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Abstract

We study how to construct Dirac fermion defined on the honeycomb lattice in position space. Starting 
from the nearest neighbor interaction in tight binding model, we show that the Hamiltonian is constructed 
by kinetic term and second derivative term of three flavor Dirac fermions in which one flavor has a mass 
of cutoff order and the other flavors are massless. In this formulation, the structure of the Dirac point is 
simplified so that its uniqueness can be easily shown even if we consider the next-to-nearest neighbor 
interaction. We also show that there is a hidden exact U(1) symmetry (flavor–chiral symmetry) at finite 
lattice spacing, which protects the masslessness of the Dirac fermion, and discuss the analogy with the 
staggered fermion formulation.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

Graphene forms from a layer of carbon atoms with hexagonal tiling [1–4] and it is much 
discussed in condensed matter physics as well as high energy physics for its remarkable features 
(see [5,6] and references therein). One of the most important features of graphene is that the 
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quasiparticles behave like massless Dirac fermion with effective speed of light near c/300 [2,7]. 
An explanation to the question why massless Dirac fermion emerges in non-relativistic many 
body system was primarily given by Semenoff [8]. In this model, the low energy excitations 
around two independent Dirac points on the Fermi-surface is described by two relativistic Weyl 
fermions having opposite chiralities, which are also regarded as massless Dirac fermion.

Although Semenoff’s model is remarkable for its peculiar feature, it is not the first case with 
exact massless Dirac fermion from the lattice. In lattice gauge theory, there are several formula-
tions to describe Dirac fermion on the lattice. In the staggered fermion formulation [9], the 2d−2

flavor Dirac fermions emerge at low energy from a single spinless fermion hopping around the 
d-dimensional hypercubic lattice, in close analogy to the Semenoff’s model. The emergence of 
the Dirac fermion in staggered fermion has been studied in momentum space [10] and in position 
space [11]. In the former case, the fermion field is divided into 2d components corresponding to 
the subdomains in the total momentum space. In the latter case, 2d spin–flavor degrees of free-
dom of the Dirac fermion arise from the sites within the d-dimensional hypercubic unit cell.

In the case of honeycomb lattice in 2 + 1 dimension, Dirac fermion field has been defined 
as two excitations on different regions of Brillouin Zone (BZ) in the continuum space–time [8]. 
Since this approach is very similar to the momentum space formulation for staggered fermion, it 
is natural to expect that position space formulation might also be possible for graphene model. 
Since the position space formulation easily extends local gauge interacting theory, it enables us 
to implement the dynamical calculation of physical observables in Monte-Carlo simulation more 
straightforwardly [12,13]. Furthermore, this formulation also has the manifest structure of flavor 
symmetry of Dirac fermion field, and so that the quantum number of low energy excitations is 
clearly identified.

In this paper, we show how to construct the Dirac fermion in position space on honeycomb 
lattice. It may be useful to advance a study of the dynamical nature of graphene with numerical 
approaches using Monte-Carlo simulation [14–17]. This approach plays an important role for 
more rigorous discussion for than modeling one [18,19] (also see [20]).

This paper is organized as follows. In Section 2, we briefly review a momentum space for-
mulation of Dirac fermion derived from tight-binding approximation of graphene model. In 
Section 3, after introducing the formulation in position space, we discuss uniqueness of Dirac 
point and existence of physical mode, and then in Section 4, we show that two massless Dirac 
fermions appear at low energy region. In Section 5, we discuss the exact flavor–chiral symmetry 
in our formulation. The last section is devoted to the summary and discussion.

2. The conventional derivation from honeycomb lattice

We first review the conventional derivation of Dirac fermion formulation from tight binding 
model of honeycomb lattice [8]. Let us start from the tight binding Hamiltonian

H = −t
∑
�r∈A

∑
i=1,2,3

∑
σ

[
a†
σ (�r)bσ (�r + �si) + b†

σ (�r + �si)aσ (�r)]

− t ′
[∑

�r∈A

6∑
j=1

∑
σ

a†
σ (�r)aσ

(�r + �s′
j

) +
∑
�r∈B

6∑
j=1

∑
σ

b†
σ

(�r + �s′
j

)
bσ (�r)

]
, (1)

where the first line is the nearest neighbor hopping term and the second line is the next-to-nearest 
neighbor hopping term, and t , t ′ are hopping amplitudes. a(a†) and b(b†) are the fermionic 
annihilation (creation) operators of electrons on two triangular sublattices A and B respectively 
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Fig. 1. Honeycomb lattice is constituted of two triangular sublattices A and B, which are colored with red and blue 
respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version 
of this article.)

(see in Fig. 1). �si (i = 1, 2, 3) and �s′
j (j = 1, · · · , 6) denote the position vectors for three nearest 

neighbors and the six next-to-nearest neighbors respectively. �si (i = 1, 2, 3) is explicitly given in

�s1 = a0(1,0), �s2 = a0
(−1/2,

√
3/2

)
, �s3 = a0

(−1/2,−√
3/2

)
, (2)

where a0 denotes a honeycomb lattice spacing. We note that, in graphene system, t = 2.8 eV and 
t ′ = 0.1 eV [21], and a0 = 1.42 Å [6]. In the following, we exclude spin index σ for the sake of 
simplicity. In order to find the Dirac points, we make Fourier transformation

a(�r) =
∫

d2k

(2π)2
ei�k·�r ã(�k), b(�r) =

∫
d2k

(2π)2
ei�k·�r b̃(�k), (3)

for the fermionic creation and annihilation operator. The nearest neighboring Hamiltonian repre-
sented in momentum space is given by

H =
∫

d2k

(2π)2

(
ã(�k)

b̃(�k)

)† (
0 D(�k)

D∗(�k) 0

)(
ã(�k)

b̃(�k)

)
(4)

with

D(�k) = t
∑

i=1,2,3

ei�k·�si . (5)

Thus the energy eigenvalue of the above Hamiltonian is represented as

E(�k) = ±t

∣∣∣∣ ∑
i=1,2,3

ei�k· �si
∣∣∣∣. (6)

In the half-filled electron system, the negative and positive eigenvalues, which corresponds to 
the valence band and conduction band respectively, appear, and there are two independent Dirac 
points �K±, in which E( �K±) = 0 is fulfilled, on the Fermi-surface.
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Fig. 2. Honeycomb lattice.

In order to derive the low energy effective Hamiltonian, we expand D(�k) around the Dirac 
points with respect to the momentum. Regarding �K± and A, B site as spin degrees of free-
dom (DOF), and defining four component Dirac-spinor field ξ̃ ( �p) as

ξ̃ ( �p) = (
ã( �K+ + �p), b̃( �K+ + �p), b̃( �K− + �p), ã( �K− + �p)

)T
, (7)

the Hamiltonian in Eq. (4) reads

H ≈ iv
∑
i=1,2

∫
BZ

d2p

(2π)2
ξ̃†( �p)[γ̂0γ̂ipi]ξ̃ ( �p). (8)

Since the above is same form as the kinematic term of Dirac fermion field, v = 3a0t/2 is in-
terpreted as a Fermi velocity of quasiparticles. Note that the gamma matrices γ̂0, γ̂1, γ̂2 satisfy 
Clifford algebra {γ̂μ, γ̂ν} = gμν · 14×4, where gμν is a metric in (2 + 1)-dimensional space–time. 
Furthermore, introducing the matrix γ̂3, which is anti-commutative with γ̂0, γ̂1, γ̂2, we can de-
fine γ̂5 = iγ̂0γ̂1γ̂2γ̂3 [22], which we call as flavor–chiral symmetry forbidding a (parity-invariant) 
mass term mξ̃†γ̂0ξ̃ .

We notice that, in the above derivation, it is not clear whether the theory is manifestly local, 
because each component of fermion field is defined only in the subdomain near the low-energy 
points K± so that the continuity of the Dirac fermion in momentum space is not obvious. In 
the next section, we will introduce an alternative derivation of Dirac fermion based on position 
space, and also address the uniqueness of Dirac point and existence of physical modes.

3. Formulation in position space on honeycomb lattice

3.1. Tight binding model on the real space lattice

First we consider the new labeling of DOF of the fermionic creation and annihilation operator 
as shown in Fig. 2. In this labeling, we define Aρ and Bρ (ρ = 0, 1, 2) as the new DOF having 
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the operators on the site of honeycomb lattice. χ†
Iρ(�x), χIρ(�x) are the new definition of creation 

and annihilation operators (the mass dimension of this operator is O(m)). The arguments �x, �y
are the positions of the center of hexagonal unit cell on the fundamental lattice,

�e0 = a(1,0), �e1 = a
(−1/2,

√
3/2

)
, �e2 = a

(−1/2,−√
3/2

)
, (9)

where a is the new lattice spacing defined as a distance between hexagonal unit cells. The trian-
gular sublattice I (= A, B) of honeycomb lattice is composed of hexagonal unit cells bounded by 
red circles in Fig. 2. Note that the summation of three unit vectors vanishes as �e0 + �e1 + �e2 = 0.1

Thus, in our formulation, the tight-binding Hamiltonian is expressed as

H =
∑
�x,�y

∑
ρ,ρ′

(
χAρ(�x)

χBρ(�x)

)†
(

t ′Π(�x, �y)ρρ′ tΦ(�x, �y)ρρ′

tΦ(�x, �y)
†
ρρ′ t ′Π(�y, �x)ρρ′

)(
χAρ′(�y)

χBρ′(�y)

)
, (11)

where Φ(�x, �y) and Π(�x, �y) are 3 × 3 matrix,

Φ(�x, �y) =
⎛
⎝ T0 1 1

1 T1 1
1 1 T2

⎞
⎠

�x,�y
, (12)

Π(�x, �y) =
⎛
⎜⎝ 0 1 + T0 + T

†
1 1 + T0 + T

†
2

1 + T
†

0 + T1 0 1 + T1 + T
†

2

1 + T
†

0 + T2 1 + T
†
1 + T2 0

⎞
⎟⎠

�x,�y

, (13)

with backward shift in �eρ direction and unit matrix,

(Tρ)�x,�y = δ�x,�y+�eρ
, (1)�x,�y = δ�x,�y. (14)

Now we define the forward shift as (T †
ρ )�x,�y = δ�x,�y−�eρ

.
We note that the Hamiltonian in Eq. (11) is rewritten as

H = a2
∑
�x,�y

χ(�x)†[tH(�x, �y) + t ′H 2(�x, �y) − 3t ′
]
χ(�y), (15)

where χ(�x) is labeled by two indices as χIρ(I = A, B; ρ = 0, 1, 2). Using τ± = (τ1 ± τ2)/2, 
which is

τ+ =
(

0 1
0 0

)
, τ− =

(
0 0
1 0

)
, (16)

with Pauli matrices τi (i = 1, 2, 3), H is simplified as

H(�x, �y) = τ+ ⊗ Φ(�x, �y) + τ− ⊗ Φ†(�x, �y). (17)

In the above equation, the former matrix in the tensor product acts on sublattice space I = A, B
while the latter acts on flavor space ρ = 0, 1, 2. Φ having index of flavor space is 3 × 3 matrix,

Φ(�x, �y) = (M − I3×3)δ�x,�y +
2∑

ρ=0

ΓρTρ(�x, �y), (18)

1 Here we note that there is following relation between �eρ (ρ = 0, 1, 2) and �si (i = 1, 2, 3):

�e0 = 3�s1, �e1 = 3�s2, �e2 = 3�s3. (10)
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with

M =
⎛
⎝ 1 1 1

1 1 1
1 1 1

⎞
⎠ , Γ0 =

⎛
⎝ 1 0 0

0 0 0
0 0 0

⎞
⎠ ,

Γ1 =
⎛
⎝ 0 0 0

0 1 0
0 0 0

⎞
⎠ , Γ2 =

⎛
⎝ 0 0 0

0 0 0
0 0 1

⎞
⎠ . (19)

Since the last term of Eq. (15) merely shifts the origin of the energy, this term does not affect the 
dynamics at all. Thus we neglect the constant term in the following discussion. Defining the first 
and second derivative operators in �eρ directions on the fundamental lattice as

∇ρ = 1

2

(
T †

ρ − Tρ

)
, �ρ = 1

2

(
Tρ + T †

ρ − 2
)
, (20)

Φ is written as

Φ = M −
∑
ρ

Γρ∇ρ + 1

2

∑
ρ

Γρ�ρ, (21)

and, substituting the above equation into Eq. (17), H is also represented as

H(�x, �y) = τ1 ⊗ Mδ�x,�y − i
∑
ρ

(τ2 ⊗ Γρ)∇ρ(�x, �y) + 1

2

∑
ρ

(τ1 ⊗ Γρ)�ρ(�x, �y), (22)

Now the first and the second terms in Eq. (22) are interpreted as the mass term and the kinetic 
term in the continuum limit (a → 0), and also the third term vanishes, which is the second 
derivative term, in the continuum limit.

3.2. Eigenvalue of the tight-binding Hamiltonian

In this section, we discuss the eigenvalues of tight binding Hamiltonian H in Eq. (15). We con-
sider the energy spectrum of the Hamiltonian equation (15) in momentum space,

H =
π/a∫

−π/a

d2k

(2π)2
χ̃†(�k)

[
tH̃ (�k) + t ′H̃ 2(�k)

]
χ̃ (�k), (23)

where χ̃Iρ(�k) is Fourier representations of χIρ(�x),

χIρ(�x) =
π/a∫

−π/a

d2k

(2π)2
ei�k·�xχ̃Iρ(�k), (24)

and thus we have

H̃ (�k) = τ1 ⊗ M +
∑
ρ

(τ2 ⊗ Γρ) sin kρ +
∑
ρ

(τ1 ⊗ Γρ)(cos kρ − 1), (25)

H̃ 2(�k) = 1 ⊗
[

3M +
∑
ρ

{M,Γρ}(coskρ − 1) − 2
∑
ρ

Γρ(coskρ − 1)

]

+ iτ3 ⊗
∑

[M,Γρ] sin kρ, (26)

ρ



M. Hirotsu et al. / Nuclear Physics B 885 (2014) 61–75 67
with kρ = �k · �eρ .
In order to give an intuitive picture for the eigenmodes of the Hamiltonian, we first consider 

the low energy limit, kρ → 0, where the χ approaches to the constant field. In this limit, the 
Hamiltonian is

H low ≡ lim
�k→0

[
tH̃ (�k) + t ′H̃ 2(�k)

] = t (τ1 ⊗ M) + 3t ′(1 ⊗ M), (27)

and using

χ̃Iρ(�k) = 1√
3

∑
ρ′=0,1,2

ei2πρρ′/3ψIρ′(�k), (28)

one easily sees the diagonalized form

H low = t
(
τ1 ⊗ Mdiag) + 3t ′

(
1 ⊗ Mdiag), (29)

with

Mdiag =
⎛
⎝ 3 0 0

0 0 0
0 0 0

⎞
⎠ . (30)

This implies that the constant mode can be decomposed into two massless modes and one mas-
sive mode.

Next, we investigate the Dirac point from the full energy spectrum of the Hamiltonian (23). 
Here we consider the eigenvalue equation when t ′ = 0, det(λ − H̃ ) = 0, and, because the next-
to-nearest neighboring term H̃ 2 has the same eigenvector with H̃ , we easily extends into t ′ �= 0. 
After a simple algebraic calculation, we have

det(λ − H̃ ) = λ6 − 9λ4 − 3
(
zk + z∗

k − 6
)
λ2 − |zk − 3|2 = 0 (31)

with

zk = e−i�k·�e0 + e−i�k·�e1 + e−i�k·�e2 . (32)

Since Eq. (31) is a cubic equation for λ2, the triple pair of energy eigenvalues of H̃ (�k) should 
appear as ±φ1(�k), ±φ2(�k), ±φ3(�k), where φ1, φ2, φ3 (0 ≤ φi ) are functions of momentum �k
satisfied with Eq. (31). One can easily see

φ1 = φ2 = 0, φ3 = 3, (33)

at zero momentum as implied in Eq. (29). At finite momentum, the eigenvalues should be in the 
range of 0 ≤ φi ≤ 3, and so that we define

0 ≤ φ1 ≤ φ2 ≤ φ3 ≤ 3. (34)

As a consequence, the eigenvalue of the Hamiltonian is expressed as

E′±(φi) = ±tφi + t ′φ2
i . (35)

Eq. (31) implies that the zero eigenvalue of H̃ (�k) appears when |zk − 3|2 = 0 holds. From 
Eq. (32), it is obvious that this only takes place for �k = 0. This means that the Dirac points 
uniquely appear at �k = 0 in the BZ. This is a contrast to the traditional formulation, in which 
there are two Dirac points at the edge of the BZ (see Section 2). In position space formulation, 
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Fig. 3. Dispersion relation in the nearest-neighbor tight-binding model. Top, middle and bottom panels show λ1 =
±φ1(�k), λ2 = ±φ2(�k), and λ3 = ±φ3(�k) respectively, where horizontal axes are k1 = �e1 · �k, k2 = �e2 · �k.

Dirac fermion field possesses six DOFs, and, from the naive analysis of energy spectrum of the 
Hamiltonian, one sees that there are two physical modes and one massive mode. As a result of 
integrated out its massive mode, there remains four DOFs of physical mode, which is consistent 
with traditional one. We will discuss more details later. In Fig. 3, we display the energy dis-
persion relation for eigenvalue of H after exactly computed the solution of Eq. (31). From this 
figure, we also figure out that there are two different dispersion relations associated with massive 
mode and physical mode.

Here we discuss the effect of the next-to-nearest neighboring term into energy eigenmodes 
and dispersion relation. Eq. (35) is rewritten as

E′±(φi) = t ′φ2
c f±

(|φi/φc|
)

(36)

with φc = t/t ′ and f±(x) = x2 ± x. Taking t ′ = 0, the number of positive and negative energy 
eigenmodes is consistent, and it turns out that the Fermi-surface for the half-filled electron system 
appears at zero energy level (origin of dispersion relation in Fig. 3). However, taking account of 
the effect of the next-to-nearest neighbor hopping term t ′ �= 0, the situation is changed. Fig. 4
shows that the negative eigenvalues E′−(φi) remain in negative values unless |φi | exceeds |φc|
which is crossing point of negative eigenvalue with zero, besides the eigenvalues E′+(φi) stay in 
positive values at arbitrary |φi |. Thus, if |φi | does not exceed the threshold |φc|, the Fermi surface 
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Fig. 4. x axis denotes |φi/φc|, and y axis denotes energy eigenvalues divided by t ′φ2
c . The dashed lines colored with 

red and blue are E+(φi )/t ′φ2
c = |φi/φc| and E−(φi )/t ′φ2

c = −|φi/φc| respectively. While the solid lines colored with 
red and blue are E′+(φi )/t ′φ2

c = f+(|φi/φc|) and E′−(φi )/t ′φ2
c = f−(|φi/φc|). (For interpretation of the references to 

color in this figure legend, the reader is referred to the web version of this article.)

remains in zero energy due to the consistency between the number of the positive and negative 
eigenvalues. On the other hand, if |φi | exceeds the threshold by choosing the abnormally large 
value of t ′, the Fermi surface stays no longer in the same energy level. In fact, because of |φi | ≤ 3, 
the Dirac point stays at zero energy level even with the next-to-nearest neighbor hopping term 
as long as 3 < |φc| = |t/t ′|. In the graphene, substituting the value of t and t ′ presented in [21], 
since |t/t ′| � 28 is far from threshold, the Fermi surface is not changed.

4. The continuum limit

In this section, we consider the continuum limit and low-energy limit. Note that we ignore the 
higher order terms O(k2) and O(a), and thus we set t ′ = 0 in the following discussion.

In the momentum space, the tight binding Hamiltonian in terms of the mass eigenstate, as 
shown in Eqs. (17) and (23), is given as

H = t

π/a∫
−π/a

d2k

(2π)2
ψ̃†(�k)

[
τ+ ⊗ Φ̃(�k) + τ− ⊗ Φ̃†(�k)

]
ψ̃(�k), (37)

where ψ̃Ia(�k) was defined in Eq. (28), and

Φ̃(�k) = 1

3

⎛
⎝ b0 + b1 + b2 + 6 b0 + ω2b1 + ωb2 b0 + ωb1 + ω2b2

b0 + ωb1 + ω2b2 b0 + b1 + b2 − 3 b0 + ω2b1 + ωb2

b0 + ω2b1 + ωb2 b0 + ωb1 + ω2b2 b0 + b1 + b2 − 3

⎞
⎠ . (38)

with bρ = exp(−i�k · �eρ) (ρ = 0, 1, 2). Expanding Φ̃(�k) with respect to k up to O(�k) as

Φ̃ ′(�k) =
⎛
⎝ 3 0 0

0 0 0
0 0 0

⎞
⎠ − a

2
ik1

⎛
⎝ 0 1 1

1 0 1
1 1 0

⎞
⎠ − a

2
ik2

⎛
⎝ 0 −i i

i 0 −i

−i i 0

⎞
⎠ +O

(
k2), (39)
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Table 1
Symmetry in effective theory for parity-invariant mass term.

Global symmetry

preserved broken

12×2 ⊗ 12×2 τ1 ⊗ σ3 τ2 ⊗ 12×2 τ3 ⊗ σ3

where ki (i = 1, 2) are components of momentum in Cartesian coordinates, and integrating out 
the massive mode ψ̃I0(�k) by its equation of motion(

0 Φ̃ ′(�k)00

Φ̃ ′†(�k)00 0

)(
ψ̃A0(�k)

ψ̃B0(�k)

)

= −
∑

a=1,2

(
0 Φ̃ ′(�k)0a

Φ̃ ′†(�k)0a 0

)(
ψ̃Aa(�k)

ψ̃Ba(�k)

)
, (40)

the Hamiltonian is reduced to the following form:

Heff =
π/a∫

−π/a

d2k

(2π)2
ψ̃†(�k)

[
v
{
k1(τ2 ⊗ σ1) + k2(τ2 ⊗ σ2)

} +O
(
k2)]ψ̃(�k), (41)

ψ̃(�k) = (
ψ̃A1(�k) ψ̃A2(�k) ψ̃B1(�k) ψ̃B2(�k)

)T
, (42)

with v = at/2. In the above tensor product representations, the latter of tensor structure acts on 
flavor space of physical mode a = 1, 2.

In the continuum limit, the effective Hamiltonian has the following 4 global symmetries,

12×2 ⊗ 12×2, τ1 ⊗ σ3, τ2 ⊗ 12×2, τ3 ⊗ σ3. (43)

Now we consider the existence of parity-invariant mass term in the Hamiltonian. This term is 
invariant under the parity transformation (which is exchange symmetry of A ↔ B and x → −x

but ρ → ρ in Fig. 2), and so that we have

mψ̃†(�k)(τ1 ⊗ 12×2)ψ̃(�k). (44)

This is invariant under two global symmetries, 12×2 ⊗ 12×2, τ1 ⊗ σ3, whereas, under symmetry 
generated by τ2 ⊗ 12×2, τ3 ⊗ σ3, this mass term is not invariant. Therefore, in analogy to QCD, 
we shall call the symmetry with generator τ2 ⊗12×2, τ3 ⊗σ3 as “flavor–chiral symmetry”. Under 
this global symmetry, the parity-invariant mass term Eq. (44) is forbidden up to the first order 
of �k (see in Table 1). We notice that the higher derivative term than O(k2) violates “flavor–chiral 
symmetry” similar to Wilson fermion. It seems that the parity-invariant mass term may be in-
duced through quantum corrections, which is associated with higher momentum effect, when 
interactions between electron–electron and electron–photon are turned on.

In the continuum limit, there exists a global flavor–chiral symmetry generated by τ3 ⊗ σ3, 
however, as in the case of overlap fermion in lattice QCD, such global symmetry may be de-
formed by lattice artifact at finite lattice spacing. In the next section, we consider a possibility of 
flavor–chiral symmetry on position space formulation in honeycomb lattice.

Note that making Legendre transformation of Eq. (41), we also derive the Lagrangian

L = iψ̄(t, �x)

[
∂0γ0 − v

∑
γi∂i

]
ψ(t, �x) (45)
i=1,2
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where ψ̄ = ψ†γ0 and gamma matrices γ0, γ1, γ2 are,

γ0 =
(

0 1
1 0

)
, γ1 =

( −iσ1 0
0 iσ1

)
, γ2 =

( −iσ2 0
0 iσ2

)
(46)

(in details see also Appendix A). Apparently, these gamma matrices γ0, γ1, γ2 satisfy Clifford 
algebra {γμ, γν} = gμν , where gμν is a metric in (2 + 1)-dimensional space–time. These gamma 
matrices are consistent with γ̂μ in Section 2 by performing unitary transformation.

5. Exact flavor–chiral symmetry

In this section we employ the exact flavor–chiral symmetry in position formulation in honey-
comb lattice to the next-to-leading order of tight binding approximation.

First, we use the following ansatz for exact flavor–chiral symmetry of Hamiltonian: (15),

δχ(�x) = iθΓ5χ(�x) = iθ

[
(τ3 ⊗ X)χ(�x) + 1

2

∑
ρ

(τ3 ⊗ Yρ)
(
�ρχ(�x)

+ 2χ(�x)
) + 1

i

∑
ρ

(1 ⊗ Zρ)
(∇ρχ(�x)

)]
, (47)

where X, Yρ , and Zρ are unknown 3 × 3 Hermitian matrices. Based on this ansatz, we determine 
the form of X, Yρ , and Zρ from the solution of symmetry equation [H̃ , Γ̃5] = 0 in the momentum 
representation. Γ̃5 is defined as in momentum representation, which is consistent with generator 
τ2 ⊗ 12×2 of global flavor–chiral symmetry in the continuum limit.2

We obtain the explicit forms of X, Yρ , and Zρ as

X =
⎛
⎝ 0 −i i

i 0 −i

−i i 0

⎞
⎠ , (48)

Y0 =
⎛
⎝ 0 −i i

i 0 0
−i 0 0

⎞
⎠ , Y1 =

⎛
⎝ 0 −i 0

i 0 −i

0 i 0

⎞
⎠ , Y2 =

⎛
⎝ 0 0 i

0 0 −i

−i i 0

⎞
⎠ , (49)

Z0 =
⎛
⎝ 0 −1 1

−1 0 0
1 0 0

⎞
⎠ , Z1 =

⎛
⎝ 0 1 0

1 0 −1
0 −1 0

⎞
⎠ , Z2 =

⎛
⎝ 0 0 −1

0 0 1
−1 1 0

⎞
⎠ . (50)

The details of the derivation are given in Appendix B.
Next we consider how such flavor–chiral symmetry is interpreted as on honeycomb lattice. 

Rewriting Eq. (47) in components of χ(�x), the transformation for χAρ(�x), χBρ(�x) reads

δχAρ(�x) = θ
[
χAρ+1(�x + �eρ+1) − χAρ−1(�x − �eρ)

+ χAρ+1(�x − �eρ) − χAρ−1(�x + �eρ−1) + χAρ+1(�x) − χAρ−1(�x)
]
, (51)

δχBρ(�x) = θ
[−χBρ+1(�x − �eρ+1) + χBρ−1(�x + �eρ)

− χBρ+1(�x + �eρ) + χBρ−1(�x − �eρ−1) − χBρ+1(�x) + χBρ−1(�x)
]
. (52)

2 There are two possibilities for Γ̃5, which are in agreement in the continuum limit. One is Γ̃5 = τ3 ⊗ X1 +O(a), and 
the other is Γ̃5 = τ2 ⊗ X2 +O(a). However the latter is found not to satisfy the symmetry equation at the second order 
of Taylor expansion around small momentum.
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Fig. 5. Geometrical picture of Eqs. (51), (52). Left and right panels show transformation for χA0(�x) and one for χB0(�x)

respectively. The transformation for χA0(�x) (χB0(�x)) involves χAρ(�x) (χBρ(�x)) surrounded by red (blue) square, where 
sign denotes its overall factor. (For interpretation of the references to color in this figure legend, the reader is referred to 
the web version of this article.)

One can see that the flavor–chiral transformation involves the next-to-nearest neighbor sites with 
alternating signs as in Fig. 5. Using the conventional formulation as in Eq. (1), the flavor–chiral 
transformation of a(�x), b(�x) is expressed as

δa(�x) = θ
[
a(�x + �s2 − �s3) − a(�x − �s1 + �s2) + a(�x + �s3 − �s1)

− a(�x − �s2 + �s3) + a(�x + �s1 − �s2) − a(�x − �s3 + �s1)
]

(53)

δb(�x) = θ
[
b(�x + �s2 − �s3) − b(�x − �s1 + �s2) + b(�x + �s3 − �s1)

− b(�x − �s2 + �s3) + b(�x + �s1 − �s2) − b(�x − �s3 + �s1)
]

(54)

If we take a continuum limit a → 0, the above flavor–chiral transformation becomes δχ(�x) =
θ [X + ∑

ρ Yρ]χ(�x) = 3iθXχ(�x). In the mass basis, X is transformed to the following form:⎛
⎝ 0 0 0

0 1 0
0 0 −1

⎞
⎠ , (55)

except for an overall factor. Thus, the exact flavor–chiral symmetry corresponds to the global 
flavor–chiral symmetry τ3 ⊗ σ3 as expected. The flavor–chiral symmetry in the low energy 
effective theory has been discussed in some literature (see a review [22]). In position space for-
mulation, we also give the explicit formulation of flavor–chiral symmetry at finite lattice spacing, 
which has, to our knowledge, not been known in previous literature. It is known that axial U(1)

symmetry involves chiral anomaly in even-dimensional space–time, while in odd-dimensional
space–time chiral anomaly does not exist. In this paper, we consider (2 +1)-dimensional fermion 
system, where time direction is continuous, therefore there is no chiral anomaly and the flavor–
chiral symmetry remains exact even at quantum level. We comment that {τ3 ⊗ 13×3, H } = 0 has 
been often called as “chiral symmetry”, for instance [23,24], in condensed matter physics, how-
ever, the exact flavor–chiral symmetry shown in this paper is characterized by symmetry equation 
to prevent the parity-invariant mass term, and so that it is different from such definition.



M. Hirotsu et al. / Nuclear Physics B 885 (2014) 61–75 73
6. Summary and discussion

In this paper we present the construction of formulation of Dirac fermion from honeycomb 
lattice in position space. In our formulation, we use the new labeling of fermion field in which the 
fundamental lattice is composed of the centers of hexagonal unit cells. The six sites in each unit 
hexagonal cell is reinterpreted as spin–flavor degrees of freedom. Using this site-arrangement, the 
Hamiltonian in the nearest and the next-to-nearest neighboring term has kinetic term and second 
derivative term governing tensor structure with A, B site and three directions in hexagonal cell. 
In the analysis of energy spectrum, we show that one flavor has a mass of cutoff order and two 
quasiparticles are massless, and therefore, accounting for the degree of freedom of quasiparticle 
in position space formulation, it is consistent with momentum space formulation at all. In our 
formulation, since the structure of the Dirac point is simplified, its uniqueness can be easily 
shown. We also explicitly derive the global flavor–chiral symmetry at finite lattice spacing, which 
protects the masslessness of the Dirac fermion, under the nearest neighboring interaction.

From the point of view in lattice gauge theory, the position space formulation corresponds to 
Staggered fermion formulation [11]. We show that, starting from tight-binding model on honey-
comb lattice, its Hamiltonian is represented as the tensor structure with the first derivative term 
and of Dirac fermion and the second derivative term, which correspond to kinematic term and 
lattice artifact respectively. Regarding the degree of freedom of quasiparticle in honeycomb lat-
tice as the flavor of Dirac fermion field in 2 + 1 dimension space–time, this formulation is in 
agreement with two-flavor massless staggered fermion formulation in hypercubic lattice. In this 
case, the lattice spacing is defined as the distance between different unit hexagonal cell, and its 
physical point has been already known as finite value. This formulation provides a new picture 
as cut-off model for tight-binding approximation of the graphene.

The position space formulation easily extends toward the gauge interacting system. This 
also has the complementary information for understanding of the connection with QED with 
(2 + 1)-dimensional fermion simulation [25,17], Monte-Carlo simulation with electron–electron 
interaction [14,15] and honeycomb lattice simulation [12,13]. Furthermore, since our formula-
tion has manifest structure of flavor symmetry, it will be useful for implementation of lattice 
simulations.

Acknowledgements

The authors would like to thank Hidenori Fukaya, Yutaka Hosotani, and Satoshi Yamaguchi 
for useful discussions. This work is supported by the Grant-in-Aid of the Japanese Ministry of 
Education (Nos. 20105002, 23105714 (MEXT KAKENHI grant)).

Appendix A. Model in Lagrange formulation

If we add a mass term to the effective theory, Hamiltonian is written as follows:

H =
∫

d2k

(2π)2
ψ̃†(�k)[α1k1 + α2k2 + mβ]ψ̃(�k), (56)

where

α1 =
(

0 −iσ1
iσ 0

)
, α2 =

(
0 −iσ2

iσ 0

)
. (57)
1 2
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β is a Hermitian matrix and we may take following choices:(
0 1
1 0

)
,

(
1 0
0 −1

)
. (58)

Here the first gives parity-even mass term and the second gives parity odd mass term. However 
the parity-odd mass term may be forbidden by parity, thus we choose the parity-even mass term 
here. Then transforming above Hamiltonian to Lagrangian in real space, we obtain following 
Dirac Lagrangian in configuration space:

L = iψ†(t, �x)

[
∂0 + v

∑
i=1,2

αi∂i − mβ

]
ψ(t, �x) (59)

= iψ̄(t, �x)

[
∂0γ0 − v

∑
i=1,2

γi∂i − m

]
ψ(t, �x) (60)

where ψ̄ = ψ†β and γ0 = β , γ1 = −βα1, γ2 = −βα2. Evidently the gamma matrices γ0, γ1, γ2
satisfy Clifford algebra {γμ, γν} = gμν , where gμν is a metric in (2 +1)-dimensional space–time.

Appendix B. Explicit calculation of exact flavor–chiral symmetry

In order to determine X, Yρ , Zρ , we employ momentum representation of χ(�x), χ†(�x)

H =
∫

d2k

(2π)2
χ̃†(�k)

[
(τ1 ⊗ Λ) +

∑
ρ

eikρ (τ− ⊗ Γρ) +
∑
ρ

e−ikρ (τ+ ⊗ Γρ)

]
χ̃ (�k) (61)

with τ± ≡ (τ1 ± iτ2)/2 and Λ ≡ M − 1, and for flavor–chiral transformation δχ̃(�k) =
iθΓ̃5(�k)χ̃(�k) Γ̃5(�k) is given as

Γ̃5(�k) = (τ3 ⊗ X) +
∑
ρ

eikρ γρ +
∑
ρ

e−ikρ γ †
ρ , (62)

with

γρ = τ3 + 1

2
⊗ W †

ρ + τ3 − 1

2
⊗ Wρ. (63)

Wρ is defined as Wρ = 1
2 (Yρ + iZρ). Here, imposing [H̃ (�k), Γ̃5(�k)] = 0, we obtain following 

equations:

{Λ,X} +
∑
ρ

(
ΓρWρ + W †

ρΓρ

) = 0 (64)

{Γρ,X} + ΛW †
ρ + WρΛ = 0 (65)

ΛWρ + W †
ρΛ +

∑
σ �=λ(σ,λ�=ρ)

(
Γσ W

†
λ + WλΓσ

) = 0 (66)

ΓρW †
ρ + WρΓρ = 0 (67)

ΓρWσ + W †
σ Γρ = 0 (ρ �= σ). (68)
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Solving these equation for X and Wρ (ρ = 0, 1, 2), the solutions are found to be

X =
⎛
⎝ 0 −i i

i 0 −i

−i i 0

⎞
⎠ , (69)

W0 =
⎛
⎝ 0 −i i

0 0 0
0 0 0

⎞
⎠ , W1 =

⎛
⎝ 0 0 0

i 0 −i

0 0 0

⎞
⎠ , W2 =

⎛
⎝ 0 0 0

0 0 0
−i i 0

⎞
⎠ , (70)

where Yρ , Zρ are given as Yρ = Wρ + W †
ρ , Zρ = (Wρ − W †

ρ )/i respectively.
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