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1. INTRODUCTION AND RESULTS

The nonlinear Schrédinger equation (NLS)4 on the circle

i0p = —020 £ 2lpl’p (1)

is a completely integrable Hamiltonian system of infinite dimension. (NLS). is referred to as the
defocusing nonlinear Schrodinger equation, whereas (NLS)_ is referred to as the focusing one.

We choose as the phase space of this Hamiltonian system HN(S';C) defined for N > 0 and
w >0 by

HY+ () = {w(m) = 3" G (k); ol < oo} ,

kEZ
where @(k) denote the Fourier coefficients of ¢ and

1/2
ol v = (2(1 + |k|)2N e2IH |5 (k)12> ‘
keZ
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Equation (1)4 admits a Lax pair representation

dMy
27 _ A
dt [M:f:a :i:]’
where My := L(p,%), M_ := L(p, —9), L being the Zakharov-Shabat operator (see [1])
et o, d 0, 1,
ronv=i(y S) e+ (o ), @

and A1 are (rather complicated) operators, given in [2]. The periodic eigenvalues of the Zakharov-
Shabat operator L(yp, %) (respectively, L(y, —P)) considered on the interval [0,2] are a complete
set of conserved quantities for (NLS), (respectively, (NLS)_) on circle.

Motivated by this fact, we study in this paper the periodic spectrum of L = L(y1,1s) for
(¥1,%2) in HV#(81;,C) x HV(8;C).

We denote by o = o (11, 12) the set of eigenvalues of L(11, ¢2) considered on the interval [0,2].
Recall that this set is discrete. Our principal result is the following theorem.

THEOREM. Let N >0,w >0andlety:=1/2if N >1/2and0 <y < N,if0 < N <1/2. Then,
for any bounded subset B in HV%(S1;C) x HN«(81;C), there exist ng > 1 and M > 1, so that
for any |k| > np and (¢¥1,%3) € B, the set a(31,42) N {A € C, |\ — krr| < 7/2} contains exactly
one isolated pair of eigenvalues {/\fc’, A; }. These eigenvalues satisfy the following estimates.
(D) Xikjzne (14 KDV €2 INE = X712 < M.

(1) Speisne (1 [EDZVH2 €261 [\ — AT = 2(Pa(n)s (—n)) /*12 < M.
Furthermore, o(11,%2) \ {AE, |k| > no} is included in {\ € C,|\| < now~7/2} and its cardinality
is 4n0 - 2.

Notice that L is unitary equivalent to the well-known AKNS operator (see [3]). The operator
L(31, o) is self-adjoint iff 1, = 1, and in this case, (ii) can be improved

Z 1+ 'k|)2N+4762‘”,k| (()\: - )\;) -2 ‘1/}(’)2)‘)2 <M.

|klZno

Thus, our theorem is a generalization of the gap estimates established by Marcenko [4] who
considered only the self-adjoint case assuming that w =0 and N € N\ {0} (see also [5]).

As an application of this theorem, we will prove in a subsequent paper that the defocusing
nonlinear Schrédinger equation i0,p = —82¢+2|p|%p admits globally defined, real analytic action
angle variables on the phase space HV*(S1;C) which can be used to prove KAM-type theorems.

2. SKETCH OF THE PROOF

We consider the eigenvalue problem on the interval [0,2],

L (41,%2) F = AF. (3)

In order to solve (3), we adapt a method used by Kappeler and Mityagin for the Schrédinger oper-
ator (see [6]). We decompose F' € (L0, 2])? with respect to the orthogonal basis (1/v/2(g)e™*",
1/v2(9)e?*™*) ez (these functions correspond to the eigenfunctions associated to A = km when
1 = g = 0) and we write A = nw+ 2z, |2| < 7/2 and n € Z. Then, the couple (A, F) is a solution
of (3) if and only if there exists a nontrivial solution of the following system:

—zm+ o)y + 3 dalk +n)by =0, (4)+
k#n
a\l(—2n)m -2y + Z E(—k —n)a =0, (4)-

k#n
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y (Valk +n)
- (e) .

where 12(k), k € Z, denote the Fourier coefficients of 1 when considered as a periodic function of
period 2, z, and y belong to C, a := (ak)kzn and b := (b )kxn are sequences in [2(Z \ {n}), and

(k= Y7615y ez oy j (Bt +)

k,jE€EZ\{n}

We first solve (4),,, for n sufficiently large, inverting (z— B, ) in an appropriate space. The system
(4)4, (4)-, and (4), is then equivalent to the 2 x 2 system

( ~ —ztan,z) Pa(n) + B*(n, z) (m) _ (0 (5)
vi(-n)+ 67 (n,2) —z+a(n,z) y 0)’

where the coefficients a(n, 2) and 8% (n, z) are easily determined by (4) .+, (4)-, and (4),, (see [7]).
The existence of a nontrivial solution of (5) follows from the vanishing of the determinant

k,j€Z\{n}

B, =
((k = n)78k;) k. jezy fn)

oz a(n, z) Pa(n) + Bt (n, z)
1/11(—"1) -I-,B_(TL,Z) —z+a(n,z)

)

which leads to the following analytic equation for z:
(2 = a(n, 2))* = ($a(m) + B*(n,2)) ($1(~n) + 5~ (n,2)) . (6)

Precise estimates of a(n,z) and 8% (n,z) allow us to prove that equation (6) has exactly two
solutions 2;% and z; for |n| sufficiently large and

212
Z (1 + ln|)2N+2'y e2w|n| < o0,

[n|Zno

(4 = 22) = 2 (dalmba(-m)

This formula leads to the statements (i) and (ii) of the theorem above. Furthermore, a counting
lemma, using Rouche’s theorem, proves that there are exactly 4ng — 2 eigenvalues in the disc
{A e C, [N < nor—m/2}.

The details of the proof are contained in [7].

REFERENCES

1. V. Zakharov and A. Shabat, A scheme for integrating nonlinear equations of mathematical physics by the
method of the inverse scattering problem, Functional Anal. Appl. 8, 226-235 (1974).

2. L.D. Faddeev and L.A. Takhtajan, Hamiltonian Methods in the Theory of Solitons, Springer Verlag, (1987).

3. M.I. Ablowitz, D.I. Kaup, A.C. Newell and H. Segur, The inverse scattering transform—Fourier analysis for
nonlinear problems, Stud. Appl. Math. 54, 249-315 (1974).

4. V.A. Marchenko, Sturm-Liouville operators and applications, In Operator Theory: Advances and Applica-
tions, Volume 22, Birkhauser, (1986).

5. B. Grébert and J.C. Guillot, Gaps of one dimensional periodic AKNS systems, Forum Math. 5, 459-504
(1993).

6. T. Kappeler and B. Mityagin, Gap estimates of the spectrum of Hill’s equation and action angle variables
for KAV (preprint).

7. B. Grébert and T. Kappeler, Gaps estimates of the spectrum of Zakharov-Shabat systems (preprint).



