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Abstract

The main purpose of this paper is to study the high-dimensional Cochrane sum and give a
sharp estimate of its order by using properties of hyper-Kloosterman sum and the mean value
theorems of Dirichlet L-functions.
© 2005 Elsevier Inc. All rights reserved.

Keywords: High-dimensional cochrane sum; Hyper-Kloosterman sum; Asymptotic formula; Order; Mean
value

1. Introduction

For a positive integer ¢ and an arbitrary integer A, the classical Dedekind sum S(#, q)
is defined by
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where

() = x —[x] — % if x is not an integer,

10 if x is an integer.
In October 2000, during his visit to Xi’an, Professor Todd Cochrane introduced a sum
analogous to the Dedekind sum as follows:

q

coo=£(()(4)

a=1

q
where @ is defined by the equation aa = 1modgq and )" denotes the summation
a=1

over all 1<a<gq, such that (a,q) = 1. Then he suggested us to study the arithmetical
properties and mean value distribution properties of C (%, g). About these problems, the
second author [10] obtained a mean-square value formula for C(h, ¢). That is,

a 5 (p+ D (p*+1)+1/p*
§ C%(h,q) = — ¢* | |
P (h,q) 144 ¢*(a) Pl 1+1/p+ 1/p2

41Ing
+0 (g exp s
Inlng

where exp(y) = e¢”, ¢(q) is the Euler function and [] denotes the product over
P*llq

all prime divisors of ¢ with p* | ¢ and p**!'{q. In the same manner, we define a

high-dimensional Cochrane sum as follows:

s -E T () (E)- (=)

ar=1 ax=1 ar=1

In [5], Mordell introduced the hyper-Kloosterman sum

a4+ ---+ar+hay---ag
Khkao= Y e(l it "),
ay,-,ay modgq q
(ay.q)="+=(a.q)=1

where e(y) = ¢*™, a high-dimensional generalization of the Kloosterman sum. The
applications of hyper-Kloosterman sum were found both in the estimation of Fourier
coefficients of Maass forms [2] and in the work on Selberg’s eigenvalue conjecture
[4]. More interesting connections between hyper-Kloosterman sum and the Heilbronn
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sum can be found in [6]. In this paper, we shall obtain an estimate of the order of
C(h, k, q) by using bounds on hyper-Kloosterman sum, study the asymptotic properties
of C(h,k,q), and give a mean-square value formula in the case of g = p*. That is,
we shall prove the following theorems:

Theorem 1. Let a positive integer q =2, an integer h satisfy (h,q) = 1. Then for any
fixed positive integer k with (g, k(k + 1)) = 1, we have the estimate

i o(q)
Clh k)l < —mg? (@) (27%) T ! g,

where w(q) denotes the number of different prime divisors of q and d(q) is the divisor
function.

Theorem 2. Let p be a prime and o be a positive integer. Then we have the asymptotic
formula

e (2k+1(9) [(1 _ l) Pt DE+2) | p2kt3 pk+2]
/ P
|C(h, k, p")I* =
hZ:1 27T2k+2p“(pk+2 _ 1)
p2 1 2k+1 1— C]2(k
X 2 l_[ 1= 2
P P
PI#D 1
+0k <pxk+z:>

where ((s) denotes the Riemann-zeta function, ¢ is any fixed positive number, || pip
denotes the products over all primes p1 with p1 # p, Ch, = m!/n!(m — n)! and Oy
denotes the O-symbols depend only on k.

In particular, from this theorem we immediately deduce:

Corollary. For any prime p, we have the asymptotic formula

r-1 2k 1 —Ck
2_ _ " k+1 2k
> |Ch. k. p)I* = gkt P I1 (1——>

2
h=1 P1#p Py

+0c (P+°). (M

k
2

From (1) we know that |C(h,k, p)[>p2 for some h and thus the bound in

Theorem 1 is close to best possible.
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2. Some lemmas
To prove the theorems, we need the following lemmas.

Lemma 1. Suppose y is an odd character modulo q, generated by the primitive
character y,, modulo m. Then we have

q m
Zax(a)=% [T = %) (Z axm(m).
a=1 a=1

rla
ptm

Proof. See Lemma 6 of Ref. [9]. O
Lemma 2. Let h, g be positive integers with g >3 and (h,q) = 1. Then we have

k+1

C(h,k, q) = k+1¢(q)z S g [T -2y

m|q ymodm plg
2(—=DH=—1 ptm

x L (1, ),

where y denotes a Dirichlet character modulo m, Z* denotes the summation over
y mod m

all primitive characters modulo m,

“ b
() =Y ub)e (Z)
b=1

denotes the Gauss sum, and L(s, y) is the Dirichlet L-function corresponding to j.

Proof. From the orthogonality relation for characters modulo ¢ we have

2o (D) ((2)

(=)

“5 2z (5)

ymodg | aj=l1

Clh.k.q) =

HPﬂQ
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Lo ()] {2 7 ((%5%)

ar=1 a41=1
k
1 1 1
s ()
®(q) xn%;q Lz_:l qg 2
h
x 1 7(h) Z y(akﬂh)((“"; ! ))
ag41=1
1 q | k+1
- zm){ 2@ (— - —)} . @
$(q) X%q ; qg 2

If y(—1) =1, then it is easy to prove that

il 1
; (@) (— —~ 5) =0. 3)
If y(—1) = —1, then we have

q
D 1@ (— - —) Z ay(a). &)

a=1

On the other hand, from Theorems 12.11 and 12.20 of Apostol [1] we know that if

Ym 1S @ primitive character modulo m with y,,(—1) = —1, then
1 i
— Y agm(a) = = (1) L1 7). ©)
m = T

Combining (2)—(5), Lemma 1 and the properties of character modulo ¢ we may im-
mediately obtain

q

Clh.k.q) = quzl i(( )) ((;))

ar=1ay=1 ar=1

A(EDIC)
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k+1

1 * 1 n
=—> > awi—|[Ta-xp» (Zax(a))

d)(‘I) mlg ~ zmodm mn plg a=1

1(=hH=-1 ptm
k+1

l'k-l—l s
=2, 2. iw|[Ja-xpn| Forta .

T ¢(51) mlq (Zn:(;dml p)(lq

This proves Lemma 2. [J
Note: If ¢ = p* is a prime power, then m = pﬁ, 1< <a. So we have the identity:

ik+1

Clh. k, p*) = = S A L L), 6)

T ookl
T
(p p /5:1 xmodpﬁ
2(=DH=-1

Lemma 3. Let ¢ = p* with p a prime such that ptk+1 and ptk. Then we have the
bound:

i
|K(h, k,q)| <kq2.
Proof. See formula (19) of Ye [7]. O

Lemma 4. For any positive integer m with (m, k(k + 1)) = 1, and positive integer n
with (n,m) = 1, we have

S E (] < @0” gamym?.
i

Proof. Let m have the factorization m = p' p3> -+ p;”. For r = 1, note that 7(y) = 0,
when y is a non-primitive character modulo p%*, o>2. (See [8, Lemma 2]). So we get

Yot = Y )

7 mod p% zmod p%
2(=DH=-1 2(=hH=—1
p*  p* p*
SN 3 ()
= ... e
o
ar=1 ax=1 ak+1=l p

X Z x(nayaz - - - ag41)
ymod p%*
y(=DH=-1
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x

¢(P“) Z Z Z <a1+az +p-a~-+ak+1)

ar=1 ax=1 ag+1=1
najaz--ag1=1(p*)

(f’(P)Z Z Z (Cl1+a2+p'a"+ak+l)

ar=1 ax=1 ag+1=1

—najay--ap+1=1(p*)

d(p*) ., _
From Lemma 3 and (7) we have
* ko
o PO < kd(pp* ®)
7 mod p%*
2(=D=—1
Similarly, we can also get
* ko
Yo T | < kg(pMp ©)
7 mod p%
2(=D=1
For the case r = 2, i.e., p1 p2 , from Theorem 13.3.1 of Chengdong and

Chenbiao [3], we have

ST Pt

o o
zmodpllp22

2(=1=-1

* k+1
=| > xl(np§+)“2)rk+l(xl)

o
11 mOdPll
71 (—H=-1

* k+1
« Z 1 <np§+)061>rk+1(xz)

o
72 mod p22

Zz(—1)=1
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* k+1 k+1
+ Y (np§ m)f* (1)
zlmodpicl
1 (=D=l

* k+1
< > m(npf““l)f"“(m)

2

o
72 mod py
72 (=DH=-1

From (8) and (9), we then obtain

* k+1 2 ) k% k%
E 1) ()| K<k 47(171 Py )Py" Do
zmodptflpgz
(=1=—1

For general m = p{'p3?--- p;", let y; denote the Dirichlet character modulo p;*. Then
by the same method, we can write

D) it )

o) o 2
XmOdpl ! P22 wpp

(=D=-1

. k+1
* m
— k+1,,
—E E E || § Li n(—“> )
H==£1 np==%1 t=%x1i=1 P2 mod pi Pi
- 1
fiytr=—1 7i (=D=i;

Noting that

—1 w(m)—1
DD IR DR
t1==x1 n==I t,==+1
tity-t,=—1

combining (8) and (9), we can easily obtain the estimate

3t | < @@ gmm.
a

This completes the proof of Lemma 4. [J
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Lemma 5. Let g, h be integers with ¢ >2 and (h, q) = 1. For any fixed positive integer
k with (g, k(k + 1)) = 1, we have the estimate

k+1
*
Yo am | [Ta=-xen |  Fotan
m|g xmodm rlq
72(=D=-1 pim

2 k w(q)
« 2D o(@)q>d(q) (2k+2k) Ink+! q.

Proof. For any non-principal character ymodg and any parameter N >g¢, applying
Abel’s identity we have

Lkﬂmzi Iden @) g~ Zdin ) /°° AGD

2
n n
n=1 1<n<N Ny

where dj41(n) denotes the (k + 1)th divisor function (i.e., the number of solutions of
the equation nny---ngy1 = n in positive integers ny,np,---,ngy1) and A(y,7) =
ZN<n <y 7»(”)dk+1 (I’l) So we have

k+1
3
ST am | [Ta-uen|  FooLtan
m‘q modm plg
2(=hH=-1 ptm
k+1
. 7(n)di41(n)
<D am | Y wd@ | ey Y A
mlg ~ zmodm dlg/m 1<n<N n
2(=DH=-1
k+1
. Ay, D)
o 2 I | X w@r@ | o) f =Eayl. a0
mlg  zmodm dig/m N y
1(=H==1
Note that

2—Arte
3 1A Py F TG m)
ymod m
1F10
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(see [11, Lemma 4]). Applying Cauchy’s inequality we have

1A DI D TAQ.D |

ymodm 5
medn, 1# %o

N—=

< | ¢m Y 1A P

LFXo
<y TETG 2 ).

Thus from (11) we get

k+1
* Ay, %)
dYoXT A | Y u@y@ | o) f = dy
mlg ~ ymodm dlg/m N Y
72(=D=-1
<q't Y d (1) /OO s Y. 1AG. DI dy
m \q m N Y ? 7 mod m

(=1=-1

k1 g\ 3 o0 y1_2L"+6
<<q7*§:dm4<a)¢ﬂm)/ —dy
mlq N y

< ¢ FdH QPP N,

assuming & < zik

Next we estimate the first term in (10).

k+1
"y e+l 200 k1 ()
Yod T am | Y wd@ | o Y .
mlg  xmodm dlg/m I<n<N
y(=DH=-1
=Y > wd) Y op)- Y pdien)
mlg a1 dl i1l
(dy,m)=1 (dp,m)=1 (dgg1.m)=1

di1(n)
x Y TR YT lindidy - di)? ()

1<n<N ymod m
(n,m)=1 n=h=-1

QY

12)
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and so from Lemma 4 we get

k+1

SO g | Y | g Y Db

n
mlq ;/n‘i())dml d|q/m 1<n<N
2(=DH=-

<Y Y @ Y w@ Y ey A

mlq dilg/m dalg/m diy1lq/m Lsn<N

(n,m)=1

* —
x| Y yndids - dies)™H ()

ymodm
1(=D=-1

mlq

< d@yqtdig) (242%) " mt . (13)

Taking N = ¢, ¢ < ﬁ, noting that d**2(q) « ¢**?%, combining (10), (12) and
(13), we have

k+1
*
YT g | [Ta-xpen|  Fooan
mlq ~ xmodm plg
7(=D=~1 ptm

k w(q)
<« 2(k+1)2¢(q)q§d(q) <2k+2k) 1nk+1q

This proves Lemma 5. [J

Lemma 6. Let g be an integer with q >3. Then we have the asymptotic formula

1 2k+1
D LU= @c%*l(z) [1 (1 - ?)

7modg plg

2(=D=—1
1—cCk .
(- 58) oo

rlg b
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Proof. Let A(y, y) = ZN<n<y y(n)dk41(n), where N > qzk is a positive integer. From
the properties of the Dirichlet characters we have

1
D LA P = o 3T A== LA, P

S xmods

== Y LU, Pt

ymod g
1F#10

1
—5 2 A=DILA, e

zmod g
170

= R; — R». (14)
Applying the Lemma 6 of Zhang et al. [11] we have
( ) 1 2k+1 1— Ck
Ry = —‘z’j oI (1 - —2) [T\1-—=2)+0@. (15)
pla pla u

From Abel’s identity and a similar method of proving Lemma 6 of Zhang et al. [11]
we have

) 2k+2
Xl’l
Ry = = e 2
=Y an
ymod g n=1
AFE10
N mdm) [ A |
IR IE e N M
ymodg n=1 n N y
TF10

N g |
() dgr1 (n
- E X(_l)E ) 1tn)
n
ymod g n=1
1#10

N
d + 1
1o (Z %(”)) /N = Y 140 pldy

n=1 zmod g
1F10
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/+°° A, '2
3 y
N y

+o| >

zmod g
1710

N dei i (m) 3 |
< dlg) Y YL T 4 RN F N < gl (16)
n=1 m=1

m=—nmod g

where we have taken N = q3'2k7l and used the estimate diyj(n) < n®. Then the
Lemma 6 follows from (14)—(16).

3. Proof of the theorems

In this section, we shall complete the proof of the theorems. First we prove
Theorem 1. From Lemmas 2 and 5, we have

1
ICh.k.q)| = ——
1 *+1d(q)
k+1
*

<D I | [Ja-xen |  Fotan
m|g xmodm plg

1(=D=-1 pim
(k+1)2

0(q)
< —m q2d(q)(2k+2k) I+ g

This proves Theorem 1.
Now we prove Theorem 2. From formula (6) and the orthogonality relation for
characters modulo p*, we get

p“/
S c k, pH?
h=1

pﬂ(
/
=2 nk-i—l—_ocl)z YU At L L)
h=1 p p p=1"ymodpP
2(=D=—1

R D DD M D )

Bi=1 B,=1 /1m0dp/‘1 /zmodp/))Z
71 (=D==1 z(=DH=-1

jk+1
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pot
/__ ——k+1 _
XY Tt TG LA I L AL )
h=1
— (k+1)p 2k+2
22 (o _pa D) ZP Z IL(L 2D
_ /modpﬁ
2(=D=-1
TC —(2k+2) o

—_ (k+Dp
- p* — p*— o _ pu—1 Z p

| Y0 L= Y L, pltt?

7 mod pﬁ 7 mod pﬁ_l
w(=H=-1 2(=D=-1

Now taking ¢ = p*, from Lemma 6, we immediately obtain

p“/ ,
> ICGh,k, p)
h=1

= (k2 241 9y ka Y p(pP) — p(pP
= e |7 +Z 2

p2_12k+1
«(5) T

p PI#p

1 -k
D1

26+ (2) [(1 _ % ) PG+ 4 243 pk+2] L 2%t 1
= 2n2k+2p°‘(pk+2 _ 1) < pz )

k)+0( ),

This completes the proof of Theorems 2.

Pl
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