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Abstract

We consider the problem of Ambrosetti—Prodi type

Au+e" =s¢pp +h(x) in$2,
u=0 on 452,

where £ is a bounded, smooth domain in R2, ¢; is a positive first eigenfunction of the Laplacian under
Dirichlet boundary conditions and & € 0% (2). We prove that given k > 1 this problem has at least k
solutions for all sufficiently large s > 0, which answers affirmatively a conjecture by Lazer and McKenna
[A.C. Lazer, P.J. McKenna, On the number of solutions of a nonlinear Dirichlet problem, J. Math. Anal.
Appl. 84 (1981) 282-294] for this case. The solutions found exhibit multiple concentration behavior around
maxima of ¢; as s — —4o00.

© 2006 Elsevier Inc. All rights reserved.

1. Introduction and statement of main results

Let £2 € R? be a bounded and smooth domain. This paper deals with the boundary value
problem

(1.

Au+e'=s¢1+h(x) in 2,
u=0 on 452,
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where h € C%¥(£2) is given, s is a large, positive parameter and ¢; is a positive first eigen-
function of the problem —A¢ = A¢ under Dirichlet boundary condition in £2. We denote its
eigenvalues as

O<Ar <A <Az <<
The Ambrosetti—Prodi problem is the equation

Au+g(u)= f(x) in$2,
{u:O on 452, (1.2)

where £2 ¢ RY is bounded and smooth, f € C%%(£2), and the limits

I () I {())
v= lim — <pu= lim =—
t——00 t—+4+00

are assumed to exist. Problem (1.1) corresponds to a case in which v =0 and y = +00. In 1973,
Ambrosetti and Prodi [2] assumed that

O<v<Ai<pu<i

and additionally that gl > 0. They proved the existence of a C! manifold M of codimension 1
which separates C%%(£2) into two disjoint open regions,

COR2) =0y UMUO,,

such that problem (1.2) has no solutions for f € Oy, exactly two solutions if f € O,, and exactly
one solution if f € M.

In 1975, Berger and Podolak [4] obtained a more explicit representation for the result in [2]
by decomposing

f=s¢1+h, /h¢1=0,

2

and proving that for each such an 4 there is a number « (/) such that the problem

{Au~|—g(u)=s¢1+h in £2,

1.
u=0 on 052 (1.3

has no solution if s < «(h) and exactly two solutions if s > o« (/). Written in this form, letting s
be a parameter and 4 fixed, is what is commonly referred to as the Ambrosetti—Prodi problem.

The convexity assumption in the multiplicity result for large and positive s was relaxed sub-
sequently in [1,9,21]. In [22], Lazer and McKenna obtained a third solution of (1.3) under the
further assumption

V<A <A< <Az,
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while a fourth solution under this circumstance was found by Hofer [20] and by Solimini [29].
In [22] it was further conjectured that the number of solutions for very large s > 0 grows as the
interval (v, u) contains more and more eigenvalues, in particular, they conjectured that if

V<Al <pu=-4o00 (1.4)

and g does not grow “too fast” at infinity, then for all k£ > 1 there is a number sy such that for all
s > Sk, problem (1.3) has at least k solutions.

Surprisingly enough, Dancer [10] was able to disprove the conjecture in the asymptotically
linear case in which v and p are finite, exhibiting an example in N > 2 in which the interval
(v, u) contains a large number of eigenvalues but no more than four solutions for large s exist.
The conjecture, for both w finite and infinite actually holds true in one-dimensional and radial
cases under various situations, see [8,16,19,23,28] for these and related results. See also [5,13,
14,30] for other results in the PDE case.

How fast should “too fast” be in the growth of g under the situation (1.4)? The authors of the
conjecture had probably in mind a growth not beyond critical for the nonlinearity. This constraint
was indeed used in [8] in the radial case.

Recently Dancer and Yan [11,12] proved that the Lazer—McKenna conjecture holds true when
N >3 and

N+2
g(t):)»t+t£, l<p<——, A<y,

N-=2
by constructing and describing asymptotic behavior of the solutions found as s — +oc. In this
case v = A and u = +o0. This has also been done in the critical case p = %—J_r% if, in addition,

0 <Aand N > 7, by Li, Yan and Yang in [24].

Problem (1.1) is also a problem involving criticality in R2. While, strictly speaking, the non-
linearity stays below the threshold of compactness given by Trudinger—Moser embedding, for
which e”2 is critical, two-dimensional equations involving e* exhibit bubbling phenomena, sim-
ilar to that found at the critical exponent in higher dimensions. This has been a subject broadly
treated in the literature, in what regards to construction and classification of unbounded families
of solutions for this type of exponential nonlinearities.

The main result of this paper is a positive answer to the Lazer—McKenna conjecture for prob-
lem (1.1). Given any m > 1, there are at least m solutions for all s > O sufficiently large. These
solutions can be explicitly described: they exhibit multiple bubbling behavior around maximum
points of ¢1.

Theorem 1. Given any m > 1 and any s sufficiently large, there exists a solution ug of prob-
lem (1.1) such that

lim /e”f =8am.
s— 400
Q

More precisely, given any subset A of §2 for which

sup ¢1 < sup ¢y
A A
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and a sequence s — +00, there is a subsequence and m points & € A with

¢1(&;) =sup ¢
A

such that as s — +00

m
e's — 8w 255’,.
i=1

In particular, we observe that associated to any isolated local maximum point of &y of ¢ one
has the phenomenon of multiple bubbling at a single point, namely, e"s — 8w mdg,.

The construction gives much more accurate information on the asymptotic profile of these
solutions, in particular we have the expansion

s = =591~ p+ Y G&, 1)+ o)

i=1
uniformly on compact subsets of 2\ {&1,..., &y}, where p = (—A)"hin HO1 (£2) and G(x, &)

denotes the Green function of the problem

{ —A:G(x,8) =878 (x), x€2,

G(x,&)=0, x €052. (1.5)

In order to restate the problem in perhaps more familiar terms, let us substitute # in Eq. (1.1)
by u— ;—1¢ 1 — p- Replacing further the parameter s by A s and setting k(x) = e~ *, (1.1) becomes
equivalent to

{ Au~+k(x)e 5%1et =0 in £2,

1.6
u=20 on 052, (1.6)

and thus what one typically expects are solutions of u; (1.6) that resemble
k
ug(x) ~ Y m;G&, x),
Jj=1

with m; > 1, where &;’s are maxima of ¢;. This multiple bubbling phenomenon is in strong
opposition to the seemingly similar, well studied problem

{ Au+e2k(x)e* =0 in £2, (1.7)

u=0 on 052,

with k € C2(£2), info k > 0 and ¢ — 0, where bubbling of solutions with

/ezk(x)e“ =0()
2

is forced to be simple, namely with all m;’s equal to one, as it follows from the results in
[6,25-27]. Blowing up families of solutions to this problem have been constructed in [3,7,15,17].
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For instance, it is found in [15] the presence of solutions with arbitrary number of bubbling points
whenever £2 is not simply connected, see also [18] for a similar phenomenon for large exponents
in a power nonlinearity. Multiple bubbling has been built recently, in [32], for the anisotropic
problem

div(a(x)Vu) + £2k(x)e* =0 in £2,
u=0 on 052,

around isolated local maxima of the (uniformly positive) coefficient a. The moral of our result
is that multiple bubbling in the isotropic case may be triggered by the fact that the coefficient in
front of " does not go to zero in uniform way. Multiple bubbling “wants to take place” where the
coefficient vanishes faster in s. This should be somehow connected with phenomena associated
to (1.7), where k(x) is replaced by |x|*k(x), weight resulting for Liouville type equations with
singular sources. Important advances in understanding of blowing-up solutions for that problem
have been obtained, see, for instance, [31] and references therein.

The rest of this paper will devoted to the proof of Theorem 1. We will actually give to it a
precise version in terms of problem (1.6) in Theorem 2 below.

As we have mentioned, we do not intend to express our results in their most general forms.
For instance, the choice of ¢; as the positive function in the right-hand side of (1.1) is made for
historical reasons but it is certainly not essential. We could in principle replace it, for instance,
by any positive function ¢, where now concentration will take place around local maxima of the
function (—A)~!¢ in Hj (2).

On the other hand, we also remark that a similar result to Theorem 1 is valid for the problem

Au+iu+e" =s¢1 +h(x) in 2,
u=>0 on ds2,

provided that A < A;. Note that v = A, u = +00 in this case. The basic fact is that A + X satisfies
maximum principle. Green’s function should consistently be replaced by the one associated to
this operator.

2. Preliminaries and ansatz for the solution

In what remains of this paper we fix a set A as in the statement of Theorem 1. For notational
simplicity we assume

max ¢ (x) = 1.
xeA

What we will do next is to construct a reasonably good approximation U to a solution of (1.6)
which will have as parameters yet to be adjusted, points & where the spikes are meant to take
place. As we will see, a convenient set to select £ = (1, ..., &) is

_ 1 1
O = {é eA": 1—-¢1(§))<—=, Vj=1,...,m, and min|§ —&;| > —ﬁ}, 2.1
S i#]j S

/5

where the number 8 > 1 will be specified later. We thus fix & € O;.
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For numbers p; >0, j =1,...,m, yet to be chosen, we define
/L2-52-
uj(x) =ujs(x)=log ! 5 +5¢1(§;) —logk(§), (2.2)

(1587 + 1x = &;1%)

so that u; solves

Au+k(E)Sie" =0 inR>, /k(gj)sf.e“ =87, (23)

R2

where, since we are approximating a solution to (1.6), we naturally choose

5 =5;(s) = exp{—%q&l (g,)}. 2.4)

Note that u; is not zero on the boundary of §2, so that we add to it a harmonic correction so
that boundary condition is satisfied. Let H;(x) be the solution of

AHj = 0 in £2,
Hj =—Uj on d52.
We define our first approximation U (§) as

UE) =) Uj. Uj=u;+H;. 2.5)
j=1

As we will see precisely below, u; + H; ~ G(x, &;), where G(x, &) is the Green function defined

in (1.5). Let us consider H (x, &), its regular part, namely, the solution of

{—AXH(x,S)zo, x €S2, 2.6)

H(x,y)=T(x—y)=—4log 1y, xedg,
so that
Gx,y)=H(x,y)—T'(x —y).

While u; is a good approximation to a solution of (1.6) near &}, it is not so much the case for U,
namely,

U=Mj+<Hj+Zuk>,
k#j

unless the remainder vanishes at main order near &;. This is achieved through the following
precise choice of the parameters pu:

log 81} =logk(&)) + H (&, &) + Y G(&i, &) @7
ik
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Let us observe, in particular, that since & € Oy,

1
Egukgcszﬁ forallk=1,...,m and some C > 0. (2.8)

The following lemma expands U; in £2.
Lemma 2.1. Assume & € Oy. Then we have
Hj(x) = H(x, &) —log85 +logk(€)) + O (1}87), 2.9)

uniformly in $2, and

uj(x) =log8us —logk(&;) — I'(x — &) + O (u3s**53), (2.10)
uniformly in the region |x —&;| > R ﬂ, so that there,
Uj(x)=G(x. &)+ O(u3sPs7). .11

Proof. Let us prove (2.9). Define z(x) = H;(x) + log SM? —logk(§;) — H(x,&;). Since z is
harmonic we have

max Iz| zrggx|—u,- +log8u3 —logk(€;) — I'(- — &)

1
= max |lo
ceoe| Slx—gF (M282+|x—§ )2

= 0(1553).
uniformly in §2, as s — oo. Expansion (2.10) is directly obtained by definition of u; and u;. O
Now, let us write
§=38(s) =e*/?, 2,=86"10, Ej =0k (2.12)
Then u solves (1.6) if and only if v(y) = u(8y) — 2s satisfies

{Av+q(y,s)e”=0 in £2g, 2.13)

v(y) = —2s, Y €082,
where
q(y.s) =k(8y) exp{—s(p1(8y) — 1)}.

Let us define V (y) = U (§y) — 2s, with U our approximate solution (2.5). We want to measure
the size of the error of approximation

R=AV +q(y,s)e". (2.14)
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It is convenient to do so in terms of the following norm:

lvll« = sup
YESR

m ~1
4] 2
+8 | v,
[; G2y € P3P } o

where
—1 s
Yj =Wjdj8" = pujexp 5(1 —¢1(E))) (-
Important facts in the analysis below are the estimates

Sy <P Gy < et

Here and in what follows, C denotes a generic constant independent of s or & € Oj.

Lemma 2.2. The error R in (2.14) satisfies

IR|x < Cs?PTle™/* ass — oo

Proof. We assume first |y — & | < 231/3 5

ZXM: $1(8)) u; 6y) Xm: 8y}
AV() ==8) ke @ =" S
— £ 22
Jj=1 j=1 (yj +ly §/| )
8
Vk ZO Mz 4,3528

/12)2
Let us estimate g (y, s)eV(y). By (2.9) and the definition of w;’s,

Hy(x) = H (&, &) — log8ui +logk(&;) + O (u387) + O(Ix — &)

=—Y GG &)+ 0(us}) + O(1x — &l).
J#k

and if j #k, by (2.11)
Uj(x) =uj(x) + Hj(x) = G, &) + O(|lx — &l) + 0 (ujs*53).
Then

Hi(x)+ ) Uj(x) = Zo 252062) + 0/(1x — &l).
J#k

115

(2.15)

(2.16)

2.17)

(2.18)
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Therefore,

q(y,9)e" Y =q(y,s)8* exp{ukwy) + He(8y) + ) _U; (6y)}
Jj#k

8#;%6](%8) { 22852 ’ }
= 0 8 + 08y —
O+ 1y — &P ; e el =&

_ Y (s o(ssly - ).
2+ 1y —EP)? g

We can conclude that in this region

syZsly — &l
[R(| < Com, @) P8 "2 ~+ Y 0(u3ss%3)
(Vk + 1y Sk ) ik

If |y — §}| > ﬁ for all j, using (2.9)-(2.11) we obtain

AV = Zo (155*5%57) and

m
qg(y,s)eV® = 0(84exp{ Zf(x—éj }) 0(s4m(m_l)ﬂ84).
j=1
Hence,

R(y)=)_0(s*5%73)

J

for some K > 0 so that, finally,
IRl =" O(snb)
k

and by estimate (2.17) the proof is concluded. O

Next consider the energy functional associated with (1.6)
1 2 —Ssp1 u
=3 [Vul* — | k(x)e ?le". (2.19)
Q Q

We will give an asymptotic estimate of J;[U], where U (§) is the approximation (2.5). The choice
of parameters w ; as in (2.7) and computations essentially contained in [15] show that the follow-
ing expansion holds.
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Lemma 2.3. With the election of |1 ’s given by (2.7),
m
JUI=167 ) logléi — &1 +8s ) _¢1(E) + O(D), (2.20)
i#] Jj=l1
where O (1) is uniform in & € O;.
In the subsequent analysis we will stay in the expanded variable y € €25 so that we will look

for solutions of problem (2.13) in the form v = V 4 ¢, where y will represent a lower order
correction. In terms of v, problem (2.13) now reads

{ i(z)oz Ay + Wy =—[R+N®)] g:lgjos 2.21)
where
N@)=W[e! —1—vy] and W=q(y,s)e".
Note that
W0 =3 (s o8] forvea,
iy -EP

which can be written in the following way:
Lemma 24. For y € 2, and § € O5, W(y) = 0(8* Y sfeuf@y)), and then |W || = O(1).
3. The linearized problem

In this section we develop a solvability theory for the linear operator £ defined in (2.21) under
suitable orthogonality constrains. We consider

L) =AY+ WY, (3.1

where W (y) was introduced in (2.21). By Lemma 2.4 the operator £ resembles

Lo(¥) = Ay + (52 Zsjzeuf) W, (3.2)

J=1

which is a essentially a superposition of linear operators which, after translations and dilations,
approach as s — oo the operator in R?

L) =AY + (3-3)

1+ |Z|2)21/f’
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namely, equation Av + e¢” = 0 linearized around the radial solution v(y) = TEe: The key

log
(l+b|
fact to develop a satisfactory solvability theory for the operator £ is the nondegeneracy of v up

to the natural invariances of the equation under translations and dilations. In fact, if we set

-1

Zo(2) = :Z:z (3.4)
4z;

Z@=1 5 =12 3.5)

the only bounded solutions of £, () =01in R? are linear combinations of Z;,i=0,1,2;see[3]
for a proof.
We define fori =0,1,2and j=1,...,m,

1 y—¢&
Zij(y)E—Zi< 1), i=0,1,2.
Vi Vi

Additionally, let us consider Ry a large but fixed number and x a radial and smooth cut-off
function with x =1 in B(0, Rg) and x =01in B(0, Ry + 1)¢. Let

Xj(y)=X()/j_ - j,), j=1....,m
Given h € L*°(£2s), we consider the problem of finding a function v such that for certain
scalars c;; one has

ﬁ(llf)—h-irz, ]Z lcle] in £2;,
Y=0 on 982, 3.6)

Jo, xiMZijyr =0 foralli=1,2, j=1,....m

Proposition 3.1. There exist positive constants so > 0 and C > 0 such that for any h € L°°(§2;)
and any & € O, there is a unique solution v = T (h) to problem (3.6) for all s > sy, which
defines a linear operator of h. Besides, we have the estimate

|T®)| ., <Cslhlls. (3.7)
The proof will be split into a series of lemmas which we state and prove next.
Lemma 3.1. The operator L satisfies the maximum principle in g = $2\ U;”Zl B(éj’., Ryj),
for R large but independent of s. Namely, if L() < 0in g and ¢ >0 on 982g, then ¥ >0
in 2pg.
Proof. Notice that for s sufficiently large, y; < 81 for all j. This ensures that 2 is well

defined. Now, it is sufficient to find a smooth function f(y) such that f > 0in 2 and £(f) <0
in §R~
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For this purpose, we use the following lemma, whose proof is contained in [32].

Lemma 3.2. There exist constants Ry > 0, C > 0 such that for any s > 0 large enough, there
exists f:82g, — [1, 00) smooth and positive verifying

m

LH<=)

j=1

Vi 2
ly—&I°

in g, and 1 < f < C uniformly in $2g,.

We briefly recall the argument: we consider numbers Ry, s large enough and define

— = foly) =y ——.
c F ) = fody) iy E

with fo the solution of —Afy =11n £2, fo =2 on 352 and « € (0, 1). It is directly checked that
f verifies the required conditions. O

Let us consider now the inner norm

191l = sup |1,
24

where we understand 2%, = £2,\2¢ = U;’Ll B(S}, Ry)).

Lemma 3.3. There exists a constant C = C(R,m) > 0 such that if L(y) =h in 2, v =0
on 382, h € L°°(82y), and s is sufficiently large, we have

¥ lloo < W + 1l }- (3-8)

Proof. We will establish this estimate with the aid of Lemmas 3.1 and 3.2. We let f be the
function defined in the latter result. We consider the function

b= (1l + I2ll) £,

and claim that IZI > |Y| on 82g if R is sufficiently large. In fact, if y € €2, by the positivity
of f, we have

V() =0=|y ()|

On the other hand, if |y —S,i| = Ry, forsomek=1,...,m,

GO =Yl f =1l = [wO)| for|y—&| =Ry, k=1,....m.
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Finally, using that

m

Vi 2

j=1

we have for y € 2,

ﬁ@xngmwwwwgaﬁ<—wm{2}41—+&}

— &3
=R

m y; X
<Al 582} < bl < e
{;(Vf+|y—§]’.|2)3/2 } )| < =L@ )|

provided R large. In particular, we have ﬁ(g@) < —ﬁ(lp) and E(@) < L), in 2g. Hence, by
Maximum Principle in Lemma 3.1 we have [ (y)| < ¥ (), for y € 2. From this we obtain

¥ lloo < 1Vl < C{IWlli + lIA1+}

as desired. O
The next step is to obtain a priori estimates for the problem

LW)=h in £,
Y =0 on 052, (3.9
fngjZ,'ﬂ/f:O fora11i=0,1,2,j=1,...,m.

which involves more orthogonality conditions than those in (3.6). We have the following esti-
mate.

Lemma 3.4. Let Y be a solution of problem (3.9) with & € Oy. Then, there exists a C > 0 such
that

Voo < CliAllx (3.10)

for all s > 0 sufficiently large.

Proof. We carry out the proof by a contradiction argument. If the result was false, then, there
would exist a sequence s, — oo, points £" € O;,, functions h,, with ||A, ||« — 0 and associated
solutions ¥, with ||, |lcc = 1 such that

L) =hy in Qs,, ,

Y, =0 on 982, 3.11)
XiZiiv, =0 foralli=0,1,2, j=1,...,m.
f(zj. J4ij
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By virtue of Lemma 3.3 and ||[¥,|lcc = 1 we have liminf,_,  ||¥lli = o > 0. Let us set
Iﬂn(Z) wn((é )t 4+ Y; "7), where the index j = j(n) is such that supB(Em Ry)) Y| = «, and
can be assurned to be the same for all n. We notice that Wn satisfies

A+ () Wi = ()l in 20 =777 (25 (&))").

Elliptic estimates allow us to assume that Vn converges uniformly over compact subsets of R to
a bounded, nonzero solution i of

8

M F G T

This implies that 1/} is a linear combination of the functions Z;, i = 0, 1,2, namely, 1/} =
Z%:o ok Z. But orthogonality conditions over ¥, pass to the limit thanks to ||y ||co < 1. Dom-
inated convergence then yields

2
ozfijijlpnzfxzi&n+o(1)=2ak/;<zl-zk+o(1), i=0,1,2.

o R2 k=0 o

But [ xZiZx =0 fori #k and [go )(Zi2 > 0. Then oz = 0 for all k =0, 1, 2 and hence ¥ =0,
a contradiction with liminf,,_ o ||, |l; > 0. O

Now we will deal with problem (3.9) lifting the orthogonality constraints |’ 2, XiZoj¥ =0,
j=1,...,m, namely,

L@)=h in 2,,
¥ =0 on €2y, (3.12)
fgrszijx/fzo foralli=1,2, j=1,...,m

We have the following a priori estimates for this problem.

Lemma 3.5. Let  be a solution of (3.12) with & € Oy. Then, there exists a C > 0 such that

[V lloo < Csllh]l« (3.13)

for all s sufficiently large.

Proof. Let R > Ry + 1 be a large and fixed number. Let us consider the function
~ 1
ZOjZZOj(Y)_7+‘10jG(5y7§j), (3.14)
J

where

1
L= . 3.15
Wi = TH(E £)) — 4log(37, R) ©-15)
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From estimate (2.8), we have

Cillogd;| <log(dy;R) < C2|logd;| and

Gy, Sj))

(3.16)
v;jllogd;|

Zo;(y) = 0(
Next we consider radial smooth cut-off functions 7 and 1, with the following properties:
0<m<l1l, nm=1inBO,R), n =0inBO,R+1)°; and
0<m<l, m=1inB@O,1), n=0in B(O, g)‘

With no loss of generality we assume that B(0, %) C £2. Then we set

ly =&l

mj(y>=m( ) 2, (y) = m2(48|y — &), (3.17)

Vi
and define the test function
Zoj =m;jZoj+ (1 —n1)mjZoj.

Let ¢ be a solution to problem (3.12). We will modify ¢ so that the extra orthogonality
conditions with respect to Zg;’s hold. We set

m 2 m
1p=1ﬁ+ZdeOj-i-zzeij)(jzij. (3.18)
j=1

i=1 j=1

We adjust ¥ to satisfy the orthogonality condition

/ijijlz:o foralli =0,1,2; j=1,...,m. (3.19)
2
Then,
m 2 m
LO=h+Y dil(Zoj)+ )Y e L Zij). (3.20)

j=1 i=1j=1
If (3.19) holds, the previous lemma allows us to conclude
_ m - 2 m -
¥l < C ||h||*+2|d,-|||£(Zo,-)||*+ZZ|eij|||£(sz,-,-)||*}. (321
j=1 i=1 j=1

Estimate (3.13) is a direct consequence of the following two claims:



M. del Pino, C. Muiioz / J. Differential Equations 231 (2006) 108—134 123

Claim 1. The constants d; and e;; are well defined and

C ~ Clogs
LxGZip)|, < —. L(Zo))]|. < —————, i=1,2;j=1,....,m. (322
H ] ||* Y ” ( J)”* V.j|10g8.j|
Claim 2. The following bounds hold:
ldj| < Cyjllogd;lliAll, leijl < Cyjlogs|hlls, i=1,2; j=1,....m. (3.23)

After these facts have been established, using that
~ C C
[Zoj]o < - and 12yl < -
J

we obtain (3.13), as desired.
Let us prove now Claim 1. First we find d; and e;;. From definition (3.18), orthogonality
conditions (3.19) and the fact that supp x; xx =@ if j # k, we can write

. ~
—1dk Jo XjZijZok
e,»]:_z" 1 Ja, XiZ L i=1,2j=1,....m. (3.24)

f.QS XjZizj

Notice that ‘/:Qx Zl.zj X]z =c>0,foralli,j,and

~ yjlogs :
o705 s
/ s villogd|

82

Then, from (3.24)

yjlogs

_ (3.25)
villogd;|

leij| <C Y ldi|
I#]

We need to show that d; is well defined. In fact, multiplying definition (3.18) by Zoy xx, integrat-
ing and using the orthogonality condition (3.19) for i =0, we get

m
Zdj/XkZOkZOjZ_kaZOkwa Vk=1,...,m. (3.26)
=g 24
But fQJ XkZ()kz()k = st sz(%k = C for all k, and

~ vk logs
XkZokZoj = O <—>
f ! yjllogd;|

2
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if kK # j. Then, if we define

mkj=/XkZOkZOj and fk=—/XkZOk1ﬂ,
25 £24

system (3.26) can be written as
m
Y mijdi=fi. k=1,...m.
j=1

But the matrix with coefficients y;my; yk_l is clearly diagonal-dominant, thus invertible, so the
matrix my; is also invertible. Thus dy is well defined.
Let us prove inequalities (3.22). We note that in the region |y — $}| <(R+ Dy,

L(xjZij) = xjL(Zij) + AxjZij +2V ;- VZij
-1

s8jv? 14 1
=o(Grnam) Ol g Ol )
@7 +ly— &2 G +ly—gPIn @7 +1y— &

and then ||L(x; Zij) ||« = 0()/]4_1). We prove now the second inequality in (3.22). In fact,

E(Z()j) = A’]lj(ZOj - 2()j) + 2V171j . V(Zoj - 20j) + 2V172j . V?oj + Anzjfz\oj
+m{L(Zoj) = L(Zoj)} + 2 £(Zoy)-

Now we consider the four regions

n={ly-¢gl<vrl,  2={yR<[y-gl<y®R+D}

1 1 1
_ . ’ _ ’
fzaz{y,(R+1><|y—sj|<E} and 94={E<|y—éj|<§}.
Notice that (2.19) and (3.3) imply
{£(z0j) — £(Zoj)} + 2 £(Z0)) 0( i ) (3.27)
mij 0j) — 0j) 1 +mjllZoj)= .
. ’ e ] + 1y — €132
for all y € £21 U £2,. Lut us now analyze C(Z)j) in each £2;. In £21,
L(Zo) 0< 7] > (3.28)
Zoi) = . .
’ (v} +1y — &)
IH.QQ,
~ 1 ViR
Zoj — Zoj = — —aop; G(8y, xj) = —apj 4log —~+ 0@y, (3.29)
Vi ly =&l
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hence we conclude

1

Zoj — Zoj| = 0 _
-2 = o o

) and |V(Zoj—20‘,~)|:0( ) (3.30)

yjllogd;|

and then

L(Zoj) = 0<;>. (3.31)

v} llogd;l

In £24, thanks to (3.16), | Zo;| = O(W), IVZo,| = O(W) and

£(’Z\0j) =AZy; + W/Z\()j

=0<#)+ZO( ! 73 )
i +ly =& & \yjllogdjl (v + 1y — 122

Then, in this region
£ =0 (o) (6.32)
vjllogd;|
Finally, we consider y € £23. We have

-~

£(Zo;) = £(Z;)
_ B}

1
= W——}Zo-JrW{aoG(éy,é-)——}EA1+A2.
{ Wi +ly—&>»2 ’ Ty

J

To estimate these two terms, we need to split £23 into several subregions. We let

1 1 .
93,]-E{yj(R+1)< \y—éﬂ <m}, QS,kE{y€Q3 ‘ |y_él£| S 2sﬁ8}’ k.
- 1
and Q3E{y693 ) =8> 55 vz}.

_ sy : ) _ Ke2¢2. =1\ : &
From Lemma 2.2, A _O(W) in£23;,and A1 =O(s"9 Sjyj ) in £23.
Ify 693,]',

A2:0<—yj2a0j {—10gy~R+10g|y—$/-|+8|y—f§/»|})
7 +1y =& ! ! !

1 1
= 0 N
<|log6,-| (7 +1y— s;-|2>3/2)
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and A, = O(SK(SZ(S;), for some large K. Finally we get, forall y € £23 ; U S~23,

1£(Zoj)| = 0( : ! ) (3.33)

logd;| (v} + 1y — &}1%)3/2

In 23k, k # j, we write

£(Zoj) = AZo; + WZ, W awE
0j) = 0j + 0j = - 20 0j + 0,
(J/j-i-ly—éjl)
2
Gy, &;
=0(s’<5,~53)+0< S (ysf))
e +1y— §k|2)2 yjllogd;|

Vi logs
=0(— 112)2 ’
(v + 1y —&1H? vjllogd)|

and then, combining (3.27)—(3.33) and the previous estimate, we arrive at

|0l =0 e )

y;jllogd;|

Finally, we prove Claim 2. Testing Eq. (3.20) against Zoj and using relations (3.21), (3.22), we
get

m

2 m
de/E(ZOk)ioj =—/hzo‘/—/lﬁﬁ(zoj')+22ezk/)(kzlk£ (Zo;)

k=1 o 2, 2, I=1 k=1

S

hll« L(Zo) |l
< ||y|| +C||1l/||oo”/v‘ ZO] +CZZ| I£C 0/)”

=1 k=1

< C||h||*{yij + HL(Z),-)H*} +C i il | £(Zow) |, 1 £(Zoj) ],

+CZZ| |£(ZO/)||*

=1 k=1

where we have used that

i <C forall j.
/(y,?+|y—s;|2>3/2
25 X
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But estimate (3.25) and Claim 1 imply

Sos Ml XN ldillog’s
|d-I/£ 20j)Zoj <C——+C P |
; ) (o)) Zo; Vi ]; ¥jvk|logd|[logdy| ;

/ L(Zoj) Zo

25

(3.34)
We only need to estimate the terms f 2, E(Z) j)z)k, for all k. We have the following claim.

Claim 3. If R is sufficiently large,

~ A\~ E
L(Zo)Zoi = ——— (1 +0(1)), (3.35)
Qf (B0 oy = e (1 +00D)

where E is a positive constant independent of s and R. Besides, if k # j

2
/E(Zo,-)ZOkz 0( log”s ) (3.36)
£

Vi villogd[|logd|

Assuming for the moment the validity of this claim, then replacing (3.35) and (3.36) in (3.34),
we get

|di| log® s
v |logdel’

(3.37)

14,1 -
=L < Cllogs;llhll +C Y
Yi k=1
and then,

|dj] < CyjllogdllI |«
Finally, using estimate (3.25), we conclude

leij| < Cyjlogslih|«

and Claim 2 holds. Let us proof Claim 3. Let us try with the first term (3.35). We decompose
/ L(Zoj) Zoj = O(s8)) + / £(Zoj) Zoj + / £(Zoj) Zoj + / £(Zoj) Zo;
25 22 23 24
=066)+ L+ I+ 14
First we estimate /3. From (3.33),

I3=/£(20j)20j= / £(/Z\Oj)/z\0j+2 /,C(/Z\()j)’z\()j

23 Q:;J‘Ufjg, k#j 23k

1 log? s
=0 270w 1) T\ aeas 2 )
Ry} [logd;| v llogd;|
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Now we estimate /4. From the estimates in 24, |I4| = O(W). On the other hand, we have
' J

~ ~ 58
122/{A7)11(20j —Zoj) +2Vny; ~V(Zoj —Z()j)}Z()/ + O( RZ)
§2;

Thus integrating by parts the first term above we find

12=/ij -V(Zoj — Zoj) Zo; _/|V7711|2(ZOJ — Z0;)°
27 §2;

—/ij ~V20j(20j—20j)+/{n1j£(20j)+(1—nlj)ﬁ(foj)}
2 2,

=h,+hy+he+hy.

Using (3.29) and (3.16), we get |V?01| = O(R+y2) in £2,,
j

R 1 5
Y |
y?|logs,; |2 ¢ R2y?[logs; | R3y?|logs|

Now, as ZOJ =Zy;(1+ O(uoga |)) we conclude

E
0gd; |/ 771( )(1+ )(1+0(1)) W( +O(1))’

where E is a positive constant independent of s and R. Thus, for fixed R large and s small, we
obtain (3.35). The second result can be established with similar arguments. O

Now we can now treat the original linear problem (3.6).

Proof of Proposition 3.1. We first establish the validity of the a priori estimate (3.7) for solutions
Y € L°°(£2) of problem (3.6), with 1 € L°°(£2). Lemma 3.5 implies

2 m
¥l < Cs ||h||*+ZZ|ci,~|||x,~zi,~||*}, (3.38)

i=1j=1
but

lxjZijll« < Cyj,
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then, it is sufficient to estimate the values of the constants ¢;;. To this end, we multiply the first
equation in (3.6) by Z;;nz;, with n7; the cut-off function introduced in (3.17), and integrate by
parts to find

2 m
/lﬁﬁ(zijnzj)=/hzijn2j +chk1/n2jzij)(lzkl- (3.39)
o, o, k=li=1 ¢
It is easy to see that fﬂs hnajZij = 0()/]._1 [I2]l+). On the other hand, we have

L(n2jZij) = AnzjZij + 2V -V Zij 4+ n2; L(Zij)

8y2
=0(83)+{W i

-t Zi; = 0(8%) + B;.
(y}+|y—s,’.|2)2} 14 =00) B

To estimate B, we need to split supp#;; into several pieces. We consider the following subdo-
mains. For a fixed j, we let

21k

I
rm— e,
~
|
e
N
[\S]
R
(=2}
[ —

foranyk=1,...,m, and

~ , 1
925{|y_$j’<§,

P~ . sy P~ .
In £2;;, using Lemma 2.2, B; = O(W). In 214,k # j,

B§2

S

Bj=0<2—y",22>-
VE+ly =&

Finally, in §2, Bj = O (sX 8?83), for some constant K > 0 large. Then,

< CsP811¥ |l oo

‘ /Vfﬁ(nzj'zij)
2
Now,

/UszjZijZkz = Céjk
2
and if j # 1, and s is sufficiently large,

/flszIZijZkl = 0(ys”s5).
25
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Using the above estimates in (3.39), we obtain

2
C
leij| < CsP8]1Y lloo + oWl + CY > leulnshs (3.40)
J k=1 1]

and then

C
lcij] < CsP8|1Y |0 + 7||h||*.
J

Putting this estimate in (3.38), we conclude the validity of (3.13).

Finally, the a priori estimate implies in particular that the homogeneous problem has only
the trivial solution. A standard argument involving Fredholm’s alternative, see, e.g., [15], gives
existence. This concludes the proof. O

Remark 3.1. The operator T is differentiable with respect to the variables &’. In fact, computa-
tions similar to those used in [15] yield the estimate

|oeg T ()|, < Cs?lhlls foralll=1,2; k=1,....m. (3.41)
Important element in this computation is that % < C, uniformly on s.

4. The intermediate nonlinear problem

In order to solve problem (2.21) we consider first the intermediate nonlinear problem:

L) =—[R+NW)+ Y7 Xy cijxjZij in 2,
¥ =0 onds, 4.1)
f_QSXjZijTﬂZO foralli=1,2, j=1,...,m.

For this problem we will prove:

Proposition 4.1. Let £ € O;. Then, there exists so > 0 and C > 0 such that for all s > s the
nonlinear problem (4.1) has a unique solution ¥ € which satisfies

¥ loo < Cs?PTlems/4, (4.2)

Moreover; if we consider the map &' € Oy — r € C(82;), the derivative Dgiyr exists and defines
a continuous map of §'. Besides

IDg oo < Cs?PH2e/4, 4.3)

Proof. In terms of the operator 7' defined in Proposition 3.1, problem (4.1) becomes

¥ =BW)=-T(NW)+R).
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Let us consider the region

F={y €C2) | I¥]loo <5 Hle /4.

From Proposition 3.1,

|1Bw)||, <Cs{IN@)|, + IR},
and Lemma 2.2 implies

IR« < Cs?PHlems/4,

Also, from the definition of N in (2.21), Mean-value theorem and Lemma 2.4 we obtain

N[, < IW LY 1% < Cll 1%
Hence, if ¢ € F), [B(¥)loo < Cs**2¢75/4 Along the same way we obtain

IN®r1) — N@)lls < Cmaxi=12 |¥illoo V1 — Y2000, for any v, ¥2 € F,,. Then, we con-
clude

1B — B |, < Cs|[ N = N |, < Cs*P 251y — ¥ oo
It follows that for all s sufficiently large B is a contraction mapping of F,,, and therefore a unique
fixed point of B exists in this region. The proof of (4.3) is similar to one included in [15] and we
thus omitit. O

5. Variational reduction

We have solved the nonlinear problem (4.1). In order to find a solution to the original prob-
lem (2.21) we need to find £ such that

cij=cij()=0, foralli,j, (5.1

where ¢;;(£') are the constants in (4.1). Problem (5.1) is indeed variational: it is equivalent to
finding critical points of a function of &’. In fact, we define the functional for & € Oy:

FE) = L[UE) + P, (5.2)

where U (§) is our approximate solution from (2.5) and Il}g = 1//(%, %), x € £2, with Y = ¢ the
unique solution to problem (4.1) given by Proposition 4.1. Then we obtain that critical points
of F correspond to solutions of (5.1) for large s. That is:

Lemma 5.1. 7 : O; — R is of class C'. Moreover; for all s sufficiently large, if De F(§) =0 then
& satisfies (5.1).
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Proof. The proof of this fact is standard, see [15,17] or [32]. Here the estimate found for Dg v
isused. O

The estimates for the solution v/ for problem (4.1) in Proposition 4.1 and a Taylor expansion
of F in the expanded domain §2; similar to one done in [15] give us the following lemma.

Lemma 5.2. For points & € O the following expansion holds
Fo©) = L[UE)] +6:(5), (5.3)
where 05| = O(sXe™5/2), for some fixed constant K > 0, uniformly on s.
6. Proof of Theorem 1
We consider the set
S:{xeA: ¢1(x)=1}. 6.1)
The result Theorem 1 is a direct consequence of the following more precise result.

Theorem 2. Given any positive integer m there exists so > 0 sufficiently large such that prob-
lem (1.6) has a solution ug positive in S2 of the form

us(x) = U (&%) + s, (6.2)

which possesses exactly m local maximum points &7, ..., &, € A, satisfying that as s — 00

(i) dist(§}, $) — O and |5} — &1 > sy i i # J
(i) I¥slloo — 0.

The construction actually yields 1 — ¢ (€ ; ) < s~1/2. Thus if S is just constituted by a non-
degenerate maximum point X we will have |§}' — x| < Cs7/4,

Proof of Theorem 2. According to Lemma 5.1, U (£°) + @gs is a solution of problem (1.6)
if £° € Oy is a critical point of the functional F defined in (5.2). We recall in particular that
||1,ng loc = O as predicted by estimate (4.2). It thus suffices to establish that F attains its maxi-
mum value in Oy for all sufficiently large s, for which we will see

sup F(§) < sup F(§). (6.3)
£§€d0y £e0s

First we obtain a lower bound for supg . F(§) Let us fix a point X € § and set

0 - l A
é‘_j X‘I’ﬁ&j,
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where é = (é‘l, ...,ém) is an m-regular polygon in R2. Clearly SO € O, because ¢ ("g“;)) =1+
O(s~!). Then

S FE) > Js(U(E%) +0,(5°) =87 D 2loglg! &) +5D ¢ (é}))} +0(1)
€ i#j j=1

> 8rm{—(m —1)logs +s}+ O(1).
Then,

sup F(&) > 8rms — 8wm(m — 1)logs + O(1). (6.4)
£e0y

Next we estimate from above F(§) for & € 00;. Then, there are two possibilities: either
(1) there exist indices io, jo, ip # jo such that |&, —&;)| = s7P, or (2) there exists ig such that
1= 1(&i) = 7z > 0.

In the first case, we have the following upper bound

F(E) < 87{{—2,310gs +SZ¢1(§,-)} +0() < Snm{s — %ﬁlogs} 4+ 0(). (6.5)

j=1
In the second case, 1 — ¢ (El:go) < 217 Then

Fé) < Sn{O(logs) +s<l - 2—\1/5 + (m — l))} < 8ns<m - 2S1T) + O(logs). (6.6)

At this point we make the election 8 > m? +m in the definition of O;. Relation (6.3) immediately
follows from combining estimates (6.4), (6.5), (6.6) and taking s sufficiently large. This finishes
the proof. O
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