVM-functional
S: Ml(XXy)—>H, PHfL*,P,)»
is continuous with respect to the weak topology on M1(X x Y) and the norm topology on H.

As a generalization of earlier results by, e.g., [36,13,29], [9, Theorem 7] derived a representer theorem which showed that
for every Py € M;1(X x Y), there is a bounded map hp, : X x Y — R such that fj+ p , = —i fhpo@ dPy and

/hpocpdp—/hpocpdpo

for every P € Mq(X x Y). The integrals in (7) are Bochner integrals of the H-valued function hp,® : X x Y — H,
(x,y) — hp,(x,y)®(x) where @ is the canonical feature map of k, i.e. @(x) = k(-,x) for all x € X. This offers an
elegant possibility of proving Theorem 3.3 if we would accept some additional smoothness assumptions: The statement of
Theorem 3.3 is true if f hp, @ dP;, converges to f hp, @ dP, for every weakly convergent sequence P, — Py. In the following,

we show that the integrals indeed converge — under the additional smoothness assumptions that the derivative % *x,y,t)
exists and is continuous for every (x,y, t) € X x Y x R. These assumptions are fulfilled e.g. for the logistic loss function and
Huber’s loss function. In this case, it follows from [9, Theorem 7] that hp, is continuous. Since @ is continuous and bounded
(see e.g. [31, p. 124 and Lemma 4.29]), the integrand hpy® : X x Y — H is continuous and bounded. Then, it follows
from [5, p. [11.40] that f hp, @ dP;, converges to f hp, @ dPy for every weakly convergent sequence P, — Py, just as in case of
real-valued integrands; see Appendix A.1.

Unfortunately, this short proof only works under the additional assumption of a continuous partial derivative % and this
assumption rules out many loss functions used in practice, such as hinge, absolute distance and ¢-insensitive for regression
and pinball for quantile regression. Therefore, our proof of Theorem 3.3 (without this additional assumption) does not use
the representer theorem and Bochner integrals; it is mainly based on the theory of Hilbert spaces and weak convergence of
measures. In the following, we give some corollaries of Theorem 3.3.

Let G,(X) be the Banach space of all bounded, continuous functions f : X — R with norm

[flloo = sup |f (x)].

XeX
Since k is continuous and bounded, we immediately get from Theorem 3.3 and [31, Lemma 4.28]:

(7)

-1
fex po — freponlln < A

Corollary 3.4. Let ) € (0, co) be fixed. Under the assumptions of Theorem 3.1, the SVM-functional
Mi(X x Y) = Cp(X), P fixpa

is continuous with respect to the weak topology on M1(X x Y) and the norm topology on Cp ().
That is, SUpyex If.pr .5 (X) — fLp.s ()| is small if P is close to P.

The next corollary is similar to [31, Lemma 5.13]. The main difference is that Corollary 3.5 does not assume
differentiability of the loss function but assumes Lipschitz continuity of the loss function and boundedness of the kernel
instead. Therefore, Corollary 3.5 also covers the popular hinge loss, the e-insensitive loss and the pinball loss, which are not
covered by [31, Lemma 5.13]. In combination with existence and uniqueness of support vector machines (see Theorem 2.1),
this result shows that a support vector machine is the solution of a well-posed mathematical problem in the sense of [16].

Corollary 3.5. Under the assumptions of Theorem 3.1, the SVM-estimator
Snt (X x %)" — H, D, HfL,Dn,An
is continuous for every A, € (0, co) and everyn € N.

In particular, it follows from Corollary 3.5 that the SVM-estimator S,, is measurable.

Remark 3.6. Let d, be a metric which generates the topology on (X x ¥)", e.g. the Euclidean metric on R"“*V if % C RY.
Then Corollary 3.5 and [31, Lemma 4.28] imply the following continuity property of the SVM-estimator: For every ¢ > 0
and every data set D, € (X x Y)", thereisad > 0 such that

sup |fL,D,’1,An X)) = [0 X <&
xeX

if D}, € (% x Y)" is any other data set with n observations and d,(D;,, D) < §é.

We finish this section with a corollary about strong consistency of support vector machines which arises as a by-product
of Theorem 3.3. Often, asymptotic results of support vector machines show the convergence in probability of the risk
R+ p(fre pa,n,) to the so-called Bayes risk infres R+ p(f) and of fix p, 5, to arginfres R+ p(f), where # is the set of all
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measurable functionsf : X — R and (A,)nen is a suitable null sequence. In contrast to that, the following corollary provides
for fixed A € (0, oo) almost sure convergence of R+ p(fi* p,.1) t0 R p(fix p,x) and of fix p, . to fi+ p ». This is an interesting
fact, although the limit Ry« p(fi+ p,») will in general differ from the Bayes risk.

Recall from Section 2 that the data points (x;, y;) from the data set D, = ((x1,X2), ... (Xs,Yn)) are realizations of
i.i.d. random variables

(Xi,Y,'): (Q5<A5Q)—) (“X;Xy5%(xxy))v nEN’
such that
(Xi, Y,‘) ~P VneN.

Corollary 3.7. Define the random vectors
Dy, = ((Xla Y]), ey (Xrn Yn))

and the corresponding H-valued random functions
n
. 1 X 2
frrppr = arginf [ =Y L Yo f0) +AIFI7 ), neN.
feH \ M3

From the assumptions of Theorem 3.1, it follows that

(@) limy— oo 1fi* py.a — Sir.p2llu = 0 almost sure

(b) limy—, 00 SUPyex Ui Dpr (X) — fi p.2 (X)| = O almost sure
() limp_s 00 Rpx p s (frr,py,n) = Rix pa(fix,p,n) almost sure
(d) limp oo Rix p(frx ppn) = Rex p(fixp,2) almost sure.

If the support vector machine fi p; exists, then assertions (a)-(d) are also valid for L instead of L*.

4. Conclusions

It is well-known that outliers in data sets or other moderate model violations can pose a serious problem to a statistical
analysis. On the one hand, practitioners can hardly guarantee that their data sets do not contain any outliers, while, on the
other hand, many statistical methods are very sensitive even to small violations of the assumed statistical model. Since
support vector machines play an important role in statistical machine learning, investigating their performance in the
presence of moderate model violations is a crucial topic — the more so as support vector machines are frequently applied
to large and complex high-dimensional data sets.

In this article, we showed that support vector machines are qualitatively robust for fixed regularization parameters
A € (0, 00). For sequences of regularization parameters (A;)neny C (0, 00), we showed that support vector machines
still enjoy a finite sample qualitative robustness property. In any case, this means that the performance of support vector
machines is hardly affected by the following two kinds of errors: large errors in a small fraction of the data set and small
errors in the whole data set. This not only means that these errors do not lead to large errors in the support vector machines
but also that even the finite sample distribution of support vector machines is hardly affected.
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Appendix

In Appendix A.1, we briefly recall some facts about weak convergence of probability measures. In addition, we show that
weak convergence of probability measures on a Polish space implies convergence of the corresponding Bochner integrals of
bounded, continuous functions. Appendix A.2 contains all proofs.

A.1. Weak convergence of probability measures and bochner integrals

Let Z be a Polish space with Borel-o-algebra %(Z), let d be a metric on Z which generates the topology on Z and let
M1(Z) be the set of all probability measures on (Z, B(Z)).
A sequence (P,)qcy of probability measures on Z converges to a probability measure Py in the weak topology on M1 (Z) if

lim | gdP, = /gdPo Vg € Cy(2)

n—oo

where C,(Z) denotes the set of all bounded, continuous functions g : Z — R, see [3, Section 1.1].
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The weak topology on M{(Z) is metrizable by the Prokhorov metric dp;,; see e.g. [20, Section 2.2]. The Prokhorov metric
dpro ON M1 (Z) is defined by

dpro(P1, P2) = inf{e € (0, 00) | P1(B) < P,(B°) + ¢ VB € B(2)}

where B = {z € Z | infy¢pd(z,2') < &}.

Letg : Z — R be a continuous and bounded function. By definition, we have lim,_, o, f gdpP, = f g dPy for every
sequence (Pp)neny C M1 (Z) which converges weakly in M1 (Z) to some Py. The following theorem states that this is still valid
for Bochner integrals if g is replaced by a vector-valued continuous and bounded function ¥ : Z — H,whereH is a separable
Banach space. This follows from a corresponding statement in [5, p. I11.40] for locally compact spaces Z. Boundedness of ¥
means that sup,., ||¥ (2)|ly < oo.

Theorem A.1. Let Z be a Polish space with Borel-o -algebra 98(Z) and let H be a separable Banach space. If ¥ : Z — Hisa
continuous and bounded function, then

/lI/dPn—>/lI/dP0 (n — o00)

for every sequence (Pp)neny C M1(Z) which converges weakly in M1(Z) to some Py.

A.2. Proofs

In order to prove the main theorem, i.e. Theorem 3.1, we have to prove Theorem 3.3 and Corollary 3.5 at first.

Proof of Theorem 3.3. Since the proof is somewhat involved, we start with a short outline. The proof is divided into four
parts. Part 1 is concerned with some important preparations. We have to show that (fi« p, 1 )nen converges to fi= p, 5 in H
if the sequence of probability measures (P,),cny Weakly converges to the probability measure Py. According to Part 1, the
sequence (fi+ p, 1 )nen is bounded in the Hilbert space H. Therefore, there is a subsequence (fL*an( 2een Of (fix p, 2 )nen Which
weakly converges in H. Then, it is shown in Part 2 and Part 3 that '

lim Ry« p,, (frr.pn,.2) = Rexpo Fre.po.0) (8)
£— 00 -
im Rp«p, o (fie by, 0) = Rix pg,n (fie,pg,0)- 9)
£—00 - -

Because of

1
IFl7 = X(RL*,P,AU) — R p(f)) VP € Mi(X x Y) Vf € H,

it follows from (8) and (9) that limy_, o, ||fL*,pn[,A I = Ilfix,p,2 Il Since this convergence of the norms together with weak
convergence in the Hilbert space H implies (strong) convergence in H, we get that the subsequence (fL*’pn[ 1 )een converges
to fi+ py,» in H. Part 4 extends this result to the whole sequence (fix p, 1 )nen. The main difficulty in the proofis the verification
of (8) in Part 3.
In order to shorten notation, define
i XxY—>R, &y LEy fK)=Lky fx)—Lkxy,0)

for every measurable f : XX — R. Following e.g. [33,25], we use the notation

Pg:/gdP

for integrals of real-valued functions g with respect to P. This leads to a very efficient notation which is more intuitive here
because, in the following, P rather acts as a linear functional on a function space than as a probability measure on a o -algebra.
By use of these notations, we may write

m=/$@=&w®
for the (shifted) risk of f € H. Accordingly, the (shifted) regularized risk of f € H is
R () = Resp () + Alf Iy = PLf + M-

In case of k = 0, the statement of Theorem 3.3 is trivial. Therefore, we may assume k = 0 in the following.

Part 1: Since the loss function L, the shifted loss L* and the regularization parameter A € (0, 0o) are fixed, we may drop
them in the notation and write

fp ZZfL*,p’)\ = S(P) VP e M](x X y)
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Recall from Theorem 2.1 that fi« p ; is equal to the support vector machine f; p ; if f; p.x exists. That is, we have fp = f; p; in

the latter case. According to [9, (17),(16)],

1 2
Wfelloo = < ILN - lIklISg

1 (10) 1
Welln =/ ILl [ Vel dP < —ILl1 - [[Klloo

for every P € M1(X x ¥). Since the kernel k is continuous and bounded, [31, Lemma 4.28] yields
fecy(X) YfeH.

Therefore, continuity of L implies continuity of
Lf: X xY—R, x,y) = Lx, ¥, f(x)) — L(x,y,0)

for every f € H. Furthermore, the uniform Lipschitz property of L implies

sup |Lf (x, y)| = sup [L(x,y, f(x)) — L(x,y, 0)]
X,y Xy

< supsup|L(x,y, (X)) — L(x,y,0)| <sup|L|; - [f(x)) — O
X XYy x
= IL|1 - Iflloo

for every f € H. Hence, we obtain
Lf e Cy(X xY) VfeH.

In particular, the above calculation and (10) imply

1
ILf lloo < X'Lﬁ JIklIA, VP € My(X X Y).

For the remaining parts of the proof, let (Pp)nen, C M1(X X Y) be any fixed sequence such that
P, — Pg (n— 00)
in the weak topology on M (X x Y) — that is,

lim P,g = Pog Vg € Cp(X x Y).

n—-oo

In particular, (13) and (15) imply
lim P,Lf = Poly Vf € H.
n—oo
In order to shorten the notation, define
fo = fop = frrppn =S(Pr) VneNU{O}.
Hence, we have to show that (f;,),en converges to fy in H — that is,
lim ||f, — folln = 0.
n—oo
Part 2: In this part of the proof, it is shown that

limsup oL} + Allflf < PoLy + Mfoll7.

n—oo

Due to (13), the mapping
Mi(X x Y) — R, P> PLE +AlfI1Z

(10)

(11)

(12)

(13)

(14)

(17)

(18)

is defined well and continuous for every f € H. As being the (pointwise) infimum over a family of continuous functions, the

function

Mi(X x Y) —> R, P> inf (PLf + A[If[IF)
feH
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is upper semicontinuous; see, e.g., [ 12, Prop. 1.1.36]. Therefore, the definition of f, implies

lim sup (PaLf, + Allfallf) = limsup }25 Pl + AIf IR

n—oo n—o0o

IA

flenlg (PolL; + AIIfIIE) = PoLf + Alfollf-

Part 3: In this part of the proof, the following statement is shown:
Let (f,)een be a subsequence of (f;)nen and assume that (f,,)cen converges weakly in H to some f; € H. Then, the
following three assertions are true:

Jim Py Lf = Poly (19)
fo=fo (20)
lim [[fp, = follu = 0. (21)
{—o00

In order to prove this, we will also have to deal with subsequences of the subsequence (f,,)¢en. As this would lead to a
somewhat cumbersome notation, we define

P,:=P, and f,=f,, €eN.

Thus, f; = fL*,pn[ . forevery £ € N. Then, the assumption of weak convergence in the Hilbert space H equals
(lim (fis )y = (f5, h)n Vh € H. (22)
a=deel

First of all, we show (19) by proving

lim sup |P2L}‘é - POL’2| < &g (23)

{—00
for every fixed g9 > 0. In order to do this, fix any &g > 0 and define
&o

£ = : > - >0
[Ll1 - G UL - RIZ, + (lfy o)

Since X x Y is a Polish space, weak convergence of (P,)¢en implies uniform tightness of (P})¢en (see e.g. [14, Theorem
11.5.3]). That is, there is a compact subset K, C X x Y such that its complement K. fulfills

(24)

limsup P, (KS) < e. (25)

{—00

Since K, is compact and the projection 7o : X X Y — X, (x,y) — xis continuous, K. = Tx (K,) is compact in X. For
every £ € Ny, the restriction of f; to K. is denoted byfl’ . Let k be the restriction of k to K, and let H be its RKHS. According
to[2, Section 4.2], (fé)({gN is a bounded sequence in Has (f))¢en is bounded in H according to (11). Hence, (fz/)geN is relatively
compact in G (K.) according to [31, Corollary 4.31].

The following reasoning shows that (f(’ )een COnverges tofo/ in @y (K,) — that i,

lim sup [f;(x) — f3(x)| = 0. (26)

£—00 xel_(g

We will show (26) by contradiction. If (26) is not true, then there isa § > 0 and a subsequence (fe/j)jeN such that

sup [fg’j(x) —fo®)| >3 VjeN. (27)
xeKe
Relative compactness of (fg )¢en implies that there is a further subsequence (ﬂ/] )men Which converges in C’b(f(g) to some
ho € Cy(K,). Then,
ho(x) = lim f, (x) = lim f; (x) = lim (f, , ®X))y
m—o0” Im m—oo” Jm m—oo  dm
22)

= (5, @) = fy (%) = fy®)

for every x € K,. That is,fo/ is the limit of (fl/] )men — Which is the desired contradiction to (27). Therefore, (26) is true.
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Now, we can prove (23): Firstly, the triangle inequality and the Lipschitz continuity of L yield
: / 7% * H / 1% / 7% / 7% *
hirisogp |P5Lf£, — POLfO,| < h?lsofp |P[Lf[, - P‘Lfél + lP‘Lfé - POLfél
16) .. ok plpk
=" lim sup |P[Lf£, Psz6|

{—00

= li?lsup / L(x, y, f{(x)) — L(x, y, fo(x))dP,
< li;ﬂSUD/ ILl1 - If; (%) — fo () |Py(d(x, ¥))

L] - llmsup (/ If; %) — fo ()P, (d(x, y))+/ If; (%) — fo(O)|P,(d(x, y)))

Secondly, using I~<S = 1x(K,), we obtain
. . . 26
limsup [ 1f/(x) — f(®)|P(d(x.) < limsup sup |f}(x) —f3 ()| = limsup sup [f} (x) — fy )| Z 0.

{—00 Ke {—o0 (x,y)eKe {00 xekK,

Thirdly,

limsup/ [fe ) = fo®)IPy(d(x, ) < li?ISUDPZ(KgC) “(Ifelloo + Mfollo)
Kg

{—00

(10) (24) 80
llm sup ¢ - (”fe lloo + ||f0||oo)
{— 00 |L|l

Combining these three calculations proves (23). Since gy > 0 was arbitrarily chosen in (23), this proves (19).
Next, we prove (20): Due to weak convergence of (fy,)¢en in H, it follows from [10, Exercise V.1.9] that

Ifolla < liminf [|fy, |4 (28)
£— 00
Therefore, the definition of fo = fi« p, , implies

PoL, + % lfolliy = inf (PoLf + AIL7117)

. sz (1928 * 2
PoLy, + A5 = llmmf(Pn[Lfn + Mlfa, i)

IA

IA

lim sup (P, Ly, + Allfy, IIH) POLfO + Mol

{—00

Due to this calculation, it follows that

2 2N 12
Pol, + Alfolly = Inf(PoL7 + 211/l = PoLys + A1l (29)
and
PolLy + Allfollfy = lim (Py, L+ Allfa, I7)- (30)
L—00 4

According to Theorem 2.1, fo = fix p,,» is the unique minimizer of the function
H—R, f> Pl +AlfI}
and, therefore, (29) implies fo = fj— i.e. (20).
Completing Part 3 of the proof, (21) is shown now:
. 2 : 1 * 2 *
leg)lo ”fng ”H = elim 7((Pn[l‘fn + )\”fm ”H) - P"ZLfnl)

19),(30) «
e —((PoLfOHHfonH) PoLt) = Ifll2-

By assumption, the sequence (f,,)¢en converges weakly to some f; € H and by (20), we know that fj = f,. In addition, we
have proven limy_, o [Ify, l# = |lfoll# now. This convergence of the norms together with weak convergence implies strong
convergence in the Hilbert space H, — see, e.g., [ 10, Exercise V.1.8]. That is, we have proven (21).
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Part 4: In this final part of the proof, (17) is shown. This is done by contradiction: If (17) is not true, thereisan ¢ > 0 and a
subsequence (fp,)¢en Of (fo)nen such that

Ifa, = folly > & VLeN. (31)

According to (11), (fa,)een = (’fpné )een is bounded in H. Hence, the sequence (f;,)¢en contains a further subsequence that

weakly converges in H to some fg; see e.g. [15, Corollary IV.4.7]. Without loss of generality, we may therefore assume that
(fa,)een weakly converges in H to some f;. (Otherwise, we can choose another subsequence in (31)). Next, it follows from
Part 3, that (f,,)¢en strongly converges in H to fo — which is a contradiction to (31). O

Proof of Corollary 3.5. Let (D, m)men be a sequence in (X x Y)" which converges to some D, € (X x Y)". Then, the
corresponding sequence of empirical measures (Pp, ,, ) men Weakly converges in M1 (X x Y) to Pp, .. Therefore, the statement
follows from Theorem 3.3 and (4). O '

Based on [11], the main theorem essentially is a consequence of Theorem 3.3.

Proof of Theorem 3.1. First, assume that A, = A does not depend on the sample size n € N. According to Corollary 3.5, the
SVM-estimator

Sn: (X xY)" — H, Dn > fip,.x

is continuous and, therefore, measurable with respect to the Borel-o -algebras for every n € N. The mapping
S: Mi(X xY)— H, P fiepa

is a continuous functional due to Theorem 3.3. Furthermore,
Sn(Dy) =S(Pp,) VD, € (X x Y)"Vn e N.

As already mentioned in Section 2, H is a separable Hilbert space and, therefore, a Polish space. Hence, the sequence of
SVM-estimators (S,)nen is qualitatively robust according to [11, Theorem 2].

Next, let (An)neny C (0, 00) be any sequence. Fix any n € N. Then, the previous result implies for the fixed n € N: for
every P € M (X x ¥) and every p > 0, there is an &, > 0 such that

dPro(Qa P) < ép = dPro(Sn(Qn)a Sn(Pn)) <p.
That is, (Sp)nen is finite sample qualitatively robust. 0O
Proof of Proposition 3.2. Without loss of generality, we may assume that
f(xo) =0 and f(x;) = 1. (32)

(Otherwise, we can divide f by f(x7).) Since the function R — [0, 00), t > L(x, 1, t) is convex, it is also continuous.
Therefore, (6) implies the existence of an y € (0, 1) such that

L(xq,1,y) > 0. (33)
Note that convexity of the loss function, L(x;, 1, 1) = 0 and L(x1, 1, y) > 0 imply

0=1L(x1,1,1) <L(xq,1,t) <L(x1,1,y) <L(xq1, 1,5) (34)
for0 <s <y <t < 1.Define Py := §x,,0). SincefLys(X(J‘O),An = 0, it follows that

Po({Dn € (X X P)" | fipyi, = 0D = 1. (35)
Next, fix any € € (0, 1) and define the mixture distribution

Py :i= (1 —&)Py + €8x;,1) = (1 — €)8(x5,0) + €8(x;,1)-

For every n € N, let Z;, be the subset of (X x 4)" which consists of all those elements D, = (D,(f), ey D,(qn)) € (X x Y)"
where

DY € {(x,0), (x1, 1)} Vie{l,...,n}.

In addition, let Z;, be the subset of (X x ¥)" which consists of all those elements D, = (D,(ql), R Dﬁ,”)) € (X x Y)" where

g{ie{1,....n} | DY = (x, D} = (36)

N ™
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Define Z, = Z, N Z;. Then, we have P}(Z;) = 1 and, according to the law of large numbers [14, Theorem 8.3.5],
limp_, o P!(Z!)) = 1. Hence, there is an n, ; € N such that

1
PL(Zn) > 3 Yz e (37)
Due to lim,_, o An = 0 and (33), there is an n. ; € N such that

~ &

Aallfllfy < L0, 1,y) Vi =nes. (38)
In the following, we show

ﬁ,Dn,An (X]) =Y VDn € zn; vn > Ng . (39)
To this end, fix any D, € Z,. In order to prove (39), it is enough to show the following assertion for every n > n, »:

feH, f&) <y = Ripu() < Ripa () (40)
The definition of Z, and (32) imply

Rin (F) = Ry F) + allf Il = 2nllF -
For every f € H such that f(x;) < y, the definition of Z, implies

(36) € (34) ¢
R0 () = Rep, () = EL(XN 1,f(x1) = EL(XI, 1, ).

Hence, (40) follows from (38) and, therefore, we have proven (39).
Define n, = max{n, 1, n. »}. By assumption, k is a bounded, non-zero kernel. According to [31, Lemma 4.23], this implies

”fL,Dn.An ”oo (3>9) Y
Iklloo = lIklloo

fe.0n,00 I = VD, € Z,, Vn > n,

and, therefore,

/2. 00,50 Il = min {Ilkjﬁ’ 1} =:c VD, € Z,, Vn=n,. (41)
oo

DefineF :={f e H| |f|lg > c} and

F% = {f GHIfi,Ig If —flln < ;} c{f eH[Iflln> 0} (42)

Hence, for every n > n,, we obtain

[52PD]E) = PU(Dn | Ifipwsnlln = ) = P(Zy)

(37) 1 4D ¢ 35
> — >

) c
zZ5z25= Po({Dn | Ife.ppon Il > O}) + 3

c
= [Sa(P)IUAf € H | Ifllu > 0}) + 3
(42) n C Cc
= 151 (F?) + 5.
According to the definition of the Prokhorov distance (see Appendix A.1), it follows that
c
sup dPro(Sn(Pg)v Sn(Pg)) = . (43)
neN 2

In addition, we have dp,, (Pp, P;) < & because P, is an e-mixture of Py. Since ¢ > 0 does not depend on ¢ € (0, 1) and & may
be arbitrarily small, this proves that (S,),ey is not qualitatively robustin Py. O

Proof of Corollary 3.7. Let P, denote the function which maps @ € $2 to the empirical measure % > 8@ Yi(@)-
According to Varadarajan’s Theorem [14, Theorem 11.4.1], there is a set N € 4 such that Q(N) = 0 and Pp,,) weakly
converges to P for every w € £2 \ N. Then, Theorem 3.3 implies

) @ .
lim [|f* py(w),n — frepally = M [|S(Ppyw) — SP) ||z =0
n—o00 n—oo
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for every w € £2 \ N. This proves (a) and, due to [31, Lemma 4.28], (b). The Lipschitz continuity of L* implies

[ R p (1 Dy(), 1) — Rix p(frep )| = ’/ L(X, ¥, fi* D) (X)) — L(x, ¥, fix p.0. (%)) P(d(, ¥))

IA

/SUP LK, Y, fir ()2 ®) — LKL Y firp (0) | P(A(, )
x/,y/

< f LIt - Vi 002 () — fiep (0 PEA(X, )
< ILl1 - Ift* put@yr — frx.palloo

for every w € £2. According to (b), the last term converges to 0 for Q-almost every w € 2 and this implies (d). Finally, (c)
follows from (a) and (d).

If fi p . exists, then fi= p , is equal to f; p,, (Theorem 2.1). In particular, there is an f € H such that (x,y) — L(x,y, f(x))
is P-integrable. Since Lipschitz-continuity of L and H C G, (X) (see [31, Lemma 4.28]) implies P-integrability of (x,y) +—
L*(x,y,f(x)) = L(x, y,f(x)) — L(x, y, 0), we get that (x, y) — L(x, y, 0) is also P-integrable. Therefore, R« p(f) is equal to
Rip(f) — R p(0) forevery f € H,and R, p(0) is a finite constant which does not depend on f. Furthermore, fi+ p, » = fi.p,.»
for every D, € (X x Y)"; see Section 2. Hence, the original assertions (a)-(d) for L* turn into the corresponding assertions
for Linstead of L*. O

Proof of Theorem A.1. If ¥ = 0, the statement is true. Assume ¥ # 0 now and assume that the statement of the theorem
is not true. Then, there is an &€ > 0 and a subsequence (Py, )¢en such that

H/q/dpm—/wm)o

Since the sequence (Pp),cy Weakly converges to Py, it is uniformly tight; see, e.g., [14, Theorem 11.5.3]. That is, there is a
compact subset K C Z such that

>¢e VLeN. (44)
H

&
P (Z\ K —— V{leN. "
n[( \ )<4SUP||W(Z)”H ’ ;
z

Forevery £ € N, let 13,1{ denote the restriction of Py, to the Borel-o-algebra B(K) of K. Let ¥ denote the restriction of ¥ to K.
Since K is a compact Polish space, the set M (K) of all finite signed measures on B(K) is the dual space of C(K) (the set of all
continuous functions f : K — R); see e.g. [14, Theorem 7.1.1 and 7.4.1]. Accordingly, M (K) is precisely the set of all (real)
measures in the sense of [5, Section I11.1]; see also [5, Subsection I1.1.5 and I11.1.8]. Since (ﬁnz)geN is relatively compact in the

vague topology of M (K) [5, Subsection III.1.9], we may assume without loss of generality that (13,1[) ¢en Vaguely converges to

some positive finite measure 136. (Otherwise, we may replace (ﬁnz)geN by a further subsequence.) According to [5, p. 111.40],
vague convergence implies

f ¥ dp,, —> / @ dP, (¢ — 00) (46)

for Pettis and Bochner integrals (since H is assumed to be a separable Banach space, Pettis integrals and Bochner integrals
coincide; see e.g. [14, p. 150]).

Let H* be the dual space of H. Note that F o ¥ is continuous and bounded on Z for every F € H*. Hence, it follows from
weak convergence of (P, )sen to Pg and a property of the Bochner integral [12, Theorem 3.10.16] that

lim F</l1/dPn(> = lim [ FowdpP, =/Fol1/dP0=F(/tI/dP0>.
{—00 - {—00

Accordingly, vague convergence of (Py,)en to Py implies lim_, o F(/ ¥ dP,,) = F([ ¥ dP,). Hence,
Zlim F(/lI/dPn[—/lf/df)nZ) =F</qfdpo—/-1/d13;)>. (47)
—00

For every ¢ € N,
/ ¥ dP,,
Z\K

H/q/dpmZ —/117@113,1/Z

(45)
=

H

™

< / 191 dPy,
o Z\K
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For every ¢ € N and every F € H* such that ||F||gx < 1, (48) implies ’F(f v dP,, — f 7 dl~°,,l) < % and, because of (47),
also ‘F(f ¥ dP,, — [ ¥ dP,,)| < £.Hence, it follows from [15, Corollary I1.3.15] that
L~ &
wdPy— | wdPy| <-. (49)
y 4

By using the triangle inequality, we obtain

H/llfdPn[—/lPdPo /dené—/@df)
H
+ H/i/dfvw /lif dP, +H/li/c1153—/q/dpo

so that (46), (48) and (49) imply limsup, . ., || [ ¥ dP,, — [ ¥ dPg

=

’

H

HH < 5 . This is a contradiction to (44). O
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